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NORM OF A DERIVATION ON A VON NEUMANN ALGEBRA^)

BY

P. GAJENDRAGADKAR

ABSTRACT. A derivation on an algebra   K   is a linear function   B : ft —• 81

satisfying  Í) (ab) - B (a)b + a B (6) for all a, b  in  ft.  If there exists an a  in  5

such that   B(i) = afe — 6a  for  b   in  SI, then  S   is called the inner derivation in-

duced by a.   If  H is a von Neumann algebra, then by a theorem of Sakai [7], every

derivation on  81   is inner.  In this paper we compute the norm of a derivation on

a von Neumann algebra.  Specifically we prove that if  ft   is a von Neumann alge-

bra acting on a separable Hubert space  H,   T   is in  It, and  2)„  is the derivation

induced by  T, then  || ®T|«|| = 2 inf Í || T - Z\\, Z   in centre  Si!.

In this paper we answer one of the questions raised by J. Stampfli in [8], viz.

computing the norm of a derivation on an arbitrary C  -algebra.  It follows from [3,

Lemma 3] that a derivation on a C  -algebra acting on a Hilbert space si   can be

extended to its weak-closure in S(K), the algebra of all bounded operators acting

on si.  Kaplansky's density theorem proves that this extension is achieved with-

out increasing the norm.  So there is no loss of generality in restricting our atten-

tion to von Neumann algebras. This result when T is selfadjoint has been

proved by Kadison, Lance and Ringrose.  But the methods have little in common.

1. Preliminaries. We shall use decomposition of a Hilbert space into a direct

integral relative to a given abelian von Neumann algebra. We quote two theorems

for future reference and refer the reader to [6] for notations and proofs.

Theorem. To every commutative von Neumann algebra C o?2 a separable Hil-

bert space K there corresponds a decomposition of H into direct integral with C

as the totality of all operators of the form L, .

Theorem.   Under the same hypothesis as in the previous theorem, for an arbi-

trary family 21 C C , every element A   in 21  is decomposable.   Let 21 (A) =

{A(A), A   272  2I¡.  Then the family 21(A)  is irreducible for almost all A   if and only

if C  is a maximal abelian subalgebra of 21 .

In [8], Stampf li has defined the centre of a bounded operator  T as the unique
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complex number p  fot which  \\T — /t|| = inf \\\T - \\\, X. a complex number!.   Follow-

ing [8] we denote the centre of a bounded operator T by CT, centre of an algebra

21 by  2(21), and the complex numbers by  C. We assume that all Hubert spaces are

separable.

2. Lemma 1.   // 21  is a fOT2 Neumann algebra acting on a Hilbert space K  and

if T  is in 21, then there exists Z     in 2(21)  such that, for every projection  P  in

2(21), ||(T-Z0)P|| = infi||(T-Z)P||, Z e 2(21)!.

Proof.  First we note that if a = inf!||T - Z||, Z e 2(21)!, then there exists a

sequence \Z J Ç 2(21) such that \\Zn - T\\ — a. Also, \\Zj < ¡T - Zj\+ \\T\\

implies that [||Z   ||i  is a bounded sequence. Hence there exists a subsequence

\Z     !  such that Z     —» Z.   in the weak operator topology.   It follows that ZQ e

2(?I) and further,

l|T-Z0|| < lim || T-ZBJ = a.

Thus  ||T-Z0|| = a.

Now if P  is a projection in  2(21), applying the previous case to the algebra

2IP and operator  TP, it follows that there exists Zp e 2(21) such that ||(T - Zp)P||

= inf{||(T-Z)P||, Z e%m.

If \P ■ !"_,   is a family of pairwise orthogonal projections in  2(21)  with

S»„, P. = /, we know that there exist {Z.|™=1 Ç 2(21)  satisfying  ||(T - Z.)P.|| =

infi||(T - Z)P.\\, Z e 2(21)!,   1 < i < 72.   Define Z1 = S^,, Z.P. and denote  Z1 =

Zip „i.  Then  ||(T - Z!)P. || = inf j||(T-Z)P.||, Z e 2(21)! for 1< z < 72.
t r 1 ,"",r 7Z> ' '

Let J   be the class of all finite orthogonal families  \Q., ■ ■ ■ , Q   !  with sum /.

We say ! P,, ■ • •, P   }<{0 ,,•••, Q   !  if each  P .  is a sum of a subset of Q's. Note
yl 77Z     —     ^l^rt Z ^

that if iQ.f - • , 2n! e?, then

ir-z Öi.-.Qn|ll =inf!||T-Z||,  Zin2(?I)!.

It follows that iZj„ q   j, 12 ,,•••, Ö  !ej!  is a bounded net. Hence there is

a cofinal subset which converges to Z     in  2(21)   ¡n weak-operator-topology.  We

now prove that, for any projection Q  in 2(21),

||(T-Z0)e|| =infí||(T-Z)e||,  Z in 2(21)!.

