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HOMOLOGY IN VARIETIES OF GROUPS. 1V
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C. R. LEEDHAM-GREEN AND T. C. HURLEY

ABSTRACT. The study of homology groups %n(l'l, A), B a variety, I a group
in B, and 4 a suitable M-module, is continued. A ‘Tor’ is constructed which gives
a better (but imperfect) approximation to these groups than a Tor previously con-
sidered. %2([1, Z) is calculated for various varieties 8 and groups II.

Introduction. We continue the study of homology groups SBn(H, A), where II
is a group in the variety 8 and A is a suitable II-module, as in [211, 125] and
[31], here after referred to as [H I}, [H II] and [H III}. These homology groups
were compared with a certain Tor in [H I] and [H II], and it was shown that the
two theories do not always agree in dimension 1. In $1 we introduce a different
Tor which gives a better approximation to SB”(H, A); this theory arises from the
consideration of two-sided modules as in the Hochschild theory, and was prompted
by a remark of Barry Mitchell’s. In $2, 932(11, Z) is calculated approximately for
B the variety of metabelian groups that are nilpotent of class ¢ and II a finitely
generated abelian group. The homological techniques are the same as those used
in [H 1] to calculate 932(1'[, Z) for B the variety of all nilpotent groups of class
c and Il as above, though the group theory here is harder. Comparing the results
in the two cases we deduce that neither Tor mentioned above always agrees with
%n(ﬂ, A) if n =2, even when A is a module with trivial action. In §3 we repeat
the above calculations, for 8 the two varieties of all metabelian and all centre-
by-metabelian groups. A refinement in the homology enables the calculations to
be exact in these cases. The variety of metabelian groups is particularly inter-
esting in that in this case it follows from a theorem of Grace Orzech that
B2 (1, A), which can be calculated from 932(11, Z) in the case of trivial action,
may be interpreted as an obstruction group much as in the classical theory.

The principal conventions and notations of [H Il, [H IT} and [H III] will re-
main in force. A finitely generated abelian group will be said to be of rank r and
type (s; my,- -+, n,) if it is the direct product of s infinite cyclic groups, and ¢
finite cyclic groups, one of order », for each i, where »_ divides n,, ., for 1<

i<t,and r=s+t. A cyclic group generated by the element a will be written
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C(a) if it is of infinite order and C (a) if it is of order n. The category of abelian
groups will be written as Ab, except when it is regarded as a variety of groups, in
which case it will be written as U. f R is a ring, WR and Rm denote the cate-

gories of right and left R-modules respectively.

1. The Hochschild theory. If I is a group, II* will denote the opposite group
of Il with elements {#*|7 €Il}, and multiplication given by n*p* = (p7)*. A two-
sided [I-module A may be regarded as a left ZIT* ®, Zll-module by (7* ® pla =
pam, or as a right ZIT* ®, Zll-module by alr* ® p) = map, forall @ in A and =,p
in II. Then the Hochschxld homology groups He (IT, A) are defined to be
Tor;; ZI*® ZN( 7y, A); here ZII is a two-sided H-module in the natural way, so that
VAl and A may be regarded as right and left ZIT* ®, Zll-modules respectively. If
A is a left [I-module then A may be regarded as a two-sided II-module by pam =
pa. Then it is proved in [6] that HE(II, A) and H (II, A) = TorfH (z, A) are iso-
morphic. Turning to the relative case, bear in mind that the varietal homology in-
volves a dimension shift so that B (II, A) is to be compared with Tor:m(Dl'I, A),
where DIl = [Tl ® , BII. The two-sided analogue of BII will be B°IT = BIT* ®, BIl.
If I, II, are any groups in B, and a: Il, = II, is a homomorphism, then a in-
duces a homomorphism a*: H’; - H’; by 7*a* = (za)*, and a homomorphism Ba:
B, — §BH2, so putting B¢a = Ba* ® Ba: %eHI - %eﬂz, B¢ becomes a functor
from B to rings. We now construct the two-sided analogue of DI'. For any group
I define p: ZI'* ®, ZI' = ZI" by (y1 ® yz)y Y17, and extend by linearity.
Then putting Z°T" = ZI™* ®; ZI', p becomes a homomorphism of right Z°T"-modules,
where I' acts naturally on ZI' on either side. Thus, putting JT' = ker p, JT" is a
right Z°I"-module. If now I' = II ¢ |(B, IT)|, there is a natural homomorphism of
Z°T" onto B°T", and hence into B°II; and so we may form JI" ®,er Be1l = per,
say. D defines in a natural way a functor from (8, II) to right B¢II-modules.

