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Abstract. An F-minimal set is the simplest proximal extension of an equicon-

tinuous minimal set. It has one interesting proximal cell and all the points in this

proximal cell are uniformly asymptotic. The Sturmian minimal sets are the best

known examples of F-minimal sets. Our analysis of them is in terms of their maximal

equicontinuous factors. Algebraically speaking F-minimal sets are obtained by taking

an invariant *-closed algebra of almost periodic functions and adjoining some suitable

functions to it. Our point of view is to obtain these functions from the maximal

equicontinuous factor. In §3 we consider a subclass of F-minimal sets which generalize

the classical Sturmian minimal sets, and in §4 we examine the class of minimal sets

obtained by taking the minimal right ideal of an F-minimal set and factoring by a

closed invariant equivalence relation which is smaller than the proximal relation.

0. Preliminaries. Let (X, T) be a transformation group. We will denote the

action of /, an element of T, on x, an element of X, by xt and we will denote the

orbit of x by 0(x). We say T acts freely on X or (X, T) is free if for each x in X

the map from T to X which sends t to xt is injective. We will always assume that

our transformation groups have compact Hausdorff phase spaces.

Two points x and y of X are proximal if given an element a of the uniformity on

X there exists t e T such that (xt, yt) e a. We will let P denote the pairs of proximal

points in Xx X, and we will let P[x] = {y : (x, y) eP}. We say that x is a distal

point if P[x] = {x}.

A point x of X is locally almost periodic if given any neighborhood U of x there

exists a neighborhood V of x and a left syndetic set A such that VA «= U. If x is a

locally almost periodic point, then every point in Cl (O(x)) is locally almost

periodic [8, 3.25]. We say a transformation group is locally almost periodic if every

point is locally almost periodic. If (X, T) is locally almost periodic, then the

proximal relation P is a closed invariant equivalence relation on X and (XjP, T)

is the equicontinuous structure transformation group of (X, T); i.e., the maximal

equicontinuous factor of (X, T) [A, Theorem 3].

Let @t(T, denote the bounded complex valued functions on T and let ffl(T)

denote the bounded right uniformly continuous functions on T. Equip £M(T) with

the supremum norm. Note that *(f)s«(T) and <W(Td) = @(T) where Td denotes
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T with the discrete topology. Let C(X) denote the continuous complex valued

functions on X. For each/e C(X) and x in X we define fx e SS(T) by/x(t)=f(xt).

Suppose that (X, Ta) is a transformation group and 0(x') is dense in X, then the

map (x, t) -> xt is continuous on Xx T if and only if {fx. : /e C(X)}<^W(T).

A point x in X is an almost automorphic point if given any net {ta-}, a' e A',

there exists a subnet {ta}, a e A, such that \\maeAxta = z and limaeA ztä1 =x. We

say a minimal set is almost automorphic if it contains at least one almost auto-

morphic point. It is known that a minimal transformation group is almost auto-

morphic if and only if it is locally almost periodic and has distal points.

Similarly a complex valued function/on T is almost automorphic if given any net

{ta), a e A', there exists a subnet {ta}, a e A, and g e 3S(T) such that UmasAf(tat)

=g(t) and \imaeA g(tält)=f(t) [13]. It is easy to see that x is an almost auto-

morphic point if and only if fx is an almost automorphic function for each / in

C(X). The above definition makes sense for any range space not just the complex

numbers. When the range space is C where a is some cardinal number then / is

almost automorphic if and only if each coordinate function is almost automorphic.

(Use [13, Lemma 1.3.1].)

1. Constructing F-minimal sets. We begin with the abstract definition of an

F-minimal set, and proceed to show how they can be constructed from a certain

type of function on an equicontinuous flow.

Definition. A minimal transformation group (X, T) on a compact Hausdorff

space is F-minimal if it satisfies the following conditions:

(a) It is locally almost periodic.

(b) There exist distal points.

(c) There exists x0 in X such that F=P[x0] ^ {x0} and such that P[x] j= {x} implies

O(x)r\P[xo]¥=0.

(d) Given an index a of the uniformity on X, there exists a compact subset K

of T such that (xt, yt) e a when x, y e P[x0] and t $ K.

(e) If Me (e = identity of T), then (x, xt) $ P for all xe X.

If (X, T) is an .F-minimal set, then the proximal relation P is a closed invariant

equivalence relation and (XjP, T) is the equicontinuous structure transformation

group of (X, T). We will denote (X/P, T) by (Y, T) and say that (X, T) is an F-

minimal set over (Y, T). Also D will denote the distal points of (X, T) and p will

denote the canonical homomorphism of (X, T) onto (Y, T).

Remarks. (1) An F-minimal set is almost automorphic.

(2) An F-minimal set is uniquely ergodic when T is the integers.

(3) If (X, T) is an F-minimal set, then the action of T on both X and Y is free.

(4) If (X, T) is an F-minimal set, then p maps D homeomorphically onto

p(D)= Y\O(p(x0)).

Proof. (1) Conditions (a) and (b) are equivalent to almost automorphy.

(2) An argument used by Veech works here [14, p. 8].
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(3) This follows from condition (e).

(4) If C is a closed subset of X then p(C) is closed in Y and p(C n D)= p(C)

np(D).

The Sturmian minimal sets [9] and the minimal set of Jones [8, 14.16 to 14.24]

are F-minimal sets. A discrete substitution minimal set is an F-minimal set if the

cardinality of /, is one [2]. Floyd's example of a nonhomogeneous minimal set [5]

is not an F-minimal set only because it fails to satisfy condition (d) [7, p. 712],

Condition (d) is essential in our analysis of F-minimal sets.

