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SYMMETRIZATION OF DISTRIBUTIONS
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Abstract: Let P be a polynomial such that k of the n—1 principal curvatures are
different from zero at each point of N(P)={s € R" : P(s)=0}; N(P) is assumed to be
nonempty, bounded, and n—1 dimensional. If Supp p<U®={se R": |P(s)| <&}
with 8 small and ¢ € C°(R"), let ¢* be the integral of ¢ over N(P—gq) ifg € [— 8, 8] and
9°(s)=¢°(P(s)) on U’ and =0 outside U°. Then ¢° € C°(R"). We define the sym-
metrization v’ of a distribution v, with Supp v<U? in a natural way. Setting
u=% v} and uo=F ~{v°}, we prove that u, is the integral of the product of u with
some function w( , ) which depends only on P. This result is used to prove a Liou-
ville type theorem for entire solutions of P(—iD,)u(x)=f(x), with fe CS(R").

Introduction. We define the concept of symmetrization v? (Definition 1.3) of a
distribution v and the concept of quadratic symmetrization w (Definition 1.2)
associated with the real null set N(P) of a polynomial P. It is assumed here that
N(P) is nonempty, bounded and without double points. In §3, we represent the
inverse Fourier transform u, of v° in terms of u and the quadratic symmetrization
w (Theorem 3.1). This involves the representation of w in terms of the inverse
Fourier transform of some density function defined on N(P—gq), |g| <8 (8 small)
(Theorem 2.1). Estimates of the behavior of u, and w at infinity are also derived
(Theorem 4.1).

In §5 we find a criterion (Theorem 5.1) for the existence of a C¢°(R") solution of a
partial differential equation
*) P(—iD)u = f, fe CP(RY), D, = o/ox.

The results in the first five sections are used in the last section to derive a Liou-
ville type theorem (Theorem 6.1) asserting that if for each irreducible factor P; of a
polynomial P such that N(P,) is nonempty, bounded, and n—1 dimensional, at
each point of N(P;) there are at least k; principal curvatures, k;>0, of N(P,)
different from zero, and if u is a solution of the equation (*) such that u(x) =o(|x| ~¢)
as x approaches infinity with d=n—1—min, .;<, k,/2, then u belongs to C>(R™);
moreover #=0 if f=0. A result similar to Theorem 6.1 was proved by W. Littman
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[9]. Neither result includes the other. Our Theorem 6.1 has the advantage that it
allows repeated factors in the polynomial P, while Littman’s result is not restricted
by the condition that N(P) be bounded. Our proof is entirely different from
Littman’s. The idea of our proof, in the homogeneous case, is motivated by A.
Friedman [3] who discusses the decay at infinity of solutions of a polynomial of the
Laplacian; in his proof another type of symmetrization is employed. A symmetriza-
tion of still a different nature appears in [13].

The results of this paper are based on the author’s doctoral thesis written at
Northwestern University, Evanston, Illinois. He would like to express his gratitude
to his advisor, Avner Friedman, for his encouragement and helpful advice and to
the referee for his kindly suggestion.

1. Symmetrization of distributions. Let (D) be the space of C?(R™)-functions
with the topology defined in L. Schwartz [11] and (D’) the space of distributions.
Let S be the space of fast-decreasing functions and S’ denote the space of tempered
distributions. (D’) and S’ are the conjugate spaces of (D) and S, respectively, [2]
and [11].

DEFINITION 1.1. A polynomial P(s) is said to belong to (=) if

(@) N(P)={se€ R": P(s)=0} is nonempty and bounded;

(b) grad P(s)#0 on N(P).

Let U be a bounded neighborhood of N(P), Ul={se U : |P(s)| <8}, and
S;={pe S :Supp pc U%. Let No(P—q)=N(P—q) N U. |No(P—q)| and dS,(s)
denote the area and the surface element, respectively, of the n—1 dimensional
manifold No(P—gq) in R". For ¢ € L}(U?), define

@) = =] o, 7O 45 il <3
=0 iflql =2 &
and
9’(s) = ¢?(P(s)) ifse U’
=0 ifs¢ U
REMARK. dS, is defined by dS, dg=dV where dV is the volume element of R".

This definition coincides with the usual intrinsic definition of the area element dS,
[4] and [15].

LEMMA 1.1. For each polynomial P € (w), there is a neighborhood U of N(P) and a
number 6,>0 such that if 0< 8< 8, and if ¢ belongs to S;, then ¢° is well defined,
¢? € CE([-8, 8)), and ¢° € S;.

Proof. We must show that (i) No(P—gq) is a C*®-manifold if |g| <& and (ii)
¢° is C™. Since grad P(s)#0 on N(P), for each a € N(P), there is j=j(a), 1 <j<n,
such that D, P(s)#0. By the Inverse Mapping Theorem there is a neighborhood
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U, of a and a ball By, ., in R" with center #(a) and radius ¢(a) >0 such that the
mapping t=1(s) given by t;=P(s)and t,=s;,if i#j, | £i<n,isa C *-diffecomorphism
from U, onto Byy), ¢/ furthermore, on U,, D, P(s)#0. Denote the inverse mapping
by s=s(t), or by s;=s,(¢), with s;=¢; for all i#j, 1 £i<n. Since N(P) is compact,
there is a finite number of points a?, . . ., a” belonging to N(P) such that the corre-
sponding neighborhoods U, ..., U, form an open covering of N(P). Let U be
the union of these sets U,s.