A two-sided BlI-module may equally be regarded as a left or right 8¢II-module
in the same way that an arbitrary two-sided II-module may be regarded as a left or
right Z°II-module. In other words, the categories mmm of two-sided BIl-modules,
muenand gen 311 are all isomorphic. If A is an abelian group then A can be made
into a left or right Bll-module by making I act trivially if and only if the exponent
of I divides the exponent of 8. Thus, if A is a right BlI-module, A can be made
into a two-sided BII-module by making Il act trivially on the left; A with this ad-
ditional structure will be denoted by eA‘ Similarly, if A is a left BI-module, A€
may be defined.

It is the thesis of this paragraph that Tor’3 T (pem, A,.) and Extgen(D°I, A)
are better approximations to 8_(II, A) and %”(H A) than are Tornn(DH A) and
Ext BH(DH A) respectively; but first a few details must be dxsposed of.

Lemma 1.1. If ' = I € |(B, I)|, then D°T" is generated as a right BEIl-

module by {(y* ® 1 - 1*® ) ®, e 1|y el}.
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Proof. By [6, Proposition IX. 3.1], JT" is generated as a right Z°I"-module by
{*®@1-1*® y)|y e},

If A isa 8¢MI-module, and I' = IT € |(B, II)|, then A becomes a B°I"-module,
by pullback, and Der(I', A) denotes the set of derivations of I" into A, i.e. maps
8: " — A satisfying (y,y,)8 = y,(y,8) + (y 8)y,; these form an abelian group
under addition. If A is a right BIl-module, the usual definition of a derivation of
a group into a module is regained by assuming that Il acts trivially on A on the
left.

Lemma 1.2. If ' > I € |(8, )| and A is a right B¢M-module, then there is
an isomorphism Der(", A) Homnen(DeF, A) which is natural in I" and in A.

Proof. It is easy to verify, using Lemma 1.1, that every derivation of I'" into
A may be written uniquely as a composite I —% D" —# A, where & is defined
by ¥0=(*®1-1®y*) ®zep! and B is a B°Il-module homomorphism. The
lemma then follows at once.

Regard BII either as a ring or as a left B¢II-right BII-module, the left BEII-
module structure arising from letting Il act by multiplication on the left and triv-
ially on the right, the right BIl-module structure being the natural one; the con-
text will make it clear which meaning is intended. Let A be a right BII-module.
Then A = Homn“(SBH, A), where the (right) 8¢II-module structure on A arises
from the left B°I-module structure on BII. So

Hom (D", A) = Der(T’, A) = Der(T", _A)
= Hom B‘-’ﬂ(DeF’ Hom BH(%H’ A)) = Hom BH(DeF ®nen%r[, A).

From this we deduce

Lemma 1.3. With the above module structure on BIl, DI" and DT’ ®gen BT
are naturally isomorphic right Bll-modules.

Proof. If a right [I-module A is regarded as a split extension of A by II, and
hence, using the canonical surjection onto II, as an object in (B, IT), then by the
above remarks W,m becomes a coreflective subcategory of (B, II) in the sense of
[26], and both ' — DI and I — DeI" ®gen

It was proved in [H I, Lemma 1.2] that if F is B-freely generated by a set
then DF is freely generated as a right BIl-module by {(1 - x) ® 1| x € £}. The
proof depended on the way that DI" represents the functor Der(I", —) from right

BI define coreflexions.

BM-modules to Ab. A similar argument proves

Proposition 1.4. If F is B-freely generated by a set T, then D°F is freely
generated as a right Bll-module by {x* ® 1 - 1* ® x| x € r}.
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Now consider the sequence of functors
> De p Q
(*) ®, ) S5 gpligy = Mgy Ab

where P = — @y M, Q= - ®gp As and A is a fixed left BM-module. B
Lemma 1.3, DeP D Also, PO = — ®g.p A, , and D°PQ = Diff(—, A). Moreover,
by Proposition 1.4, D€ takes B-free groups over II to free B°Il-modules. Now if
@ and B are abelian categories, @ having enough projectives, and if S: (8, II) =
@ and T: @ = B are functors such that the nth derived functor of T vanishes,
for n> 0, on the image in @ of a B-free group over II, then there is a spectral

