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Abstract. In this paper we determine the lattice of closed invariant subspaces for
certain convolution operators on Lebesgue spaces LP(do) where ¢ is a suitable weighted
measure on the half-line. We exploit the rather close relationship between convolution
operators and the collection of right translation operators {T)}az0o on LP(do). We
show that a convolution operator K and the collection {T,},», have the same lattice
of closed invariant subspaces provided the kernel k of K is a cyclic vector. The converse
also holds if we assume in addition that the closed span of {T)k}Azo is all of LP(do).
We show that the lattice of closed right translation invariant subspaces of L?(do) is
totally ordered by set inclusion whenever o has compact support. Thus in this case a
convolution operator K is unicellular if and only if its kernel is a cyclic vector.
Finally, we show for suitable weighted measures ¢ on the half-line that the convolution
operators on LP(do) are Volterra.

1. Introduction. In this paper we study convolution operators on Lebesgue
spaces L?(do), 1 < p <o, where o is a measure on [0, o) of the form do =« dx where
«20 is a nonincreasing function on (0, ). A convolution operator K on L?(do)
is an operator of the form

Ke = ka(x—-t)g(t) dt

where the kernel k is a Lebesgue measurable function on (0, c0). Under suitable
integrability conditions on k we show that K is everywhere defined and bounded on
L?(do) and furthermore

K e strongly closed algebra generated by {T)}xz0

where {T)},»0 is the collection of right translation operators on L?(do).

In general, the lattice of closed invariant subspaces of K is not known. However,
from above we see that any closed right translation invariant subspace of L?(do)
is also invariant under K. In this paper we determine sufficient conditions on the
kernel k so that these subspaces represent all the closed invariant subspaces of K.
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Under additional hypotheses on o we get a simple necessary and sufficient condition
on k; namely that k be a cyclic vector for K.

Of special interest is the case where the closed support of ¢ is compact. Then we
can show that the collection of closed right translation invariant subspaces of
L?(do) is totally ordered by set inclusion. In this case we determine sufficient con-
ditions on the kernel k so that the convolution operator X is unicellular.

Another problem we investigate is determining conditions on the measure ¢ so
that the convolution operators on L?(do) are Volterra. It is a well-known fact that
convolution operators on L?(0, 1) are Volterra. So not surprisingly we find that
convolution operators on LP(do) are Volterra whenever o has compact support.
For general measures o on the half-line there may exist convolution operators that
are not Volterra. For example, there are no nonzero compact convolution operators
on either LP(0, o) or L?(e~* dx). However, if o is a suitable weighted measure on
the half-line (e.g. do=exp (—x?) dx), then convolution operators on L?(do) are
Volterra.

2. General development. Throughout this paper ¢ will denote a measure on
[0, 00) of the form do=« dx where «20 is a nonincreasing function on (0, 00).
We will add additional hypotheses on o as the need arises. Unless otherwise stated,
p will denote any real number satisfying 1 <p <oco and g will denote the conjugate
to p given by 1/p+1/g=1.

We find it convenient to regard functions in L?(do) as being defined on the whole
real line and having the value 0 on (—oo, 0). With this convention we define the
right translation operators {T)},s o on L?(do) by (T)g)x=g(x— ) for all g in L?(do).
Clearly |Ty| <1 since « is nonincreasing on (0, ). In fact, {T)}xzo is a strongly
continuous semigroup of operators on L?(do).

Given two Lebesgue measurable functions k¥ and g on (0, ) we define the
convolution k * g in the usual manner by

(k % g)x = J:k(x—t)g(t) dt

at each x for which the Lebesgue integral exists.

Suppose k is a Lebesgue measurable function on (0, 0) and let K be the con-
volution operator on L?(do) with kernel k defined by Kg=k * g. We prefer to view
the convolution operator K in terms of Bochner integrals as follows:

K = [ gtk dt = [ D)kt i = || " Tighto) dt] o

= J T,g du(t) (Bochner p-integral)
[0, )

where p is the measure on [0, ) defined by du=k dt. The Bochner integral need
not exist in general without additional assumptions on p and g. If the Bochner
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integral does exist, then by a theorem of S. Bochner (see Yosida [5]) we must have

[ ITglaldu)] < e
[0, )

Fortunately this condition is strong enough to guarantee the existence of the
Bochner integral when p is a Baire measure on [0, c0). We state without proof the
following lemmas:

LEMMA 1. Suppose u is a complex Baire measure on [0, ) and set

D(K) = {rerrdo): [ ITfllduo)] < o).

