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INTERPOLATION BETWEEN CONSECUTIVE CONJUGATE POINTS
OF AN nTH ORDER LINEAR DIFFERENTIAL EQUATION

BY

G. B. GUSTAFSON

ABSTRACT. The interpolation problem x(") + Pn-— 1x("' 1 Feoet Pox =0,

x(i)(t )=0, i=0,¢0¢,k. — 1, j=0,¢¢+,m, is studied on the conjugate interval
la, 'r]l(a)]. The main result is that there exists an essentially unique nontrivial
solution of the problem almost everywhere, provided lt:1 +oeet km > n, and cer-
tain other inequalities are satisfied, with a = ty < ¢ <eee< tn = nl(a).

In particular, this paper corrects the results of Azbelev and Caljuk (Mat. Sb.
51 (93) (1960), 475—486; English transl., Amer. Math, Soc. Transl. (2) 42 (1964),
233-245) on third order equations, and shows that their results are correct

almost everywhere.

1. Introduction. An interpolation problem for the nth order linear differential

equation
n—1
(1.1) Lx =x™) 4 Zpk(t)x(k)=0
k=0
is the problem of finding a solution x(¢) of Lx = 0 satisfying the multiple point
relations
(1.2) x(’)(ti):cl.]., P=0, e k=1, =0, m,

The coefficients in (1.1) are assumed continuous on (- o, =), or if L* is to be
defined, pk(t) is assumed of class Ck, 0<%k <n-1. The points Losevest ~are
assumed to be in strictly increasing order, and the numbers ki and c;; are arbi-
trary, subject to k]. <n - 1. The investigation here is directed toward the zero
problem, i.e., all ;= 0.

To simplify notation, write & = (ko, ceey km), T = fto, seest }; the statement

*x(¢) is a nontrivial solution of

*‘x(t) has a zero of order k£ at T’’ will replace
(L.1), (1.2) with all ¢ ; = 0. The symbol |k| is defined by || = koteeetk s
hence x(f) has at least |k| zeros, counting multiplicities, on [10, tm]. The solu-
tion x(t) is said to have a zero of order exactly & at T, or exactly |k| zeros on
[lo, tm] if x(t) has the zeros specified, but no others on [to, tm], counting mul-
tiplicities.
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The equation Lx = 0 is disconjugate on a connected set E if for all solutions
%(t) # 0 with a zero of order & at T C E it follows that |k| < n; otherwise, Lx = 0
is said to be conjugate on E.

In the case of conjugacy on [a, =), one can define with Leighton and Nehari
[5] and Sherman [9] a first conjugate point nl(a) to the point a: nl(a) is the mini-
mum of all points b >a such that Lx = 0 is conjugate on [a, b]. In [10], Sher-
man proves that nl(a) is a continuous, strictly increasing function of @, whose
domain is of the form (- =, d), where d < + co. Furthermore, it is shown in [9] that
there exists a solution x(t) with a zero of order (p, n — p) at {a, rll(a)f with x(z)
>0 in (a, 7,(a)). The largest integer p is denoted p(a), and ¢(a) is the exact
order of the zero at 1]1(11) for the corresponding solution x(2).

The main result can now be simply stated: for almost all a in the domain of
7,(¢), there is an essentially unique solution with a zero of order exactly &k at T,

where k and T satisfy the relations

a=to<t,<---<tm=nl(a),
pla) = |k| - km, gla) = |k| - ks

pla) + q(a) —n > k| — ky - k.

In the applications, equations Lx = 0 are exhibited such that pla) = q(a) =
n — 1 for every point, and the main theorem just stated allows the following con-
clusion: for all points a, there is a solution with precisely n simple zeros on
la, n,(a)].

The proof of the main result depends heavily on differentiability properties
of 171(!), and in article 2 the necessary preliminaries are presented. Fortunately,
sophisticated techniques are not needed and the proofs presented here are tedious,
but elementary.

The results contained herein correct the false statements of Azbelev and
Caljuk [1], and show that they were correct almost everywhere. The author is in-
debted to the late J. H. Barrett, and T. L. Sherman, for their conversations on this
subject.

