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ABSTRACT. We obtain some theorems concerning parafree groups in certain
varieties, which are analogs of corresponding theorems about free groups in
these varieties. Our principal results are: (1) A normal subgroup N of a para-
free metabelian group P of rank>2 such that N . v,P has infinite index in

P is not finitely generated unless it is trivial. (2) If x and y are elements
of a parafree group P in any variety containing the variety of all metabelian
groups which are independent modulo ',VZP, then the commutator [x, y] is not
a proper power.

Introduction. In this paper, we shall prove analogs, for parafree groups(1) in certain
varieties, of some theorems concerning free groups in these varieties. These latter
theorems, in turn, are generalizations of classical theorems about absolutely free
groups, i.e. free groups in the variety of all groups. We shall not be specifically
concerned here, however, with absolutely parafree groups, although some of our
results do hold in this case. In fact, we shall be dealing mainly with certain
types of product varieties.

The bulk of the paper, following a brief preliminary section, consists of two
chapters.

In Chapter I, we consider a well-known theorem of O. Schreier [10], asserting
that a nontrivial normal subgroup of an absolutely free group of finite rank is
finitely generated if and only if it is of finite index. G. Baumslag [3] considers
possible generalizations of this theorem for certain relatively free groups and
obtains the following result:

Let U and B be varieties of groups, U not the variety of groups of order 1,
and let F be a noncyclic freee group in UB. Let V(F) denote the (unique) mini-
mal normal subgroup of F such that F/V(F) lies in 8. Suppose that N is a non-
trivial normal subgroup of F such that F/V(F)N is infinite. Then N is not
finitely generated.

Note that in the case where Il and B are both the varieties of all groups,
Baumslag’s theorem reduces to the ‘‘only if’’ part of Schreier’s theorem. Our
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contribution is to prove a form of Baumslag’s theorem, replacing the free group F
by a parafree group P. However, we must make a drastic restriction on the vari-
ties 1 and B. More precisely we shall prove:

Let P be a parafree group of rank > 2 in the variety U2 of all metabelian
groups. Let N be a normal subgroup of P such that |P/N . y,P| is infinite.
Then, either N =1 or N is not finitely generated.

Notice that the free groups in U2 are actually parafree, being residually nil-
potent, and therefore our result can be viewed as a partial generalization of
Baumslag’s theorem.

In Chapter II, we shall prove the following theorem:

If P is a parafree group in any variety B containing the variety of all
metabelian groups, and if x and y are any two elements of P which are indepen-
dent modulo y,P, then the commutator [x, yl is not a proper power.

This result generalizes the analogous result for free groups, provided B is
either the variety of all groups (G. Baumslag [2]; W. Magnus, A. Karrass and D.
Solitar [8]) or the variety of all metabelian groups (G. Baumslag, B. H. Neumann, H. Neu-
mann and P. M. Neumann [6]). I U is a variety which lies strictly between the variety
of all groups and the variety of all metabelian groups, then a free group in 1 is
not necessarily a parafree group, and therefore our theorem does not apply directly
to free groups in such varieties. Nevertheless, the result is still true for free
groups F in U, 11 > U2, Indeed, we need only observe that F/y,F is free in Uz,

We would like to mention that the techniques developed in this paper can be
used to prove the following result:

A parafree group of infinite rank in the product variety ?I?Iz bas a trivial
center.

The proof is, unfortunately, very complicated, and, moreover, does not seem
to generalize to other varieties (not even to 912[?, p an odd prime); thus it has
not been included here. It should be noted, however, that the analogous result
for free groups is known to be true for a class of varieties including all the ?I?Ip,
p prime; see e.g., M. Auslander and R. C. Lyndon [1].

The content of this paper is based on the author’s doctoral thesis, written
under the direction of Professor G. Baumslag. I would like to take this opportun-
ity to express my deep appreciation to Professor Baumslag for his guidance and

encouragement.

Preliminaries. We refer the reader to H. Neumann [9] for the definition of
varieties, product varieties, metabelian groups, nilpotent groups, residually nil-
potent groups, lower central series of groups, relatively free groups, basic commu-
tators and left normed basic commutators. (The definition of basic commutators

in H. Neumann is given for finitely many generators only. When infinitely many
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generators are involved, only obvious modifications are required, see e.g. [11].)
Next we give certain definitions which were introduced by G. Baumslag and
can be found in his papers [4] and [5].
Let G be any group and let y G be the mth term of the lower central series.

Then the sequence
G/yZG, G/y3G, cee

is called the lower central sequence of G. Let H be another group. Then H and
G have the same lower central sequence if there are isomorphisms 6, from
G/y,G onto H/y, H such that 6, induces 6, _, on G/y,_,G to H/y,_,H for
k=2,3,....

A group P is termed parafree in a variety 8 if

(i) P e,

(ii) P is residually nilpotent, and

(iif) P has the same lower central sequence as a free group in 8.
A subset X of a parafree group P is called a parabasis for P if X freely gener-
ates P modulo y,P. It follows that if X is a parabasis of P, then X freely
generates P modulo y, P for n> 2.

We now list the notation which will be used throughout this paper.

Notation.
x” the transform y~lxy of x by y, x, y € G.

toot )
X1 I Y2 (x, Yi» +++ ¥, inthe group G).

[xl, x2] the commutator xi"lxz'lxlx2 of x; and x,.

[xl, Xyy eee, x"] the left normed commutator [[xl, Xyy ttt, xn_l], xn].

[xl, kyxy, ooe, knxn] the left normed commutator with %; repetitions of X
y+o+,mn,and k; > 0. If k, = 0 the element x; does not appear at all.

H< G H is a subgroup of G.

gp (X) the subgroup of G generated by X, where X is a subset of G.