Theorem 1.1. Let T be a topological group which can be covered by a countable

family of compact subsets, and let (X, T) be an F-minimal set over (Y, T). Then X

is a metric space if and only if both F and Y are metric spaces.

Proof. Suppose that Y and F are metric spaces. It suffices to find a countable

family of continuous real valued functions on X which separate points. Since Y is

metric, we can find a countable family of continuous real valued functions which

separate points of Y. Composing them with p we get a countable family of con-

tinuous real valued functions on X which separate points that are not proximal.

Since the map / -> yt is injective for a fixed y, we see that every compact subset C

of T is metrizable and Fx C is metrizable. The closed subset FC of X is homeo-

morphic to Fx C. By extending continuous real valued functions on FC to X and

by covering Fwith a countable family of compact subsets we can obtain a countable

family of continuous real valued functions on X which separate proximal points.

Therefore, X is metrizable.

Suppose X is a metric space. Then clearly F is also a metric space. The space Y

is metrizable because it is the quotient space of a separable metric space by upper

semicontinuous decomposition with compact members [11, p. 149].

Standing hypothesis. The topological group Fis locally compact but not compact.

Let (Y, T) be a free equicontinuous minimal transformation group on a compact

Hausdorff space Y. Let F be a closed subset of the cube Qa— [0, l]a where a is

some cardinal number. Thus F can be any compact Hausdorff space. We will

always assume that F contains more than one point. Let y0 be a point in Y and

let U0 be a compact neighborhood of e in T. Suppose that we are given a con-

tinuous function/mapping Y\y0U0 into Qa satisfying the following conditions:

(a) The oscillation of/at y0 is F, i.e.,

"(fiy0)= D Cl (f(U\y0U0)) = F

where     is the neighborhood filter at y0.

(j8) For each y$ O(y0) the function fy(t)=f(yt) is right uniformly continuous

on T.

(y) Let t be in U0 and let {ya} and {ye} be nets in Y\O(y0) converging to y0t. If

lim fiyj-1) = lim/CV"1),
a B
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then

»m/(>V) = lim/(v^).
a B

We will call a function satisfying these conditions an F-almost automorphic function.

Lemma 1.2. Letf be an F-almost automorphicfunction on Y\y0U0. Then ze w(f y0)

if and only if there exists a net Y\O(y0) such that yn converges to y0 and

f(yn) converges to z.

The proof is left to the reader.

Form the transformation group (ß(Y\O(y0)), Td) where ß(-) denotes the Stone-

Cech compactification. Let p denote the extension of the inclusion map of Y\O(y0)

into Y to ß(Y\O(y0)). It is a homomorphism of (ß(Y\O(y0)), Td) onto (Y, Td).

Lemma 1.3. (1) The transformation group (ß(Y\O(y0)), Td) is locally almost

periodic and minimal.

(2) Two points x and y in ß(Y\O(y0)) are proximal if and only ifp(x)=p(y).

(3) A point x in ß(Y\O(y0)) is distal if and only ifp(x) $ O(y0).

Proof. (1) Let h denote the homeomorphism which imbeds Y\O(y0) into

ß( Y\O(y0)), and let U be a neighborhood of h(y). There exists a neighborhood V

of y in Y\O(y0) and a left syndetic set A of Td such that VA<=-h~x{JJ) because

( Y, Td) is an almost periodic transformation group. Thus h(V)A<= Uand Cl (h(V)A)

cCl(£/). Since Cl (h(V))A<^C\ (h(V)A) and ß(Y\O(y0)) is regular it suffices to

show that h(y) is in the interior of Cl(h(V)). There exists an open set W of

ß(Y\O(y0)) such that h(V) = h(Y\O(y0)) n W. Certainly h(y) e Wand

C\(h(V)).

The minimality is clear.

(2) If x and y are proximal, thenp(x)=p(y) because (Y, Td) is equicontinuous.

Supposep(x)=p(y). Observe that if y $ O(y0), then p~\y) = h(y). Let {?„} be a net

such that p(x)tn converges to y $ O(y0) and both xtn and ytn converge. Let x' and

y' be their limits. Then p(x')=p(y')=y $ O(y0). Hence x'=y' and x and y are

proximal.

(3) From (2) we see that if p(x) $ O(y0), then x is distal. Suppose that x is

distal andp(x) e O(y0). We can assume thatp(x)=y0. By (2) we havep~1(y0) = x.

Because w(f y0) = F# point p~1(y0)jtx which is a contradiction.

Let / be the extension of / to ß( Y\O(y0)). Using / we define a relation Rf on

ß(Y\O(y0)) by (x,y)eRf if either x=y or, for some t, p(xt)=y0=p(yt) and

f(xt)=f(yt). Note that if such a / exists it is unique because yt=y implies t = e

for y in Y.

Lemma 1.4. The relation Rs is a closed invariant equivalence relation.

Proof. It is easy to show that it is an invariant equivalence relation and we leave

this to the reader. Suppose that {(xn, v„)}, n e A, is a net in R, converging to (x, y).
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If we can show that (x, y) e Rf, then it follows that Rf is closed. We may as well

assume that x# v. It is clear that, for some t,p(xt)=y0=p(yt). Because (xn, yn) £ Rf

and x#_y we can assume wn = xntn and zn=yntn where p(wn)=y0=p(zn) and

f(wn) = f(zn). When /„ has a subnet converging to r, it follows that r = t,f(xt) =f(yt),

and (x, y) e Är. Suppose that {<:„} does not have a convergent subnet. Then there

exists Ne A such that n> A7 implies f„ /t/o""1 which in turn implies that f(xnt)

=f(wj-1t) =f(znt-10 =/(>»*) for n > Af. Since {(x„/, v„0}neA converges to (xt, yt),

f(xt)=f(yt) and (x, v) e Äf.
Let (A';, Td) = (ß(Y\O(y0))IRf, Td) and let tt denote the canonical projection. It

is locally almost periodic. There exists a homomorphism p from (Xf, Td) to (7, Td)

such that p=p on and />(x)=p(v) if and only if x and y are proximal. The distal

points are given by p~1(Y\O(y0)). From condition (y) we obtain a map / from

Xf to Qa such that f=f°ir and f(x)=f ° />(x) when p(x)$y0U0. Note that / is

injective on/>_1(>>o) and/is constant on />-1(y) if y $y0U0. Let x0 be some point

inp_1(y0)-

Theorem 1.5. The transformation group (Xf, T) is an F-minimal set over (Y, T).