Let W be a neighborhood of N(P) whose closure is contained in U. For §,>0
sufficiently small, No(P—q)< W if |q| < &,. Indeed, if there is no such number &,
then there are sequences {g;}<R! and {s': s'e No(P—q;)\W} such that P(s%)
=g, — 0 when i — oo. Hence there is a subsequence of {s'}, say {s'}, convergent to
some point s°. Since W is open and s' ¢ W, s° ¢ W. On the other hand, since P(s°)
=lim P(s')=0, s° € N(P)< W—a contradiction. We have thus proved that there
exists 8, >0 such that No(P—q)< W if |q| < &,.

Therefore U? is a neighborhood of N(P) and its closure Cl (U?®) is contained in
W, hence in U. Moreover No(P—q) is a C ®-manifold.

Construct the partition of unity subordinate to the covering {U,:} of Cl (U?) in
the following way [10]:

p€CX(R"), ¢ 20, Suppe; < Uy, and > ¢, =1 on Cl(UY).
157<r

Then for ¢ € S,

1) JN o @(s) dSy(s) = >, L (p-qmu'q’(s)%(s) dS(s) = ¥i(g).

1<i=r 1=<isr
Consider a term ¥,. For simplicity we assume that j=j(a@)=1. The image of
Uy N No(P—¢q) under the C °-diffeomorphism t=1¢(s) is
{(g.1)=(q 1z ..., 1) : ['=(@)|* < (a)~q?}.
The inverse mapping s=s(g, t') is given by s; =s,(g, t'), s'=t’, and the Jacobian of
the inverse mapping is equal to 1/D; P(s); D5 P(s)#0 on U,:. From the definition
of dS,, dS,=(1/D, P(s)) dt’. Hence
- P(s)ei(s) ,

Hilg) = J‘|t'—(a*)’|<[e2<a‘)-q211/2 Dy, P($) | s=ya@tn.t» ar'
Then ¥(q) is a C*-function in ¢, and hence the left-hand side of (1) is C* if |g|
< 8. If we take p=1 in (1), the integral is | No(P —g)| which is a C *-function of g,
|g| < 8o. This implies that ¢* € C;°([— 8, 8]) and completes the proof of the lemma.

DeFINITION 1.2. For any function ¢ € S;, 0< 8 < 8y, ¢° is called the symmetriza-
tion of ¢ with respect to the manifold N(P) in the function sense.

Let x, be a function in C;°(R?) such that x,=0, yo=1o0n [-39, 8],0<8<§,, and
Supp xo<(— 8y, 8). Let x(s) be equal to xo(P(s)) on U% and 0 outside U%. Then
x belongs to S;,. For any distribution T with support in U?, define the symmetriza-
tion T° of the distribution T with respect to N(P) as follows:

(T, 9) = (T, [xe]’), @€S.
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One easily sees that if fis a continuous function with support in U?, then the
symmetrization of fin the sense of distribution is the same as the symmetrization
of fin the function sense.

LEMMA 1.2. Every tempered distribution v with compact support can be expressed
in the form

u(s) = Diu(s) = o"u(s)/(0s1---0s,) (M =(1,..., 1)),
where p belongs to L*(R™) with support contained in

Gore ={SER": |55 < by+e5j=1,...,n}, &>0,
where b>0 is any vector such that Supp v< G,.

Proof. It is well known [2] that if v in S’ has compact support, then its inverse
Fourier transform u(x) can be extended to an entire function u(z) of exponential
type <b. From [2, p. 163] or [6, p. 157], there is a completely additive complex
measure dv with support contained in the bounded neighborhood G, . of Supp v
such that

uz) = f ¢S duls), &> 0.
Gb+e

This implies that the Fourier transform of u is the measure dv, i.e. v=v.
For any ¢ € C°(Gp +¢)s

@0 =] e a0,
Gp+e
Since
t1 tn
o) = [ o[ Dlpte)doy---dsn

we have

sup {le()} £ | D'¢|rc,. .-

SERN
Moreover, denoting by |v| the total variation of v, we have

(v, @)| = Sup {p(®)}- V|(Go+e) £ C D@12y -

So the map D¢ — (v, @) is a bounded linear functional on D'C2(Gy.), as a
subspace of LY(G,,.). By the Hahn-Banach Theorem it can be extended to a
bounded linear functional on L!(G,,.). Therefore there exists a function
f€L®(Gy,,) such that (f, D'¢)=(v, p) for all e C>(G,.,). Hence v=Dy,
p=(—1)"f. This is the assertion of the lemma.