8Pg (X) the normal subgroup G generated by X.

[A, B] the group generated by the commutators [a, b], a € A, b € B.

y,G the nth term of the lower central series of a group G.

|S| the cardinality of a set S.

S\T the set theoretical difference between S and T, where T is a subset of S.
{sl, e, §k, e, sn} the set {sl, cee, sn}\{sk}.

Z the set of integers.

mln m divides u (m, n € Z).

m4n m does not divide n (m, n € Z).

U the variety of all abelian groups.

?In variety of all abelian groups of exponent dividing » (n > 2).
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CHAPTER 1

1. The purpose of this chapter is to prove a generalization of a theorem of G.

Baumslag [3]. Our result can be stated as follows:

Theorem 1. Let P be a parafree froup of rank > 2 in the variety o2 of all
metabelian groups, let N be a normal subgroup of P such that |P/N . y,P| is in-
[inite. Then either N=1 or N is not finitely generated.

The main tool used in the proof of the theorem is a formula expressing an
arbitrary element of P as an infinite product in an appropriate sense. (This form-
ula will also be used in subsequent chapters.) Aside from several special cases,
the proof of the theorem proceeds by contradiction, first reducing to the case when
P is parafree of rank 2. The assumption that N is finitely generated, together
with the other assumptions, leads to (several) systems of (k + 1) linear inhomo-
geneous real equations with & unknowns (where & + 1 = number of generators of
N). These systems must, on the one hand, always be solvable, but, on the other
hand, we can arrange matters so that some of these systems are not solvable.
This involves making certain estimates on the terms of the system.

The rest of Chapter I is arranged as follows. In $2 we prove our infinite
product formula. Some technical lemmas concerning commutator formulas are de-
rived in §§3 and -4, and in §5 we introduce certain real functions which are used
in making our estimates. Then, in §6, we carry out our reduction to the rank 2

case, and, finally, we complete the proof in $7.
2. Let g be an arbitrary element of a group G. We write

00 n _1
g = g; iff <H gi) 8 €y,G, forall n

T

Now suppose that G is residually nilpotent and let g € G. Then we may
choose elements g, g,, -+ of G such that g, € y, G and such that

=818 "8, modulo 7n+1G'

It follows immediately then that

=

8= gi'

i=1

If one imposes certain extra conditions on the group G, then every element of
G can be written uniquely as a particular infinite product. This is the essence of
the following discussion.

Let G be a residually nilpotent group. For every n > 1, choose a collection
s, of elements g, €y, G, a(n) ranging over some index set A , so that

every element g €y G can be uniquely expressed as a finite product of powers
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of the elements g, ., modulo y , G. Thus, if we fix a well-ordering of S, we

may write uniquely as
y &, quely

k
Pn,a;(n) -
w118y modulo v,,, G,

i=1

where g < 8n,ap(n) and P, a;(n) € Z. Clearly, every element g of G

n, @1(n) <

can be written as follows:

- ﬁ & n)gpn,ai(n)
] n,a;(n) ’

n=1

|~

~
Il
—

where k(n) is a finite nonnegative integer, with the understanding that

0
I-Ii=l 8n,a;(n) = 1, and 8n,ay(n) < En,ay(n) <eer< gn,a-k(n)(n)' Suppose

111

where 0 < k(n) < o, 0 < Un) < =, 8n,a1(n) Seee <gn, T (n)(n)’ and &n, B1(n) <
Then for all n> 1, k(n) = I(n) and a (n) = Bn) forall > 1 and 1<

oo l(n)
pn.a,'(n) _ Pn, Bj(n)
" aj(n) H - gn.,Bj(n)

n=1 1=1

II: 1'\

. <

81, Bi(nym
i < k(n).
Let P be a parafree group in the variety of all metabelian groups, with x,,
A € A as parabasis. For every n>1, let S, be the set of all left normed basic
commutators in x), A € A of weight n. (Of course, we assume that the sets Sn
are well-ordered.) Using a theorem of W. Magnus (see e.g. [9]) on the indepen-
dence of the left normed basic commutators of weight > 2 in a free metabelian
group, it follows immediately from the preceding discussion that every element of
P has a unique form as an infinite product of powers of left normed basic commu-
tators in the x)’s, arranged in an increasing order. This representation of ele-

ments of a parafree group in U2 will be used in Chapter II as well as in Chapter I.

3. Throughout this section we shall mainly deal with metabelian groups.

The first four lemmas are known, and hence their proofs will be omitted.

Lemma 3.1. Let G be any group, and let x and y be any two elements of G.
Then
() b, y= 1= (x y1= 7,
D) [x™1, yl = (e, y1= 177!
GiD) ™!y~ 1) = [, Y}

Lemma 3.2 (P. Hall). Let G be any group, and let x, y and z be arbitrary
elements of G. Then

e, y=L 2P [y, 271, x)3 [z, 71,y =1
Yy y y
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Lemma 3.3. Let G be any group, and let x, y, and z be arbitrary elements

of G. Then
(i) [xy, 2] = [x, 21 [y, 2],

(ii) [x, y2] = [x, 2]1[x, y]*,

(iii) [x, y¥ =[x, yl [x, y, 2]
Moreover, if G is a metabelian group, then

(iv) whenever x € y,G, x** = x*7,
(v) ¥, ys] =[x, y](1+x+...+xr—l)(1+y+...+ys—l)

where r and s are positive integers.

Lemma 3.4. Let G be any metabelian group, and let x and y be any two
elements of G. Then ly, kx, ly, mx] = [y, (k + m)x, ly] where k>1,1>0 and
m> 0.

Proof. The proof can be found in H. Neumann [9, p. 96].