I T =ftg,ty et b T=ltg,est }oandlim .t

]n=t].,0<j—m, then

one writes Tn — T as n — oo,

Convergence Lemma. If Lx = 0 has a solution with a zero of order k at T ,

and Tn — T as n — «, then Lx =0 has a solution with a zero of order k at T.

With the aid of the contraction mapping principle in [3, p. 260], one can prove
the following implicit function theorem. It is different from that found in most texts,

because of the weak assertion of uniqueness.
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Implicit Function Theorem. Let H and K be open sets with (a, b) € H x K,
and suppose F(t, s) € C1(H x K), F(a, b) = 0.

If F(a, b) £0, then a neighborbood L CH of t = a and a continuous function
g: L — K can be found such that gla) = b, and F(t, g(t)) = 0 for all t € L. Further,
for any b € C(L) with h(a) = b, there is a neighborhood M, a € M C L, such that
b(M) C K, and h(c) = g(c) at points c € M with F(c, h(c)) = 0.

2. Differentiability of 7,. The principal solutions uo( s a)yeeeu (e a)
of Lu = 0 are defined by the initial conditions

(Dj”k)(“)=3k,~’ k,j=0,...,n-1

Accordingly, the principal solutions form a basis for the solution space of Lu = 0.
The Wronskian of solutions x,,+++,%, of (1.1) is the determinant of the & x &
matrix (D'~ lx].) and is denoted by W(xl, ces ,xk).
The following lemmas will be used repeatedly. The proofs are omitted.

2.1. Lemma (T. L. Sherman [9]). Let u].(t) have a zero of order kj = (pj, qj)
at {a, b}, j=1,2. If m=max{p,, q,} and u,, u, €C™a, b), uju,#0 in (a,b),
then there is a linear combination of u, and u, which has a double zero in (a, b).

2.2. Lemma. The problem (1.1), (1.2) has a nontrivial solution if |k| < n.

Let g(a) be the exact order of the zero at nl(a) for an extremal solution on

la, n,(@)). Given a closed interval F in the domain of 7, the sets
E _=1{a € F: pla)=r,q(a) = s},

1<r,s<n— 1, exhaust F, and by the Baire Category Theorem the closure of one

of these sets must contain a segment G. This proves the

2.3. Lemma. Let Lx =0 have a conjugate function 7, defined on a closed
interval F C (= oo, ). Then there exists an open interval G C F and numbers r, s

such that
G Cclia € G: pla) =r, gla) = s}.

It follows immediately from the convergence lemma that Lx = 0 has a nontriv-
ial solution of order (r, s) at {a, ql(a)}, for every @ € G. Suppose a € E _ N G.
It follows from the following lemma that n, € C2(U) for some neighborhood U of

a. The proof appears in article 6.

2.4. Lemma. Let a belong to the domain of 7, and assume there is a neigh-
borbood V of a such that Lx = 0 has a nontrivial solution x with a zero of order
(p(a), n — pla)) at it, nl(t)} and (D9(4)- 1x)(nl(t)) =0, for each t € V. Then there
exists a neighborhood U of a such that 7, € ciu).
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In view of the lemma, if {a: p(a) = 7} is dense in a segment V, then there is
a closed nowhere dense subset E CV such that 7, € C%(V — E). Hence the con-
jugate function 7, is of class C? on a dense open subset of its domain. Since

7, is increasing, 7, is differentiable off a nowhere dense set of zero measure.

2.5. Theorem. The conjugate function n, is differentiable off a nowhere dense

set of zero measure.

2.6. Corollary. The points t satisfying
7,(5) = 7,
2 o

lim inf
st s -1

constitute a nowhere dense set of zero measure.

