TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 172, October 1972
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ABSTRACT. All known examples of simple flexible power-associative
algebras of degree two are either commutative or noncommutative Jordan. In
this paper we construct an algebra which is partially stable but not commuta-
tive and not a noncommutative Jordan algebra. We then investigate the multi-
plicative structure of those algebras which are partially stable over an
algebraically closed field of characteristic p #£2, 3, 5. The results obtained
are then used to develop conditions under which such algebras must be
commutative..

1. Introduction. An algebra A over a field F is flexible if it satisfies the
identity

(1) (x, y, x) =0 forall x, y in A where (a, b, ¢) = (ab)c — a(bc).
If the characteristic of F is not two, then this identity is equivalent to
(2) (x, y,2)+ (2,5, x) =0 forall x, y, 2 in A4,

the linearized form of the flexible law. If any element in A generates an
associative subalgebra, then A is power-associative and A is strictly power-
associative if the algebra A, = K ®, A is power-associative for every extension
field K of F. We shall assume that all algebras are finite dimensional over
the base field.

If A is power-associative and contains an idempotent u, then A has a

Peirce decomposition
A=A4,1)+A (%) +A[(0) (vector space direct sum)

where Au(s), s=0,%,1, is a subspace of A such that x is in Au(s) if and

only if xu + ux = 2sx. Moreover, if A is flexible, the multiplicative relations

4,04 (1)=4 1)A (0)=0
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and

AAHCA M +Ad-s) (s=0,1),
ACHA(ICA (D14 (-s) (s=0,1),
Au(S)Au(S) g Au(s) (5 = 0) l)’

are satisfied [1].
A flexible algebra A is u-stable if

A4 CA  (s=0,1),
A0HA () CACH  (s=0,1).

If A contains an idempotent u such that A is u-stable, A is said to be partially
stable and if A is u-stable for every idempotent # in A, then A is termed a
stable algebra.

An idempotent u is said to be primitive if in the Peirce decomposition
Au(l) contains no other idempotent besides u. Now every simple flexible
strictly power-associative algebra with characteristic not 2, 3 has a unity element
1 [13]. Let ¢ be the maximal number of pairwise orthogonal primitive idempotents

uy, -+, u, in any scalar extension A, of A suchthat 1 =u; +...+u, then

t is called the degree of A. t

A simple flexible strictly power-associative algebra over a field F of
characteristic not 2 or 3 is one of the following [13]:

(i) a commutative Jordan algebra,

(ii) a quasi-associative algebra,

(iii) an algebra of degree one,

(iv) an algebra of degree two.

Kleinfeld and Kokoris have shown that the degree one algebras are fields
if the characteristic of F is 0 [8], and Oehmke [15] has recently proved that
if F is an algebraically closed field of characteristic not two, then a degree
one algebra is either a field or a nodal noncommutative algebra of the type
described by Kokoris in [11]. Oehmke [14] and Kokoris [12] have studied the
degree two algebras and it is known that if A is nilstable and F is an
algebraically closed field of characteristic not 2, 3, or 5, then A is a J-simple
algebra. In this paper we shall show that this result cannot be extended to
arbitrary degree two algebras.

Let $§ be the class of partially stable power-associative flexible algebras
of degree two which are simple over an algebraically closed field of character-

istic not 2, 3, or 5. We shall show that algebras in §§ need not be commutative
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and in addition need not be noncommutative Jordan algebras. This is accomplish-
ed by constructing an example of such an algebra. Finally we develop conditions

under which an algebra in the class §§ must be commutative.

II. New algebras of degree two. In 1952 Kokoris [9] constructed the first
known example of a simple commutative power-associative algebra which was
not a Jordan algebra. Albert [3], [4], [5] generalized this work and characterized
all degree two algebras which are partially stable over an algebraically closed
field. We begin by constructing an algebra in this class.

Let F be an algebraically closed field of characteristic p # 2, 3, 5 and
let B = Fp[l, x] be the commutative associative polynomial algebra with identity
on one generator subject to the relation x? = 0. Suppose 2B, y,B, y,B, y,B
and y,B are isomorphic copies of B and then form the vector space direct sum
A=B+zB+yB+y,B+y,B+ y3B. Define

2

Yo=1, Yo¥1 =0, 1Y, =1,
2

}'1=0, )’0)’2=0, y1y3=0v

2
y2=0> y0y3=0, y2y3=07
yg =0 and Y=YV, fori, j=0,1, 2, 3.