Lemma 3.5. Let G be any residually nilpotent metabelian group. lLet g be
an element of y,G, and let b be any element of G. If we write g= ]1?°=2gi where
8, €v;G (i > 2), then

() lg, P =007, (g, B,

(ii) g” =107, &7 -

Proof. Using Lemma 3.3 and the fact that y,G is abelian, we get

n
(1) g, #] = H [gl., bl modulo Y0420 (n>2).
i=2
Hence, (II7_, [g;, ) llg, bl e ¥,+2G (#>2). Thus, (i) is proved. The proof
of (ii) is similar, and hence is omitted.
Before stating the next lemmas, we shall introduce certain notation.
Let G be any group, and let x be an arbitrary element of G. If k& and [ are
any nonnegative integers, let a(k, /, x) denote the following element of Z(G),
the group ring of G over the integers:

al0, i, x) = x* forall i>0
and inductively,
-1
alk, I, x) = Z a(k-1,4, x) forall k>0 and [ >0,
i=k-1
where our convention is that Zli_:;_l alk-1,i,x)=0 if I<k. Thus,
alk, I, x) =0 whenever [ < k. Moreover, one should observe that a(k, k, x) =1
for all &> 0.
Next, we shall denote by m(s, t), where s >0, ¢ >0, the following nonnegative

integer:
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m0, t)=1 forall t>0,
and inductively,
mis, t) = Iil m(s —1,i) forall s>0 and t>0
i=s-1
and again our convention is that whenever ¢ <s, El:sl_l m(s -1, i) =0. Thus
m(s, t) =0 whenever t <s. Furthermore, it can easily be checked that m(s, s) =1
for all s > 0.

Now we are ready to proceed with the lemmas.

Lemma 3.6. Let G be any metabelian group. If Xps Xg, trr, X and z are
arbitrary elements of G such that n> 2, then

g%y oee, xn]a(k'l’Z) =lxp, %y, oo, 2 IR0 Lepp oo x, 2]+ 1L 2)
where k>0 and 1>0.
Proof. The proof is by induction on k. If k=0, we must show that

bxy, %y eey & 20002

1
(1) _ [xl’ PIRTR "n]m(o'l)["l' x %, z]a(l,l,z)‘

2t
By definition we get

(2) CL(O, l7 Z) = zl

and
-1

(3) a(l, I, z) = z a(0, i, z).
i=0

We observe that if I =0 equation (1) holds trivially. Thus, assume that /> 0.
Using Lemma 3.3 and equations (2) and (3) we get

1
[xl, Xyy oo, xn]z =[xl’x2’ e, xn][xl,xz, oo, xn’ zl]

+oatzl=1
=[x1’ xz, ‘."xn][xl’x27...7x"l7 z]1+z +z

= [xx, xz, LN xn] [xl, x2’ e, X"’ Z]a(l,l,z)'

Thus, equation (1) holds. Next, we shall assume that the result holds for some
fixed k> 0, and we shall prove that the following identity holds:

+
[xl, Xyy oee, xn]a(k 1,1,z)

+1,1
=[xy, %y, -+ ,xn]"'(k ) [x

(4)
kt+2,1,
l,xz,..-,x",z]a( Z).

Using the induction hypothesis and the fact that y,G is abelian, we get
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S ak,i2)

+ =k
[xl, x2, DY xn]a(k L.Lz) = [xly xz, ) xn] !

) 1 -1
<l-1 . </- .
2.7 m(k,i) 2T, a(ktl,i,z)
=[x1)x27”'yxn] i=k [xlyxzy”')xny Z] =k
By definition we know that
-1
(6) E m(k,i) = m(k + 1, )
i=k
and
=1 -1
) Za(k+l, i, z)= E alk+1, i z)=alk+2,1,2).
i=k i=k+1

Now, equation (4) follows immediately from equations (5), (6) and (7), and thus the

proof of the lemma is complete.

Lemma 3.7. Let G be any metabelian group. If x,, x,, --+, % and z are
arbitrary elements of G such that n> 2, then

!
1 .
EZPESTRTRINE M i H EIPEZTRETINE A iz]m ()
=0
where 1> 0.
Proof. The proof is by induction on [. Suppose /=0. Then
0
["1’ Xyy tte, xn]z - ["1’ Xy ey xn]m(0.0)
because m(0, 0) = 1. Next, we shall assume that
|
(n [xl’ Xyttt xn]z] = H [xl, Xyy oo X, iz]m (i) for j < 1,
i=0

where [ is a fixed positive integer, and we must show that

141 M .
@ bx, % oo 2 15 = H Lry, %90 o 5 %, 2D
=0
We first observe that by definition ;’l = a(0, I, z). Thus, using Lemma 3.6 we get
lx), 2y o7 s xn]zI” = lxy, xp, -oe, 2 JHOILE)
(3) =lx), %y, 000, xn]mi.o.lﬂ)[xl’ Xyt %, £]H(L141,2)

2 a0,4,2)

= ["1’ xz, ctt xn]”l(o'1+l)[xly xz’ Tt xn7 Z] !

Using the induction hypothesis, equation (3} and the fact that y,G is abelian, it
follows that
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I+1
[‘xlr xz; DY x”]z = [xl, x2’ cee xn]”‘(o'1+1)

i

1
¢ H H [xlv xz’ MR xny (1 + i)z]m(l'])
j=0 =0

(4) ’

0,1+
=[x1,x .. ,xn]'"( 141)

20"

! sEomGag
. H [xl: Xy "ty X (i+1)) i=1

i=0

By the definition, we get

1
(5) mi+1, 1+1) = 3 mii, 7).
i:l
Hence it follows immediately from equations (4) and (5) that

1+1 +
ey xgy ooe 2 )% =[x, x,, ...,xn]"(o'l D

! .
© I g %gs - oo s %, (L DRIEFLED)
i=0

1+1

= q [x1’ xzy MY xﬂ’ iz]m(i’l+l)
i=

and the lemma is proved.