Proof. We must show that (x, t) -> xt is continuous on Xf x T, that p~1(y0) is

homeomorphic to F, and that condition (d) of the definition holds. From the

remarks in the preceding paragraph it is clear that the rest of the conditions are

satisfied.

Let x be a distal point in Xf and let j# = {g e C(Xf) : gx e <%(Tj}. Then st is a

*-closed subalgebra of C(Xf) containing the constants. If we can show that 3/

separates points, then s#=C(X!) and (x, t)-+xt is continuous on XfxT. Let y

and z be distinct points in Xf. We consider two cases. First suppose p(y)^p(z).

There exists heC(Y) such that h(p(y))^h(p(z)) and /z„(x) is right uniformly con-

tinuous on T. Let g = h° p and note that gx = hpix). Next suppose that p(y)=p(z)

or equivalently that y and z are proximal. For some r, f(yr)^f(zT). Let /,/4

denote the coordinate functions of/ and / respectively. Since (fdp(x) = (fdx,ft and

its translates are in s/. We know that, for a suitable i and t, f^y^^f^zr). In this

case we let g(x)=/(xr).

To show that p~1(y0) is homeomorphic to F it suffices to show that f[p~1(y0)]

= F. Let x be inp~ l(y0)- There exists a net x„ converging to x such thatp(xn) $y0U0.

Observe that p(xn) converges to y0. Because f(xn)=f ° p(xn) it follows that f(x)

= lim/o p(xn) e cu(/ y) = F. Conversely if z e F there exists a net in y\0(j/o)

such that xn converges to y0 and f(xn) converges to z. By picking a convergent

subnet of {p~1(xn)} we obtain a point x in /7_1(jo) such that f(x) = z.

The compact subsets of T form a directed set with A'j ̂  R~2 if A'^A'a. Let a be

an index of Xf and suppose that given any compact set K of Fthere exists x, y e P[x0]

and t K such that (xt, yt) $ a. Thus there exist nets {xn}, { yn} in P[x0] and {?„} in

T with neA such that xntn -* x', >yB y', *' #>»', and given K there exists iVeA

such that n s: A7 implies /„ £ A^. Clearly (x', v') e P and, for some r, x't, y'r e P[x0].
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Hence /(x't)^/(/t). There exists tn such that f(xtnr)^f(ytnT) and tn $ t/0T-1

which is impossible. Therefore, condition (d) holds, and the proof is finished.

Theorem 1.6. Let (X, T) be an F-minimal set over (Y, T). Then for a suitable

jo e Y and any compact neighborhood U0 of e there exists an F-almost automorphic

function f such that (X, T) is isomorphic to (Xf, T). Moreover, the imbedding of F

in Qa can be arbitrarily chosen.

Proof. Let U0 be a compact neighborhood of e in T and let V be an open

neighborhood of e contained in U0. Define an equivalence relation on X by x~y

if x=y or if (x, y) eP and x, y $P[x0]V. Using condition (d) of the definition it

can be shown that this is a closed equivalence relation. Let X' = Xj~, let <f>: X-+X',

0: X' Y, and p: X ^ Y be the canonical maps such that p = 0°<j>, and let

y0=p(x0). It is easy to see that c& maps P[x0] homeomorphically onto t9_x(y0) and

6 maps 6~1(Y\y0U0) homeomorphically onto Y\y0U0. Let Fbe imbedded in Qa.

There exists a homeomorphism/' from 6~1(y0) onto F. Because Qa is an absolute

retract/' extends to X'. Let/=/' ° B'1 on Y\y0U0. Using Lemma 1.2 we obtain

"(/> yo) = F. Since fp(x) = (f'° <j>)x when p(x) $ O(y0),fy is right uniformly continuous

for y $ O(y0). An easy calculation shows that condition (y) also holds. We will

complete the proof by showing that (X, T) is isomorphic to (Xf, T).

As before form (ß(Y\O(y0)), Td) and observe that there exists a unique homo-

morphism n of it onto (X, Td) such that poj=^off;. Let R = {(x, y) : Tr(x) = n(y)}.

It suffices to show that R = Rf. Note that R<=P and /=/' ° <j> ° w. Because/' o a

homeomorphism on P[x0] we see that 7t(x)=7t(v) if and only if /' o <f> o n(x)

=f o <j> o tt(j>) where/'(x)=>'o = /5(j). Thus when p(x)=y0=p(y), (x, y) s R if and

only if f(x)=f(y). It follows that i? = i?f.

Corollary 1.7. Ler (JT, F) fte an F-minimal set over (7, T). If F is an absolute

retract {absolute neighborhood retract}, then there exists an F-almost automorphic

function on Y\y0U0 such that f(Y\y0U0)<= F{f(U\y0U0)<= Ffor some Ue JT) and

(X, T) is isomorphic to (Xf, T).