2.7. Example. A differential equation such that 7]1(0) fails to exist.

Let Ly = 0 be the third order linear differential equation with C™ coefficients
on (- o, o) generated by the fundamental solutions 1, sin ¢ sin 2¢, cos ¢ sin 2t.
Surely 7)1(0) = /2, and there exist solutions with zeros of orders (2, 1) and (1, 2)
at {0, 1)1(0)}. However, there is no solution with a zero of order (2, 2) at {0,
1]1(0)}. Let us show that this leads to 7, € CXU - {0}) for some neighborhood
U of 0, and the relations lim, ,_ T]l'(t) = oo, lim,_,. 1]1' (¢) = 0. The nonexistence
of 7){(0) then follows by an elementary argument.

First, let us argue that, for small b > 0, the intervals (-~ b, 0) and (0, 5)
satisfy the following condition: the only solution of Ly = 0 with a zero of order
2, 1) at {a, nl(a)}, a € (- b, 0),is y =0, and the only solution of Lz =0 with a
zero of order (1, 2) at {b, nl(b)i, be(0,h),is z=0.

Indeed, suppose not. Then, for example, there would be a sequence of points
t,<t,<.-. converging to 0 such that uz(nl(tn), tn) = 0. The function uz(t, tn)
converges uniformly on compact subsets to uz(t, 0), and since uz(t, 0) has a
simple zero at 7,(0), u,(t, ¢ ) has a simple zero at 7,(t ) for all large n. Let
F(2) = Wlu (2, 0), u(t, 1,(0)), u,(z, t ) for fixed n, n large. Then F(t) is one-

signed. However,
F(0) = ~ u, (0, 0)u, (0, 7,(0)),(0, £ ) <0,

F(n,0)) = - u!, (7,(0), 0} (7,(0), 7, s, (,(0), £,) > 0.

The proof for the right neighborhood of 0 is analogous.
The lemma on differentiability of 7, shows that 7, is of class C? on
(- b, b) - {0}.
Since uz(t, nl(t)) =0, forall t € (= b, h) - {0}, b small, the implicit function

theorem and Peano’s theorem (see (4, p- 9s5]) gives
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7y () = uy (b, 7y (0))/uy (2, 7y ().

The solution ul(t, 1]1(0)) is a linear combination of uz(t, 0) and uz(t, 771(0)), and

therefore vanishes at 0. Accordingly, n{(t) — o as t — 0 —. Similarly,
1y (1) = uy (ny (), 0)/u, (1,0, 1)

in a left neighborhood of 0, and 7]{ () >0as t—0+.
It also follows that r)l' (¢) fails to exist at integer multiples of 7/2, and hence

n, is nondifferentiable at a countable number of points.

3. Interpolation problems on the conjugate interval [a, 771(“)]' It will be shown
below that, for almost all points a in the domain of 7, there is a nontrivial essen-
tially unique solution of the differential equation which has a zero of order & =
(kgs+++sk ) at T=1lty,--+,¢ 1, where the variables considered satisfy the rela-
tions

p(a)=k0+--~+km_l, q(a)=k1+--»+km,
P(a)+q(a)—"2k1+“'+km_1’ a=t0<...<tm=7]l(a).

The question considered here for the extremal integer p(a) appears to be
oriented towards maximation of the number of zeros at @ of solutions of Lx = 0
having a zero of order k, |k| > n, at {a, nl(a)}. If instead one maximizes at

“‘extremal integer’’ p*(a). All results for p(a) extend to

nl(a), one obtains an
results for p*(a).
The duality that appears here is no accident, and its peculiarity is explained

by the following lemma, which follows from the Lagrange identity.
3.1. Lemma. The extremal integer for the adjoint of Lx =0 is p*(a).

Let us introduce q*(a) just as q(a) was introduced for the extremal integer
p(a).

3.2. Remark. One can easily verify that, if x(¢) is a solution of Ly = 0 with
a zero of order k= (kg,--- ,km) at T={a=ty - ot = Tll(a)}, and

(i) |k| - k >1+ pa), k| > n, or

(ii) |k| = ko> 1+ p*a), [k >n,
then x(¢) = 0. These facts will be used repeatedly.

The following lemmas are fundamental to the investigation of interpolation

problems on the conjugate interval [a, 771(“)]; proofs appear in article 6.