Lemma 3.8. Let G be any metabelian group. If x and y are any elements
of G, then

1
1 . 1
[y, mx, ny}*" = ! I [y, (m + i)x, ny) s
i—_-o

where m>0,n>0 and 1> 0.
Proof. The proof of this lemma follows easily from Lemmas 3.4 and 3.7.

4. In this section, we shall deal with parafree groups of rank 2 in the variety
of all metabelian groups. Using the ideas developed in §2, it is easy to see that
if a and b are a parabasis of P, then every element p of P can be written

uniquely (modulo permutation of the commutators) as follows:
k k k
p=a 0.0b 0,1 n [b, ma, nb] m,n,
mZ 1 ;ﬂZO

here kg, o, k3 ; and & (for m > 1, n>0) are any integers. This representa-
’ ’ m,n - -
tion of elements of P will be used repeatedly in this section.
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The following lemma is essentially well known [7].

Lemma 4.1. Let P be a parafree group of rank 2 in 2. If a and b form a
parabasis of P, then

(b, ma, 3 Lk II (b6, ma, (n + i)b](-”i
i:o
where m> 0 and n> 0.

Proof. We shall first show that for an arbitrary positive integer k the follow-
ing identity holds:

k=1 .
W (b, ma, w6l = T] (5, ma, (n+ DBV ([, ma, (n+ BB -DHETE
i=0

The proof of equation (1) is by induction. Suppose k =1. Then we must show
that

2) (&, ma, A LI (b, ma, nbl([b, ma, (n + 1)p]-1)e
It follows from Lemmas 3.1 and 3.3 that

(3) (b, ma, . L (b, ma, nb)(b, ma, nb, b=']

— (b, ma, nb) (6, ma, (n+ 1)6]~1)E7".

Next, suppose equation (1) holds for an arbitrary fixed &> 1. Then we shall
show that

(b, ma, nblo™" = fI (b, ma, (n + 1))~ 1
(4) i=0
-1
- (b, ma, (n + k+ DB~ DT
Using the induction hypothesis, Lemmas 3.1 and 3.3 and the fact that y,P is

abelian we get

. k=l .
(b, ma, nb)® . H (6, ma, (n + DB~V . (b, ma, (n + Ie)b](’"l)k)b‘-1
i=0

k .
H {6, ma, (n + ) (- 1* [, ma, (n + k)b, b'l]("l)le

(5) i=0

k N 1(=1)E —1yp~Ly(=1)k
H (b, ma, (n + i)b] {6, ma, (n+ b+ 1)B)")° '}
i=0

k 7 k+tl,p-1
= H (6, ma, (n+ )Y~V ([, ma, (n+ k+ 1)p)-DFT)E™0,
i:o
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Thus, equation (4) holds, and hence equation (1) is true for all 2> 0. Since the
commutator ([b, ma, (n + k)B)(=1*)~1 belongs to Yy tn+1 45 P> it follows

immediately from the definition of an infinite product that

(b, ma, nb]b-1 = n (b, ma, (n + z')b]('”i,
i=0
and thus the lemma is proved.

Corollary. Let P be a parafree group of rank2 in 2. If a and b form a
parabasis of P, then

(6, ma, nb, b~ 1] = H (6, ma, (n + B (-1,
i—_—l
Proof. The proof follows immediately from Lemmas 3.3 and 4.1.

Lemma 4.2. Let P be a parafree group of rank 2 in U2, with a and b as a
parabasis. Then

(b, ma, nb, kb~ 1] = H (6, ma, (n + )b}
i=k

where m>0,n>0, k>1 and the p, are integers depending on k.
Proof. The proof is by induction on k. If k=1, then the statement of Lem-

ma 4.2 is reduced to the statement of the corollary of Lemma 4.1. Thus, suppose
the lemma holds for an arbitrary fixed &> 1. Then we shall show that

(6, ma, nb, (k+1)b~ '] = H (b, ma, (n + Db}
i=k+1

for shitable m>0,7>0, k>1 and p, € Z. Using the induction hypothesis,
Lemma 3.5 and the corollary of Lemma 4.1, we get

(5, ma, nb, (k +1)6~11 = [b, ma, nb, kb~ ', b~ 1]

= [H (b, ma, (n + )B)", b~ l] = ﬁ[b, ma, (n + )b, b~ 11"

i=k i=k

= ﬁ(ﬁ[b: ma, (n + i+ i)b](-l)j>#i = ﬁ (6, ma, (n+ l)b]pl,
1.

i=k \j=1 —k+1

where p, = 2,~+,-=1;,21 ik (-1y ;. Clearly, p, € Z, and hence the lemma is
proved.

Lemma 4.3. Let P be a parafree group of rank 2 in U2, with a and b as a
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parabasis. Let p be an arbitrary element of y,P. If we write

(1) p= H {b, ma, nb]k"""
m> 05n>0

and /
pbs = H [6, ma, nb] ™",
(2) m>03n>0

where k.1 and s are integers, then ko =1 ., forall m.

m,n
Proof. We shall first suppose that s > 0. Using Lemmas 3.5 and 3.7 and
equation (1) we get

pbs =< rI " [b, ma, nb]km'">bs = H ([, ma, nb]bs)km'"

>0;7>0 n>0;n>0

(3

s .
H <H (b, ma, (n + ,')b]m(l,s)>’°m,n
m>0;n20

i=0

S .
N1k m(i,s)
H (6, ma, (n + i)b] ™" .
m>0;n>0 i=0
Now, we observe that the infinite product,

]