DErFINITION 1.3. For any nonnegative integer h we define the Dirac-measures
(D"8)(P) on N(P) as follows:

((D"3)(P), 9) = (D"3, [x*¢]’) forany g€ S,

where 8 on the right-hand side is the Dirac-measure in R'.
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THEOREM 1.1. Let the polynomial P belong to the class (w). If v is a distribution
with support contained in N(P), then the support of v° is in N(P) and v° is a linear
combination of Dirac-measures on N(P),

1"
@ v= 3 awar,  a=5eem.
Proof. The first assertion is obvious. We shall prove the second assertion. For
any g € S, set

h
olle) = bpl@)~ > i Dilel @), gl <3,
[2e)a(s) = [x®p)a(P(s)) on U’ and =0if s ¢ U°. We retain the notation in the proof
of Lemma 1.1. On each U,, t;=P(s), ta=58n, m#j=j(i), 1 =m, j<n, and we see
that

Dg = Z Iah(s)D:;'l' Q(sa Dt)’

1sSh<|e

where a, € C*(U? and Q(s, D,) is the differential operator of which each term
contains a factor different from D,. Hence on Uy,

3) DE[Cel(s) =0, o] <.

By Lemma 1.2 the order of v is <n. Since the support of v is compact, by a result
in [2, p. 65] (v, ¢)=0 for any ¢ € (D) for which D*%=0 on Supp v for |«|Zn.
Therefore (3) implies that (v, [x?p]3)=0. Hence

@9 = @ 0w = 3 g DR, 2P

=hz=n

= 2 %(S(q), Dix*¢)(9))(v, x*P™)

Osh=n

(oém D3P w). e,

by Definition 1.3. This yields (2).

2. Quadratic symmetrization.

DEFINITION 2.1. Let P be a polynomial in (). Define E(s, x)=x(s)e***; then
E*(q, x) and E°(s, x) are defined for each x € R". We call the inverse Fourier
transform w( , x) of xE’( , x) the quadratic symmetrization of the polynomial P.

LEMMA 2.1. If w is the quadratic symmetrization of the polynomial P € (), then

W) = [ IN(P-)IEa DEG, ) dg = Wiy, 2

for all (x,y) € R*x R".
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Proof. Since yE°( , y) € S,,, by Definition 2.1,

Wik, y) = FHGEC N = [ e 6B, ») ds

Udo

- J j’:o { JNO(P_q) esy(s) dSq(S)}E"(q, y)dq

%0
= [ INuP-q)| B, 9)E. ») da.
—9J0
DEFINITION 2.2. Let () be the subclass of () consisting of polynomials satisfy-
ing the condition:
(c) At each point of N(P) there are at least k principal curvatures of N(P)
distinct from zero.

LeMMA 2.2. Let the polynomial P belong to the class (m). If 8,>0 is sufficiently
small then, P—q is in (m,) for each q, |q| < §,.

Proof. We retain the notation in the proof of Lemma 1.1. It suffices to prove the
assertion at all the points which belong to U,, a € N(P). For simplicity let j(a)=1.
Since s=(s,(q, t"), t') is a C *-diffeomorphism which maps By, ., onto U,, where
t'=s’, we can write s(g, s")=(s1(g, '), s') to express a point in No(P—gq) N U, with
51 € C®(Byay,e)- Denote by s'(g, s’) the derivative of the vector s(q, s’) with respect
to s; and let s¥(q, s")= D, Dy;s(q, s'), 2= i, j< n. Let (g, s") be the normal of Ny(P—¢q)
at the point (s,(q, s'), s'). It is well known that

(4) K(q’ S,) = grad P(sl(q9 S,), S')/lgrad P(sl(qa S’), S’)l.
Let L;;(q, s) be the scalar product of the normal with s¥(q, s’). Then

Li; € C*(Byay,ec)-

By definition, the n—1 principal curvatures w(q, s") of No(P—q) at the point
(s1(g, s), s') are the n—1 eigenvalues of the matrix (L;(g, s')). But the determinant
of the matrix (A8;;— L;/(g, ")) is a polynomial in A of degree n—1; i.e.

det (A8;;—L;;(q, s")) = A" "'+ Z Hy{g, s)A" 7771,
1<7%<n

where H; € C®(Byg),«)- Moreover, for 1 2i<n,

Hi(qa sl) = (_ l)i Z wh(q’ sl)' : 'wh(q’ S’)°
1=571<-+-<jj<n

By condition (c) we can assume that the number of nonzero principal curvatures

of N(P) at ais h with k =h<n. Hence Hi(q, s")=0at a for all A<i<n and H,(q, s')

#0 at s=a. Since H, € C®(Byy),«a), there is a neighborhood, say U,, of a on

which H,(q, s')#0. Using the Heine-Borel theorem, we obtain the assertion of the

lemma.
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From Definition 2.1 we see that E°(q, ) is the inverse Fourier transform of
8(P—q) if |q| <8,. Hence by the result of [8] (with correction in [9]) and by the
assertion of Lemma 2.2, we obtain the next lemma.