sequence

LPT(93 (I, s) = B, s,
q p n

as in [13, Theorem 2.26], where LpT denotes the pth left derived functor of T.
Recall that if A is a left B8lI-module, then B (II, Diff(—, A)) is abbreviated to
93q(l], A); in particular %q(ﬂ, D)= %q(ﬂ, BM0). Applying this to the sequence (),
with one functor omitted or two functors composed as above, spectral sequences
(i) Tor)“™(B_(II, D), B => B (I1, VD),
.o nen e
(ii) Torp"M(B_(II, D), 4,) =, 8 (I, A), and
I
(iii) Torp (%q(ﬂ, D), A) %p %n(ﬂ, A)
are obtained.
Similarly, since P is additive and takes projective B¢II-modules to projec-

tive Bll-modules and Q is additive and right exact, there is, by [28, Theorem
2.4.1], a spectral sequence

(i) Tory™(Tor®“ ™MD, BID), 4) =, Tor® T (DI, 4,).

(iii) has already been studied in [H II] where a homomorphlsm 0 (H A):
8 (H A) — Tornn(DH A) was constructed which appears as an edge homomor-
plusm of (iii). Slm1larly one may construct homomorphisms from %n(ﬂ A) to
Tor’?eﬂ(DeH, Ae) and from Tor:e"(DeH, Ae) to Tor:u(DH, A) whose composite
is 03(1_[, A) and which appear as edge homomorphisms in the spectral sequences ~.
(ii) and (iv), at least if these are constructed analogously to the construction of - =
(iii) in [H II]. This factorisation of @ is the sense in which Torn N(pert, 4 )
approximates more closely to B (II, A) than does Tor;!}n(DH A) In dxmensxonl
0 factorises as a product of surjections B (I, 4) — Tornen(DeH A) —
Torgﬂ(DH A), so that the approximation is better in this dimension in a more
concrete sense. Analogues of the above remarks may, of course, be made for co-

homology.

2. Metabelian of class c. The object of this paragraph is to calculate
%Z(H’ Z) (approximately) where 8 = %C N U2 | the variety of all metabelian groups
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that are nilpotent of class at most ¢, where ¢ > 3, and II is a finitely generated
abelian group. The method of proof is the same as in the corresponding calcula-
tion in the case 8 = %c carried out in [H ITIl. The essence of the problem is an
understanding of the Schur multiplier of the B-free groups. We can get away with
less than the full structure.

If F is freely generated by the finite or infinite set x,, x,,---, a simple

basic commutator of weight m is a commutator of the form [xl.l, xiz, s X 1,

m
where 7, > 7, < iy <--+<i . A dopple basic commutator of weight m + 2 is a
commutator of the form [[xil’ it xim], [xi , x].]], where [xil’ Xt xim] is

a simple basic commutator; i > j, j < i3 and either i, <7j, or iy=jand i, <i, or

iy=jand i, =i and m> 2.

Lemma 2.1. Let F be freely generated by the finite or infinite set X 3% y0ts
and let ¢ > 3. Then the Schur multiplier F”Fcﬂ/[F”Fcﬂ’ F] of the (%C N U2).
free group F/F"FH,1 is the direct product of three subgroups L, M and N, where
L is freely generated, as an abelian group, by the images in F”Fcﬂ/[F”Fcﬂ’ F]
of the dopple basic commutators of weight 4, M is generated by the images of the
dopple basic commutators of weight greater than 4, and N is freely generated, as
an abelian group, by the images of the simple basic commutators of weight c + 1.

Proof. Note that [F"FC+1, Fl=1[F", F] FC+2, since [F", F] is a normal sub-
group of F. That F"F‘:+2 /[F", F] F_,, is generated by L and M is clear from
§5 of [30]. Hence F”Fcﬂ/[F”Fcﬂ’ F] is generated by L, M and N. To show
that F'F_, /[F"F_,,, F] is the direct product of LM and N, and that the given
generators of N are linearly independent, take the natural map F'F_, /[F", FIF _,,
— F"FC+I/F"FC+2; by a theorem of Magnus (Hanna Neumann [12, Theorem 36.32])
the second group is freely generated, as an abelian group, by the images of the
simple basic commutators of weight ¢ + 1, and L and M are clearly contained in
the kernel. It remains to show that F”Fcﬂ/[Fcﬂ’ F] is the direct product of L
and MN, and that the given generators of L are linearly independent. Consider
the natural map F'F_, /[F" F_,» F1 - F,/F, which is freely generated, as an
abelian group, by the images of the simple and dopple basic commutators of weight
4. This completes the proof.