S .
H [b, ma: (” + i)b]km'n.m(l'S)
m>0;n>0 i=0
contains a commutator ending with an a if and only if » = 0. Furthermore, if
n = 0, the commutator [b, mal appears to the power k,o- m0, s) = k_ ,, for
all m > 1. Using the above fact, Lemma 2.1 and equation (2), it is clear that
k o=1 o forall m>1.
m, m, -
Next, suppose s <0, and put £=~s and c = b~!. Then, as in equation (3)

we get

s -1)y—s t
Pb =P(b ) =pc

¢ )
4 = H H[b, ma, nb, ic]‘km'".m(l'”

m>0;n>0 =0

t

) H H (b, mia, nb, jp=1]fm.nem(it).

m>0;n>0 ;=0

Using Lemma 4.2 and equation (4) we get

o .
® p* = H H (H (6, ma, (n + j)b]"fni>"m,n°m(z,t)’

m>0;n>0 i=0 \j=i
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where K (j > 1) are integers such that Boo=1 and Bio = 0 whenever j>0.
Thus, we observe that the infinite product on the right-hand side of equation (5)
contains a commutator ending with an a if and only if n=0. Furthermore, if

n =0, then the commutator [6, ma] appears to the power k.o- m(0, t) = k., 0
for all m > 1. Thus, as in the previous case, it follows that km,o = lm,O for all

m > 1. Hence the lemma is proved.

Lemma 4.4. Let P be a parafree group in U2 of rank 2, with a and b as a

parabasis. If

p=t I b ma, no]*mn,
m>0;2>0

then pat ="b°[b, a]5t+kl’o - I commutators of higher weight, where s> 0, and t > 0.
Proof. We first note that p = 5°[b, a1*1° modulo y3P. Thus, using Lemma
3.3 we get
pa‘ = (6%, a'1([b, a]kl,O)at = 5[b, al5t[b, a]kl,o
= b°[b, a]“ﬂel’o modulo y,P.
Hence the lemma is proved.
5. Lemma 5.1. If we put
£, = Lx = (n = DI/t
where x €R and n is an integer >0, then m(n, 1) > { (1) for all t > n.

Proof. The proof is by induction on n. Suppose n =0. Then we must show
that

(1) m(0, 1) > fo(t) forall £>0.

But, by the definitions, we get

(€] m0,)=1 forall >0
and
3 fo=(+1)°/0! =1 forall £>0.

Now, equation (1) follows immediately from equations (2) and (3). Next, we shall

assume that the lemma is true for an arbitrary fixed 7, and we shall show that
(4) min + 1, t)Z/nﬂ(t) forall t>n+1.
We first observe that [ (x) is an increasing function for all x > (n - 1), and thus

the sum, Ei;ﬂl {,(2) (¢ > n), is an upper approximation of the integral [* :llln(x) dx.
But
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f"l /() dx _f"‘l f’i_‘_ﬁl_‘_l_”_
(5) n-= n!
fx — (n - 1)3"“]"‘ (t = n)n !

m+ ! aor (me D)

Using the induction hypothesis we know that
(©6) /n(i) < mln, i) for i>mn.
Thus, using the upper approximation together with equations (5) and (6), we get

([ - n)n+l t—1

7) W" IZ f(z)< Z mn, i) = m(n +1, t)

i=n
for all t > n + 1. But, by definition,

(8) [ (8) = (- )"t/ (n 4+ DL
Now, the lemma follows immediately from equations (7) and (8).

Lemma 5.2. If we put go(x) =1 and g, (x) = x™/n!, where x €R and n is an
integer >0, then g (£) > m(n, t) forall t>n.

Proof. The proof of Lemma 5.2 is similar to the proof of Lemma 5.1 and hence

is omitted.

6. Lemma 6.1. Let P be a parafree group in the variety u2, If N is a nor-
mal subgroup of P such that N <y,P and |P/Ny,P| is infinite, then either N =1

or N is not finitely generated.

Proof. Suppose N £1 and N is finitely generated. Since y,P is a torsion
free abelian group, N is free abelian of finite rank. Now, let a be any element
of N different from the identity. As the center of P is 1, it follows that there is
an element b of P such that [a, b] £ 1. Using a theorem of G. Baumslag [3] it
follows that

H-gp(a®'1i=0,1,2,...)

is free abelian of infinite rank. But H < N, and hence we arrive at a contradiction.

Thus, the lemma is proved.

Lemma 6.2. Suppose Theorem 1 is true whenever P is a parafree group of

rank 2. Then Theorem 1 is true for an arbitrary, noncyclic, parafree group P.

Proof. We shall first assume that P/Ny,P is periodic. Then, since
|P/Ny,P| is finite, it follows that P is of infinite rank. Let 7 be the natural
homomorphism of P onto P/y,P. Then, clearly, it is enough to show that Ny
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is not finitely generated. Next, suppose N7 is finitely generated. Then, Pn/Npy
is not periodic, because P7n is a free abelian group of infinite rank. Thus we
have arrived at a contradiction.

Next, we shall assume that P/Ny,P is not periodic. Using Lemma 6.1, it
is enough to consider the case when N is not a subgroup of y,P. Now, suppose
N is finitely generated. Then using the basis theorem for free abelian groups,

there exists a parabasis, X, of P and a finite subset {xl, cee, xn}, of X such
that the group Ny, P is generated by the elements x; l, Xy Ty e, x:" modulo
y,P, where a . €Z (i=1,2, ..., n). Furthermore, since P/Ny,P is not periodic
and N is not a subgroup of yZP, it is easy to see that X and its subset
{x), +++, x_} can be chosenso that a; =0, a, £0 and xgz /E/yZP. Now, put
(1) K = gpp(X\ix,, x,])
and
(2) J = n ynP . K.

n

Using a theorem of G. Baumslag [3], we know that P/] is a parafree group of
rank 2. Let p be the natural homomorphism of P onto P/]. Then, it is left to

show that

(3) Nu £ 1

and

(4) |Pu/Npy,(Pu)| is infinite.