Now let 9 =‘{Dij: i, =0, 1, 2, 3} be a set of derivations on B given by

xDy, =0, xD02 =0, xD03 =0,

12=0, %Dy, =1, xD,,=0,

D,j=-D,, (ij=0,1,2,3).
Then define multiplication on A by assuming for 7, j=0, 1, 2, 3 and
a, b in B that
3) (yia)(y].b) = (yiyj)(ab) + (aDi].)b - a(bDij),
(4) (y,a)b = bly.a) = y (ab),
(5) (zally;d) = (y ;b)(za) = 0,
(6) B + zB is a commutative and associative subalgebra of A,
(7) (za)(zb) = ab.
It is shown in [4] that such an algebra is commutative, power-associative
and of degree two over F. A is u-stable where u =%(z + 1) and if A =
A+ Ay, + A is the Peirce decomposition of A with respect to u, then
A%=yOB+le +y,B+y,B and A + A; =B +zB.
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Lemma 1. The algebra A is simple.

Proof. It is known [4, Theorem 3] that A is simple if and only if B is
9-simple and there exists no element g in A, such that gd =0 for all d in Ay

Suppose y = y,f + y,8 +¥,b + y3k, where f, g, b, k are in B, is an element
in A% such that yd = 0 for all 4 in A%. In particular YYo= y(z)/ =/=0 and so
Yy=y,8+y,b+ y3k. Then yy, = (ylyz)g =g=0, thus y=y,b + y3k.

Now y,y =y, (yzb + ysk) =h - k' =0 where k' is just the formal derivative
of k with respect to x. Hence h =%’ and so y = yzk' + y3k. But (ylx)y =
(ylx)(yzk' + y3k) =xk' + k—xk' =k =0 and thus » =0 and y = 0. Since B
has no proper ideals invariant under D,;, A is a simple algebra.

Now denote the multiplication described above by x - y and let [x, y] be
the image of a bilinear function from A x A into A with the following properties:

(8) [x, x]1=0 for all x in 4,
9) la, b]1=0 for all a, b in AL+ A,

(10) [b, @y, 1= 0 for all & in B and a, in A,

anly,-az- bl=1ly, z]-(a-b) for a, bin B (i=0,1, 2, 3),

a2) Iy, -a y, - bl=1ly, y}-(a-b) fora, bin B (ij=0,1,2,3),

[)’0, u] = }’2. [}’0; )’1] == ZZ, [}’1, }’2] = Oy

by ul=-yg  [lye v,1=0, lyy, v51=0,
ly, =0, lyg ¥31=0, by, v51=0,
ly;, ul=0.

Let xy =x -y + %lx, y] for all x, y in A and from now on consider A as
an algebra with product xy. Then the attached algebra A* with multiplication
x -y = Y(xy + yx) is just the commutative algebra defined prior to Lemma 1 and
[x, y]= xy - yx is the commutator product on A. Since A* is simple and
u-stable, A must also be simple and u-stable. We now show that A is a flexible
algebra.

Lemma 2. The algebra A is flexible.

Proof. Now 4 is a flexible algebra if and only if the linear mapping D
defined by yD = [y, x] is a derivation on A*. This is equivalent to the identity
(13) lw-xyl-w-lx, y]-x - [w, yl=o0.

Hence it is sufficient to show that (13) is satisfied when all possible

combinations of elements from the subspaces B, zB, and A, are substituted
for w, x, and y.

Now if w, x, and y are all in B + zB, then (13) is satisfied since B + zB =
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A1 + Ao is a commutative associative subalgebra of A. We also know from (3)
that (yiu) . (yl.b) isin B for @, b in B and i, j=0,1, 2, 3. From now on let
us assume that multiplications in A are to be performed before multiplications
in A" unless otherwise specified so that wz - xy = (wz) - (xy).

Suppose w =y.a, % = y].b, and y = y,c where 4, b, and c are in B. Then
[w.x yl= [yia . y].b, ykc] = 0 because of (10). Also w - [x, y]= Y4 - [y,.b, ykc]
=0 and x - [w, yl= y].b . [yl.a, ykc] =0 by (5), (12), and the way the multi-
plications [yl., y}.] (i, j=0,1, 2, 3) are defined. Thus in this case (13) holds
and so A% is flexible.

Consider (13) for elements in B and A%. If two of the three variables
w, x, and y are in B, then each commutator in (13) has at least one entry from
B and hence vanishes since B commutes with everything in A by (9) and (10).