LeMMA 2.3. Let the polynomial P belong to the class (m,). If k=n—1, then for
each |q| < 8, and for each unit vector w, there is only a finite number of points p,(q, w)
on No(P—q) at which the normal of No(P—q) is w; further, for x € R*, |x|w — o0,

(n-1)2 (1 + i)d+(p,(a.w))(1 — l')d_(p,(q,m))
E*(g, x) = { x -(n-l)lz(f)
@) =M T R LG e

x exp (ips(g, w)-x)+ O(|x| ™2 }—x°(q) .
If k<n—1, then for each |q| <8, there is a nonempty open set Q(q) of unit vectors
such that, for each w e Q(q), there is only a finite numbers of points py(q, ») on
No(P—q) with neighborhoods U;={p(£)e No(P—q) : £ € Si(q, )} at which the
normal «(p(§)) is w for all j. Here S,(q, w) are open subsets of R*~1~¥, Moreover, as
|x|@w — oo,

d +(p,(a.w))(l — i)d —(py(q,0))

ooy — (1) (D)
E%g, «) (2 I ) {2 I54a: D g g an

x exp (ip(g, w)-x)+ O(|x| - *+12 }___xo(q) .
Here |S(q, w)| is the volume of S(q, w) in R*~*~¥, K,(p{q, w)) is the product of the
k nonzero principal curvatures of No(P—q) at p(q, »), d.(p,q, »)) and d_(p,q, »))
are the numbers of the positive and negative principal curvatures of No(P—q) at
pi(g, w), respectively. (Notice that K,(t)=1 if k=0.)

THEOREM 2.1. Let the polynomial P belong to the class (m,). Then for each pair of
unit vectors w and @ and any integer p=0,

w(lx[w, |y|@) = O(lx]| ="y [P~ 2[|x| +|»[]7Y),

as (|x|w, |y|®@) — o in the direction (w, @). Here we assume that k is the small
integer such that the class (=) contains P.

In the definition of w we took 0< &< é,. In the proof of Theorem 2.1 we need
8, to be a sufficiently small number (independent of p;,  and @). We shall need

LEMMA 2.4. Let the conditions of Lemma 2.3 with k=n—1 hold and suppose that
D, P(s)#0 at p,(0, w). Then
(g, ») = (51(q, 5'(q, @), 5°(q, ")), g€ [—8, 8],

where 5'(q, ') =(f2(q, @), . . ., fu(g, @")) and fi( ', ) € C*([— 8, 8] x U) for some
neighborhood U< R"~! of w' and some number 8,> 0.
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Proof. With the notation in the proof of Lemma 2.2, we first prove that the
(n—1) x n matrix

...................

(Dsz"l(s)a ceey Dsz"n(s))
Ds,.’(l(s), sy Ds,.Kn(S)

has rank n—1 with s=(s.(g, s"),s’) in U’ for some small §>0, where «(s)
=(x,1(s), . . ., x(s)). Indeed, since the n—1 principal cruvatures of No(P—q) at the
point s are the n—1 eigenvalues of the matrix (L;(s)), by condition (c) with
k=n—1, the matrix (L(s)) is nonsingular; i.e. its rank is n—1 for all s € U° with
the number 8> 0 satisfying the assertion of Lemma 2.2. But on the other hand
Kk(s)- Dy s(s)=0, i=2, ..., n. Hence for 1 <i, j<n,

Lij(s) = — Dyx(s)- Dys(s).

Let I'(s) be the nx (n—1) matrix with — Dys(s) as its (i+1)th column, 1<i=<n.
Then (L;(s))= A(s)-T'(s), and therefore A(s) is of rank n—1 for each s € U°.

At py0, w)=(5,(0, s5), So) =50, We can assume the last n—1 columns of A(s,),
denoted by A*(s,), are linearly independent; i.e. the (n—1) x (n—1) matrix A*(so)
is nonsingular.

Let

F(s', q, ") = x;41(s1(¢, 5), "), i=1,...,n—1,
Fus',q,<) =¢q
and denote by Ji(s, ¢, «’) the Jacobian of
F(s',q, ') = (Fi(s', 4, '), . . ., Fy(s', q, "))

with respect to the variables (s’, g). Then since Jx(s', g, «') =det A*(s) at s=s5,, by
the Implicit Function Theorem there is a number 8,>0 and a neighborhood
U<R*! of ' such that

5'(g, <) = (fq> ), - - -, fa(g> €))

with f}( , ) € C*([— 8o, 8o] x U). This completes the proof of the lemma.
Proof of Theorem 2.1. (For the case k=n—1.) By condition (b), we can assume
D, P(s)#0 at p;(0, w). Then Lemma 2.4 yields

g = P(pfg, »)) = P(fi(@, @), .. . fu(@ @), q€[—30, 8],
with fi( , @)=5,( ,5'( , @")) € C*([— 8o, &]). This implies
1 = D.P(p{g, ) = grad P(p/(g, »))- Dop(g; »)-
Hence this and (4) imply