We shall first show that equation (3) holds. We know that there exists an
element n of N such that » = xgz - p' where p' €y,P. Now, P/K/yZ(P/K) is
free abelian of rank 2, freely generated by x;K and x,K modulo y,(P/K). So
let p be the homomorphism of P/K/y,(P/K) into P/y,P defined by

x; K« (y,(P/K))p = x; v, (i=1,2).

Then, clearly, n . K(y,(P/K))p# 1 and thus nﬁ/sz - KDJ. Hence Nu #1.
Next, we shall prove (4). Let v be the homomorphism of P/]/y,(P/]) into
P/y,P defined by
1, P/Dv=xy,P (i=1,2).

Now clearly

G) N -y (P/ D = Lgp(xy 2)) - (v, (P/ v = gp (x5 2 - y,P).

Suppose "If - ] €(Np) . (yZ(Pp)) for some k& £0. Then using equation (5) we
get x’f y,P €gp (xgzyZP). But x, and x, are independent modulo y,P. Hence

x’f# ﬁ/ (Nw) - (yz(P;;)) for all k #0, and thus (4) is true.
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4.7. Lemma 7.1. Let P be a positive group of rank 2 in the variety U2, If N is a
nontrivial normal subgroup of P such that |P/N . y,P| is infinite, then N is not
[initely generated.

Proof. It follows from Lemma 6.1 that we can assume that N is not a sub-
group of y,P. Thus Ny,P/y,P # 1. Using the basis theorem for free abelian groups,
it follows that we can choose a parabasis, {a, b}, of P such that @ and &°,
where s and r are integers, generates N .y,P modulo y,P. Since Ny,P/y,P #
1 and |P/Ny,P| is infinite, without loss of generality we shall assume that
s £0 and r = 0. Furthermore, we shall assume that s > 0. Suppose N is finitely

generated, i.e. suppose

(1) N=gp(bl,~-,bk).

Clearly b, = bsnib; , where n, € Z and hi' €y,P forall 1 <i<k. Since b° .
y,P is an element of Ny,P/y,P, there is an element p of N such that p = b°p’,
where p' € y,P. Put

(2) g; = (P)_"ibi for 1 <i<k

Clearly, g, € y,P for 1 <i< k. Using equations (1) and (2) we get

(3) Nzgp(bl, ey, bk)z gp(p, 81 gk)= 8P(P) . gp(gll,st, oo, gZSt |t € Z)-

Now, the proof of the theorem is broken into two cases, depending on whether k=
0 or k£0.

Case 1. Suppose k=0. Then N =gp (b°p' ). Since N is a normal subgroup
of P, the element p* belongs to N. Thus we must have

4 pe = pl where /€ Z.
We also know that p = b°p’' can be written as follows:
k
(s) p=t> [ o, ma, nbl ™",
m>0;n>0

where & € Z. Using equation (5) and Lemma 4.4, we get

(6) p* = b [b, oI’ *1° modulo y,P.

Moreover, pl = b’ modulo y,P. Hence I=1. Thus, by equation (4) p% = p

modulo y;P. But this implies that s = 0, and thus leads to a contradiction.
Case 2. Suppose k£ N. Then

(7 N=gp(p)-gpg®’, ..., g8 |t eD)
where g, € y,P, 1 <i<k Put

()

l
(8) g = H (6, ma, nb) ™™ for 1 <i<k,

m>0;7>0
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where 19 ¢ Z, and
m,n

l(i,t)

)] g?sz = H [b, ma, nb] ™"
m>0;n>0

where l(i il) € Z. It follows immediately from Lemma 4.3 and equations (8) and (9)
that l(') l(' ') forall m>0,1<i<k and ¢t € Z. Next, we shall show that for
at least one i, 1 < i<k, l(’) £ 0. Since p* € N we can write

r.
ki Setj,j

a10) v~ 111 &

where ¢, i T and [ are integers. Using equation (6) and (10), it follows that
=1. Moreover, using equations (9) and (10), we get

+Sk

i=17i

e
1,0 H commutators of higher weight.

k
(11) p* = b°[b, a] 10
On the other hand, using Lemma 4.4, we get
(12) [ I a]s+k1’0 . H commutators of higher weight.

Hence, the following identity holds

k.ol

(13) s = r; l(li,)o‘

i=1
But s £0, and so there is an 7, 1 <7< & such that lg‘g # 0. Without loss of
generality we may assume that l(ll’)o #£0. Next, we sha'll write the element g?u
(z>0) in two ways. We shall then derive, for each z, a system of linear inhomo-
geneous equations by comparing the two different representations of g‘fu. On the
one hand, using Lemma 3.5, we get

] D au ,(D
(14) g‘f =< H {6, ma, nb m, ") = H (b, ma, nb]“u) .,

>0;n>0 m>0;2>0
Using equation (14) and Lemma 3.8, we get, for every u>0,

(1)
8‘;1‘ = H n 6, (m + i)a, np)mw) .

m>0;n>0 \ i=0

kt1

H (b, jalr=t 20 =i

S0
n <H (6, (m + i)a, nb)™C u)> mn

m>0;n>0

(15)

(m+i,n) €f(1,0), ... (k+1,0)}

On the other hand, since N is normal, we get
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k
e gt = e 1] &

where u>0,1 €Z, Tiu€ Z and ¢, i € Z. Since g, €y,P, it follows that I =
0 forall u> 0 Thus, usmg equations (9) and (16) and Lemma 4.3, we get
al k Ti,u m.n
gy = H rI H (&, ma, nb]
i=1 j=1 m>0;n>0
sk Gati,j)