3.3. Lemma. Suppose p(a) + v > n, and there is a solution x of (1. 1) with
a zero of order exactly k = (p(a) - u, u, v) at T =la, b, nl(a)}.

If T =G, b, 7;1([”)) — T and Ly =0 bas a solution x_# 0 with a zero of
order k at T , then there is a solution y #0 of Ly =0 with a zero of order
pl@)-—x=-1,u+1,v-1) at T.
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Further, y is essentially unique, and if

1,(t,) - n,(a)
lim inf —m8m8 ——
k —00 tk - a

is positive, then y has exactly pla) + v — 1 zeros on [a, nl(a)].

3.4. Lemma. Suppose p(a) + v>r, u> 0, and Ly = 0 has a solution x £0
with a zero of order k= (pla) - u, u,v) at T =1{a, b, nl(a)}.

IfT = itn, b, ql(tn)} — T, Ly =0 has a solution x  with a zero of K at
T, and lim infk-oo(nl(tk) - nl(a))/(tk —a)>0, then Ly =0 has an essentially
unique solution y £ 0 with a-zero of order (pla) —u+ 1, u—1,v+ 1) at T.

Let us call a point @ in the domain of n, distinguished if it satisfies the

following condition:

{t: P(t) = pla), q(¢) = q(a)} is dense in a neighborhood U

of a,and 7, (a) exists and is positive.

Suppose that the distinguished points are not dense in U. Then there exists a
segment V C U and a point b € V such that p(b) = pla), ¢(b) = 4(a), and 7, (1)
either fails to exist or is zero for all ¢ € V. By the lemma on the differentiability
of ,, we can assume that 7, € CX(V). Hence n{(t) =0 on V. This means that

7, is constant on V. However, Sherman [10] has shown that n, is strictly increas-

ing. This proves
3.5. Lemma. The distinguished points are dense in the domain of 7,.

From the preceding lemmas, one can draw the following conclusions; proofs

appear in article 6.

3.6. Theorem. Let a be a distinguished point, and let b € (a, n,(a)).

If r is any integer satisfying 0 <r < p(a) + q(a) — n, then Ly = 0 has an
essentially unique solution y_with a zero of order (pa) - 7, 7, gla) = 1) at {a, b,
n (@),

3.7. Theorem. Let a be a distinguished point, and suppose k = (kg, -, km),
T={ty, -+t } with

pla)=ky+---+k, @)=k + ootk ,
p(a)+q(a)_n2kl+...+km_l, a=10<'°-<tm=7]l(ll).
Then Ly = 0 has an essentially unique solution y(t) £ 0 with a zero of order k
at T, and y(t) has exactly |k| zeros on [a, nl(a)].
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In a similar fashion, one can prove the same theorem for p replaced by g¢*, ¢
replaced by p*. However, the distinguished point a must be replaced by its proper
analog. One must be careful not to confuse p*(a) and g*(a) with the numbers
arising from the adjoint equation. It is true that p*(a) is the extremal integer for
L*y = 0, but this is the most that can be said. Indeed, if L*y =
W(y, 1, sin t sin 2t, cos t sin 2t), then Ly = 0 has a solution with a zero of order
(2, 2) at {0, #/2}, but L*y = 0 only has solutions with zeros of order (2, 1) and
(1, 2) at {0, #/2}. In this case, p(0) = p*(0) = 4(0) = g*(0) = 2, whereas for L*y =0
one has p(0) = p*(O) =2 and ¢(0) = q*(O) =1.

3.8. Theorem. Except for points a belonging to @ nowbere dense set of measure
zero, Ly = 0 has an essentially unique solution with a zero of order k at T,
where k and T satisfy either of the following conditions:

(i) a=ty<---<t_=nq(a), pla) = |k| - km, q(a) = |k| - &, pla) + g(a) - n >
|k| -k, —k_; or

(i) @z 1y <-ee<t=n,@), p@ = k] - kgy 75(@) = k| - &, p*() + g*(a) -
n> |kl - ky—k,

For n = 3, Azbelev and Caljuk [1] falsely claimed the existence of solutions
with zeros of orders (2, 1) and (1, 2) at la, nl(a)i implies the existence of a solu-
tion with a zero of order (2, 2) at {a, Tll(a)}. The following sequence of theorems
shows that such boundary value problem behavior is correct almost everywhere.

