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SET-VALUED MEASURES

BY

ZVI ARTSTEIN

Abstract. A set-valued measure is a u-additive set-function which takes on values

in the nonempty subsets of a euclidean space. It is shown that a bounded and non-

atomic set-valued measure has convex values. Also the existence of selectors (vector-

valued measures) is investigated. The Radon-Nikodym derivative of a set-valued

measure is a set-valued function. A general theorem on the existence of R.-N.

derivatives is established. The techniques require investigations of measurable set-

valued functions and their support functions.

1. Introduction. Let (F, 3~) be a measurable space, and S be a finite-dimensional

real vector space. A set-valued measure O on (F, 3~) is a function from T to the

nonempty subsets of S, which is countably additive, i.e. 0(Uî°=i £/)Œ2f-i ®(Ei)

for every sequence Eu F2,..., of mutually disjoint elements of 3~. Here the sum

2™=i Aj of the subsets Au A2,..., of S, consists of all the vectors a = 2y°=i ßy>

where the series is absolutely convergent, and a, e A¡ for every7= 1,2,....

The calculus of set-valued functions has recently been developed by several

authors. (See Aumann [1], Banks and Jacobs [3], Bridgland [4], Debreu [7],

Hermes [11], Hukuhara [15], and Jacobs [16].) The ideas and techniques have

many interesting applications in mathematical economics, [2], [7], [13]; in control

theory, [11], [12], [16]; and in other mathematical fields (see [3] and [4] for exten-

sive lists of references). Also, set-valued measures have been discussed in connection

with applications and for their own interest. See Debreu and Schmeidler [8],

Schmeidler [19], and Vind [20]. It is our purpose in this paper to extend the basic

theory of set-valued measures. We shall take special interest in the following three

subjects: convexity of bounded set-valued measures, existence of selectors, the

Radon-Nikodym derivative of a set-valued measure.

The main results in the three branches are as follows.

The values of a nonatomic and bounded set-valued measure are convex sets.

(I found this question in Schmeidler's paper [19]. Schmeidler proved the theorem

under the additional assumption that 0(F) is compact.)

If O is a set-valued measure with convex values, which is absolutely continuous

with respect to a finite measure, then for every £eJ and x e 0(F), there exists a
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selector /¿ of 0 such that /¿(£)=x. We show that none of the conditions can be

removed.

The Radon-Nikodym derivative of a set-valued measure is a set-valued function,

while the integration of the latter is in the sense of Aumann [1]. Following Debreu

and Schmeidler [8], we investigate those set-valued measures which have deriva-

tives with convex and closed values, and respectively, with convex and relatively

open values. Our contribution is to set the results for set-valued measures which

might have values not only in the positive orthant. We also give counterexamples

when the result in [8] cannot be generalized. Finally, we introduce a general theorem

on the existence of derivatives. In this theorem we use the Continuum Hypothesis.

In order to obtain the results we have to develop some techniques concerning

integration and differentiation of the support function of a set-valued function and

a set-valued measure. These results are formulated as lemmas.

The article is organized as follows. In §2 we give notations and conventions

which will be used throughout the paper. Each of the other sections begins with

more definitions and notations which are needed there. In §4 we deal with bounded

set-valued measures. §§5 to 7 are the sections of the lemmas. Their subjects are

measurable set-valued functions, support functions, and integration of set-valued

functions respectively. In §8 the existence and properties of selectors are investi-

gated. The Radon-Nikodym derivatives are treated in the two final sections.

2. Notations and conventions. The empty set is denoted by 0. The euclidean

norm on S is | ||. The scalar product of two elements p and x of 5 is denoted by

p-x. We do not distinguish between S and its dual, but we try to use the letters/>

and q for dual vectors, while x and y are elements of S. If A is a subset of S then

cl A is the closure of A, and co A is the convex hull of A. If A is convex then ri A

is the relative interior of A. For two sets A and B, and a real number a we denote

A+B = {a + b : a e A, b e B}, and aA={aa : ae A].

A measurable space (T, F) consists of a set T, and a a-field 3~ of the "measur-

able" subsets of T. No topological structure on T is required. By a measure on

(T, 3~) we mean a real signed measure which might have + co as a value. We shall

speak on finite measures and on nonnegative measures. If A is a measure then

|A|(F) denotes the total variation of A over E. In particular |A| is a nonnegative

measure. The measure v is absolutely continuous with respect to A if |A|(£)=0

implies v(E) = 0. We denote this by v« A. An atom of the measure A is a set £, with

|A|(£)>0, such that if £xc£then either X(E1)=0 or A(£\£i)=0. A measure with

no atoms is nonatomic.

3. Two basic properties. Let O be a set-valued measure on (T, if) and let

peS.    For   every   EeF   denote   vp(E) = sup {p ■ x : x e <!>(£)},   and    <DP(F)

={xe 0(F) : p-x=vp(E)}. (The set-function v„ depends, of course, on the set-

valued measure $.)
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The two propositions below are well known and have appeared in the literature

in several forms. We state them here in a form suitable for the sequel, and for

completeness we also give the proofs.

Proposition 3.1. The set function vp(-) is a measure.

Proof. The set function vp(-) is well defined and has values in ( — oo, oo]. It is

clear that vp(-) is finitely additive. We have to show that if E, (j= 1,2,...) is a

sequence of disjoint elements of 5", and if F=U"=i E,,tnen vp(E) = 1?=i vp(E¡)-

If xeO(F) then x = J,?=1x„ where x,e<S>(E,) for ;'=1,2,.... Then p-x

= J.T=iP'Xj and this implies vp(E) ¿lim inffc 2*= i vp(E,). If fp(F) = oo there is

nothing else to show. If vv(E) < oo, the additivity implies vp(E,) < co for every j.

Given £>0, choose, for each/ an element y¡ e 0(F,) such that vp(E,)—p-y,<2~ie.

Denote zm=y1-\-\-ym + Hj>m x,. Then zm e 0(F) and

m

vp(E) ^ lim sup//• zm ^ lim sup 2 vp{E,)-e.
m m ,= 1

Since e is arbitrarily small, this implies fp(F)^lim supm 2™=i vp(E,).   Q.E.D.

Proposition 3.2. The set-valued set-function Op is countably additive.

Proof. We do not claim that Op is a set-valued measure. Indeed, 0P(F) might be

empty. Let E, (j= 1,2,...) be a sequence of mutually disjoint elements in 3", and

let F=Uf=i E]- It is clear that 2"-i %(E,) is included in Op(F). Conversely, if

x e Op(F) then x=2"-i x¡ where x, e 0(F;). Notice that

oo oo

p-x = 2 P-x, â 2 vp(EJ) = "pi^) =P-X
i = l ;'=l

and since p ■ x, ^ vp(F;) for each y this implies p-x, = vp(E¡) for each/ Thus 0P(F)

is included in 2f=1 Op(F,).   Q.E.D.

4. Bounded set-valued measures. A set-valued measure O is bounded if 0(F) is a

bounded set. The additivity implies that 0(F) includes a translation of every O(F),

thus O is bounded if and only if 0(F) is bounded for every £eJ. The additivity

of O also implies that either O(0)={O} or 0(0) is an unbounded set. Thus O is

bounded implies 0(0) = {0}.

If O is a bounded set-valued measure then for every p in S the measure vp is

finite. Let n be the dimension of S and let eu..., e2n be the 2« vectors

(0,..., ± 1,..., 0). Denote v = 2?21 | vei \. Then v is a finite and nonnegative measure

on (F, $~). Also v(F) = 0 if and only if O(F) = {0}. Notice that xe O(F) implies

||x|| ^v(E)^v(T). Therefore: If ^ is a bounded set-valued measure, then the range

of O, i.e. Use.r 0(F), is a bounded set.