) D[p{(g, w)- @] = Dopfg, w)-w = 1/|grad P(p,(g, »))|.
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By Lemma 2.3 and the definition of the quadratic symmetrization of the poly-
nomial P,

w(lxlo, 171@) = (Jx| [y~

4
(6) x hZI f_ , Br-1(9, > @) exp {ipfg, @) X +ipi(g, @)-y} dg

+” o i1 ag

when (|x|w, | y|®@) — + 00 with w and & fixed, where the summation is independent
of ¢ and
n-1 2( )
Bn— b b Z = (Z) xo q
1.0.4(q> @, ®) 3 [No(P—q)2

(1 +7)3 +@@O) +d, @u@IN(| _ j)d-y@0) +d_Gp@.a»
I K, - 1(pj(q9 w))K, _ l(ph(qa ‘D))l 1z

Since the principal curvatures are continuous in s=s(g, w)=(f1(q, ), . . ., fu(q, ®))
which is continuous in g, we can choose 8, so small that d,(pq, »)) and
d_(ps(g, w)) are independent of ¢ if |g| < 8,. Hence for each pair of unit vectors w
and @,

™

By 104( > @, ®) € C2([— &, 8]) and
By 14(g, @, @) =0 if|q| 2 8.
Let the integrals on the right-hand side of (6) be denoted by 1, ,(|x|w, |y|®). By (5)
D, exp {ip)(q, w)- |x|w} = i|x| exp (ip/(q, ) X) De[p/(g, w)- @]
= (ilx/lgrad P(p(g, )))) exp (ip (g, w)- |x]w).
Integrating by parts and using (7) and (8), we have

®)

[
Ih,i(lxlw’ |yl“-’) = f . Bn—l,h.!(q’ w, @) exp (ipn(q, @)-y)
-é0

 [Lered e M exp i g, )] de

4 f % _\ lgrad P(p,(q, w))|
=70 B,_ » W, ] -
3 )y, Brmrnd® @ O ora T P poa, @)

x exp {ip[q, @) x+ipn(q, @)y} dg+ O(|x| ),
when (|x|w, | y|®@) — co. Repeating the argument p times, we obtain

o (121y o ) [1€724 P(pi(a, 0)IT?
Ih.f(lxlw’ I,V|w) - (lxl) f_oo Bn—l.h.j(q’ ’ ) [lgradP(p;(q, “-’))l

x exp {ip/(g, @) x+ip(g, @)-y} dg+O(|y|?~*|x| ~*)
L1)? [*
(le) f B'(lpl l.h.l(q9 w, “-’)
~do

x exp {ip(q, w)- x+ipy(q, @)-y} dg+O(|y|*~*|x|~?)
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when (|x|w, |y|®@) — 00, where B, , ; satisfies (7). By (8),

i]x] iy| ]
[erad P(p,(g, »)] " lerad P(pa(g, @)

xexp {ip(q, w)-x+ipu(q, ®)-y}.
With this replacing (8) in the integration by parts, we get

hotlrlo. 1918) = (B) [ 8220000 9)

D, exp {p{(q, @) xi+ipn(q, ®)-y}
T Igrad P(py(q, w))| +i|y|/|grad P(pu(q, @))|

+0(|y[P*x|7)

- of &) st +1511-2).

when (|x|w, | y|®) — co. From the proofs in [8] (with the correction in [9]), we see
that the above technique can be employed for the last term in (6). Therefore when
(x,y) — oo,

D, exp {ip@, @) ¥+, 8) 3} = |

W(x, y) —_ O(I_xl —(n—l)/2-D|y|P-(n—1)l2[lx| + |y |]—1).
This is the assertion of Theorem 2.1 for the case k=n—1.
From the idea introduced in [8] and by the technique used above, we can obtain
the assertion for the case k<n—1.
3. A representation theorem.

THEOREM 3.1. Let the polynomial P belong to (m), k>0. Let u be a distribution
such that the support of its Fourier transform v is contained in U°, 0< 8 < 8, with 8,
sufficiently small. Then the inverse Fourier transform uq, of the symmetrization v° of
v with respect to N(P) can be expressed in the form

uo) = [ ulywie,») .

where w is the quadratic symmetrization of P.

Proof. Since w(x, )=% "YxE°( , x)}, with xE°( ,x)€ S, w(x, ) belongs to S
for each x € R*. Moreover, it is a C*-function in (x, y) € R"x R". Let ¢ be any
element of S, p=F ~}}, and Yo =F ~}{[x%¢]’}. Let x; € C(R"), x1 20, equal to 1
on the support of y and with support in U?% 0<8<38,, with &, satisfying the
assertions of Theorem 2.1. Then yx, =x. This and the note made after the proof of
Lemma 1.1 yield

Po(x) = F H{IxPel}(x) = ([x*¢’, x1 exp {ix- })
= (x*9, [x1 exp {ix- }I°) = (@, x[x exp {ix- }I’)
® = (¢, xE°(x, )) = (b, F HxE(x, )})

= [ #owtey) .
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Since the support of v is compact, u(x) is analytic and |u(x)| < C(1+|x|)", m=20
and C>0. Hence, by this and Theorem 2.1, the integral

[ uomtx, »p») dex, »)
is absolutely convergent for all s € S. Thus, (9) and Fubini’s Theorem yield
o §) = (F10%), ) = (@, x%9) = (@, [pl")
= o) = ([ uomeendg),  ves.