For if Q  is a projection in  2(21),  \Q, I -Q\ ef, and if ißj,-- , Q„\>U-Q,Q\,

we may write (with possible renumbering) Q = Q. + ■ ■ ■ + Q,,  k < n.

Wít-z{Qi...,qJQ\\=  -s ^T-z\Ql,..,QjQt\\
l<z<fe

<    sup   ||(T- Z)Q¿||     for all  Z  in 2(21).
Ki<k
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Thus   ||(T-ZJQi ... ß   j)ß||.< \\(T-Z)Q\\   tot all Z e %{K) and Iß,...-• ,.ß.| >

\Q,I-Ql
Since weak limits do not increase norm,

\\(T - Z0)Q\\ <\\(T- Z)Q\\     tot all Z in 2(21).

Lemma 2. Let K = f si^daQi) and T in % (H) be a decomposable operator,

i.e. T = T(A) where |T(A)! is an essentially bounded, measurable operator func-

tion. Then the scalar-valued function CT is essentially bounded and measur-

able.

Proof.  Let K = f®Kxda(X)  and let  T in SB (K)  be written as   T = \T(\)\. Let

2 = \T,, cb £ L°°(A, a)\ and 21 = %' = the algebra of all decomposable operators

on si.

Then T e 21 and 2(21) = 21 n 21' = 2' D 2 = 2. By Lemma 1, there exists ZQ =

L ±  in ¿  such that, for every projection  P   in ¿,

||(T-Z0)P||=inf[||(T-Z)P||,   Ze2!.

We assert that </>(A) = C_        a.e.

If /i e C   and e > 0, let

F = !AeA, ||T(A)-Lt/X!| < ||T(A) - 0(A)/J| -e!

and t/>£  denote the characteristic function of E.   Then Zj = {ft/^j e 2 and P =

ii/>E(A) /x!  is a projection in 2. Since   \\(T - ZQ)P|| < ||(T - Zj)P||, it follows that

a(E) - 0.  If {p  1°?  is a dense subset of complex numbers, write

F=  U f*eA'  \\TM - pjx\\ < H TU)-0(A)/J I.
77 = 1

It follows that a(F) = 0.

If A i F  and it e C, p     —> p fot some subsequence \n,\, and

||T(A)-,JJ=   lim   \\T(X)-p    /x||>||T(A)-0(A)/x||.
^-.oo

By uniqueness of CV.       it follows that, for A ^ F,  C_.   . = 0(A).  Since a(F) =

0, this proves the claim and consequently the lemma.

Corollary 1.   The element Z  obtained in Lemma 1 is unique, when  21  is a

type I algebra.

Theorem 1. Let 21 be a von Neumann algebra on H and assume that 21 is

abelian. Then for T in 21, there exists ZQ in 2(21) = 21' such that ||$T | 2I|| =

2||T-Z0|.

Proof.   Let K = j".   K. aa(A)  be the decomposition corresponding to the
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abelian algebra 2(21) = 21'.  Then 2(21) = f£^, 0 6 L°°(A, o)\ and 21 = the family

of all decomposable operators on K.  Also there exists a tr-null set F  such that

X 4 F  implies  21(A)  is an irreducible algebra.  Define cp (A) = CT        if X 4 F and

cp(X) = 0  if X e F.   Then by Lemma 2, cp e L°°(A, a)  and hence  L^  e 2(21).   By

Stampfli's theorem [8], for X 4 F, \ßT(x) I ̂ (a)|| = 21|T(A.) - CT(X)/X||   and thus

2 II 77- L^H = 2 ess sup || 77(A) - CT(X)/X|| = ess sup ||®T(x) | 2I(A)||.

We prove that   ess sup   ||ST(X) | 2I(A)|| < ßT | 2I||.

We set A    = ÍA £ A,   dim K. = k}.  Then A = U¿ A,   and it is sufficient to

prove that

a\X£Ak,   ||®T(X)|| >pT|2I||!=0    for all k.

Fix  k fot which cj(AA / 0 and write K, = /A    K^daiX)  where all K^  can be

identified with the same Hilbert space K.  Let \B   , n > l!  be a sequence which

is weakly dense in the unit ball of S (a).  Defining A  (A) = B     fot X £ Afe  and

A  (A) = 0 for X 4 A, , we see that A    = A  (A)  is an essentially bounded, measur-
n ze' 7Z zz '

able, operator function and hence A    £ £ (K)  with  ||A   || < 1.  Since by definition

A     is a decomposable operator, A    £ 21.   Now

ess sup l|B„T(A) - T(X)Bj = ess sup \\An(X)T(X) - T{\)Al.\)\\
AeAk AcA

= \\AnT-TAj<\\VT\U\\.

Hence if we write F   = {A eA„  ||T(A)B   - B  T(A)|| > ||ÍD_ | 2I|| ! and E = U°°-, E   ,
n k     " n n "       "     7  '      " wzz-l     n

we see that o(E  ) = 0 and hence ct(F) = 0.