An atom of the set-valued measure O is an element Ee3~, for which 0(F) ^{0},

and such that if E^E then either O(Fi)={0} or O(F\Fi)={0}. A set-valued meas-

ure with no atoms is nonatomic. Notice that O is nonatomic if and only if v is non-

atomic.
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Lemma 4.1. Let I be the unit interval. Let Xu ..., An be nonatomic finite measures

on I. Denote A = 2?=i |A¡|. Then for every real number 9, satisfying 0< 9< 1, there

exists a subset Ie of I such that

(a) Xi(Ie)=9Xi(I)fori=\,...,n.

(b) Each Ie and I\Ie differs from a denumerable union of intervals only by a set of

X-measure zero.

Proof. Theorem 1 * of Halkin [9] implies that one can choose IB to be even a

finite union of intervals. Anyway, we offer here a short proof of the above weaker

version. Without loss of generality A¡ « Ax for i—l, 2,...,». Indeed, write A0

= 2f=i \W and prove the lemma for A0, Xu ..., Xn. The case « = 1 is trivial. Proceed

by induction and add to the induction hypothesis the requirement 0<£ => 7e<=7c.

Let Je for 0s¡ 9-¿ 1 be an appropriate family for the measures A1;..., An_!. Define

/(0 = (J,i/2\./c)u(/\y1_c), for OS«*. Then Ai(/(0)=iAi(/) for each £, and

i=l,...,«— 1. Also An(/(Q) is continuous with respect to £. This implies the

existence of a certain £j for which Xn(I((,1))=^Xn(I). Denote 71/2=7(£1). Each 71/2

and 7\71/2 is essentially a countable union of intervals. Applying the above pro-

cedure to each of these intervals will lead to a construction of 71/4 and 73/4 out of

Ill2 and 7\71/2, and for 0=i,i, | the requirements (a) and (b) hold. Generally,

this procedure will lead to construction of 7„ for every dyadic i?, such that (a), (b)

and the inclusion requirement still hold. Finally, define Ie to be the union of all 7„

such that 7] is dyadic, and 77 ̂ 9. This completes the induction step.   Q.E.D.

Let £ be an element of 3~. A dyadic structure of £ is a collection of measurable

sets <£(£!£2- ■ -ek)y, where £¡ = 0, 1 and k= 1, 2,..., such that

(a) £(«!•• ek0) u £(«!•• ■ekl) = Eie1- ■ ■ ek) and £(0) u £(1) = £.

(b) £(£!■• •efcO)n£(e1---efcl) = 0 and £(0) O £(1) = 0.

The standard dyadic structure of the unit interval I=[0, 1) is the collection

</(«i«a- • •«*)> described by 7(0) = [0, *), 7(00) = [0, i), 7(01) = ß, i), and generally

/(«!•••«*)= f¿ e12-1,2-k+T ei2-').
ti = l i=l /

Theorem 4.2. If <i> is a bounded, nonatomic set-valued measure, then for every

Ee3~, the set <£(£) is convex.

Proof. Let x and y be two vectors in $(£) and let 9 be a real number, 0 < 9 < 1.

We show that 9x+(\-9)ye í>(£). Define v as above. Since v is nonatomic there

exists a dyadic structure <£(£r • •£&)> of £ such that v(E(e1- ■ ek)) = 2~kv(E). The

additivity of 0 implies the existence of vectors x(e1- ■ -ek), y(e1- ■ -ek) for £¡=0, 1

and k = 1, 2,..., such that

(a) x(e1- ■ -ek) and y(e1- ■ -ek) belong to 0(£(El- ■ -ek)).

(b) x(fi! • • • ek0) + x(£l • • • ekl) = x(£j • • • £fc) and X«i • ■ ' £ifi) +j(«i • ■ • ̂ 1) =

(c) x(0)+x(l)=x and y(0)+y(l)=y.
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Define x(E(e1- ■ ■ek)) = x(e1- ■ -ek) and y(E(e1- ■ ■ek))=y(£1- ■ -ek). Then x(-) and

y(-) are additive vector-valued set-functions on the dyadic structure. Since ||x(-)|

and ||.KOil are dominated by v(-), the set functions x and y are countably additive,

and have extensions to finite vector measures on the o-field S"it which is generated

by the dyadic structure. Denote these extensions by the same symbols x and y.

Since v is nonatomic on 5^, the measures x and y are nonatomic.

Consider the (2«+ l)-dimensional vector-valued measure (v, x, y), defined on ^

In view of Lemma 4.1 and the canonic isomorphism between the dyadic structure

(E(e1- ■ -ek)) and the standard dyadic structure il(e1- ■ -ek)> of the unit interval,

there exists an E^E such that

(d) x(E1) = 6x(E) and y(E,) = 9y(E).

(e) Each E1 and E\E1 differs only by a v-null set from a denumerable union of

dyadic elements.

Notice that if G is a denumerable union of dyadic elements then x(G) and y(G)

are members of 0(C). This follows from the a-additivity of O and from condition

(a) in the beginning of the proof. If G' differs only by a v-null set from G, then

0(G) = 0(G'). This follows from v(H) = 0 if and only if O(/7) = {0}.

The last remark implies that dx = x(E1) e O(Fj) and (1 - 6)y=y(E\E1) e 0(F\Fj).

Finally, 6x + (l-e)y e 0(F1) + 0(F\F1) = 0(F).    Q.E.D.

Corollary 4.3. Under the conditions of Theorem 4.2, let x e 0(F) andO<6< 1,

then there exists an E^E such that Ox e 0(FX).

Proof. We have already proved this while proving Theorem 4.2. Notice that the

corollary is implied by (d) and (e) and the remark following them.

Remark. Lemma 4.1 contains a stronger version of the Lyapunov convexity

theorem (see Halmos [10]). However, the convexity theorem can be easily derived

from Theorem 4.2 as follows. Let /¿bea nonatomic vector measure on (F, 3~).

Denote by 0(F) the range of p\E. It is easy to verify that O is a nonatomic bounded

set-valued measure. Since Theorem 4.2 implies that O has convex values, the range

of /x, which is actually 0(F), is convex.

Theorem 4.4. If O is a bounded nonatomic set-valued measure, then the range of

O, i.e. Ufie^" ®(E), is a convex set.

Proof. Let x e 0(FJ and y e 0(F2) and 0< 6< I. Denote G = E1r\ E2. Then

x=x1 + x2 and y=y\.+y2 where xx and y1 are elements of 0(G), x2 e 0(Fx\G)

and j^ e 0(F2\G). Theorem 4.2 implies that 9x1 + (l-8)y1 e 0(G). Corollary

4.3 implies the existence of G^E^G and G2^E2\G such that 0x2 e O(Gx)

and (1 — 9)y2 e 0(G2). The additivity implies that 6x+(l — 6)y is an element of

0(GuG!UG2).   Q.E.D.

Remarks. The boundedness of O in Theorems 4.2 and 4.4 cannot be removed.

We quote here an example due to W. Hildenbrand. Let J1 be the Borel a-field of

the unit interval. For each F e SB with a positive Lebesgue measure, the set 0(F)

is the set of all the nonnegative integers. If Fis of measure zero then 0(F)={0}.
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The nonatomicity cannot be removed either. Indeed, let F be a singleton and

define 0(F)={0, 1}.