Hence uy(x)= [z u(y)wW(x, y) dy.

4. Decay at infinity of the inverse Fourier transform of the symmetrized distribu-
tion. Using Theorems 1.1 and 3.1, we can determine the decay at infinity of
uy, which depends on the class to which the polynomial P belongs.

THEOREM 4.1. Let the support of the Fourier transform v of a distribution u be
contained in N(P), P € (m,) with smallest k>0, and let u, be the inverse Fourier
transform of the symmetrization v° of v with respect to N(P). Then, as |x| — o,
uo(x)=0(|x]|~9), uo(x)#o0(|x|~%), for some d<k/2, provided u,#0; on the other
hand, uy(x)=o(|x|"~*~*=?) if u(x)=o0(|x| %), b=0.

Proof. Definition 1.3 yields
F Y (D")(P)}(x) = ((D"3)(P(s)), )
= ((Dy)"8(q), [x* exp {ix- }]*(q))
= ((D))"*3(q), E*(g, x)) = (8(q), (— Do)"E*(q, x)).
This and Theorem 1.1 imply

(10) ug(x) = F Ho}(x) = Cu(8(9), (— Do)"E*(q, X)).

0<h=n

IA
A

First assume k=n—1. Lemma 2.3 implies that, when |x|w — + 0,

o ®) = |x|-®-102 (7. ®))- ; )- xo(q)
E*(g, |x|w) = |x| - gAn-l(p,(q, )-exp (ipg, @)-3) [p—
+O(|x| ~™2),

where
_(n n=1 (] 45)8+O(1 —)d-®
A““”‘(ﬁ [Ke 2 (D]

is a C*-function in ¢ € R'. By Lemma 2.4 p,(¢g, w) is a C *-function in g € [, 3],
0<3d<38,, with 8, satisfying the assertion of Theorem 2.1. By (5) and (11), when
lew —> 00,

D';E"(q, Ix]w) — |x|"“"‘1”2fh(q, w, |x|)+0(|x|"‘1'("‘1”2),
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for any 0 < h=n, where

_ o An-1(pfg, »))-i* . Xo(q)
fu(@, o, |x]) = 2 [grad P(jp,(q, )" exp (ipf(g, @) |x|w) m

Hence when |x|w — oo,

(8(q), DIE*(g; |x|w))

DLE*(0, |x|w)
= |x[F~®=D12£,(0, w, |x|)+ O(|x|*~ 1~ "~ 12),

For each fixed 4 and w, we see that f,(0, w, |x|) is a uniformly almost periodic
function [1] in |x]|. If there is more than one index, we choose a suitable point in
R™ as origin to make the projection |x|p;(0, w)-w of |x|p;(0, w) in the direction w
distinct from each other. Since

An—l(pj(o’ w))'ih . XO(O)
lgrad P(p;(0, w))|" |N(P)|

# 0,

f+(0, w, |x|)#0 for some fixed unit vector w for each h. Hence for any 0<h=<n,
when x — +o0,

DAE#(0, x) = O(x|~=91%),  DEEA(0, x) # of|x[*~- 1),

Similar arguments using the idea introduced in [8] can be applied to the case
k <n—1. Therefore this and (10) yield the first assertion.

For the last assertion, let e >0 be given, by the condition u(x)=o0(]x| ~?) as x — oo,
there exists a number M, >0 such that |x|°|u(x)| <e if |x| > M,. We write the in-
tegral in Theorem 1.3 as the sum of three integrals whose integration ranges are
|y|SM,, M.<|y|<|x|, and |x| £|y|. Then this and Theorem 2.1 show that u(x)
is bounded by

ClMg+n—kl2le—k/2—p—1+Czlxln—l—b—k+Calxln—b—k—l,

when |x| > M, and p is an integer >max {0, b+k/2+1—n, n—b—k/2}. Hence we
obtain the assertion.

5. A criterion for existence of solutions of nonhomogeneous equations. The
result in this section is of interest in itself. At the same time, we provide an applica-
tion in the next section.