We shall also need the following commutator identity, valid in any group G.

Lemma 2.2. If a, b, ¢, d €G, and if n is any positive integer, then
[[an’ b], [C9 d]] = [[a9 bn], [C, d]] = [[a7 b], [Cn9 d]]
= [[aa b]9 [C, dn]] = [[d, b]’ [C9 d]]n mod [629 63]-

Proof. Immediate by induction.

For a positive integer r, define

4=+ Dr(r - 1D - 2)/8.
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For positive integers r, ¢, define

c+r-1

l/l(r,c)=c< el ) (r>1), ¢(@,c)=0.

Lemma 2.3. ¢ (r, ¢) is the number of simple basic commutators of weight

c+ 1 on r symbols.

Proof. We may assume r> 1. Fix the value of 7,. Suppose i, =7 - s+ L.

Then the number of sequences 7, <7, <---<7_,, <r is the number of ways in

which ¢ — 1 objects may be selectedafrom s large heaps, s > 0, objects being
indistinguishable if and only if they come from the same heap. This number is
(S:f';z), see [27, $11.51. Hence, for the given value of i,, the number of se-
quences iy, iy, ceey iy s:i'lz), so

that the total number of sequences is 27 _, (s - 1) (st_c:lz) = c(c‘:’:ll), as is im-

satisfying the given inequalities is (s - 1)(

mediate by induction on 7.

We can now prove

Proposition 2.4. If II is a finitely generated abelian group of rank r> 0 and
type (s; LIV nt) and B = %c N2, ¢ > 3, then 930(1-[, Hz(-’ Z)) is of rank p
and type (o; Vi, v,) where p =y(r, c) + (4 @ = Uls, o) + s[4)> @nd v, = n
if s>0 and t>0, v,=m,_ if s=0 and t> 1. In particular, p=0 if r=1.

t

Proof. The proof is based on that of [H III, Lemma 3.1], q.v. However, in
this case the problem is made harder by the more complicated structure of the
Schur multiplier of the B-free groups. Let Il = Cla;) x - -+ x Cla_) x Cnl(as”) x
cee X Cnt(ar), let P be B-freely generated by Xys+++5 %, and define [: P, — I
by xif=ai, i=1,---, 7. If R is the kernel of f, R is generated, qua normal sub-
group, by {x?i_s |i=s+1,---,ru {[x,. » %,]| 1< j< k<l Now the split ex-
tension of R by P is generated by all pairs (a, b), where a runs over a set of
generators of R qua normal subgroup and b runs over a set of generators of P.
Then the fibre product P, x. P is generated by all pairs (ba, b). Hence we
take P, to be B-freely generated by {y | 1<i<rufz|s+1<i<ru
{Ujkl 1< j< k<), and define (gl, gz): P, — P x, P, by

ni—s

Y;81=%;> Z;81=%; vjk.gl:[xj’xk]’ Yi8y=%;» %;8,=1, v,g,=1

Then (g,, g,) is a surjection, and B (II, H (-, Z)) is the cokernel of H,(g,, 2)
-Hy)(g,, 2): Hy(P, Z) — H,(P, Z). (To accord with the dissonant conventions
of group theory and homology, H,(P, Z) and H,(P, Z) will be written some-
times additively and sometimes multiplicatively.) Lemma 2.1 describes Hz(Po’Z)
as the direct product of three subgroups L,, M, and N,. Similarly, HZ(PI, Z) is
the direct product of three subgroups L , M, and N, which are defined once the
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generators of P, have been ordered; this we do by taking the y; in the natural
order followed by the z, and Vik in any order. The lemma then specifies gener-
ators for the groups L, L, etc., the generators of which will be described as
canonical. It is clear that any canonical generator of HZ(PI’ Z) is mapped to the
identity by Hz(gz’ Z) unless all the generators of P, appearing in the expression
for the given generator are elements y_, i.e. no z, or v, appears. In the case
when only generators y, appear, the image of the given generator of HZ(PI’ Z) is
the same under H,(g,, Z) and H,(g,, Z). Thus we are reduced to looking at the
quotient group of HZ(PO’ Z) by the subgroup generated by the images under
H (g s Z) of the canonical generators of H,(P,, Z) in which at least one z; or
Vit appears. We first prove that M o is in the subgroup generated by the above
images; this is why the precise structure of M, is not needed. Let [[xil’ iy