The sum of two nonempty convex sets is compact if and only if both sets are

compact. Hence, if O is a bounded nonatomic set-valued measure, and 0(F) is

compact, then 0(F) is compact for every £eJ. Indeed, apply the equality

0(F)+ 0(F\£) = 0(F) together with Theorem 4.2. See Schmeidler [19, 4.2] for a

proof that in this case the range of O is also a compact set.

The following two propositions deal with operations on bounded set-valued

measures. Detailed proofs are omitted, since it is easy to construct them from the

hints.

Proposition 4.5. Let O be a bounded set-valued measure. Define O by 0(F)

=cl 0(F). Then O is countably additive.

Hint. If E=\JfL1E} is a disjoint union, then every series x=^J=íx¡, where

Xj e 0(£3), is dominated by the convergent series 2f=i v(E¡).

Proposition 4.6. Let O be a bounded set-valued measure. Define O* by 0*(£)

= co 0(£). Then O* is countably additive.

Hint. It is clear the O* is finitely additive. In this case, this implies the countable

additivity.

Both Propositions 4.5 and 4.6 are not valid without the boundedness of O.

However, Proposition 4.6 still holds if O takes on values in the positive orthant of

S. See Debreu and Schmeidler [8, Lemma 5].

As a final remark of this section let us refer to Theorem 8.3, which deals also

with bounded set-valued measures.

5. Lemmas   concerning   measurable  set-valued   functions.   Let   (F, ¿7~)   be   a

measurable space. A set-valued function F, from F to the subsets of S, is measurable

if for every closed subset C of S the set

f-i(c) = {t e T : F(t) n C ¿ 0}

is a measurable subset of F. Note that, for F to be measurable, it suffices that

F'^C) is measurable for every compact C in S. Indeed, every closed set is a

countable union of compact sets, and the operation F_1 has the property

^~1(U"-iCJ)=U"-i-F"1(Q)- Notice also that a point-valued function g is

measurable if and only if the set-valued function G(t)={g(t)} is measurable.

We do not assume that a set-valued function has only nonempty values. In

particular, if Fis measurable, then the set {t : F(t)^0}=F~1(S) is measurable.

The lemmas below will be used in the sequel. They are not given in the most

general form, since we prefer here a simple proof of a special case to general

results with complicated proofs.
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Lemma 5.1. Let F be a measurable set-valued function, and let p be in S. Denote

s(p, i) = sup {p-x : x e F(t)} (sup 0 = —oo). Then s(p, ■) is a measurable function.

Proof. Let r be a real number. Denote Ck the closed subset of S defined by

{x : //-x èr+1/Â:}, this for & = 1,2,.... Note that s(p, t)>rii and only if F(t) n Ck

5¿ 0 for some k. Thus, the set

{i : s(p, t)>r}= U {f- E(t) c\Ck* 0}
k = i

is measurable.   Q.E.D.

Remark. Some authors call a set-valued function measurable if its graph is a

measurable set in the product cr-field. See [1] and [8]. The definition which we

adopt here enables us to prove Lemma 5.1 without T being a complete a-field.

Compare with [7, (4.5)] and with [8, Lemma 1]. Debreu proved (see [18, Theorem

2]) that a measurable set-valued function with closed values has a measurable

graph.

Lemma 5.2. Let F be a measurable set-valued function. Define Fby F(t)=cl F(t).

Then F is measurable.

Proof. Let C be a compact subset of S. Let Ck = C+(l/k)B, where B is the closed

unit ball of S. Then F(t ) n C ¿ 0 if and only if F(t)r\Ck¥=0 for every k-1,2,....

Thus the set

{t : F(t) r\C¿0} = fi {í : F(t) n Ck # 0}
fc=i

is measurable.   Q.E.D.

Lemma 5.3. Let F, (J—1,2,...) be a finite or countable family of measurable

set-valued functions, such that each F, takes on only closed values. Then the set-

valued function F(t) = (~), F,(t) is measurable.

Proof. See Rockafellar [18, Corollary 1.3].

Lemma 5.4. Let F be a measurable set-valued function with closed values, and let

g be a measurable point valued function. Then the set {t : g(t) e F(t)} is measurable.

Proof. Denote G(t)={g(t)}. As was noted above, G is measurable. In view of

Lemma 5.3 the set-valued function H(t) = G(t) n F(t) is measurable. Finally, the

equality {t : g(t)eF(t)}={t : H(t)¿0} completes the proof.

Lemma 5.5. Let {pk}k^i be a sequence of vectors in S. For every k let s(k, t) be a

measurable real-valued function. Then:

(a) For each k the set-valued function F(t) = {x : p-x¿s(k, t)} is measurable.

(b) For each k the set-valued function G(i)={x : p-x—s(k, /)} is measurable.

(c) The set-valued function H(t) = C]k=1 {x : px^s(k, t)} is measurable.
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Proof. Let C be a compact subset of S. Denote r=min {p-x : xe C). The set

{/ : F(t) n C^0}={t : s(k, 0 = f} is obviously measurable. This completes the

proof of (a). Part (a) together with Lemma 5.3 imply parts (b) and (c) as follows.

Note that G(t)={x : p-x^s(k,t)} n {x : p-x^s(k, t)}. Thus G(t) is the inter-

section of two measurable set-valued functions with closed values. On the other

hand, 77(i) is the intersection of a countable family of measurable set-valued

functions with closed values.   Q.E.D.

Lemma 5.6. Let F be a measurable set-valued function with nonempty, closed and

convex values. Then the set-valued function ri F(ri F(i) = ri (F(t))) has a measurable

selection, i.e. there is a measurable point-valued function f such that f(t) e F(t) for

every t e F.

Proof. We first prove the lemma for set-valued functions with bounded values.

Let eu ..., en be the n vectors (0,..., 1,..., 0). Define the set-valued functions

F0, Fu...,Fn as follows. Define F0(t)=F(t). For i=l,..., n let

st(t) = sup{et-* : xeFi^1(t)}+mf{ei-x : xeF(_i(r)}

and define Ft(t)={x e Ft_!(t) : ei-x=%sl(t)}. If Fi^1 is measurable then st(t) is a

measurable function (Lemma 5.1), and thus F¡ is a measurable function (Lemma

5.5(b)). If F(_! has nonempty, closed, and convex values, so does Fh and ri Ft

<=ri F(_!. Since F0=Fis a measurable set-valued function, with nonempty, closed,

and convex value, it follows that Fn is measurable and ri Fn(i)cri F(t). Finally,

notice that Fn(t)={f(t)} is a singleton, for every t. Thus, f(t) is the required

selection.

The next step is to prove the lemma in the general case. Let Dx, D2,... be a

sequence of open subsets of S, whose union is S. Every open set is a denumberable

union of compact sets, thus Tk = F~1(Dk) is a measurable subset of F. If t e Tk then

ri (F(t) n cl Dk)<^n F(t). Apply now the first part of the proof to the set-valued

function F(t) n cl Dk, restricted to Tk\\Jj<k T„ in order to get an appropriate

selection/(/) for / e Fk\lJí<fc T¡. This for k = 1, 2,_Finally, t-^f(t) is the re-

quired selection.   Q.E.D.

Lemma 5.7. If F is a measurable set-valued function with closed and convex

values, then ri F is also measurable.

Proof. Let/be a measurable selection of ri F. Define

Fk(t) = (l-l/k)(F(t)-f(t))+f(t).

It is easy to verify that each Fk is measurable, and since riF(í) = U?=i ^fc(0 ^

follows that ri F is also measurable.