Next, we will show that, for À eA,, X 4 E,

ll®r(X)I^A)||<PT|2I||.

Fix AQ eAk, X0 4 E and let A £ 21 with ||A(A )|| < 1. Then there exists a subse-

quence ¡Ö ! (depending on An), such that B —> ^(A) ]n weak-operator-topol-

ogy.  Hence

PT(A)(A0)|| < lim ||BnJ(XA - T(X0)Bnk\\ <\\<£T\ 2I||.

Since ®7.(A)(AQ) = By-,,   \^(A0)  we have proved that

II ®TOO I ?IU)II ̂ liST I M     for a11 A e 'V  A ¿ E-

Thus  esssup, Pr(x)|2I(A)||< pT|2I||.  Hence

2||T- L0|| = ess^sup ||2T(X)| ?IU)|| = ||®T| 2I|| < 2||T- L^ll



1972] NORM OF A DERIVATION ON A VON NEUMANN ALGEBRA 169

and

2||T-^||=||3)T|2l||.

Corollary 2.  // 21  is a von Neumann algebra with 21' abelian and T  is in 21,

then there exists  Z     in 2(211  such that, for every projection  P  in 2(21),

||®rp|2lP|| = 2||(T-Z0)P||.

Proof.   Let  P  be a projection in 2(21) = 21',  Consider the algebra  2Ip  and

S = TP.   Since (21p)'= 2I'P, (21p)'  is abelian.

Since  P  is a projection in 2(21),  P = L    , where q  is the characteristic func-

tion of a measurable set E.   By Theorem 1, we have

||2)s | 2IP|| = 2 ||S - L^ll     where  ifi(X) = C$a) a.e.

It follows that  C_.   . = 7/(A)C_        and hence

||3)s| 2IPII = 2\\S- LJ = 2essxsup ||(T(A) - CT(x))q(X)\\ = 2 \\(T - ZQ)P||.

Theorem 2.   Let  21 be a wot? Neumann algebra on si, and let  T be in 21. Then

there exists ¿j in 21'  such that for every projection  P  in 2(21), HD^p | 2Ip|| =

2||(T-f)P(|.

Proof.  Let  21    be the type I algebra containing  21, as constructed in [3, p.

283].  Then by Kadison's argument, ||3)„ | 2I|| = \\1>T | 21  ||.  Moreover, applying the

same argument to  2ÍP  in place of 21, we see that, for any central projection  P  in

21,   ||3)rp I 2Ip|| = ||Srp | 21^11.  By Theorem 1, there exists an element <f in

2(2ij) such that  ||3)TQ | ?Ijß|| = 2||(T - £)ß||  for every central projection Q  in 21.

Since 2(21) Ç 2(21^) Ç 21', this completes the proof.

Theorem 3.   Let  21 be a von Neumann algebra on a separable Hilbert space

and let  T be in 21.   Then there exists a unique Z.   ¿72 ¿> (21)  such that, for every

projection  P  in 2(21),   \ßTp \%P\\ = 2\\(T - Z Q)P\\.

Proof.   By Theorem 2, there exists ^ in  21    such that, for every projection  P

in 2(21),  pTp I 2IP]| = 2||(T - £)P||. Let JCf = (2»., A^fli*. A,. > 0 , 2 A . = 1,

II.  unitary in 21 \, and X>-, the norm closure of JW.   If £'  is in X», and  P  is a

projection in 2(21),

(T - £')P - ¿ A/T - (7*£1L)P = ¿ A/U*(TP - fP)H..
7=1 7=1

Hence  ||(r - <f )P|| < ||(T-£)P||.

Since  ||2)Tp I 2IP|| < 2||(T - £ ')P|| < 2||(T - ¿f )P|| = ||3)rp | 2Ip||, we have

||3)rp|2IP||=2||(T-^')P||  forallf'eK^.

By continuity, the same equality holds for all f   in A,.  By [l, Theorem 1,



170 P.GAJENDRAGADKAR

p. 272], K"n 2 («'),£ 0. Hence if ZQ  in K~nZ(K), 2\\(T - ZQ)P\\ = ||®Tp | 2Ip|],

for every central projection  P  of 21.

Now we prove uniqueness of Z   .  If 21    is the type I algebra containing 21  as

before, Q  is a projection in 2(21 ) C 21', then we assert that  ||®Tq | 21 ß|| =

2\\(T-Z0)Q\\.

Let  P  be the central support of Q  in 2(21).   Then for every A   in  2Í,   \\AP\\ =

\\AQ\\ [2].
Now,

PTP | 2IP|| = 2 \\(T - Z0)P|| = 2||(T - Z„)ß|| > \\XTQ\ UlQ\\.

or
On the other hand, if X  is in  u,

||®r(X)P|| = prp(XP)|| = \ßT(X)Q\\ = \ßTQ(XQ)\\

<||3)Te|2Iie|| WXQW^lß^UyQWWXPl

Now Corollary 1 proves the uniqueness of Z  .
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