Then we can define a convolution operator K on D(K) by Kf= [, ., T.f du(t) where
the Bochner u-integral exists for all fin D(K). Furthermore,

Kf = lim 5 (Tyu/dl=Dim i)

for all fin D(K). Thus if D(K)=L"(do) it follows that K is bounded and
K € strongly closed algebra generated by {T)},so.

LEMMA 2. Suppose  is a complex Baire measure on [0, ©) and K is the convolution
operator on D(K) defined in Lemma 1. Then for each fin D(K) the function t — (T.f)x
=f(x—1t) is in L*(du) for o-a.e. x and furthermore

(Kf)x = f[ __ fx=n)dut) for o-ae. x.

LeEMMA 3. For each positive integer n, set

8.(x)=n ifljn = x = 2n,

= 0 otherwise.

Then {8,};-, is an approximate identity for convolution on L?(do). That is, lim 6, * g
=g for all g in L*(do) where the limit is taken in the norm of L*(do).

Although Lemmas 1 and 2 are stated for convolution operators K on L?(do)
whose kernels are Baire measures, we are primarily interested in the case where p
is a Baire measure on [0, ) of the form du=k dt. Then k is the usual kernel
function for K and

Kg=f°°(ng)k(z)dr=k*g
0

for all g in D(K). Note that g € D(K) implies that (k * g)x exists for o-a.e. x and
k * g € L*(do).

Of special interest is the case where the kernel k € LX(|T;| dt) (| 7;| denotes the
norm of T, acting on L?(do)). Then by Lemma 1, X is everywhere defined on L?(do)
and | K| £ |k| where ||k| denotes the L'(|T;|] df) norm of k. One easily computes
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that K"g=(k*") » g where k*"=k x k x---x k (n times). Each k*"e L'(||T;| dt)
since L*(|T;|| dt) is closed under the binary operation # (this follows from the
estimate |T;,| £ |T.| |75, valid for all s, 20).

Now we can state the main result of this section.

THEOREM 1. Suppose k € L\(|T,| dt) and K is the convolution operator on L*(do)
with kernel k. Assume {k*"};>_, is fundamental in L*(||T,| dt). Then

strongly closed algebra generated by K
= strongly closed algebra generated by {T}»so-

Proof. By Lemma 1 we already have K € strongly closed algebra generated by
{T\}xz0- Conversely, we intend to show that each T, estrongly closed algebra
generated by K.

Fix A=0 and let {5,};>-, be the approximate identity of Lemma 3. For each
positive integer n choose p, € linear span {k*"}°>.; so that | p,—T,8,|<1/n. Let
P.(K) be the polynomial in K defined by p,(K)g=p, * g. Then for any g in L?(do)
we have

1P(K)g—Tagl» < |Pa*g—Ti8n % g+ |Ta8n xg—Tagl»
S | Pa—Th8| llglo+13n * Tag—Tag |5

Thus lim p,(K)g=T,g for all g in LP(do). Hence T, € strongly closed algebra
generated by K, proving the theorem.

COROLLARY. Suppose o is submultiplicative (i.e. «(x+y) < a(x)e( y) for all x, y >0)
and k € L(do) satisfies

™ closed span of {T)k}r»o = L'(do).

Let K be the convolution operator on L'(do) with kernel k. Then the following are
equivalent:
(i) k is a cyclic vector for K,
(ii) strongly closed algebra generated by K=strongly closed algebra generated by
{TA}A 20y
(iii) K and {T\}»=0 have the same collection of closed invariant subspaces.

Proof. (i) = (ii). Suppose k is a cyclic vector for K. Then {K"k};-o={k*"}2_1
is fundamental in L(do). A short calculation shows that {k*"}7_, is fundamental in
L)(| T,| dt). Now (ii) follows from Theorem 1.

(ii) = (iii). Obvious.

(iii) = (i). Assume (iii) holds and set M=closed span of {K"k}y-, in L(do).
Clearly M is a closed invariant subspace for K. Then by assumption, M is a closed
invariant subspace for {T,},»,. Using (*) we get

LY(do) = closed span {T)k} o S M < L'(do).