., xim]’ [xi’ x].]] define a canonical generator of My so m> 2. Now [[vl. yio?
Vit yim]’ [yi’ y].]] defines an element of HZ(PI’ Z) (though not a canonical
generator) whose image under Hz(gl, Z) - Hz(gz’ Z) is clearly the given canoni-

cal generator of M_. Thus M, makes no contribution to 580(1'[, Hz(_’ Z)). Since

L, and M, are ma(l))ped by Hz(gl, VAR Hz(gz, Z) into L,xM,, and N, is
mapped into N, the contributions of L, and N may be calculated separately.
Every canonical generator of L, and M, will be mapped into M, except for those
represented by elements [[a, &], [c, d]], where each of a, b, ¢ and d is a y; or

a z, with at least one z,. By Lemma 2.2 it is sufficient to consider commutators
involving exactly one z; in which case, in view of our ordering of the generators

of Pl’ the commutator will be of the form
[[zil’ yi2]9 [yz ’ y]]], 1> i, i2 < i? or [[yil, yi2]7 [zi’ y’]]a il > i27 i2 S ]..

It follows, using Lemma 2.2 again, that the contribution of L to B (II, H,(-,Z))

consists of an abelian group with generators represented by
{[[xil, xiz], [xi, x].]]| iy >i,,i>], and either i, <j or iy=jand i < i}

and relators represented by {[[xil, xiz], [x,, xi]]k}, where k= k(i,, i ), i,7) =0

if all of ail’ aiz, a,,a; are of infinite order, and otherwise is the least of these
orders. This is a group of rank 7[4] and type (5[4]; A
if s>1, A, = n,_

generators of P, are needed to define a generator of L. (If r=s+1<3, (4] =

l,--~,)\a), where )&a=nl

y if s=1,and A = n,_, if s =0, since at least three distinct

0.) The contribution of N is generated by elements represented by all simple

. . k
basic commutators [xix’ x; , xicﬂ] with {[xl.l, xiz’ e, xic+1] } represent
O ifallof a. ,--:,a. have

1] ic+1

infinite order, and is otherwise the least of these orders. This is a group of rank

2,..

ing the relators where k= k(il, Lysto oy 1c+1) =

(7, ¢), by Lemma 2.3, and is clearly of type (U(s, c); p s+, /_LB), where
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kg =m, if s> 0, and Bg=1m_, if s = 0. Thus the proposition is proved.
We now deduce, exactly as in the proof of [H III, Theorem 3.2], the following

Theorem 2.5. If Il is a finitely generated abelian group of rank r> 0 and type
pooe ), and 8= %c NUZ, ¢ >3, then %Z(H’ Z) is of rank p and type
e Vr) where

0<p~yplr, ) =r(gp<t+ lr = D = 2)/6 (cf. pp. 297-298),

0<o-yls, o) - s[4] < s(s = D(s - 2)/6,

v, divides n, ,and if s =0, v divides n
T ty T

(s;n

(o3 v

-1 (no =1).

Note that this theorem coincides with [H III, Theorem 3.2} in the case c = 3
since in this case ?Rc n U2 - ERC.

Corollary 2.6. If Il is a free abelian group of rank 3 then %z(H, zZ) ¥
Tor?n(DH, Z) in at least one of the cases B = 9?4, B = %4 N 9[2.. Also, %Z(H, Z)
%Torge"(D"H, Z) in at least one of these cases.

Proof. Since Il is abelian, if A is any [I-module the split extension of A by
I lies in one of these varieties if and only if it lies in the other. Thus BII is the
same for either variety, and so are DII, 8¢Il and D€ I (cf. [H I, Proposition 1.5]).
Now let p, and p, be the ranks of B,(Il, Z) in the cases B =N, and B-N,n
U2 respectively. Then by [H III, Theorem 3.2], p, 2 v(3, 4) = 48, and by Theorem
2.5 of this paper, p, <¥(3, 4) + 3[4] + 1 = 28. Thus p, # p,, and the result follows.