(17) H ([5, jal Zicilor iu) ﬁ H (5, ma, nb]l'"’" ,

i=1 j=1 m>0;n>0

(mon) ﬁ({(l, O), A} (k + 1) 0)}'
Using equations (15) and (17) and Lemma 2.1, we get for each u > 0 the follow-

ing k + 1 equations:

(18) ZIJOzu leom(]—z,u) for j=1,2,...,k+1.
i=1
Now, consider a real vector space of dimension k, generatedby 7, u, i=1,2, ...
k. Then the &k + 1 vectors 2;‘___0 lj.'% T (j=1,.--, k+1) must be linearly
dependent. Hence, there exist nonzero real numbers ny, ***, ny 4, such that
k+1

09 S 3 -0

Using equations (18) and (19) it follows that
ktl

(20) Z i l(l m(j — i, u)=0.

]_
Next, we shall show that if u is suffxc1ently large, equation (20) does not hold.

It follows from Lemma 5.1 and 5.2 that whenever « > 0,
(21) =G N =i, @) > fu - G= i = DY/ = DN

We first note that for every u > 0 we get

"k +1 Z lmm(k+1—1. u)+z Zl( ) mij = i, u)

< lnk+1‘ Z |I(1)|m(k+l -1, u)+z |n| Z“(l)lm(j_ i W)
(22) i=2
k i

< |ﬂk+ll Z [ :’1()) (ku B 7; + Z ‘n" 2 |1 (1)| __._L_‘..._.__J!..

j=1 i=1

<) 35 1A 3 > i

=2
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Using equation (22), it follows immediately that there exist positive integers K,
and N, such that whenever > N, we get

k+ k i
@) a3 K ke 1~ g W)+ 3 A 3 I m i W) < Ky kT
1 j=1 i=1

&
—

~
I
[\

Moreover, we note that

k
24 (1) (1y, (u - &)
(24) |2y ) 1) o ks @] > |7y 4 o —
Put lnkﬂlif())l = K,. Then K, # 0 because 7, ,, #0 and l{}g;é 0. Next, we

observe that there exists a positive integer, N, such that N, > N, and such that
whenever u > N, we get

(25) Ky((u - &)/ &) > K u*~ L

Thus it follows from equations (23), (24) and (25) that whenever > N, we get

ktl J )
2% - W
j=1 i=1

> |mp 4 l{ ,1(; m(k, u)|
(26)
ktl (1) k j
- "k+l E 11’0 m(k+ 1-4 u)+z 71]2 Ii“()) m(]- i, u)

i=2 =1 =1
k

> K, (u— B _ K1 > 0.

- k!

Hence, equation (20) does not hold for every u« > N2. Thus Lemma 6.1, and hence

Theorem I, is proved.

CHAPTER I

1. In this chapter, we shall generalize a theorem of G. Baumslag, B. H.
Neumann, H. Neumann and P. M. Neumann [6] concerning free groups in the
variety of all metabelian groups to parafree groups in any variety larger than the

variety of all metabelian groups. Precisely, we shall prove

Theorem Il. Let P be a parafree group in any variety B containing the
variety U2 of all metabelian groups. If x and y are any two elements of P which
are independent modulo y,P, then there is no element z € P such that [x, ¥yl =

z™, m> 1,

Proof. Let us assume, to begin with, that the theorem is true whenever P is a para-

free group of rank 2 in U2, We shall return to this important special case later.
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Let now P be an arbitrary noncyclic parafree group P in %2 and suppose
there exist elements x, y and z of P such:hat x and y are independent modulo
y,P and [x, y] = 2™ for some m > 1. Now, since x and y are independent modulo y,P, there
exists a parabasis X of P which includes two elements a and b such that x and y lie
in gp(a, b) modulo y,P. Next, let

(1) K = gpp(X\1a, b}
and
2 =N ,P . K.

Using a theorem of G. Baumslag, we know that P/] is a parafree group of rank 2.
Now, if 7 denotes the natural homomorphism of P onto P/], then, clearly x7
and yn are independent modulo y,(P/]) and [x7, yn] = (zn)™, where m > 1, thus
leading to a contradiction.

Next, let B be any variety containing U2 and let P be any noncyclic para-
free group in B. As before, suppose there exist elements x, y and z of P such
that x and y are independent modulo y,P and [x, y] = 2™ for some m>1. Now
let

(1) ]= n()’nP * }’3P).

Then it is easy to see that P/] is a noncyclic parafree group in U2 je. is of
the type just considered. But notice that if 7 denotes the natural homomorphism
of P onto P/],then xn and yn are independent modulo y,(P/]) and [xn, yp] =
(zg)™, m > 1, and thus we have again a contradiction.

It remains to consider the. case where P is a parafree group of rank 2 in U2,

We shall require a number of technical lemmas.

Lemma 2.1. Let G be any metabelian group. If x and y are arbitrary ele-
ments of G, then

s ! - \mG.s)
[y, x°%" = H H [y, (I + d)x, jylm0)
=0 \i=0
where s >0 and t>0.
Proof. Using Lemma 3.3 of Chapter I we get
(1) by, 1% = [y, xlly, x, y°x'1 = [y, xlly, = 10y, x, y°1¥'.

Using equation (1) and Lemmas 3.6 and 3.7 of Chapter I we get
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[y, x17°*' = [y, «] H [y, @ + ix]mG ”(H ly, x, jylmG- ‘)>

= [)’. a1+ i)x]M(i.t) = ([ %, § xtym(j,s)
(3] 11:1 E )

m(j,s)

= H [y, 1 + Dx]JmG0) H H [y, @ + dx, jyIm @0

i=0 j=1 \i=0

s t m(j,s)
=TT (IT0 @+ s, jyymeee0
7=0 \i=0

Thus, the lemma is proved.