Thus M =L*(do) and so k is a cyclic vector for K. This proves (i) and completes the
proof of the corollary.
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3. Measures o with compact support. In this section we assume that the closed
support of o is compact. Without loss of generality we may assume that supp o
=[0, 1]. Thus o is a measure on [0, 1] of the form do=« dx where «>0 is a non-
increasing function on (0, 1).

Our development of convolution operators indicates the importance of deter-
mining the lattice of closed right translation invariant subspaces of LP(do). This
lattice forms a chain under set inclusion when the measure ¢ has compact support.
This result was first proved by S. Agmon [1] for the Lebesgue measure case. The
proof for the general case is not difficult using the Titchmarsh convolution theorem.
Thus we state without proof the following lemma:

LEMMA 4. Suppose supp o=[0, 1]. Then the lattice of closed right translation
invariant subspaces of L?(do) is the chain {M}o<.<, where

M, = {feL?do): f =0 a.e. on [0, a]}.

An operator is said to be unicellular if its collection of closed invariant subspaces
forms a chain under set inclusion. Combining Theorem 1 and Lemma 4 we obtain
the following sufficient condition for a convolution operator to be unicellular:

THEOREM 2. Suppose supp o=[0, 1] and k € L'(||T;| dt). Assume {k*"}7_, is
Sundamental in L*(||T,|| dt). Then the convolution operator K on L*(do) with kernel k
is unicellular, its chain of closed invariant subspaces is {M}os.<1.

So far we have assumed only that supp o=[0, 1]. If we assume in addition that «
is submultiplicative (i.e. a(x+y) < a(x)e(y) for x, y >0), then we get the following
necessary and sufficient conditions for a convolution operator on L?(do) to be
unicellular:

THEOREM 3. Suppose o is submultiplicative and supp o= [0, 1]. Suppose k € L?(do)
and K is the convolution operator on L*(do) with kernel k. Then the following are
equivalent

(i) K is unicellular,

(il) k is a cyclic vector for K,

(iii) strongly closed algebra generated by K=strongly closed algebra generated
by {Ti}rzo-

Proof. A short calculation shows that |T;|<«(¢)*?. Hence ke L’(do)<=
L(|T;| dt) and so K is everywhere defined and bounded on L?(do) by Lemma 1.

(i) = (ii). Suppose X is unicellular. By the Titchmarsh convolution theorem we
have Kg=0iff g=0 a.e. on [0, 1 —/,] where

L, =sup{{z0:k=0ae. on[0,I/].
But dim (ker K)<1 since K is unicellular. Thus /,=0. Set M=closed span of
{K"k}2- o in LP(do). Clearly M is a closed invariant subspace for K. Thus M=M,

for some a,0=a<1. Since k € M and /,=0, it follows that a=0. Hence M = L?(do),
proving that k is a cyclic vector for K.
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(ii) = (iii). Assume k is a cyclic vector for K. Then {k*"}_, is fundamental in
L?(do), hence fundamental in L*(|T3|| dt). Now (iii) follows from Theorem 1.

(iii) = (i). This follows immediately from Lemma 4. The proof of the theorem
is complete.

An operator is Volterra if it is compact and quasinilpotent (its spectrum
contains only the point 0). We remark that a convolution operator K on LP(do)
whose kernel k € L'(||T;|| dt) is Volterra whenever the support of ¢ is compact. The
proof involves approximating K in operator norm with convolution operators K,
whose kernels k, are continuous on [0, 1] and vanish in some neighborhood of 0.
Showing that such convolution operators K, are Volterra is routine.

4. Weighted measures on the half-line. In this section we study convolution
operators on Lebesgue spaces L?(do) where o is a special type of weighted measure
on [0, co]; throughout this section we shall assume o satisfies the following property:

Property P. o is a measure on [0, oo) of the form do=o dx where « =0 is a non-
increasing function on (0, ) and «(x+y) =< a(x)a(y)B(y)* for all x, y>0. The
function B on (0, c0) satisfies

(i) 0=B(t)=1 for all >0,

(ii) C,=[fg B(t)¥? dt]*? < co.