Now suppose w =ya, x = y].b, y = ¢ where a, b, and c are in B. Then
(13) is satisfied since ¢ commutes with everything in A. If w=y.a, x = b,

and y = y,c, then the left side of (13) is
ly;a-b ycl-ya -6, y,cl-b-lya y,cl=ly, ylabc) - [y, y, Nabe) = 0.

Since (13) is symmetric in x and w, this exhausts the possibilities for elements
from B and A%.
Now suppose one element comes from each of the subspaces B, zB, and
A%. Because of the symmetry of (13) there are only three possibilities:
(1) w=y.a, x=b, y=2zc;
(i)w=2za, x=05, y= Y&
(iii) w = za, x = yl.b, y = c; where a, b, and c¢ are in B.
For case (i): [yia . b, zc] - ya - b, zcl- b . [yia, zcl = [yi, z)(abc) -
[yi, z)(abc) = 0 by (11). Case (ii) is similat and in case (iii), (13) is satisfied
since ¢ commutes with everything in A.

All that remains to be checked is that (13) is satisfied by combinations of
elements from zB and A%. Because of the symmetry of (13) there are only
four possible combinations:

(Dw=y.a x=2zb y=zc

(ii)w=2za, x=2b, y= YiC5

(ii)w=y.a, x=2zb, y=y,c;

(iVyw=ya, x= y].b, y = zc.
For case (i): [yl.a . zb, zc] - ya- [z, zc] - zb - [y»z.a, zc]l=-zb - [yi, z)(ac) = 0
by (9), (11), the definition of [yi, z], and multiplication in At Similarly
cases (ii)—(iv) satisfy (13). Hence A is a flexible algebra.

Before proving that A is power-associative, we prove a lemma relating

. o . . + . .
power-associativity in A" and A. Note that in a flexible algebra A, x2x = xx?

3

so x° is well defined.
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Lemma 3. If C is a flexible algebra over a field of characteristic not 2, 3,

or 5 and C* is power-associative, then C is power associative if and only if
[x3, x] = 0.

Proof. If C is power-associative then [x3, x] = 0 by definition. Now

suppose [x3, x] = 0, then x3x = xx3 or 2x3x = xx3 + x3x = 2x . x3. Now if c*
2,2 2,2 _ 2,2

is power-associative, x - x> = (x? . x) - x = x? . x2. But x? . x
hence x3x = (x%x)x = x%x%. Therefore C is power-associative [1].

and

Lemma 4. The algebra A is power-associative.

Proof. Let x = yja +y,b +y,c +y;d+zf +g be an arbitrary element in A
where a, b, ¢, d, [, and g are in B. Then

2% = (yga) + (y,0)% + (7,0)° + (y, @7 + (2/)? + ¢°

+2yqa) - (y,8) + 2(yga) - (y,¢) + 2(y a) - (y;d)
+ 2yqa) - (2f) + 2y,a) - g + 2(y, ) - (y,¢)

+ 2(y,b) - (y3d) + 20y, 8) - (2/) + 2(y,b) - g

+ 2(y,¢) - (y3d) + 2(y,0) - (=f) + 2y ) - g
+20y,d) - (2f) + 2(y,d) - g + 2=f) - g

= 2y(ag) + 2y,(bg) + 2y,(cg) + 2y,(dg)
+22(fg) +a? + /% + g% + 2bc + 2(b'd — d'b)

where ' is again the formal derivative of b with respect to x.
Let h=a®?+f2+ g%+ 2bc + 2(b'd -~ d'b), then

x2x = [2y(ag) + 2y,(bg) + 2y,(cg) + 2y,(dg) + 22(fg) + h]

c(yga +y, b +y,0+ y3d +af + g)

= 2a%g — 2z(agh) + 2y, (agf) + 2y0(ag2) + 2z(bga) + 2bgc
+2[(bg)'d — bgd '] - 2y, (bgf) + 2y,(bg?) + 2bge + 2y,(cg?)
+2[b'dg — (dg)'b] + 2y3(dg2) - 2y,(fga) + 2y,(/gb)
+2f%g + 2zfg + y(ab) + y,(bb) + y,(ch) + y,(dh) + =(fb) + gh

= yo(2ag? + ab) + y,(2bg? + bb) + y,(2cg? + ch) + y;(2dg? + db)
+2(2fg? + fb) + 4(b'dg — d'gb) + 4bgc + 2a’g + 2f *g + gh.