Lemma 2.2. Let G be any metabelian group. If x and y are arbitrary ele-
ments of G, then

kI t ~\mU.s)
[y" «1= I15 @+, 0
0<s<k-1;0<t<I=1 j=0 \i=0
where k>0 and 1> 0.
Proof. Using Lemma 2.3 of Chap.er I and Lemma 2.1 of Chapter II we get
ko1 tytei tyk=1 -
R R D R O Il [y, x]7°**
0<s<k-1;0<1<1-l

H [)’: (1 + z)x ]y]m(l t)>m(1,s)

0<s<k=1;0<e<I-1 j=0 < =0

Hence, the lemma is proved.

Lemma 2.3. Let G be any metabelian group. If x and y are elements of G
such that

1 N0
¢)) * =8 q 8;
and =
(2) y= bl Hbl
1=

where g. €y,G and b, € y.G, i>1, and I, k>0, then

_[ 00 00
b s =tel # T 47 T 1T,

i=2 i=2 i=2 i=2

:8
..°°
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Proof. Put

(1) g'=ﬁgi

and

) 5 =[5

[November

Clearly g’ and b’ belongto y,G. Now, using Lemma 3.3 of Chapter I and the

fact that y,G is abelian we get

" [x, yl = [gig". pb'1 = gl pi1lgh, b'1Mg", b*]
) "

1
= lel, BIG D1 p'g =1 goPT,

Using Lemma 3.5 of Chapter I we know that

4 -1 Y -1

4) g’ =Hgi
i:2

and

(5) b"‘:Hb;l.
i:z

Thus, using equations (3), (4) and (5) and Lemma 3.5 of Chapter I we get

oo _ I o 00 00 k
e 1= ek 4 TT47° T THer I] <.
=2 i=2 =2 =2

©)
00 _l 00 ks 00
IPED 0 (00 0 O 0 O § O
i=2 i=2 i=2 =2

Thus, the lemma is proved.
Now we are ready to proceed with the proof of Theorem IL.

Suppose then that there exist elements x, y and z of P such that x and y

are independent modulo y,P and [x, y] = 2™ for some m > 1. Without loss of
P Y2 Y.

generality, we may assume that m is a prime. Now, clearly, z must lie in y,P.

Furthermore, since x and y are independent modulo y,P, there exists a para-

basis, consisting of elements

¢)) y
(2) x

a, and b, of P, such that

a; modulo y,P,

aib’f modulo y,P.
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By a theorem of G. Baumslag [4], we may embed P in a parafree metabelian
group P so that a; has a kth root a in P and 4, b, is a parabasis for P. So
in P we find

=gk P
y=a" modulo y,P,

x= aSkaf = (asbl)k modulo 725'

Moreover the elements @ and b= d°b, form a parabasis for P and we have,
setting [ = 7k,

1" y = a' modulo YZF’

" x = b* modulo yZF.

with 7, s, t positive integers. Thus it follows from the discussion in $2 of
Chapter I that x and y can be written in the following way:

3) y=a' [I (b ma, nt)'mn,
m>0;n_>_0
and
(4) x = bk H (6, ma, nb]*™".
m>0 ;n_>_0

Using Lemma 2.3 of Chapter II we get
[x, y1 = [8%, o] II @ ma np*yImn II @ ma np]e ) emn
(5) m>0;n>0 m>0;2>0

1 -
I &omawd™ ] (b ma np]mm
m>0;n>0 m>0;n>0

Now, it follows from equation (5) and Lemmas 3.6 and 3.7 of Chapter I and 2.2
of Chapter II that

t m(j,s)
[X. )’] = <H [b' (1 + z')a, jb]m(i't)>
0<s<k=-1;0<e<I-1 j=0 \i=0
k _lm n
I1 <H [6, ma, (n + i)b]'"“"") '
(6) m>0;7>0 \ i=0
l . km.n
H (H (6, (m + 1)a, nb]"'("l))
m>0;7>0 \i=0
H [&, ma, nb]l'"'" n {6, ma, nb]_k'""'.
m>0;n>0 m>0;n>0

Since we are assuming that [x, y] = z™ where m is a positive prime, the expo-
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nent of each commutator [b, ma, nb] on the left side of equation (6) must divide m.
However, we shall show that this is not the case.

Define a positive integer y as follows: If m 4 m(l, ]), put y = 1. If
m | m(1, 1), let y be the least positive integer such that m 4 m(y, ). Since
m(l, 1) = 1, it follows that y exists and 1 <y <L

Similarly, define a positive integer & as follows: If m 4 m(1, k), put & = 0.
If m| m(1, k), let 8 +1 be the least positive integer such that m 4 m(8 + 1, &).
Again, since m(k, k) =1, it follows that & exists and 0 <8 < k- 1.

Now, we shall show that the exponent ¢ of the commutator [, ya, 85] on the
left-hand side of equation (6) does not divide m. Using equation (6) and the
definition of m(s, t) we get

8
€= Z mly - 1, ym(8, s) - Z L, s_;mi, k)
0<1<k=1;0<s<1-1 i=0

y-1
+ 2 ky gl DLy sy
1=0

k=1 -1 5 y-1
(7) = Z mly -1, t) Z m(d, s) - Z L, 5_;mi, &) + Z ko, _; smli, D)
t=0 s=0 i=1 i=1

s -1
=m(y, &)m(® + 1, D) - Z l'y,S_im(i’ k) + 2 /e,y_i's m(i, 1).
=1 i=1

Now by the choice of y and § we know that m does not divide m(y, E)m(5 + 1, 1)
but m does divide every other term on the left side of equation (7). Thus m
does not divide ¢ and the lemma is proved.
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