Remark. Since each Fk has a measurable graph, the equality ri F(t) = (J™= ! Fk(t)

implies that ri F has a measurable graph.
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6. Lemmas concerning support functions. Let A be a nonempty set in S. The

support function s(p, A) of A is defined for every p e S by

s(p, A) = sup {p-x : x e A}.

The reader can verify that we have already dealt with support functions. Thus,

in §3 the function p -* vp(E) is the support function of 0(F). In Lemma 5.1 the

function s(-, t) is the support function of F(t).

Let A be a nonempty set in S. Denote P(A)={p e S : s(p, ;4)<oo}. We shall see

later that P(A) is a convex cone. Denote L(A)=P(A)—P(A), then L(A) is a sub-

space, and P(A) has full dimension in L(A).

Let (T, 3~, X) be a measure space. A set-valued measure O on (F, 3~) is absolutely

continuous with respect to A (or X-continuous) if A(F)=0 implies 0(F)={0}. We

denote this by 0«A. It is clear that 0«A implies vp«X for every p e S.

Lemma 6.1. The support function s(-, A) is a convex, lower semicontinuous and

positively-homogeneous function from S to (-co, oo]. Conversely, ifs(p) is a convex

function from S to ( — 00,00], which is positively-homogeneous and lower semi-

continuous, then it is the support function of a certain closed and convex set A.

Namely A = (~)peS {x : p ■ x ^ s(p)}.

Proof. See Rockafellar [17, Theorem 13.2 and Corollary 13.2.1]. (For Rocka-

fellar's notation see [17, p. 52].)

Since s(-, A) is a convex and positively-homogeneous function, it follows that

P(A) is a convex cone.

Lemma 6.2. Let s(-) be the support function of a certain set. Let p and q be two

vectors in S, and suppose s(q)<oo. Define qk = ( 1 /k)q+( 1 — 1 ¡k)p for k — 1,2,....

Then s(p)=lim s(qk).

Proof. The convexity of s implies s(qk)^(l/k)s(q) + (l - l/k)s(p). The right side

of the inequality converges to s(p). Thus, lim sup s(qk)^s(p). On the other hand,

the lower semicontinuity of s implies lim inf s(qk) ^s(p).    Q.E.D.

Lemma 6.3. Let A be a closed and convex set in S. Let Q={q,}™=1 be a dense se-

quence in L(A). Then A = f]f=1 {x : q,-x^s(q,, A)}.

Proof. In view of Lemma 6.1, it is enough to show that the sequence of in-

equalities q,-x-¿s(q,,A) implies that p-x^s(p, A) for every peP(A). Fix

qeñP(A) and define qk = (l/k)q+(l-l/k)p for fc-1,2,.... Then qkeriP(A)

for every k (see [17, Theorem 6.1]). According to Lemma 6.2, s(qk, A)^-s(p, A).

Sinces(-, A) is continuous in ri P(A) [17, Theorem 10.1], there exists a subsequence

{li}r= 1 of Q, for which q¡ -^ p and s(q,, A) -=► s(p, A). Indeed, Q n P(A) is dense

in P(A), since P(A) has full dimension in L(A). Finally, notice that qrx¿s(q,, A)

for/= 1,2,... implies p -x^s(p, A).   Q.E.D.
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Lemma 6.4. Let Q={q,}?=i be a dense sequence in a relatively open cone P. Let

s(-) be a function from Q to (—00, co). Suppose that the positively-homogeneous

extension of s is well defined and convex on the set {aq : a^0,qe Q}. Then there

exists a certain closed and convex set A, such that s(q, A)=s(q)for qe Q, and such

that P(A)ccl P. The set A is given by A = f|"=i {x : qj-x^s(qj)}.

Proof. The idea of our proof is based on a proof of a similar theorem, due to

Fenchel, where Q is a convex and relatively open cone. Only a few modifications

have to be done. Without loss of generality F is an open cone. It is obvious that

s(q, A)^s(q) for each qe Q. Let Ube the set in the S® R space given by

V = cl CO {(q, r):qeQ,r^ s(q)}.

We claim that qe Q implies that (q, s(q)) e 81]. Otherwise, (q, r) e U for a

certain r<s(q). Also (q, r) is a convex combination 2Ui ak(qk> rk) where rk^siqk)

and qk e Q. Thus

1 1

*(q) > r =  2 'V* =  2 a"S(qk)
fc=i fc=i

while ^ = 2Ui akqk- This is a contradiction to the convexity condition on s.

Thus (q, s(q)) e 8U, and there exists a support hyperplane (u, u0), to Uat (q, s(q)),

i.e. u-p + u0r^u-q+u0s(q) for every (p, r) e U. Without loss of generality u0= — 1.

Indeed, since F is open, m0<0. Now, for every (p, r)eU

(1) -r + u-p ^ -s(q) + u-q.

Substitute p = aq in (1), and get

(l-«Mî) £ (1 -«)«•?.

Use this for a< 1 and a> 1 in order to show that s(q)^u-q and s(q)^u-q, respec-

tively, thus s(q) = u-q. Subtracting this from (1) implies up^r for every p e Q and

r^s(p). Thus, u-pSs(p) for every p e Q. Hence u e A, and this together with the

equality s(q) = uq implies s(q)^s(q, A). Finally, it is easy to verify that P(A) is a

subset of the closed and convex cone spanned by {q e Q : s(q) <co}.   Q.E.D.

Corollary 6.5. Let Q={q¡}T=i be a dense sequence in a certain subspace L.

Let s(-) be a function from Q to (—00, 00]. Suppose that the positively-homogeneous

extension of s is well defined, and convex on the set {aq : a}tO,qeQ}. Denote P the

convex cone spanned by {qe Q : s(q)<co}. Then there exists a certain closed and

convex set Au such that s(q, Aj)=s(q)for every qin QC\ ri P, and such that P(Ax)

<= cl P. The set A], is given by A1 = (~)fL x {x : qf ■ x Ú s(q,)}.

Proof. By applying Lemma 6.4 to the sequence Q n ri P and to the relatively

open cone ri P, we get a set A, such that P(y4)<=cl P and s(q, A) = s(q) for every q

in Q n ri P. We claim that A=A±. In order to see this it is enough to show that the

set of inequalities q-x¿s(q, A) for qeiiP implies that q-xSs(q) for every
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q e Q n cl P. The function s(q, A) is lower semicontinuous, and is equal to the

convex function s(q) on a dense sequence, thus s(q, A) is less or equal to s(q) for

every q.   Q.E.D.

Throughout the following three lemmas, (F, 9~, A) is a measure space such that

A is a finite and nonnegative measure.

Lemma 6.6. Let F(t) be a measurable set-valued function and let s(q, t)

= s(q,F(t)) be its support function. Suppose that for every q, the integral

Jr s(q, t) dX(t) exists, and is finite or +oo. Let A be a subset of S. Let Q={q,}f=i be

a dense sequence in P(A). If ¡Ts(q, t) dX(t) = s(q,A) for every q e Q, then

J"r s(q, A) dX(t)=s(q, A) for each q in cl P(A).

Proof. Notice that the measurability of s(q, ■) follows from Lemma 5.1. The

function s(q, t) is a convex function for each t, thus its integral Jr s(q, t) dX(t) is a

convex function, which is finite on a dense subset of P(A), thus it is finite and

continuous at least in ri P(A); hence, J*r s(q, t) dX(t)=s(q, A) for every q e ri P(A).

Let peP(A) and qeriP(A), and define qk = (l/k)q+(l-l/k)p, for jk=l,2,....