Let F be fixed not just as a compact Hausdorff space but as a closed subset of

some Qa. Let 3?{Y, T, y0, F) denote the set of P-almost automorphic functions/

mapping Y\y0U0 into Qa with co(f y0) = F for some compact neighborhood U0

of e. Here as before ( Y, T) is minimal, free, and equicontinuous. We know that any

F-minimal set over (Y, T) can be represented in the form (Xf, T) for some / in

^(Y,T,y0,F)andy0e Y.

Let fige ßr=&r( Y, T% y0, F). We say / is equivalent to g, written f~g, if there

exists a homeomorphism h of F onto F satisfying the following condition: If {yn}

is a net in Y\O(y0), {yn} converges to y0, and {f(yn)} converges to z, then {#(>•„)}

converges to h(z). This defines an equivalence relation on 3F.

Theorem 1.8. Let f and g be in ^(Y, T, y0, F). Then the following are equivalent:

(1) There exists an isomorphism <f> of (Xf, T) onto (Xg, T) such that pf=pg ° <f>-
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(2) The functions f and g are equivalent.

(3) The relations Rf and Rg in ß(Y\O(y0)) are equal.

Proof. First we assume (1) and obtain (2) by presenting a suitable h. Let

h = [g\Pg1(y0)] ° <t> ° L/|pF*(ye)I"*- Next we show that (2) implies (3). Let (x,y)eRf

with x = y. By the definition of Rf we havep(xt)=y0=p(yt) and f(xt)=f(yt) = z.

We can find nets {xn} and {y„} converging to xr: and yt respectively such that

P(xn), p(yn) $ O(y0). Then f(xn) ->• z and /(yn) ->■ z. Since / is equivalent to g,

{g(x„)} converges to both g(xt) and h(z), and {g(yn)} converges to both g(yt) and

h(z). Therefore, (x, y) e Äg and Rf<=Rg. By symmetry Rg^Rf and Rf = R3.

Finally (3) implies (1) is trivial.

2. Constructing F-almost automorphic functions. In this section we present some

methods for constructing F-almost automorphic functions. Our methods are not

very general, but they clearly demonstrate that for a fairly broad class of equi-

continuous minimal sets there are many F-minimal sets over them.

As usual (Y, T) will be a free equicontinuous minimal set with Y compact

Hausdorff. We say (Y, T) has a local cross section at y0 if there exists a closed set

Sc Fand a compact neighborhood Vof e in Fsuch that yQ e S, the map (y, t)->yt

is injective on SxV, and y0 e Int (SV).

Theorem 2.1. Let S be a local cross section of (Y, T) at y0 and let g: S\{y0} -> Qa

such that w(g, y0) = F. Then &r( Y, T, y0, F)/0.

Proof. It suffices to find an extension / of g to Y\y0V so that fy is in %(T)

when y $ O(y0) and condition (y) holds. Thus we need only consider the co-

ordinate functions of g, i.e., we can assume g: S\y0 -> [0, 1].

First let/': SV^ [0, 1] by f'(yv)=g(y) where y e S and v e V. Choose subsets

S^S^S^S^S and J*£<r Pj«3 V2<= F2c y such that y0 e Su ee Vu and SjPJ

is open in 7, f-1, 2 [8, 1.18]. It follows that SjFjC^^c^^c^^cSK Let

A: F-*[0, 1] such that h(y)=\ for yeS^ and A(y) = 0 for y^S^. Finally

define /by

/(y) =f\y)Kv) if y^sv\y0v,

= 0 ify^S2F2Uy0F.

Next we show that/„ is right uniformly continuous on Ffor y ^ O(y0). If ys and

y? are not in 52Fu y0F, then |/(yj)— f(yt)\ =0. There exists a symmetric neigh-

borhood U of e such that when ys is in S2V2 and ts~x e U we have y? is in SV,

\f'(ys)—f'(yt)\<ej2, and |A(yj) —/j(yf)| <e/2. We can find such a £/ because

(Y, T) is equicontinuous,/' is uniformly continuous on SV, hy is right uniformly

continuous on T, and we can assume that 52K2<=Lnt (SV). It follows that for

ts'1 e U we have \f(ys)—f(yt)\ <e.

Finally condition (y) follows from the observation that f(ya) converges to

zh(y0t) if ya converges to y0t, t e V, and f(yat_1) converges to z.
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Theorem 2.2. If Y is the Cantor discontinuum, ifT is a discrete group, and if F

is a compact metric space, then     Y, T, y0, F)=£0.

Proof. Think of yin the usual way in [0, 1] with j>0 = 0. Let {(a„ bi)} be a sequence

of complementary intervals of Y such that bf + 1 <a, and at —> 0. Since we can map

[bi + 1, at] onto F, we are done.

Theorem 2.3. If Y is a topological n-manifold, ifT is a discrete group, and if F

is a compact metric space which is connected and locally connected, then

jr(Y,T,y0,F) # 0.

Proof. Here we can apply Theorem 2.1 with S homeomorphic to

{xeRn : \\x\\ ^ 1}

and V={e}. By the Hahn-Mazurkiewicz Theorem [15, Theorem 2.5, p. 76] we can

find a continuous function g0 from (0, 1] into F such that g0{[\jn, l/(n—l)]) = F

for all« 3:2. Let g(x)=g0(\\x\\).

We will say the minimal set (Y, T) is multiplicative if we can assume that Y is a

topological group and there exists a continuous homomorphism <j> of T into Y

such that <f>(T) is dense in Y and yt is the group product y<f>(t). It follows that

multiplicative minimal sets are equicontinuous. They are free if and only if <j> is

injective. When T is abelian all equicontinuous minimal sets (Y, T) are multi-

plicative [8, 4.48]. Moreover, when (Y, T) is multiplicative the point y0 can always

be taken as the identity of the group Y.