To illustrate the results further, consider a Gth order equation with the fol-
lowing property (constant equations serve as examples): for each a € (c, d) and
each b € (a, n,(@)), there is a solution of Ly =0 with a zero of order (1, 4, 1) at
{a, b, nl(a)}. The results say that Ly = 0 has solutions with zeros of orders (1,
4,1),(2,3,2),3,2,3),41,4),(5,0,5)at {a, b, ,(@)}. Further, Ly =0 has
solutions with a zero of order k£ at T, provided the number of zeros in [a, 711(“))

or (a, 711(“)] does not exceed 5.

3.9. Theorem. Let a be a distinguished point, U a neighborhood of a, b €
(a, n,(a)) = U, and for each t € U there is a sequence it} converging to
ty (zk # to) with the property that Ly = 0 has a solution with a zero of order
(p(a) = u, u, v) at {1, b, 7,(t )}

If u>0, pla) + v>n, then Ly = 0 has a solution with a zero of order k at
T, where the variables involved satisfy the relations

a_—,t0<--~<tm=nl(a),
(*) pla) = |k| =k, v+ u=|k| - kg,

p(a)+u+v—n2|k|—k0—km.
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3.10. Theorem. There exists a nowhere dense set A of zero measure with the
following property: for all a ¢ A, the existence of a solution of Ly =0 with a
zero of order (pla) - u, u, v) at {a, b, n,(@)} for all b € (a, n () implies that
Ly =0 bas a solution with a zero of order k at T, where the variables involved

satisfy relations (x).

4. Applications to equations with constant coefficients. Equations with con-
stant coefficients do not exhibit singular behavior on [4, 7,(a)], and the *‘almost

everywhere’’ results of the preceding sections can be applied at every point.

4.1. Lemma. Suppose Ly =0 has constant coefficients. Then
() If (&) #0 has a zero of order k=(kg,-++,k ) at T=1tg,--- st} then
for any t* € (= =, ), the solution y(t — t*) has a zero of order k at t* + T =
i T A »
(ii) The domain of 7,(1) is (= eo, o), unless Ly =0 is nonoscillatory.
(iii) n,() = ¢ + 7,00).
(iv) p(t) and q(t) are constant functions.

4.2. Theorem. Let Ly =0 have constant coefficients. Given arbitrary a =t
<ty<eeo<t =n@), k=(kpeeesk ), T=ltg,eee,t Ywithprqg-n>k +
ootk o p=|kl -k, q=|kl -k, there exists an essentially unique solution
with a zero of order exactly k at T.

A method for the systematic determination of the numbers p, g, 171(0) will be
sketched below. The author has found the method to be reasonably practical for
generating examples and counterexamples in the oscillation theory of higher order
equations.

Let Ly = 0 have characteristic polynomial p(x) = 0 with complex roots a of
multiplicity 7 j=1,+++,k Number the fundamental solutions Ujseersu, SO that
the first n, solutions are t" expla, t), 0<r< n, - 1, the next », solutions are
t exp(azt), 0<r<n, — 1, etc.

Define W(t) = W(u,-++,u ) and let Y (&) be the determinant formed from the
first 7 rows of W(0) and the first n — 7 rows of W(t), 1<r<n—1.

To determine 7 (¢) let b denote the least positive root of Y (1) = 0, if such
exists, and set b_= = otherwise. Then 7,(0) = min{b ,---, b__,}, and by the
lemma above, nl(t) =t+ 171(0).

To determine p and g, observe that p = max{r: b_=17,(0)}; to find ¢, define
X,(s, t) to be the n x n determinant constructed from the first p rows of w(s),
the first n — p — 1 rows of W(¢), and the rth row of W(t), 1<r<n— 1. It is easy
to verify that ¢ = max{v: X (0, 7,(0) =0 for 1< <ol

Some remarks can be made here which considerably reduce the labor involved.