According to Lemma 6.2, s(qk, A) -> s(q, A). We show now that

s(qk, A) = f s(qk, t) dX(t) -> f s(q, t) dX(t)
JT JT

and this will complete the proof. The convexity of jr s(q, t) dX(t) implies

i s(q, t) dX(t) ^ lim sup |   s(qk, t) dX(t).
Jt k      jt

According to Lemma 6.2, s(qk, t) -> s(q, t) for every t; thus Fatou's Lemma

implies

f s(q, t) dX(t) ̂ lim inf f s(qk, t) dX(t).       Q.E.D.
jt k      Jt

Lemma 6.7. Let O be a set-valued measure such that O «A. Suppose that there

exists a certain subspace M such that L(0(F)) = M for every £e J with a positive

X-measure. Then there exists a measurable set-valued function F, with convex and

closed values, such that ifs(q, t) is the support function of F(t) then for every £eJ

and every p e S it is true that

J" s(p, t) dX(t) = vp(E).

Proof. Let Q={q,)f=\ be a dense sequence in M and suppose that Q has the

structure of the vectors with rational components, i.e., if q and p are in Q and a

is rational, then ap + (l -a)q is in Q. For each q in Q, the measure vq is absolutely

continuous with respect to A. Let g(q, t) be a Radon-Nikodym derivative, i.e.

fEg(q, t) dX(t)=vq(E) for every F in if. In particular, g(q, t)> — oo for A-almost

every t. The following two properties hold A-almost everywhere.
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(a) The positively-homogeneous extension of g(q, t) is well defined and convex

on the set {aq : a^0,qeQ}.

(b) If S(t)={q : g(q, t)<<x>} then S(t) + S(t) = S(t), and aS(t) = S(t) for every

positive rational number a. Also the linear space spanned by S(t) is M.

The proof of (a) and (b) is as follows. The function q -*■ vq(E) is positively

homogeneous. This implies that g(aq,t) = ag(q,t) for a^O and q e Q is well

defined. The convexity of vq(E) = s(q, 0(£)) implies the convexity of g(q, t).

Indeed, if g(q, ?)>2Ui akg(qk> 0 on a set with a positive A-measure, then for a

certain EeJ~

vq(E) = f g(q, t) dX(t) >  2 «* f g(qk, t) dX(t) = 2 <V J£)>
Je fc = i      Je k = i

and if 9=2 ak9fc is a convex combination, this leads to a contradiction. It is clear

that S(t) + S(t) = S(t) and that aS(t) = S(t) for a positive rational number a.

Finally, notice that A-a.e. the set S(t) includes Q n F(0(F)). With this we finished

the proof of (a) and (b).

We claim that S(t) is a measurable set-valued function. Indeed if C is a closed

subset of S then the set

{t : S(t) c\C + 0} =    (J   {t ■ g(q, t) < co}

is obviously measurable. Denote by P(t) the closed and convex cone spanned by

S(t). Then S(t) is dense in P(t), and according to Lemma 5.2 the set-valued func-

tion r -»■ P(t) is measurable.

Without loss of generality all the above properties and discussion are valid for

every t. For each / the function g(-, t) satisfies the conditions of Corollary 6.5;

hence, let F(t) = f)qs(3 {x : q-x^g(q, t)} be the closed and convex set derived from

this corollary. We shall show that F(t) is the required set-valued function. In view

of Lemma 5.5(c), the set-valued function F is measurable. Let £eJ be with

positive A-measure. Then A-a.e. in £, the set P(t) includes F(0(£)). Thus (see

Corollary 6.5) 5(17, t)=g(q, t) for every q e ri F(0(£)). Hence,

^ s(q, t) dX(t) = £ g(q, t) dX(t) = vQ(E)

for every q e ri F(0(£)) and, according to Lemma 6.6, the equality holds also for

every q e cl F(0(£)). The next step is to verify the equality for every/? $ cl F(0(£)).

We have to show that if p i cl F(0(£)) then \Es(p, t) dX(t) = oo. Denote E1

={t e E : p e P(t)}. According to  Lemma 5.4 the set £1 is measurable. On

£\£i

Í      s(p, t) dX(t) = f      g(p, t) dX(t) = vP(£\£!)
Je\Ei Je\Ei
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and if A(Fj)=0 we are finished. If A(Fi)>0 we have to analyse E1 separately. Fix

q eriP(®(E)), and define qk = (l/k)q + (l-l/k)p. Then qketiP(t) for te Eu

Thus for every k

f   s(qk, t) dX(t) = f   g(qk, t) dX(t) = vJFj).
JEi JEi

Since s(qk, t) -*■ s(p, t) for every t e F1; it follows from Fatou's Lemma that

f   s(p, t) dX(t) g lim inf |    s(qk, t) dX(t) = lim v9|i(Fi).
Jei k        Je-i k

Since s(p, t) is convex for every t e Ex it follows that

f   s(p, t) dX(t) ̂  lim inf f   s(qk, t) dX(t) = lim v,^).
Jei k .'Ei k

Thus

f   s(p, t) dX(t) = lim vq¿E¿ = vp(E).
Jei k

Since the required equality holds for Fj and E\Ex it holds also for F.   Q.E.D.

Lemma 6.8. Let O be a set-valued measure such that 0«A. Then there is a

measurable set-valued function F with convex and closed values, such that if s(p, t)

is the support function of F(t), then for every £eJ and p e S it is true that

\Es(p,t)dX(t) = vp(E).

Proof. Note that the present lemma generalizes Lemma 6.7 by dropping the

requirement that M exists. The proof is to reduce the general case to the former.

Notice that if E^E2 then L^E^^L^EJ). Also, Lemma 6.7 will still hold

if we replace the condition L(0(F)) = M for every FcF with positive A-measure

by the requirement that T=\J?=i T, and, for each j, the equality F(0(F)) = M

holds for every £c T, with a positive A-measure.

Let «o = max rank L(0(F)), where the maximum is over the sets F with a positive

A-measure. Let (La)a be the subspaces of rank «0, for which there exists an Ea,

with A(F„)>0, and such that La=L(Ea). Notice that if E<=Ea and A(F)>0 then

L(0(F))=Fa. This follows from the maximality of «0. We show that La+LR

implies A(Fa n F„)=0. Indeed, F(0(Fa n Ee)) includes both La and Lg and thus

it has strictly greater rank. Hence, the family (La)a is countable or finite. Applying

the standard exhausting procedure in order to define for each a a set Ta which is a

countable union of sets E„ for which L(0(F;))=La, and Ta is maximal in the sense

that L(0(F))=La, implies A(F\FJ = 0. It is clear that (Ta)a is a countable family of

disjoint measurable sets, and as was pointed out before, the lemma holds for each

(Ta,¿T\Ta,X\Ta).

Denote T' = T\\Ja Ta. The set 7" is measurable and nx = max rank F(0(F)) is

strictly less than «0, provided the maximum is taken over all the sets E^T' with
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A(F) > 0. By applying, for instance, an induction process (or by doing the above

analysis for 7", and by completing the procedure after a finite number of steps)

we have decomposed F into a countable number of measurable sets T¡, and the

lemma holds for each (F,, &~\T], X\Tj). Finally, the cj-additivity of each vv completes

the proof.   Q.E.D.

7. A lemma concerning integration of set-valued functions.   Let (F, 5", A) be a

measure space, where A is a finite and nonnegative measure. Let F be a set-valued

function from F to the subsets of S, and suppose that the set {t : F(t) — 0} is A-

null. An integrable selection (with respect to A) of F is a A-integrable function

such that f(t) e F(t) A-a.e. The integral of F over a set £ is defined by

£(i) dX(t) = 11 /(f) dX(t) : f\E is an integrable selection of f\.