Let
a, = Zazg2 + ab, b1 = Zbg2 + bb, €, = 2cg2 + ch, dl = 2dg2 + db,

f; = 2/g? + [h, g, = 4(b'dg — d'gb) + 4bgc + 2a%g + 2f%g + gh,
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then

2
xlx = x3 = Yo, +y1b1 +¥,60 + y3d1 + z/l + 8

and
[x3, x] = lyga, + .6, + Yo, +¥3d) + 2] + 81 ¥oa + ¥ b +y,0+ y3d+zf + gl
=-2zab +2y,a,f +2zbja — 2y b,[ — 2y,[,a + 2y,f,b
= 2y,(f16 = b,f) + 2y,(a,f - f1a) + 2z(bja — a,b).
Now
f1b — b,f = 2fgb + bfb — 2bg?f — bhf = 0,
a,[—fia= 2ag?f + abf — 2fg%a — fha = 0,

and

bya — a;b = 2bga + bha — 2ag*b — ahb = 0,

. + . . .
hence [x3, x] = 0. Since A" is power-associative, by Lemma 3, we have that

A is power-associative.

Theorem 1. A is a simple power-associative flexible algebra of degree two

which is not commutative.

Proof. We have already shown that A is simple, flexible, and power-
associative. A is of degree two since A isa degree two algebra and A is
flexible. A is not commutative since You=uy,+y, and y, £ 0.

Although A is partially stable it is not stable and hence not a noncommuta-
tive Jordan algebra. We show this in Theorem 2.

Theorem 2. A is not a noncommutative Jordan algebra.

Proof. It is sufficient to show that A* is not stable and hence not a Jordan
algebra. Denote multiplication in A* by xy. Let w = 1% + Yy,, then w? =
(y,x + 1/2}13)2 =(y¥)y; = 1. If e= Y41+ w), then e? = Y1+ 2w+ w?) =
Y1+ w) = e, and so e is an idempotent in A. Now vie=y U+ Yy x+ Yy;) =
1/zyl and so y, is in Ae(%)-

Also (ex)e = (x + Yy x? + hy ) Oa+ Uy x + Y% yy) = Yax + Yoy ;¥ + Viy 3% =
ex and thus ex is in A _(1). But if we consider

byi(ex)le = by, Gox + Yy x? + Uy 3IC4 + Yoy x + Yiy,)
=%y x =Wy, £ %ly (ex)],
then we see that y,(ex) is not in Ae(%) and hence A% is not e-stable.

III. Algebras in the class §. As in I let § be the class of simple flexible
power-associative partially stable algebras of degree two over an algebraically
closed field of characteristic not 2, 3, or 5. Let A be an algebra in % and let
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At again denote the attached algebra with product x - y = Y(xy + yx) and
[x, y] be the commutator product on A. A% is a commutative algebra and is
power-associative if A is a power-associative algebra.

Tsai [16] has proved the following theorem which relates algebras in
to their attached algebras:

Theorem 3. I A is a flexible power-associative partially stable algebra of
degree two over an algebraically closed [ield of characteristic not 2, 3, or 5,
then A is simple if and only if A* is a simple algebra.

It is also known [1] that A is u-stable if and only if A* is u-stable. Also,
A is of degree two if and only if A* has degree two. Hence if A is in the
class §, A* is in the class € of commutative algebras described by Albert [4].
For the remaining part of this paper, assume that A is in the class .

Suppose A is stable with respect to the idempotent # and A = Al + A%
+ A, is Peirce decomposition relative to . Then v =1 -« is an idempotent
orthogonal to  and A_ = Au(s) = Av(l —s) for s=0,1, %. It is known [14]
that there exists an element w in A,, such that w? = 1. Let B be the set of all
elements b of C = A, + A such that b= (6 - w) - w. Then the following four

lemmas are known concerning the role of B in the structure of A.

Lemma 5 [14], [16). B* is a subalgebra of C*, both Ao+ and Al+ are
isomorphic to Bt and Al = uB, AO = vB, Ct=Bt+z.B* where z=u—-v.
Furthermore, B* = Fp[l, Xys oty xn] is the truncated polynomial algebra on

n generators.

Let y,=y,-1 (i=0, ---, m) denote the elements of A% used in Albert’s
description of the space A%. Then we have

Lemma 6 [16]. The subspace A,, can be represented as:
A%=(y0 .B’...,ym . B),

where A% is the sum (not necessarily vector space direct sum) of m + 1

homomorphic images y, - B -of B.

The next result was first proved by Goldman [6] for m = 1 and extended
by Tsai [16] for arbitrary m.