DEerFINITION 5.1. Let (IT) denote the class of the polynomials

P(s) = P°(s)1££r [Pi(s)Is,  seR,

satisfying conditions:
(i) N(Po)=2;
(ii) P; € (=) and is irreducible for each 1 Sj=<r;
(iii) no two of manifolds. N(P;), 1 £j<r, are equal.
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By the definition, if P e (Il), then for each « € N(P), there is an integer k,,
1Sk,=r, suchthataisin Ny, =N(P,)N---N NPy ), 1siy<--- <ig,<r, and
a¢ N(P,)ifi#iy, ..., i,; for simplicity, assume i;=j. Condition (b) in the definition
of () shows that there is an integer v=wv(a, j), 1 Sv<n, such that D, P,(s)#0 at
s=a. By the Inverse Mapping Theorem there is a C*-diffeomorphism t=t(s): ¢,
=Py(s), tn==5n, m#v, 1l =m=n, which maps a neighborhood U, ; of a onto a
neighborhood Vg, ; of #(a), and whose inverse mapping s=s(t) is given by
$,=5,(t) € C°(Via),s)» Sm=tm. For any ¢ € C*(R"), we can define, on U, ,,

D’;?(s) = D’Il’ﬂ)(s) = Dﬁq’(tls RS tv—la sv(t), tv+1a LS tu)|t=t(s)°

Then on U,=(12s=k, Ua,5» DF*- - - D¥'g(s) is meaningful.

DEerINITION 5.1. With P e (II) denote by (Cp) the class of functions fe (D)
which satisfy the condition

(A) For 1Zi;<---<i*<r, at each point of N, Di¢--- DR[F{f}(s)]=0,
0shi<ry, 0Sh;=r,15j<d.

THEOREM 5.1. With P € (I1), we have P(—iD)(D)=(Cp).

Proof. It suffices to show that (A) is the necessary and sufficient condition about
the existence of a solution u € (D) of

(12) P(=iDu =f,  fe(D),

with f#0. We assume first that u e (D) is a solution of (12) with f0. Then
v=%{u} € S and (12) yields

8(s) = F{f}s) = P(s)u(s) = Po(S)lg<r [Ps)]ro(s).

Hence condition (A) follows from the definition of D;p and direct calculation.
Next we assume that the condition (A) holds. We require the following [12]

LeEMMA 5.1. Let Q(s) be an irreducible polynomial with complex coefficients and
let N(Q) be the set of zeros of Q(z) in n-dimensional complex space C". Let ¢ be an
entire function in C™. Assume that the function ¢/Q is defined in C™ and ¢/Q can be
extended as a holomorphic function to an open set T' intersecting W(Q). Then ¢/Q
can be extended to C™ as an entire function.

Pick a point a € N(P;). The set of complex zeros of P; restricted to a complex
neighborhood U of a is an analytic set of complex dimension n— 1. Since f(x) has
compact support, g=%{f} can be extended to an entire function g(s+it) of
exponential type. The set A of common zeros of P,(s+it) and g(s+it) in U, with
small U, either coincides with the set of zeros of Py(s+it) in U or has complex
dimension <n—2. In the latter case the restriction of A to R™ must have real
dimension <n—2. But condition (b) of Definition 1.1 and (A) show that the
restriction is n— 1 dimensional. We have a contradiction. Hence whenever P, (s + it)
vanishes in U, g(s+it) must also vanish. From this and condition (b) at the point a,
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it follows that g(s+it)/Py(s+it) can be extended as a holomorphic function to a
complex neighborhood of a. Using Lemma 5.1, we see that g,(s)=g(s)/P.(s) can
be extended to all of C™ as an entire function. It is well known [12] that this function
must be of exponential type and of the same type of g. This implies that
fi=% Y g,} must have compact support. Now, P,(s)g,(s)=P:(s)g(s)/P.(s)=g(s),
so that we have P,(—iD)f; =f. This and the definitions of f; and g, show that f;
satisfies condition (A) with r, replaced by r, —1.

Next we consider (12) with f replaced by f; and P replaced by P/P,. Repeating
the above arguments r; + - - - +r,—1 times, we obtain a function u, € (D) which
satisfies (12) with f=u,; i.e.

Py(—iD)u = u,, u, € (D).

Since Py(s)#0 on R", we take F{u}(s) to be F{u,}(s)/Po(s), which can be extended
to an entire function of the same exponential type as #{u,}. Therefore u is a func-
tion in (D) and Py(—iD)u=u,. Thus P(—iD)u=f. This completes the proof of the
theorem.

COROLLARY 5.1. Let the polynomial P € (m) be irreducible and the function f#0
belong to (D). Then the equation (12) has a solution in (D) if and only if F{f}(s)=0
on N(P).

ReMARK. The sufficiency part of Corollary 5.1 appears implicitly in a proof
in [9].

6. A Liouville type theorem. As an application of the results in the first four
sections we obtain the homogeneous case of the equation P(—iD)u=f which is a
result for the Liouville type theorem in partial differential equations. The non-
homogeneous case is just the application of the results in §5. In fact, W. Littman
[9] proves the similar assertions as those in Theorem 6.1 under somewhat restricted
conditions. But the method used there is quite different from the symmetrization
introduced in §1.

THEOREM 6.1. Let the polynomial P belong to (I1) and suppose that its irreducible
factors P; belong to (m), k;>0, if N(P;)#0. Let u be a solution of the equation (12)
such that u(x)=o(|x|~?) as x - © with dZn—1—min, <<, k;/2. Then u belongs
to (D). Furthermore u=0 if f=0.