Theorem 2.4. If(Y, T) is multiplicative with Y a finite dimensional metric space,

if T is discrete, and if F is a compact metric space which is connected and locally

connected, then ^( Y, T, y0, F) / 0.

Proof. In view of the preceding theorem we may as well assume that Y is not a

manifold. Again we use Theorem 2.1 with S a closed neighborhood of y0 and

V={e}. We can assume that S is homeomorphic to {v e Rn : \\v\\ ̂  1} x C where C

is the Cantor discontinuum [12, Theorem 69, p. 335]. Since Theorem 2.2 covers

the case when « = 0, we will assume that «>0. We can assume that y0 is (0, 0).

Let </> be the usual Cantor function on C and let g be defined as in the previous

proof. Finally let

fiv, x) = g(vi<p(x)) if h < m,

= g(vl\\v\\)   if h 2: <f>(x),
for (v,x)^(0, 0).

Theorem 2.5. lf( Y, T) is multiplicative with Y a Lie group, if T is a noncompact

Lie group, and ifF is a compact Hausdorff space which is second countable, connected,

and locally connected, then ^( Y, T, y0, F) / 0.

Proof. It follows from the theory of Lie groups that we can take

S = {veRn : \\v\\ ̂  1}
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where « = dim 7-dim T. Now apply Theorem 2.1 to the function constructed in

the proof of Theorem 2.3.

It appears that in general it is difficult to obtain information about the equivalence

classes of Y, T, y0, F). In the next theorem in this section we consider a situation

in which we can at least determine the number of these equivalence classes.

Theorem 2.6. Let 7 be the Cantor discontinuum, let T be a discrete group, and

let F be a finite set with the discrete topology, then there is a continuum of F-minimal

sets over (Y, T) with base point y0.

Proof. We can assume F=fl/«,..., 1}C [0, 1]= Q±. Since Y\{.yo} is separable,

it is clear that there are at most c of them (c = cardinality of R). Each one can be

obtained from an F-almost automorphic function/such that f(U\y0) = Ffor some

neighborhood U of y0. Suppose two such functions in Y, T, y0, F) are equiva-

lent. Then there exists a permutation a such that yn y0 and f(yn) -> ijn implies

g(yn) —> o(ijn). Suppose that in every neighborhood U of y0 there exists yn such

that o-(f(yn))jtg(yn). It follows that there exists a sequence yn^-y0 such that

/(yn) = '7« and g(yn) ^ o-(//w) which contradicts the equivalence of / and g. Thus

there exists a neighborhood U of y0 such that o-(f(y))=g(y) for all y in U\{y0}.

We will use this to exhibit a continuum of F-almost automorphic functions which

are not equivalent.

Let Un be a sequence of open closed neighborhoods of y0 such that Un + 1\Un^0

and Hn = i Un=y0. Each sequence in «-Symbols in which each symbol occurs

infinitely often gives rise to an F-almost automorphic function by the formula

f(x) = ajn   if x e t/n\t/n_i-

It is easy to see that there are c sequences like this. Moreover, two such sequences

give rise to equivalent functions if and only if there exists a permutation a and

N>0 such that n>N implies a(an) = bn. There are only a countable number of

sequences equivalent to a given one in this sense, which proves the theorem.

Theorem 2.7. There exist nonhomogeneous discrete F-minimal sets over tori.

Proof. Let & denote the ^-dimensional torus. Since $~ is a monothetic group,

we get an equicontinuous minimal transformation group (S~, Z) where (x, n) -> xgn

and g is a generator of S~. Letting y0 be the identity of $~ and F= Qr where r is a

positive integer greater than «, we obtain an F-minimal set (X, Z) over Z)

from Theorem 2.3. Clearly the dimension of XaX x0 is at least r. On the other hand,

if y'¥=gn for all n, we can find em —> 0 and as m -> oo such that {y : d(y, y') = sm}

n {gn : ne Z} = 0. It follows that the dimension of X at p~1(y') is at most n by

considering {x : d(p(x), y') < em} where m runs through the positive integers [10,

Corollary 2, p. 46].

3. Sturmian minimal sets. A Sturmian minimal set is an F-minimal set with

F={0, 1}. This definition includes the classical Sturmian minimal sets of Hedlund
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[9]. We are interested in the following question: Given the equicontinuous minimal

set (Y, T), are there any Sturmian minimal sets over it? Roughly speaking this is

the same as trying to find U0 and U such that y0U0 separates U, which suggests

that the answer will depend upon the dimensions of T and Y.

Theorem 3.1. Let Tbe a separable Lie group, and let (Y, T) be a free multiplicative

minimal set where Y is a finite dimensional compact metric space. Then there exists

a Sturmian minimal set over (Y, T) if and only if one of the following conditions

holds:

(1) Y is a Lie group and dim ( Y) = dim (T)+ 1,

(2) Y is not a Lie group and dim ( Y) = dim (T).

Moreover, when (1) holds there is exactly one Sturmian minimal set over (Y, T)

and when (2) holds there is a continuum of them.

Proof. Suppose that there is a Sturmian minimal set {X, T) over (Y, T). Let <f>

denote the isomorphism of T into Y which defines the action of T on Y. We can

assume that y0 is the identity element of Y.

First suppose that Y is a Lie group. Let W and &~ denote the Lie algebras of Y

and T respectively and let d<f> denote the differential of <j>. Clearly dim TS dim Y.