For simplicity, we write J"£ F and jEf instead of jE F(t) dX(t) and ¡Ef(t) dX(t)

respectively.

Lemma 7.1. Let O be a set-valued measure on (T, 2T) such that O takes on only

convex values and such thai 0«A. Let F(t) be the set-valued function originating

in Lemma 6.8. Denote G(t) = n F(t),for every t e F. Then for every Ee3~ it is true

that ¡EG(t)dX(t)=ti^(E).

Proof. It is enough to prove the lemma for £= F. The set-valued function G has

convex values, thus j"r G is a convex set. First we show that ¡T G is included in

ri 0(£). Let g be an integrable selection of G, and suppose that y = \Tg is not in

ri 0(F). Then there is a vector p e S such that

p-y =- vp(T) > -v_p(T).

Since A-almost everywhere pg(t)^s(p, t), and since

! Pg(t)= f s(p,t)dXit) = VpiT)
Jt Jt

it follows that p■ git)=sip, t) for a.e. t. Since

Í  s(p, t) dXit) = vPiT) > -v_„iT) = - f si-p, t) dXit)
Jt Jt

it follows that sip, t)> —si—p, t) on a set £ with positive A-measure. For teE

the equality pgit)=sip, t) implies that git) $ ri Fit), a contradiction.

In order to prove the inverse inclusion we show that sip, \~T G)^v„iT) for every

p in S. Then the closure of J" G includes the closure of 0(F), and since both are

convex it follows that J" G includes ri 0(F). We show that sip, Jr G)^vpÇT) by

constructing (for every p) a sequence gk of integrable selections of G such that

irP'gk^- vp(T). Let x(r) be an integrable selection of G. Later we shall prove the

existence of such a selection. Let us treat the following two cases separately.
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(i) The set E={t : s(p, 0 = °°} is null.

(ii) The set E={t : s(p, 0 = °°} has a positive A-measure.

In case (i) define Fk(t) = F(t) n {x : px^s(p, t) — l/k}. Then Fk is a measurable

set-valued function (Lemmas 5.3 and 5.5(a)) with closed and convex values, and

thus (Lemma 5.6) ri Fk has a measurable selection hk. Notice that ri Ffc(i)cri F(t);

thus, hk is a selection of G. Finally, define

gk(t) = h(t),     ¡«.(OU g k,

= x(t) otherwise,

then it is easy to verify that ¡Tp-gk -> J*r s(p, t)=vp(T).

In case (ii) define Fk(t)=F(t) n {x : //-x^/c}, for í e F. Then Ffc is measurable,

and ri Fk^ri F has a selection «k. For m large enough, the function

gk = hk(t),       \\hk(t)\\ Ú m,

= x(t),        otherwise,

is an integrable selection of G, and

jp-gk^kX(E)-l-j\p-x\.

Thus, ¡p-gk^co=vp(T).

Finally, as was promised before, we show that G has an integrable selection x.

Let ei, ...,e2n be the 2« vectors (0, ...,0, ±1,0, ...,0). We shall construct

successively 2« set-valued functions, F1;..., F2n, such that F2n will be measurable,

with convex and closed values and such that ri F2n<=F. Also the functions s(e¡, F2n)

will be integrable for /'= 1,..., 2«; thus, any measurable selection of ri F2n will

be integrable, and according to Lemma 5.6 there exists a measurable selection.

The construction of Fi is as follows. The function s( — ely t) is measurable and

js( — eu t)> —oo. Let A={t : s(—eu t)>0} and define

Ft(t) = F(t) n {x : e1 -x ^ 0}, te A,

= F(t)r\{x : evx ^ -s(-eu t) + l},       t$A.

Then it is clear that F1 is measurable, with convex and closed values, ri Fj c ri F

and if sx(q, t) is the support function of Fx then

f Ji(ei, 0 = f sifa, t)+ [    Slfa, t)S0+¡    (si(-eu 0 + 1) < œ.
JT Ja Jt\a Jt\a

The construction of F2 is the same, but replacing F by Fu ex by e2 and s by Su

After a finite number of steps the construction of F2n will be completed.    Q.E.D.

The following corollary can be regarded as the integral generalization of the

similar theorem which deals with sums (see [17, Corollary 6.6.2]).

Corollary. Let F be a measurable set-valued function with convex values, then

JriF=ri/F.
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Proof. Consider the set-valued measure 0(£) = jEF and apply the proof of

Lemma 7.1.   Q.E.D.

8. Selectors. Let O be a set-valued measure on (F, &~). A vector-valued measure

¡i on (F, £T) is a selector of O if /¿(F) e 0(£) for every £ e 9".

We investigate in this section the existence of selectors, and their properties.

In particular, the following problem is interesting: Give conditions implying that

for every Ee3~ and every x £ 0(£) there exists a selector ¡x of O such that /*(£) = x.

Recall that O is absolutely continuous with respect to the nonnegative measure

A if A(£) = 0 implies O(£) = {0}.

Theorem 8.1. Let (F, ¡T, X) be a measure space, X is finite and nonnegative. Let

O be a set-valued measure, with convex values, and such that 0«A. Then for every

x e 0(F) there is a selector /io/$ such that /n(F) = x.

Proof. It is enough to consider the case £=F. If 0(F) is a singleton then 0(F)

= {jLi(F)} is a singleton for every Ee!F, and ¡x is a measure. Thus ¡x is the required

selector. Proceed by induction on the dimension of 0(F), and suppose dim 0(F)

> 0. Let x be in 0(F). If x $ ri 0(F) then for a certain peS

p-x = sup {p-y : y e 0(F)} > inf {p-y : y e 0(F)}.

Thus the countably additive set-valued set-function Op (see §3) is a set-valued

measure. Indeed, since x e 0„(F) it follows that 0„(£) / 0 for every £. Obviously,

Op(F) has dimension less than 0(F). According to the induction hypothesis there

is a selector ¡x of 0„ such that /x(F) = x. It is clear that ll is also a selector of O.

If x e ri 0(F), consider the set-valued function G constructed in Lemma 7.1.

Then J"£ G(?) i/"A(r)=ri 0(F) for every EeJ~. In particular, there exists an in-

tegrable selection g of G such that jrg(í) í/A(í)=x. Define ^(£)=JEg(í) i/A(r).

Then ¡x is the required selector.   Q.E.D.

Remark. Neither the convexity condition, nor the condition O «A, can be

omitted. Let (7, 3$, X) be the unit interval, with the Borel <r-field and the Lebesgue

measure. Consider first Hildenbrand's example, introduced in §4. Then O(£)={0}

for every A-null set, and O(£) = {0, 1, 2,...} for £ with A(£)>0. It is clear that

O «A. If ¡x is a selector of O, then fi«X and thus ¡x is nonatomic. If also /¿(7)=1,

then the whole interval [0, 1] is in the range of ¡x, a contradiction. Thus the only

selector of O is the measure which is identically zero. The second example is as

follows. If £ is a denumerable set, define O(£)={0}. Otherwise, set O(£) = (0, oo).

For any finite measure /u. on (7, SS) one can construct an uncountable, measurable,

/x-null set (something like the Cantor set). Thus O does not admit a selector at all.

In the presence of atoms, the convexity condition on the values of O can be

weakened. A complete characterization in the case 0«A is as follows.