3. Metabelian and centre-by-metabelian. In this paragraph we calculate
8,(II, Z) exactly for II a finitely generated abelian group, and B the varieties u2
and [¥?, €] of all metabelian and centre-by-metabelian groups. The free groups
of the former variety of infinite rank, in fact of rank greater than one, have trivial
centre, and so if Il is any metabelian group and A is any Bll-module, where B =
U2, B2, A) can be interpreted in terms of obstruction theory, see Orzech [32].
If II acts trivially on A, B2, A) may be calculated from QZ(H’ Z) by universal
coefficients [H I, Lemma 4.1]. The free groups of [g[z’ €1, on the other hand, have
enormous centres; in fact those of rank greater than one do not satisfy the maximal
condition on normal subgroups. Now the ‘construction pas a pas’ of André [1] or
the Tierney-Vogel construction [18] can be used to produce a simplical resolution
of any finitely generated group in B by finitely generated B-free groups, provided
the finitely generated groups of 8 satisfy the maximal condition on normal sub-
groups. Hence in such varieties, for example in nilpotent or metabelian varieties,
33”(1'[, A) is finitely generated provided that Il and A are. However, if 8 =
[¥2, €] and [ is free-metabelian of rank greater than one, %1(1'1, Z) = HZ(H, Z) is
not finitely generated; but if II is finitely generated abelian, it turns out that
932(1-[, Z) (and of course SBI(H, Z)) is finitely generated; see also the remarks at
the end of this paper.
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Let I be any group, and let 8 contain the product variety ¥ var II. Then, by
[H 1, Proposition 1.4], BI = ZII; so if A is any ZII-module and 6, = 02(11, A) as
in [H 11, §1],

6,: 8 (I, A) > Tor3W(DII, A) = Tor? ™ (111, 4) = U_(II, A),

where 1l is the universal variety. Also, if b, = ¢"(11, 8, I, A) as in [H 111, § 1],
then ¢ _: U (II, A) — 9311(1'[, A). The composite ¢ 6 :1 (II, A) - U _(II, A) may
be regarded as a 8-morphism of §-functors from mzn to Ab, and since ¢ 0, is
the identity and U_(Il, A) is trivial for »> 0 and A projective, it follows that
#,0, is the identity for all n> 0. But ¢, is a surjection, by [H III, Corollary
2.2], and so is an isomorphism; thus, by the same corollary, coker ¢2 =

QO(H, HZ(-’ A)). Hence

Proposition 3.1. Let B contain U var I, so that Bl = ZI1, and let A be any
Il-module. Then for all n> 0,

B (M,A)=H 0, A4) &K (I, A)
where Kn(ﬂ, A) = ker 611 = coker ¢_. Moreover
n
K, (I, A) =0 and K,II, A) =B (I, H,(-, A)).

It would be interesting to know if there are any nonabelian varieties of finite
homological dimension; i.e. varieties 8 such that %n(ﬂ, A) = 0 for all n greater
than some 7, and for all I in B and all BIl-modules A. The following result

rules out ‘large’ varieties.

Corollary 3.2. Let B contain the product variety UX for some nontrivial
variety X. Then there is a group Il in B and a Bll-module A such that %"(H, A)
#0 forall n> 0.

Proof. Take II to be a nontrivial finite cyclic group in X, choose A so that
Hn(l'l, A) # 0, and apply Proposition 3.1.

Using Proposition 3.1 we calculate B,(II, Z) for Il a finitely generated abe-
lian group and B = U2, Information about the structure of the Schur multipliers of

the B-free groups is needed; for their precise structure see [29].

Lemma 3.3. Let F be freely generated by the finite or infinite set Xy9Xognen
Write K = [F", Fl. Then the Schur multiplier F"/K of the free-metabelian group
F/F"is the direct product of two subgroups L and M, where L is freely gener-
ated, as an abelian group, by

S = {[[xil’ xiz]’ [xi ’ x,]]Kl [[xil’ xiZ], [xi’ X]]]

is a dopple basic commutator of weight 4},
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and M is generated by
= €3 €
T = {[[xil’ xiz’ xi3 9% " xi:]’ [xi’ x]]]KI

=tl,all by m>2;i>], i, >1,<1 R AN A

33 3

if z'p= ip+1 and p > 3, then €)= €pa1s

and either iy<jori,=j and i, < i}.