Under these hypotheses we can extend the corollary to Theorem 1 to such
LP(do) spaces when 1 <p<oo. Note that for the p=1 case that any measure ¢ on
[0, o) of the form do=« dx where «=0 is nonincreasing and submultiplicative
satisfies Property P (simply take S=1). Thus the corollary to Theorem 1 will be a
special case of our extension. We also can show that convolution operators on
L?(do) are Volterra whenever o satisfies Property P and B(¢) <1 for all #>0. Before
proving these results we need the following lemma:

LEMMA 5. Suppose o satisfies Property P and let k, g € L*(do). Then (k * g)x
exists for o-a.e. x, k x g € LP(do), and ||k » g||, = (1 + Cp)|k|,|lgl»- The convolution
operator K on L*(do) with kernel k is everywhere defined and bounded, and furthermore
K € strongly closed algebra generated by {T)},so.

Proof. Set k;=yx,11k and ky=x;, ok where y; denotes the characteristic
function of a set E. Consider the two Bochner integrals:

1 ©
[ @@ dr and ["Tkse) a.
Both integrals exist since by Property P we have the following estimates:

3
|, Imglsll dr < [kl gl

[C1nkalle@l d s clkalslsly
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By Lemma 2 each Bochner integral can be evaluated for o-a.e. x as regular Lebesgue
integrals:

[ e at]x = [ o=ty dt = (kax g,

U:(T:kz)g(t) dt]x = Lw ko(x—1)g(t) dt = (ky * g)x.

Thus (k * g)x=(k, * g)x+ (k, * g)x exists for o-a.e. x and furthermore

Ik =gl, < Ikulolgllo+ Collkallsl gl = (14 o)kl &1,

Thus the convolution operator K with kernel k is everywhere defined and
bounded, in fact |K|=(1+C,)|kl|l,- Next we show that K estrongly closed
algebra generated by {T)},zo.

For each positive integer n, set k, = x;0,»k and let K, be the convolution operator
on L?(ds) with kernel k,. Then |K—K,|<(1+C,)|k—k,|,—0 as n— co. The
lemma will follow at once if we can show that each K, € strongly closed algebra
generated by {T)}rzo-

Now K, can also be defined on LP(do) by the Bochner integral

K,g = jo"mg)kn(t) dr.

The existence of the Bochner integral follows from the estimate

| 1Tl b)) de < melicl gl

Thus by Lemma 1 we have K, € strongly closed algebra generated by {T)}xso.
This proves the lemma.

THEOREM 4. Suppose o satisfies Property P and k € L?(do) satisfies
*) closed span of {T)k}\>o = L*(do).

Let K be the convolution operator on L*(ds) with kernel k. Then the following are
equivalent :
(i) k is a cyclic vector for K,
(ii) strongly closed algebra generated by K=strongly closed algebra generated by
{TA}AEO,
(iii) K and {T},» o have the same collection of closed invariant subspaces.

The proof of Theorem 4 is essentially the same as the proof of Theorem 1 and
its corollary, except we must use Lemma 5 in place of Lemma 1. Also we must
use the norm estimate for convolution product given in Lemma 5. Hence we omit
the proof of Theorem 4.

THEOREM 5. Suppose o satisfies Property P with B(t)<1 for all t>0. Suppose k
is in either L?(do) or L*(||T,| dt). Then the convolution operator K on L*(dos) with
kernel k is Volterra.
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Proof. In the usual manner we can construct a sequence of convolution operators
{K,}2-, whose kernels k, are continuous functions on (0, c0) with compact support
such that K=1lim K, in operator norm. If we can show each K, is Volterra, then it
follows that K must be Volterra.

Hence it suffices to assume that the kernel k& of K is a continuous function on
(0, o0) with compact support, say supp k< [a, b] where 0 <a<b<o. For each
positive integer n set

P, = the projection of LP(do) onto x;o,,L*(do),
Q. = the projection of L?(do) onto x,,«,L(dc).

We intend to show that K=Ilim P,KP, in operator norm. Now each P,KP, is
essentially the convolution operator on P,L?(do) with kernel P k. As noted earlier,
such operators are Volterra. Thus it will follow that K is Volterra once we establish
that K=lim P,KP,.