Theorem 8.2. Let (F, 3~, X) be a measure space, where X is finite and non-

negative. Let O be a set-valued measure such that 0«A. A necessary and sufficient

condition, that for every E and x e 0(F) there exists a selector p of O such that

/i(£)=x, is that O, restricted to the nonatomic part of X, has only convex values.
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Proof. Since the measure A is finite, it has only X0 atoms. Thus the expressions,

atomic part and nonatomic part, of A, have meaning. It is clear that we can treat

separately each of these parts. Let F1; E2,... be a finite or countable collection of

disjoint atoms of A, and let F= (J, F,. If x e 0(F), then x=2i xt, where x¡ e 0(Ff).

Define a measure p. on F as follows. For each i define p.(Ei)=xh and let F¡ be an

atom of p., or x(=0. Then p. is a selector of O. This proves the "sufficient" for the

atomic part of A. The "sufficient" for the nonatomic part follows from Theorem

8.1.

In order to prove the "necessary" for the nonatomic part let x and y be in

0(F) and let 6 satisfy 0 < 6 < 1. Let i^ and /x2 be two selectors of O such that

/ix(F) = x and /x2(F) = y. Since /^«A and pt2«X, it follows that both are non-

atomic. Consider the 2«-dimensional vector-valued measure (pu p.2). According

to Lyapunov's convexity theorem there exists a subset E' of F such that /¿i(F')

= 0pt1(E) = dx, and p.2(E') = ep.2(E) = 6y. Since p.2(E\E') = (l -6)y it follows that

0x-r-(l-ô)jeO(F') + O(F\F') = 0(F).

Thus 0(F) is convex.   Q.E.D.

Theorem 8.3. Let (T, ÍT) be a measurable space, and let O be a bounded set-

valued measure on it. Then for every Ee3~ and x e 0(F), there is a selector p. of O

such that pt(E) = x.

Proof. Consider the measure v defined in §4. Then v is finite and nonnegative,

and 0«i>. As was noted above, O is nonatomic on the nonatomic part of v.

According to Theorem 4.2 the values of O, on the nonatomic part of v, are convex.

Thus, the sufficient conditions of Theorem 8.3 are fulfilled.    Q.E.D.

We complete this section with some remarks on the atomic properties of the

set-valued measures, and their selections. Recall that O is nonatomic if for every

F with O(F)^{0}, there exists E'<=E such that O(F')/{0} and O(F\F')/{0}. If

0«A and A is a finite, nonatomic measure then O is nonatomic. Indeed, suppose

that F is an atom of O. Denote S = A(F), then 8>0. There exists E^E such that

A(F1) = 2-1S and O(F1)={0}. There exists E2<=(E\E1) such that A(F2) = 2"28 and

O(F2)={0}. Proceed by induction, there exists Ek+1<=(E\\Jk=1 E,) such that

X(Ek+1) = 2-k~18 and O(Ffc+1)={0}. Finally denote F0 = F\Ui?=i Ffc. Then

A(Fo) = 0 and since 0«A it follows that O(F0)={0}. This implies that 0(F)

= 2i?=o ®(Ek) = {0}, a contradiction.

If p. is a selector of O, and 0«A where A is nonatomic then /¿«A, thus also p. is

nonatomic. The following example shows that a selector of a nonatomic set-

valued measure might be atomic. Let F be [0, l]x and let 2T be the Baire cr-field,

i.e. the o--field generated by the compact G6 subsets of F. Define 0(F) = [0, co) for

every nonempty F in &~. Then O is a nonatomic set-valued measure. Let t e T and

define //.(F) = 1 if t e F, and p,(E) = 0 otherwise. Obviously, p. is a purely atomic

selection of O.
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9. The derivative of a set-valued measure. Let (F, 3~, X) be a finite, nonnegative

measure space, and let O be a set-valued measure on (F, ¿?~) such that 0«A. The

set-valued function F, from F to the subsets of S, is a Radon-Nikodym derivative

of O (with respect to A) if

f Fit) dXit) = 0(£)   for every £ e 3~.

A general theorem on the existence of derivatives will be introduced in the next

section. Here we give two theorems concerning set-valued measures which have

derivatives with convex and closed values and, respectively, with convex and

relatively open values. Following Debreu and Schmeidler [8], we use the following

terms. For two set-valued measures, W± and Y2, we write TjCfj if X¥1(E)<=Y2(E)

for every £ e ¡F. Let O be a fixed set-valued measure, with convex values. Denote

by JÍ the collection of all the set-valued measures T with convex values such that

cl T(£) = cl 0(£) for every £ (Notice the difference between Debreu-Schmeidler

notation, and ours. They required only that ^(E^cX 0(£).) Denote by 0 and

O, respectively, the greatest and smallest elements in JÍ, with respect to the order

c:, if such elements exist.

The following theorem was proved by Debreu and Schmeidler [8], for the case

O takes on values in the nonnegative orthant. (They have actually proved more;

see the remark which follows the theorem.)

Theorem 9.1. Let (T, £F, A) be a finite, nonnegative measure space. Let O be a

set-valued measure with convex values, and O «A. Then Jt has a greatest element 0,

and Ô has a measurable Radon-Nikodym derivative, with closed and convex values.

Proof. Let F be the set-valued function, constructed in Lemma 6.8. Then F is

measurable, with closed and convex values. It is clear that JE F is included in

cl 0(£) for every Ee$~. On the other hand, Lemma 7.1 implies that ri 0(£) is

included in jE F. Thus the set-valued measure

0(£) = f F(t) dX(t)
Je

is in JÍ. We show that 0 is the greatest element in J(. Let Y be in J( and let

x e Y(£). According to Theorem 8.1 there is a selector ^ofT such that [x(E)=x.

Let g(t) be the Radon-Nikodym derivative of ¡x with respect to A. Then for every

p e S and £' e 9~

p-\  g(t)dX(t)=p-v(E')úvp(E').'£'

This implies thatp-g(t)ús(p, t) for almost every t. The next step is to show that

g(t) eF(t) A-a.e. Let T¡ for j=\, 2,... be the decomposition of F into disjoint

sets obtained in Lemma 6.8. For every F, there exists a sequence Q={pk}k = i such
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that for almost every t in T,

F(t)= ñ {x:pk-xús(Pk,t)}.
k = l

Since pk-g(t)-¿s(pk,t) holds for every pk, almost everywhere, it follows that

almost everywhere pk-g(t)Ss(pk, t) for every pk. Thus almost everywhere in T,

it is true that g(t) e F(t). Finally, since g is an integrable selection of F, it follows

that x=¡E g(t) dX(t) belongs to 0(F).   Q.E.D.

Remark. Theorem 9.1 shows that if O is the greatest element in Jt then it has a

derivative with closed and convex values. Is the "only if" part true? The answer

in the general case is negative. The answer is positive if O has values in the positive

orthant. This was proved by Debreu and Schmeidler in [8]. The proof is based on

the following fact (see [8, Lemma 7]). If O is defined by 0(F) = J*E H, where H is

measurable, and its values are closed convex subsets of the nonnegative orthant,

then a.e. F(t)<^H(t). (If H is not measurable, one can show that every integrable

selection of F is a selection of H.) Thus

0(F) = f F c f H = 0(F).
Je Je

Hence O = 0. If H might have values not in the nonnegative orthant, the situation

is different. Consider the following example.

Let F= [0, 1] and define H(t) in the two-dimensional plane by

77(0 = {(x, tx) : — oo < x < oo}.

It is easy to see that if A(F)>0 then jEH=S. Thus F(t) is identically S, and

obviously it is never true that F(t)<^H(t). However, in this example it is true that

jE 77= Ô, and this is what happens in all two-dimensional cases. In order to find a

counterexample to the " only if" part we must pass to the three-dimensional space.