We first give its restricted form to make its proof clear and simple in the following

LEMMA 6.1. Let P be irreducible and belong to (), k>0. If ue S’ is a solution
of the partial differential equation (12) and u(x)=o(|x|~%), dzn—1—k/2, when
x — o0, then u € (D). If, further, f=0, then u=0.

Proof of Theorem 6.1 (assuming Lemma 6.1). Let u; =P;(—iD)u with P;=P /[P,
v=F{u} and v, =F{u,}. (12) implies that Supp v< N(P) which is bounded. Let
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x € CL(R™) be nonnegative, x=1 on a neighborhood of N(P). Then, with
O, =F"YPix},

uy = F HPiv} = F HPix}x F Yo} = Oy xu.

Hence u,(x)=o0(|x| ~%) when x — +00. On the other hand, u, is a solution of the
equation P,(—iD)u, =f, f € (D), where P, is irreducible. Since

dz n—l—eriB k2 2 n—1—k,/2,
Lemma 6.1. yields «; € (D) and u, =0 if f=0.

Repeating the above arguments r, + - - - +r,— 1 times, we see that u is a solution
of the equation Po(—iD)u=f,, fo € (D). If fu=0, taking the Fourier transform of
each side shows that Supp F{u}< N(P,)# &, which implies u=0. If fy#0, then
Jfo € (D) implies that go=.%{ f,} is an entire function of exponential type. Moreover
Pov=gy, N(Py)= 2. Then v(s)=go(s)/Po(s) is well defined and entirely analytic on
C™ with the same type of growth as that of g,. Hence u=% ~{v} belongs to (D).

Proof of Lemma 6.1. First we assume f=0. Let v be the Fourier transform of w.
Then by taking the Fourier transform of each side of (12), we see that the support
of v is contained in N(P). Hence by the first assertion of Theorem 4.1, if u,#0,
then as x — 00, uy(x)=0(|x| ~°) and ue(x)#0(]x| =), b<k/2. On the other hand,
its last assertion implies that as x — + 00, uy(x)=o0(|x|"~1~¢-¥). Here u, is the
inverse Fourier transform of the symmetrization v° of v with respect to N(P).
Since d=n—1—k/2,n—1—k—d=< —k/2< —b. Hence u,=0.

We claim that u(0)=u,(0). Denote x(s)e'** by E(s, x) and the inverse Fourier
transform of yE( , x) by we( , x), where y is the function defined in Definition 1.2.
Since E( , x) is in S, wo( , x) is in S for all x € R*. For any ¢ € S, with p=F{J},

F U eH(y) = (9(5), X*(5)e™*) = (@, XE( , ¥))

= G wol o) = [ bwalx, ) d.
But from the definition, wo(x, y)=F{x*}(x+y), with % € S. It is obvious that
[, oo, ) dx, )
is absolutely convergent. Then by Fubini’s Theorem,
, ) = (v, x’¢) = (u, & Hx’})
= ([ wmwetx ydx) = ([ atrpwol .3y, )
Hence

() = [ uGywote ) ds.
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On the other hand, with w( , y)=% ~YyE°( , y)} as the quadratic symmetrization
of P, Theorem 3.1 implies that

w0 = [ u(yw©,») .

But by the relation y=x°, we have
W0, 5) = FHUE, N0 = [ | e x(6)ECs, ) ds

= [ XOEGy s = [ eox(6)EGs 3 ds = wol0, »)
Therefore

) = [ uy)w0, ) dy = u(O).

Hence u(0)=0. But we see that, for each y € R*, u(x+y) is a solution of the
equation (12). Then u(y)=0 for each y € R". Thatis, u=0.

Next assume that f#0 in (12). Let its Fourier transform be g. We claim that g
satisfies the condition in Corollary 5.1, i.e. condition (A) in Theorem 5.1 with
r=r,=1. Suppose, on the contrary, that there is a point a e N(P) such that
g(a)#0. Since g is entirely analytic on C", there is a neighborhood V of a in R*
on which g(s)#0. We can assume V< U® Let g, CZ(R") and x; € CP(R?) be
nonnegative, @o(a)=1, Supp go<V and Supp x;<[—1/j, 1/j]. Set Cl(x(s))
=g(s)@o(s). Then y € CZ(R™), xg=0, and xg>0 on some neighborhood V; of a
such that ¥V, < V. By (12) Pv=g. We have for all j >0, P [vxx,(P)]=gxx,(P), which is
positive at a. Making the symmetrization with respect to P on both sides, we get

qloxlP@xAa) = [exI(@Dx(9)-

Let j — o0; since x,(g) converges to the Dirac-measure 8(q), we have 0=[gx]°(0) > 0.
This is impossible. Hence g satisfies the condition in Corollary 5.1. Therefore there
is u, € (D) which is a solution of (12). But u—u, satisfies the condition for the case
f=0. We then have u=u, € (D). This is the assertion of the lemma.
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