If equality occurs, then <f>(T)= Y which is a contradiction because j> is injective,

Y is compact, and T is not compact. Thus dim T< dim Y. Let V0 be a compact

neighborhood of 0 in 3~ such that

(a) d<KV0) = {v : |»|Sr}nd?fcn,
(b) the exponential map is a homeomorphism in spheres containing V0 and

akvo).
Let £/0 = exp V0 and let /be given by Corollary 1.7. Then for some S, 0<8<r,

fo exp maps {v : \\v\\ < 8}\d<p(V0) onto {0, 1}. Thus dim (^(5")) = dim 7- L If g is

another element of ^(Y, T, y0, F) such that g(U\y0U0) = F, then we can find one

3 as above for both of them. It follows that f~g and there is at most one Sturmian

minimal set over (Y,T). Conversely, if dim F=dimr+1, there is clearly one

Sturmian minimal set over (Y, T) by Theorem 2.1.

Now suppose that Yis not a Lie group. Because Yis finite dimensional we know

its local structure. There exists a subset L homeomorphic with an open r-dimen-

sional cube (r = dim Y) and a 0-dimensional normal subgroup N such that

(a) every element of L commutes with every element of N;

(b) the set V=LN is a neighborhood of the identity;

(c) every element v e V possesses a unique expression of the form v = ln, leL,

and ne N, and the elements / and n are continuous functions of v;

(d) YjN is a Lie group [12, p. 335]. It follows from (c) that Kis homeomorphic

to L x N. Since Y is metric N is the Cantor discontinuum. It is easy to see that

or o cA has a discrete kernel where a is the canonical map of Y onto YjN. Therefore,

dimP=dim YjN=d\m Y. For the converse first observe that dimT=dim Y

= dim YjN implies that the kernel of a ° <f> is discrete. Next note that a o <f> is onto.
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It follows that we can assume y0U0=L. Now we can apply Theorem 2.1 with S=N.

To count them we can use Corollary 1.7 and the proof of Theorem 2.6.

The proof of the first half of the preceding theorem also yields the following

result:

Theorem 3.2. Let The a separable Lie group and let (Y, T) be a free multiplicative

minimal set where Y is a compact manifold. If the cardinality of F is finite and greater

than 2, then     Y, T, y0, F) = 0.

4. Weak F-minimal sets. In this section we consider a class of minimal sets

obtained by weakening condition (c) in the definition of F-minimal set. The

weakened condition says that it is easy to find closed invariant equivalence relations

in the proximal relation.

Definition. A minimal transformation group (X, T) on a compact Hausdorff

space is a weak f-minimal set if it satisfies the following conditions.

(a') It is locally almost periodic.

(b') For xeX, p[x]T=£ X.

(c') An invariant equivalence relation R in P is closed if, for all x in X,

P[x] xP[x] n R is closed.

(d') Given an index a of the uniformity on X and a point x0 in X, there exists

a compact subset K of T such that (xt, yt) e a when x, y e P[x0] and t%SK.

(e') lityte, then (x, xt) i P for all x in X.

We will characterize the weak F-minimal sets as those which have the minimal

right ideal of some F-minimal set as a proximal extension. We begin by examining

the minimal right ideals of F-minimal sets.

Lemma 4.1. Suppose the proximal relation of the minimal transformation group

(X, T) is an equivalence relation, then the unique minimal right ideal I in the enveloping

semigroup is given by

I = {£ : (P[x])£ is a point for all xe X}

and the set of idempotents J in I is given by

J = {i : (P[x])f is a point in P[x]for all x e X}.

Moreover, J is a closed subset of I if P is a closed subset of Xx X.

Proof. Let A denote the right side of the first equation. It is clear that A is a

right ideal and hence I^A. Let £ e A and let p be an idempotent in /. Since

(P[x])p<^ P[x] for all x, we see that fj.£ = $ and f is in I.

Let B denote the right side of the second equation. From the above it is clear

that Be I and B<=j. Because (x, xp) e P for p eJ we obtain J^B.

Let {/*„}nEA be a net in J converging to v and let y be in P[x]. Then {ypn} con-

verges to yrj. Since y(Mn = xrin eP[x] for all n, yrj = xrj and v e B=J.
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Lemma 4.2. Let (X, T) be an F-minimal set. Then I=£\T. If T is abelian, then J is

homeomorphic to F.

Proof. The first part follows from Lemma 4.1 and condition (d). Since T is

abelian, pt = tp for peJ. It follows that x0p completely determines p. Finally

P -> x0p is a homeomorphism of J onto P[x0] because J is closed.

Henceforth we will assume that T is abelian. The assumption that T is locally

compact and not compact is still in force. Let (X, T) be an F-minimal set over

(Y, T). Then (Y, T) is multiplicative and we can assume that y0 is the identity of Y.

Let F be the structure group of (X, T) and let 6 be the homomorphism of & onto Y

induced by p. Then ö(/) = r and, for f and rj in /, Ö(^)=Ö(^) if and only if £ = r]p

for some p ej [3, Theorem 3]. It follows that £ and rj in / are proximal if and only

if £ = rjp for some pel. The map £ —> y0£ is a topological isomorphism of T onto Y

and thus p(x0ijrj)=p(x01;)p(x0r]). Denote this map by <j>. Note that <j>(£)=y0 if and

only if £ej.

Lemma 4.3. Let a e A, be a net in I, let £ be an element of I, and let K be a

compact neighborhood of e in T. Then £a converges to f // and only if the following

conditions are satisfied:

(A) lime6A#fB) = #f).

(B) If A1 = {a e A : $a e £JK} is cofinal, then limaeAl x0va = x0v where va and v

are idempotents such that gava = £a and £v = g.