Lemma 7. For any ‘b in B,
yl.b=byi=yl.~b (i=0,.-.,m).
Corollary [16). For a, b in B and i=0, ---, m,
a(yl.b) = (yib)a =a. (yib) and a(yl.b) =a. (yl. . b) = y; - (a - b).
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In the next lemma we see how important a role B plays in the structure

of A.

Lemma 8 [16]. Every element in B commutes with every element in A and B

is a commutative associative subalgebra of A.

By Lemma 8, B = B* and hence Lemma 5 implies that A= Al A=A 1+
and Ag=A,. Thus (A;+A4,)* =4 +A, andagainby Lemma5, Aj+A4, =
B +z - B =B+ 2B where B + zB is a commutative associative algebra and B
is a truncated polynomial algebra. Now A* is an algebra in the class € and
hence the algebra B is just the one used in the description for an algebra in €.
We shall freely use the results given in Lemmas 5—8 without reference to their

origin.
Lemma 9. If a and b are in B, then

[yia, yjb] = [yi, yj](ab) (G, j=0,---,m

Proof. Letting w = yp x=a, and y = y].b in (13) we obtain [yla, y’.b] =
y; la y’.b]T+ a-ly, yl.b] =y, y].b]a. Applying the same procedure to
by, 1, y,.b] we see that [y a, y].b] =y, y,.]b)a =y, yj.](ab). The last equality
holds because (x, @, b) = 0 forall 4, b in B and x in A. For if x=c+dz +

E:.”=oyibi where ¢, d, and the b/’s are in B, then

(xa)b = <ca + daz + Z y;b;a)b = clab) + (dz)(ab) + Z y;b,(ab}
i=0 i=0

= [c+dz + Z ¥; bi) (ab) = x(ab)

=0

by the Corollary to Lemma 7 and the fact that A + A, is commutative and
associative.

Lemma 9 reduces the study of the commutation properties of A% to the
study of the y.’s under the commutator product. We can obtain a similar result
for the case where the commutator has one element from A% and the other

from zB.
Lemma 10. If a and b are in B and z = u— v, then
ly,6 zal =y,, z1(ab) (i=0, ..., m).
Proof. Let w=y,x=b, and y = za in (13). Then [y}, zal=y, - b, zal
+b. [yi, za) = [)’i. zalb. Again using (13) with w =z, x=b, and y =y,

- [yl., zal =z - la, yl.] +a- [z yl.] =~ [yi, zla. Hence [yib, za) = ([yl., zla)b =
[)'i. z](ab).
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Next we prove an important result relating the multiplication in A% with

multiplication between A% and zB.

Lemma 11. Let a, b, and c be in B, then
(14) y;a - ly;b, ucl = %(zc) - ly;a, y;61 (G, j=0,---, m).

Proof. Let x = y;a ¥y =uc, and z =y.b in (12) to obtain [yza - uc, yjb] =
lya y].b] - (uc) + y,a - luc, yjb]. Now (y.a) - (uc) = (y,a) - Wzc + ) = Wy a)c
and by Lemma 9 and the fact that Al + Ao is commutative and associative,
[(yia)c, yl.b] = c[yl.a, y].b]. Hence Vzc[yl.a, y].b] = uc - [yia, y].b] +ya- [uc, y].b]
or equivalently

y;a-ly;b, ucl =1 —~1%)cl - ly;a, y bl

But u ~— % = %z so (14) is proved.

For the remainder of the paper let us assume that Y is in AO +A, for
i, j=0,---,m Foranalgebra A in the class §§ satisfying this condition, the
commutativity of A is related to that of A% and to the multiplication between

the idempotent z and elements in A%.

Theorem 4. The following are equivalent:
(i) A is commutative.
(ii) A% is commutative.

(iii) ua, =a,u for all a,, in A%.

Proof. If A is commutative, then certainly A% is also commutative. Now
assume that A% is commutative and suppose that [y’., u] # 0 for some j. Let
x be any element in A%, then x = E;’;Oyiai where the a.’s are in B. By (14)
with b=c=1,x - [yj, ul = (27 _y.a,) - [y,., ul =37 ya,- [y]., ul =
3 Yz lya, y,.] = 0.

Therefore x - [y].. u] = 0 for any x in A%. But A* is simple and so has
no nonzero y in A% such that x - y = 0 for all x in A%. Hence [y’., u] =0 for
j=0,---,m Since u= Y%z + 1), Lemma 10 implies that [yl.a, ul =0 for a in
B and i=0; ..., m. Hence u commutes with everything in A%.