Proof. This follows from $7 of [29], where it is shown that F"/K is freely
generated as an abelian group by the set S U T, where T, is a subset of T. The
proof is long and complicated; however, the fact that SU T generates F'/K,
while not quite sufficient for our purposes, may be readily deduced from the first
three paragraphs of the proof of [29, Proposition 7.8].

Theorem 3.4. If Il is a finitely generated abelian group of rank r> 0 and
type (s; nystees nt), and B is the variety of all metabelian groups, then QZ(H, Z)
is isomorphic to H3(l'[, VAN::! KZ(H’ Z), where KZ(H’ Z) is of rank 7[4] (see p. 297)
oy, nt), where n, is repeated Y(ir—i+ Dr=1)r=i=1)

and type (5[4]; ny, -

times, i=1,---,t.

Note that HB(H’ Z) is of rank t + r(r - 1)(r = 2)/6 and type (s(s-1)s-2)/6;
poe»m,,n) where n, is repeated 1+ %(r - )(r—i-1) times, i=1,---,¢
(cf. [H III, the proof of Theorem 3.2]).

Proof. By Proposition 3.1, Kz(l'l, 7) & SBO(H, HZ(—’ Z)), which is calculated
as in the case of 8 = %c N U2 (Proposition 2.4), except that analogues of the

n n
1°

groups N, and N, do not arise.
We now turn to the variety (U2, €] beginning with information about the
Schur multipliers of the relatively free groups; for their precise structure see [29].

Lemma 3.5. Let F be freely generated by the finite or infinite set S FEE I
Write K = [F", F, F1. Then the Schur multiplier [F", F1/K of the free-centre-by-
metabelian group F/[F", F] is the direct product of two subgroups L and M,
where L is freely generated, as an abelian group, by {[b, xk]KI b a dopple basic
commutator of weight 4}, and M is generated by {[c, xk]KI ¢ a dopple commutator
of weight greater than 4 as used to define a generator of the group M in Lemma

3.3},
Proof. The result follows from $8 of [29].

Theorem 3.6. If Il is a finitely generated abelian group of rank r> 0 and
type (s; IPEREN "1)’ and B is the variety of all centre-by-metabelian groups, then
932(1'[, Z) is isomorphic to H3(H, Z)® Kz(l'[, Z), where KZ(H’ Z) is of rank

rx1[4] (see p. 297) and type (s x S[4] Myr Myt 1y "z)’ where n; is repeated

t
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(r—i+ 1D =) =-i=1(5-5i+2)/8 times, i=1,---, L

Proof. The proof of Theorem 3.4 needs only slight alteration, an extra term
being tagged onto the end of every commutator.

If 11 is an abelian group, BII, DII, Bl and D®Il are the same in each of the
varieties U2, (U2, €] and the universal variety; this produces a similar situation
to that of Corollary 2.9, except that the three homology theories compared in $1

are known to coincide in the latter variety, so we can point a finger at the villains.

Corollary 3.7. If Il is a finitely generated group of rank r> 3, then 332(1-[,2)
x Tor;m(DH, Z) and %Z(H’ Z) ¥ Tor?en(DeH, Z) if B is the variety of all

metabelian groups and if B is the variety of all centre-by-metabelian groups.

We end with a note on some other varieties. Let

%=[2I2,@]

be the variety defined by the law [[[xl, xz], [xs, x4]], Xgorts xn+4]. Then the
Schur multiplier of the B-free group obtained by dividing out the free group on
X5 %5, by this law is generated by elements represented by {[[[xil, xiz],

int4
together with commutators of higher weight. We do not know what relations hold

[xz.3, xi4]], Xigr e % 1| [[xil’ xiz], [xi3’ xi4]] is a dopple basic commutator}

between generators of the displayed form, but we have seen there are none in the
cases n=0 or 1, and conjecture that there are none if n = 2. In any case, for
this variety, and II a finitely generated abelian group of rank r, Kz(l'[, Z) is of
rank at most r"r[4], with equality for = 0 or 1 and, if our conjecture is true,
for n = 2. This may be compared with [H III, Theorem 3.2], according to which,
if p is the rank of SBZ(H, Z) where 8 = %C and Il is as above, then p ~
*(c+1) as ¢ = o
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