(C) If A2 = {aeA: £a££JK} is cofinal,  then  IimaeA2 xQ£~1£a = x0v where

Proof. Assume fa -> f. Condition (A) is obvious. Suppose Ax is cofinal. For

a e Aj, £a = £pata = £tapa and hence pa = vtt. Let p be the limit of a convergent

subnet of (vj, a e Aj. By taking a further subnet we can assume ta -> f. It follows

that $ = £pt and /»=p. Therefore, lima6Al ytt=*» and limaeA, xova = x0v. Next suppose

that A2 is cofinal. Since £_1fa-> £~1£ = v, condition (C) holds.

To prove the converse it suffices to show that limaeA. fa = f where A; is cofinal.

Suppose Aj is cofinal. As before ga = £vata. Because <£(£K = <p(£a) -> and ta e K

we see that lima6Al/a = e. Thus limacAl vata = v and limasAl £tt = $. Finally suppose

that A2 is cofinal. From condition (A) we see that any limit point of f _1fa is in/,

and from condition (C) we see that any limit point of f-1faforot 6 A2 is v. Therefore,

lima6A2 i-^v^vand limaeA2 =

Ellis shows that the map i/>: / -> T xj defined by i/f(£) = (0(£), iA is a bijection

where v is the idempotent in / such that It follows that T^o(£) = (yo°X£), x0v)

= (</>(£), x0v) is a bijection from / to FxP[x0]. If / is an F-almost automorphic

function representing (X, T), then there exists a continuous function /: X-+ Qa

such thatf(x)=f ° p(x) whenp(x) $ y0U0. Note that/mapsP[x0] homeomorphically

onto F. Hence tfjf(£) = (</>(£), f(x0v)) is a bijection from I to YxF. Using tpf we can

transfer all the structure on / to Fx F. We will describe this structure on YxF in

terms of the group structure on Y and the function /.
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Lemma 4.4. (1) The action of T on YxP[x0] induced by >p0 is given by (y, z)t

=(yt,z).

(2) The semigroup structure on YxP[x0] induced by <p0 is given by (y, z)(y', z')

=(yy',z').

(3) The action of YxP[x0] on X induced by «/r0 >s given by

x(y, z) = x'   if p(x') = p(x)y $ O(y0),

= zt   if p(x)y = y0t.

Proof. By definition ^0(£0 = &>(f)f or WfO, ") = (<£(£), v)t because ivt—ftv.

Since <f> is a homomorphism, (1) holds. Similarly >fro(£)'Po(ri) = 'f'o(£ri) or (£> v)(v> fO

-QKbl), H-) = (m<t>(vl A*) and (2) holds.
Let £ e / and xe X. Then there exists v e / such that x0ij = x. From this we obtain

p(x£)=p(x0Ti£) = (f>(7j)<t>(£)=p(x)4>{£). Now if p(x)</>((;) $ O(y0) then there exists a

unique x' in A" such that p(x')=p(x)<f>(£). It follows that x' = x£. If <j>(r]^)=p(x)4>(^)

=y0t, then r?f f ~1 = m, x£t ~1 = x0v, and xg = x0vt. Now (3) follows from the definition

of i>0-

It is now clear that ipf transfers f/ to (y, z)t = (yt, z) and irj to (y, z)(y', z')

= (y/, z'). It remains to describe the topology on Fx F in terms of/.

Let % denote the class of pairs ((ya, za)aeA, (y, z)) where (ya, za)aeA is a net in

Fx F and (y, z) is a point in Fx F such that

(A') lim^oo yn-> y.

(B') If A1 = {« 6 A : ya e yUQ) is cofinal, then limaeAl za = z.

(C) If A2 = {a 6 A : ya $ yU0} is cofinal, then limaeA2/(>'a) = z.

Theorem 4.5. Let f be an F-almost automorphic function on Y. Then If; is a

convergence class on Yx F yielding a compact Hausdorff topology. With this topology

and (y, z)t = (yt, z) we obtain a locally almost periodic minimal set which is isomorphic

to (If, T) where If is the minimal right ideal in the enveloping semigroup of (Xf, T).

If we let (y, z)(y', z') = (yy', z'), then the above map is also a semigroup isomorphism.

Proof. Let (Xf, T) be (X, T) in the previous discussion and observe that <pf

carries conditions (A), (B), and (C) to conditions (A'), (B'), and (C) which proves

the theorem.

Suppose that Y is the set of complex numbers of modulus one, T is the integers,

and the action is multiplication by a generator g. Letf(z)=y if z#g, e2nyi=gz and

y e(0, 1). Then / is an P-almost automorphic function with F={0, 1}. Then the

transformation group (YxF,T) given by Theorem 4.5 is Ellis' example on two

circles [4, Example 4], and (Xr, T) is a Sturmian minimal set.

Theorem 4.6. Let (X', T) be a minimal transformation group. Then (X', T) is a

weak F-minimal set if and only if there exists an F-minimal set (X, T) such that

(X', T) is isomorphic to (I(X)jR, T) where I(X) is the minimal right ideal of (X, T)
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and R is a closed equivalence relation properly contained in the proximal relation of

(I(X), T).

Proof. Assume that (A", T) is a weak F-minimal set. Let (Y, T) denote (X'jP, T)

and let p denote the canonical homomorphism of (X', T) onto (Y, T). Let I'

denote the minimal right ideal in the enveloping semigroup of (X', T). Fix x' in X'.

Then the map £ -> x'£ is a homomorphism of (/', T) onto (X', T) and

R = {(£, v) : x'$ = x'v)

is a closed invariant equivalence relation contained in the proximal relation of I'

such that (A", 7") is isomorphic to (I'/R, T). Thus it suffices to show that (/', T)

is isomorphic to the minimal right ideal of some F-minimal set.

Define R' on /' by (f, 17) e R' if either £ = -q or i — r]p for some p e J and $ $ JT.