To form X(0, t), write down the first column, which has form

x(a, /) = [1’ a, .-, ap-—l, aeal’ e, an—p—leat’ ar-—leat]T_
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Then the first 7, columns of X (0, 1) are (9/3a)*x(a, 1), 0<k <y, - 1. Similar
statements hold for the remaining columns. This procedure works equally well for

Y, (o).

5. Applications to nth order equations generated from second order equations.
An nth order equation Ly = 0 is said to be generated from a second order equation
Ex = 0 if and only if every solution x of Ex = 0 satisfies L(x""1) = 0. Litera
ture on such equations is reasonably plentiful, and the reader is referred to Seda’s
work ([6], [7], [8]), and the references therein.

The uniqueness of Ly =0 is a consequence of the following: if # and v are

oo lff:é is a fundamental set of solu-

fundamental solutions for Ex = 0, then {v"u
tions for Ly = 0. To prove this statement, let x(¢) = u(¢) + pv(¢); then 0 = L(x"~1)
= 2:’;(1) Cp', where C = ("T_ YL(@%"~""1). A polynomial vanishes identically only
in case all coefficients vanish, and hence L(v"z”~""1) =0, 0 <r<n-1. Put

xr(t) =", 0 <r<n - 1. The uniqueness follows if W(xo, cee,x

)

n—1
is never zero.

To prove that W(x ,«++,x ) is never zero, the identit
p 0 n—1 Yy
W2 W(u R} u)
k4l d 0’ L

W dt Wi

=W(u0a "'$uk+1’u)

is used, where W, = W(uo, cee, ”k)’ 0 <k <mn - 1. The identity is proved by con-

sidering both sides to be differential equations in p. One calculates

W(uPv™= P, 4™~ %) = (q - p)up"q_lvz”"p—q_IW(v, u).

By induction it can be verified that nonzero constants qu, 0<p<g,canbe
found satisfying

~ (p41) (n—p—1)yp
W(xo,..o’xp)_AppU n w (U, Zl),

W(xo, R P xq) = qu(u/v)q_pW(xo, el xb)‘

In particular, these identities are satisfied for p =n — 1, and W(xo, ces ,xn__l)
is a nonzero constant multiple of W~ Yu, v). Since u and v are fundamental for
Ex =0, Wlxg,-++,x, _,) is never zero..

Therefore, Ly = W(y, Kot reaX 1)/W(xo, SRR 1), and this representation
is independent of the choice of basis {u, vl

5.1. Lemma. Let Ly = 0 be generated from Ex = 0. Then

(a) Ly =0 and Ex =0 have the same conjugate function n,(t), and 7, € c?
n,(t)> 0.

() pla) = qla) = n — 1, whenever n,(a) exists.

(¢c) L = L* if and only if E = E*.
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5.2. Lemma. Let u be any nontrivial solution of x" + q(¢) x = 0, and put v =
d'y x=u™, Q, = mm —Deeelm—r— D™ " and y" = fm —r + Dgx=1D ;-
1,2, y'=rlm —r+ Dqlx~ s Er_zy(' =2 for r> 3. Then Lz— (m+1)

2’” - y("‘") 0 is the equation of order m + 1 generated from x" + q(t)x =

5.3. Example. The first three equations generated from x" + q(t)x = 0 are
given by
y" +49y' +29'y =0,
yi¥ 4 10gy" +10g'y’ + 92 + 39" )y = 0,

y" + 20gy" +30q"'y" + (189 + G4g?)y' + (49" + G4qq')y = 0.