Let F=(0, 1). Consider the sets

A(t) = {(x, tx,z):x>0,z^ x(l + Í2)1'2},

B(t) = {(x, -(l/t)x, 0) : -co < x < oo},

and define H(t)=A(t) ® B(t). Then it is easy to see that if A(F)>0 then

Í 77(0 dX(t) = 0(F) = {(x, y,z):z> 0}.
Je

Hence 0(F)={(x, y, z) : z^O} strictly includes 0(F).

Theorem 9.2. Let (T, T, X) be a finite and nonnegative measure space. Let O be

a set-valued measure with convex values, and O« A. Then Jt has a smallest element

O, and Ö has a measurable Radon-Nikodym derivative with relatively open and

convex values.
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Proof. Let G=riF, where Fis the set-valued function constructed in Lemma

6.8. Then G has convex and relatively open values. In view of Lemma 7.1, for every

EeST,

f G(t) dX(t) = ri 0(£).

Thus ri 0(£) is a set-valued measure, and hence the smallest element O in Ji.

Also G is the required derivative for O.   Q.E.D.

Remark. The "only if" part of Theorem 9.2 is also true. Indeed let 77(i) be

measurable with convex and relatively open values and let 0(£)=\E 77. It is easy

to see that H(t)<=G(t) a.e. Thus

0(£) = f H c f G = 0(£)
Je Je

and O is the smallest element. Without the measurability condition on 77 it might

happen that O strictly includes O. Consider the following example. Let Ek for

k = 1, 2,... be the standard decomposition of the unit interval into disjoint non-

measurable sets with inner measure zero and outer measure one. For t e Ek define

77(0 = (0, 1 +1/*). Then O(£) = (0, A(£)] strictly includes O(£) = (0, A(£)).

As a final remark to this section, notice that in both Theorems 9.1 and 9.2, if

O has values in the nonnegative orthant, then the derivatives obtained for O and

for O have values a.e. in the nonnegative orthant. This is an immediate conclusion

from the construction of F in Lemmas 6.7 and 6.8.

10. The general theorem on derivatives. In this section we prove that every

set-valued measure O, with convex values, has a Radon-Nikodym derivative with

respect to the finite nonnegative measure A, provided 0«A. The proof uses the

Continuum Hypothesis. It will be interesting if one can provide a proof without CH.

The convexity of O is needed only for the nonatomic part of the measure A.

If A is purely atomic then every set-valued measure O, such that O« A, has a deriva-

tive with respect to A. Just define 77(r) = 0(£)/A(£) for every t in the atom £. On

the other hand, if A is nonatomic then the convexity of the values of O is necessary

for the existence of a derivative. (See Theorem 8.2.)

In the sequel, (F, 9~, X) is a finite nonnegative measure space, O is a set-valued

measure with convex values and O «A. We shall use the set-valued function F,

constructed in Lemma 6.8, and G(t) = ri F(t) is as in Lemma 7.1. The support

function of F(t) is s(p, t), and remember that ¡Es(p, t) dX(t)=vp(E) for every

EeF. Let p be in S. Denote Fp(t)={x e F(t) : p-x=s(p,t)} and recall that

0„(£)={xeO(£) : p-x=vp(E)}. Finally, denote by Mp(t) the hyperplane

{x :p-x=s(p, t)}.

Lemma 10.1. Suppose OP(F)^0 and let Hp(t) be a Radon-Nikodym derivative

of Op. Then Hp(t) n Fp(t) is also a derivative of Op.
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Proof. It is clear that j"£ 77p n Fp is included in J£ Hp. Conversely, let x e Op(F).

Let « be an integrable selection of Hp. See the last paragraph in the proof of

Theorem 9.1 in order to be sure that n is a selection of F. The equality J£ s(p, t) dX(t)

=vp(E), together with p -«(0 = s (p, t), a.e. imply that h(t)eFp(t) a.e.   Q.E.D.

Theorem 10.2. Assume the Continuum Hypothesis. Let (T, ¡T, X) be a finite,

nonnegative measure space, O a set-valued measure with convex values, and O «A.

Then O has a Radon-Nikodym derivative with respect to X.

Proof. If 0(F) is a singleton, the problem reduces to the existence of a Radon-

Nikodym derivative of a vector-valued measure. Proceed by induction on the

maximal dimension of 0(F), where £eJ. It will be convenient to adopt an in-

duction hypothesis also for set-valued measures which might take on the empty

set as a value, and then to prove the induction step for a set-valued measure O,

such that 0(F) ^ 0. A standard use of the exhausting procedure will complete the

induction step also for O such that O(F) = 0. Notice that if 0(F) ,¿0, then the

maximal dimension of 0(F) is obtained by 0(F). Indeed, 0(F) contains a transla-

tion of each 0(F). Without loss of generality 0(F) has full dimension in S. Other-

wise 0(F) is contained in a hyperplane {x : q-x=vq(T)}, for a certain q where

¡91| = 1. Then it suffices to consider the set-valued measure T(F) = 0(F)—vq(E)q,

which is contained in a proper subspace.

Let A be the vectors in the unit sphere. Then for every p e A, the set-valued set-

function Op is countably additive (Proposition 3.2), and dim 0„(F) is strictly less

than dim 0(F), for every £ei". According to the induction hypothesis Op has a

Radon-Nikodym derivative 77p, and without loss of generality (Lemma 10.1)

Hp(t)cFp(t) for every t e F.

Suppose that A is well ordered, and in view of the Continuum Hypothesis every

set {q : q<p} is denumerable. For each p e A, define a set-valued function 7?p as

follows. If p=pi is the first element of A define Hp(t)=Hp(t). Otherwise, define

77„(0 = 77p(0\ (77p(0 n y M,(0).

Finally, define H(t) = G(t) u \JP Hp(t). We claim that 77 is a Radon-Nikodym

derivative of O.

We show first that ¡E H includes 0(F) for every F e $". If x e ri 0(F) then already

x e ¡E G (see Lemma 7.1). If x £ ri 0(F) then for a certain p in A it holds that

xe 0P(F). Then there exists an integrable selection h of 77p for which ¡Eh=x.

Proceed by induction on p. lip =p± then Hp = Hp and h is actually a selection of H.

Iip^=Px define a sequence of measurable subsets of F as follows. For q=px define

Eq={teE : h(t) e Mq(t)}. For q¥=Pi and q^p define

EQ = {teE:h(t)eMq(t)}\ \J F,
\r<8
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Each £j is measurable. This follows from Lemma 5.4 and the fact that Mq(t)

={x : q-x=s(q, t)} is a measurable set-valued function (Lemma 5.5(b)). Notice

that jE h belongs to 0,(£9) for every qúp. By the induction hypothesis, there is an

integrable selection h of 77, defined for t e Eq such that jE h~ = tE h. The definition

of 77p and the care we have taken while defining Eq imply that h(t) e Hq(t) for

t e Eq. Thus h is an integrable selection of 77 and ¡Eh=x.

The next step is to show that jE 77 is included in 0(£). Let h be an integrable

selection of 77 and denote x — \Eh. It is clear that x e cl 0(£). If x e ri 0(£) then

there is nothing else to show. Otherwise, there exists a. pe S such that

x e{y : p-y=v„(E)}. In this case h(t) e Mp(t) almost everywhere in E. Define the

sequence of sets Eq, for qúp, as was done above. Then it follows that h(t)

e 77(0 u G(t) for t e Eq. It is easy to verify that {t : h(t) e G(t)} is a measurable

set. ThusJ*£ h belongs to Oa(£„) for qfkp. Finally, O is a set-valued measure and

{q : q^p} is a denumerable set, thus JB h belongs to 0(£).   Q.E.D.
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