Now assume (iii). We already know that Al + A0 is a commutative sub-
algebra of A and that the subalgebra B of A, + A commutes with every element
in A. Since u commutes with everything in A%, we know by Lemma 10 that
zB commutes with everything in A and all that remains to be shown is that A%
is commutative.

By (14) %z . [yi, y7.] =0(, j=0,...,m), and so z(l/zz[yi. y].]) = %[yi, yl.] =
0 since B + zB is commutative and associative and z2 = 1. By Lemma 9
[yia, yib] = [y‘i’ y].](ab) = 0 and thus A% is commutative. Therefore A is a

commutative algebra.
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Lemma 12. [y,q, y;bl isin zB for a, b in B and i, j=0,.++, m.

Proof. Again by Lemma 9 it is sufficient to show the result for [y, yj]. We
know that [y, y].] is in B + zB. Now [y]., u] isin A, and hence y, - [y,., 4] is
in B because of the way multiplication is defined in A*. By equation (14)

z[y{, yj] is in B. Suppose [yi, y].] =b, + zb, where b, and b, are in B. Then
z[yi, y].] = z(b1 + zbz) =zb, + b, is in B. Butthen zb, must be in B and thus
b, =0 since zBN B= 0. Hence [y, y’.] = zb, is in zB.

The next two lemmas follow as consequences of Lemmas 11 and 12.

Lemmal3. If a, b, and c are in B, then (y.a) - [yib, uc) = (y;+ [y]., u})(abc)
(i, j=0, e, m).

Proof: By Lemma 9 [y a, y].b] =y, yj](ab) and by Lemma 12 [y, yj] = zd
where 4 is in B. Hence [yl.a, y].b] = (zd)(ab) = dab). Then zc[yia, y].b] =
(zc)(zdab) = bdac = [Azd)(abc) = (z[yl., y].]) - (@bc). Using (14), we have
(v,a) - ly;b, ucl = Azo)lya, y;bl = U4ely,, y )Nabc). But by (14) Wy, vyl =
y;e [y}., ] so (y,a) - [y].b, uc) = (y, - [yi, u))(abc).

Lemma 14. Let A, =(yB, -++, y,B), @ and b be in B and [y’., ul =

S Y (=0, -, m) where the a's are in B. Then for i, j=0, ¢, m,
m
(15) [aDik(ajkb) - bDik(a;‘k“)] =0.
k=0
Proof. By Lemma 13 (yia) . [y].b, ud) = (yi . [y]., u])(abd) for all a, b and
din B and i, j= 0, +++, m. However, Lemma 10 allows us to write [yjb, udl’
= [y]., ul(bd). Hence

5,0 - iy, 6D} = O, - by, uD(abd)

or

(yia) . Zyk(ajkbd) = (yi . Zykaik> (abd).
k=0 k=0

Using the multiplication defined for A* we obtain

m
) My, -y,) (aa!.kbd) + aDik(aikbd) - (ajkbd)Dika]
k:

= Z y, -y (aa,.kbd) - “jkDik(“bd)]’
k=0

Now each D, is a derivation on B so the above equation reduces to

kz(:) [aD, (a  bd) — (bd)D  (aa )] = 0.
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Letting d= 1, we obtain (15). Our final result relates the commutativity of A
to properties of the derivations on B used by Albert [4] in defining A*.

Theorem 5. Suppose the subalgebra B of A has n generators Ky veey X,
and A% = (yOB, R ,ymB). If for each n=0,«++, m there exists some i and
some b such that x,D, =s, £0, Sy, in F, and x,D;, =0 forall t # n, then

A is commutative.

Proof. {yj, ul isin A, for j=0, -+, m. Suppose ly, ul = 2 Va4
(j=0,---, m) where the u].k’s are in B. By Lemma 14
m
Z [aDik(a,.kc) - ch.k(a].ka)] =0
k=0
for all @ and ¢ in B. Let j=g¢g, n=r and let i and b be chosen as in the
hypothesis of the theorem. Letting c=1 and a= x, we obtain

m
D lx,Dya, — 1D, (a  x,)] = 0.
k=0

Now 1D, =0 and x,D;, = 0 except when k=r. So we have Spr3q,= 0 and
since s, #0, a,,=0. But ¢ and r were arbitrary, so a;, = 0 (j, k=0, «++, m).
Therefore 1y, ul = 0 forall j= 0, .+, m and by Theorem 4, A is commutative.
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