It is clear that R' is an invariant equivalence relation on /'. Suppose {(£a, rja)},

a e A, is a net in R' converging to (f, 17) where Choose x" in X such that

x"£ + x"y] and define R0 on X' by (x, y) e R0 if either x=y or, for some t e T and

a e A, xt, yt e P[x"£J and f„#^a. It follows from condition (c') that Ä0 is a closed

equivalence relation on A". Observe that (x"£a, x"^) e R0 where and hence

(x"i, x"-q) e R0. Hence, for some ae A and ve/, f = £avt $JT and ^— 77. We now

know that R' is closed and we will proceed to show that (I'lR', T) is an F-minimal

set. It is certainly locally almost periodic. Notice that p(P[£]) = P[p(£)] where o

denotes the canonical map of /' onto X=I'jR'. Conditions (b) and (c) follow from

this observation. Condition (d') holds on Using uniform continuity and p(P[£])

= P[p{i)] we obtain (d) on (X, T). Because T is abelian (e) is equivalent to (A', T)

being free which it certainly is.

To complete the first half of the proof it suffices to show that (/', T) is isomorphic

to (/, T) where / is the minimal right ideal associated with (X, T). This follows

from the following lemma:

Lemma 4.7. Let (X', T) be a locally almost periodic minimal transformation group

and let R be a closed invariant equivalence relation contained in the proximal relation

of (I(X'), T). If for some £Q in I(X') we have R[i0p,] = {^0p,} for all /x in J', then

(I{X'), T) and (I(I(X'))jR, T) are isomorphic.

Proof. Let p be the canonical map of I' = I(X') onto X=I'jR. There exists a

semigroup homomorphism $ of T onto I=I(X) such that x0<ft(£) = p(£) for all f

in I' where x0 = p(f0)- The existence of ifi is established by using Lemma 2 statement

(ll) in [4] and the remark following Lemma 2 in [l]. Suppose >p(p.) = >p(v) where

p., veJ'. Then <p(^0p) = iJ(iov), p($0p) = pC^o"), and /x = v. Next suppose iK£) = >Kv)-

Then f = i?/x and rj = r]v for suitable p., v in Thus >p(rj)ili(v) = >p(-q)ip(p), ifj(v) = ifi(pL),

v = p, and $ = rj.

The second half of the proof proceeds in two steps. First we show that the

minimal right ideal I associated with an P-minimal set is a weak F-minimal set,

and then we show that (I/R', T) is weak F-minimal if R' is a closed invariant
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equivalence relation contained in the proximal relation. In both steps the conditions

for weak F-minimality with the exception of (c') are routinely verified.

Let (X, T) be an F-minimal set and let (/, F) be the minimal right ideal in its

enveloping semigroup. Let R be an invariant equivalence relation which is con-

tained in the proximal relation of (/, 7"). Assume R n £Jx£J is closed for all £ in

/, and suppose (|a, rjj, a e A, is a net in R converging to (f, rj). We apply Lemma

4.3. Note that £a e gJt if and only if rja e -qJt = £Jt. For a e A1 there exists ta in K

such that ia'Va^ZJta, and (iJä1, v^ä1) is a net in RngJxgJ converging

to (i,rj) when Ax is cofinal. When a e A2, x0$~1ia = x0rj~1rja. If A2 is cofinal,

we see by taking limits that x0v = x0p, v = p, and $ = rj. Therefore, (c') holds in

a, n
Let R' be a closed invariant equivalence relation in the proximal relation of

(/, F), let (X', T) = (IIR', T), and let p be the canonical map. Let R be an invariant

equivalence relation contained in the proximal relation of (X', T). Suppose that

R n P[x] x P[x] is closed for all x. It suffices to show that p_1(/v) is contained in the

proximal relation of (/, T) and p~\Rn P[p{] xP[P$]) = ß-1(R) n£Jx£J for all f

where p(f, i?) = (pf, prj). This follows because it is known that for proximally

equicontinuous flows R'<=P, if and only if p'1(Px)=Pi [6, Lemma 5, p. 22]. This

completes the proof.

Theorem 4.8. Let (X, Rm x Zn) be a weak F-minimal set over (Y,Rmx Zn). If Y

is a manifold and P[x] {x} and is totally disconnected for some x, then dim Y= m+l

and P[x] consists of two points. Moreover, if every P[x] is totally disconnected for all

x in X, then there are exactly two idempotents in the minimal right ideal associated

with (X, Rm x Zn).

Proof. Using (c') we see that there exists a Sturmian minimal set over (Y, Rm x Zn)

and hence, by Theorem 3.1, dim Y=m+\. If P[x] contains more than two points,

we can use (c') to contradict Theorem 3.2.

If P[x] is totally disconnected for all x, then P[x] consists of one or two points

for all x. It follows that / is totally disconnected. Since (/, Rm x Z") is a weak

F-minimal set, we obtain an F-minimal set over (Y, Rm x Zn) with F=J and we can

contradict Theorem 3.2 unless the cardinality of / is two.

Theorem 4.9. There exists a weak F-minimal set (X', Z) such that given any

compact metric space W there exists x in X such that P[x] is homeomorphic to W.

Proof. Let (Y, Z) be an equicontinuous minimal transformation group where

Y is the Cantor discontinuum. Let (X, Z) be an F-minimal set over (Y, Z) with

F= Y. Let / be the minimal right ideal associated with (X, Z). Recall the following

facts: (Y, Z) has a continuum of distinct orbits, there are only a continuum of

distinct compact metric spaces, and every compact metric space is the continuous

image of Y. It follows using (c') and Theorem 4.6 that there exists a closed invariant

equivalence relation R on I such that (///?, F) has the desired properties.
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