A short calculation using Property P yields the estimates:

ITa@all = «)2B)™?, [ QaThl S «(W)PBA)""77,  n 2 A

Thus by the bounded convergence theorem we get
b
IKQull < | ITQul Ik(o)]

< f " ()8 k()| dt— 0 as n—> oo,

a

10:K1 < | 1Q:T k()] d

< r a(t)PB(t) 2P |k(t)| dt -0 as n— oo.
a
Now it follows in a straightforward manner using the triangle inequality that
K=1im P,KP,. This completes the proof of the theorem.

Finally we offer a method of constructing measures ¢ satisfying Property P.
Suppose ¢ is a measure on [0, o) satisfying the following property:

Property Q. o is a measure on [0, ) of the form do=a dx where

a(x) = exp ( J:log B(t) dt)

where B is a nonincreasing function on (0, o) satisfying
(i) 05B(r)<1 for all t>0,
(ii) B is submultiplicative,
(iii) C,=[fg B()¥" dt]**< 0.
It is a straightforward exercise to show that Property Q implies Property P.
An example of a function « satisfying the conditions in Property Q is a(x)=
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exp (—ax®) where a>0 and s=2. The corresponding function B is given by B(x)
=exp (—asx*~1).

Conjecture. If o is a measure on [0, c0) satisfying Property Q, then the lattice
of closed right translation invariant subspaces of L?(do) forms a chain under set
inclusion.

5. The Lebesgue spaces L?(0, 0) and L?(e~*dx). In this section we study
convolution operators on the Lebesgue spaces L?(0, o) and L?(e~* dx). Both of
these spaces are examples of LP(do) spaces where o is a measure on [0, o) of the
form do =« dx where « 20 is a nonincreasing submultiplicative function on (0, ).
The study of convolution operators on L?(0, o) is closely related to the study of
convolution operators on L?(e~* dx).

Consider the isometry U: L?(0, o) — LP(e~* dx) defined by (Uf)x=e*"f(x). It
is easily checked that U is an isometry of LP(0, c0) onto LP(e~* dx) and that
U-*: LP(e* dx) — L”(0, o0) is given by (U ~g)x=e*/"g(x).

Suppose K is a convolution operator on L?(0, co) with kernel k. A short calcula-
tion shows that K= UKU ~! is a convolution operator on L?(e~* dx) with kernel
ko=Uk. Thus U provides an isometric equivalence between the convolution
operators on L?(0, co) and those on L?(e~* dx).

Likewise one can show that U provides an isometric equivalence between the
right translation operators {T)},»o on LP(0, o0) and the operators {€?Tx} s, ON
LP(e~* dx) where {T1},», denotes the collection of right translation operators on
L?(e* dx). An immediate consequence is that U maps the lattice of closed right
translation invariant subspaces of L?(0, c0) one-to-one onto the lattice of closed
right translation invariant subspaces of L?(e~* dx).

The remainder of this section will be devoted to a study of convolution operators
on L?(0, o0) as any results obtained will be applicable to LP(e~* dx) as well.

Next we show that no convolution operator on either L(0, o) or L%(0, ) is
unicellular if its kernel is in L1(0, c0). By Lemma 1 all we need show is that the lattice
of closed right translation invariant subspaces of either space does not form a
chain under set inclusion.

The structure of the lattice of closed right translation invariant subspaces of
L%(0, o0) is well known and does not form a chain under set inclusion (see Hoffman
[2]). This lattice is identical to the lattice of closed invariant subspaces of the
Laguerre shift S on L?(0, o) defined by S: ¢, — ¢,,, where {¢,}>-, is the ortho-
normal basis of Laguerre functions.

Next we show that the lattice of closed right translation invariant subspaces of
L(0, o0) does not form a chain under set inclusion. Suppose g € L}(0, o). In order
that

* closed span {Thghzo = L*(0, )

it is necessary that Fg never vanish on (—oco, c0) where #g denotes the Fourier
transform of g. This result follows directly from the methods used in a proof of a
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theorem of Wiener [4]. Taking g =x0.1; We get (Fg)x=(e*— 1)/(ix(2m)*'%). Clearly
Fg vanishes at x=2=n for all integers n#0. Thus M=closed span {T)g}rz0
#LY0, 00). But M # L(a, o) for any a> 0 since /,=0. Thus M #L'(a, o) for any
a0, proving that the lattice of closed right translation invariant subspaces of
L(0, o0) does not form a chain under set inclusion.

Finally we remark that there are no nonzero compact convolution operators on
L?(0, ). See, for example, Krein [3].
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