By Peano’s Theorem (see [4, p. 95]), the fundamental solutions uo(t, S)yeee,

u,_ 1(t, s) defined earlier satisfy the relations

Quy(t, 5)/0s = po(s)u, (@, s),
Ouy(t, s)/0s = py(shu, (¢, s)—u, (¢, s), 1<k<n-L

Here, Ly =y + b, _ (t)y("— -+ pyltly. Let F (t) be the vector of length ¢
with components u(')(n 1(!) 1), 0<i<g—-1,1<¢g¥< < n — 1. The above results
and a short mductmn argument show that Fq () =0 for 1< g<n— 1. Hence we
the following:

5.4. Theorem. Let Ly = 0 be generated from Ex = 0. Then uk(t, a) has a
zero of order (k, k). at {a, ql(a)}, 0<k<n-—1.

5.5. Corollary. The values of uk(s, t) at s = nl(t) duplicate according to the

relation

”i,p_)ku(’ll(‘)’ 1) = (] O*PHq (o), 1),

for p + k<n — 1. Therefore, ”n—k—l(s’ t) has an odd or even number of zeros in

(¢, nl(t)), accordingly as k is even or odd.

If one applies the theorems of the preceding section, then the following results

are obtained:

5.6. Theorem. If Ly =0 is generated from Ex =0, k= (k- ,km), T=
{to,...,zm}, a=1,<t; <eee<it =371(a), n— 1= |&| -k = || —kg By et
k,_,<n—2, then there exists an essentially unique solution of Ly =0 with a

zero of order exactly k at T.

5.7..Corollary. For any point a, there exists an essentially unique solution
with n simple zeros on [a, nl(a)]. Further, the interior zeros can be assigned

arbitrarily.
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5.8. Theorem. Define 7f(s) = n,(nf~ o)), rl(l)(t) =t Ifty<t <eee<t =
7’1([0)’ T = {to, oo, tm}, k= (ko, ces ,km) and y(t) is an essentially unique solu-
tion of Ly = 0 (generated from Ex = 0) with a zero of order exactly k at T, then
y(t) is an essentially unique solution of Ly =0 with a zero of order exactly k at

AT = B )y m0(e W for p=0, 4 1,4 2,0+

5.9. Corollary. Given 7,(1) and Ly =0 (generated from Ex = 0), and the zeros
of y(t) on [0, 7)1(0)], all other zeros of y(t) on (- =, =) are known.

5.10. Corollary. Given 7,(t) with domain (- e, =) and Ly = 0 (generated from
Ex = 0) of order n, all solutions with one zero are oscillatory for n odd, and all

solutions are oscillatory for n even.

5.11. Example. The functions nl(t), p(t), q(¢) do not determine the equation
Ly=0.

Let ¢ be any real number, and put a = ¢ + i, b = c + 3i, and define

Ly-= (D-a)(D-a)(D-b)D -E)y

where D =d/dt. It is possible, but tedious, to verify that L y = 0 is generated
from E_x=x" + p_x' + q_x =0 where p_, q_ satisfy the relations 3p_=- 2c,
llpg +10g_ = 6c? + 10. Further, the conjugate functions for all equations are the
same, and hence nl(t) =t + m by consideration of the equation E _x =0 for c = 0.
By theorems from this section, p(a) = g(a) = 3 for all a.

5.12. Example. Consider the third order equation
Ly=(D-a)(D-b)(D-b)y=0

with a real and Im(b) > 0. The following assertions hold:
(i) If Re(a — b) > 0, then p(l) =1, 4(¢) = 2 for all t.
(i) If Re(a — b) = 0, then p(t) = (1) = 2 for all ¢, and 7,(t) = ¢ + 27/Im ().
(iii) If Re(a — b) <0, then p(t) = 2, g(£) = 1 for all .
A consequence of this example is that there exists infinitely many third order

equations with the same functions p(¢), q(t), 7,(1).
! 1

6. Proofs of the theorems.

Proof of Lemma 2.4. Let b = r]l(a). Define Gk(t) and Hk(t) as follows:
G, (1) is the matrix formed by the first k rows of W(uo(t, a),. - ,un_l(t, a)), and
Hk(t) is the kth row, 1 < k < n. Define F(t, s) to be the determinant of the n x »
matrix formed from the matrices Gp(a)(t), G\ pa)- \(s), H, oy(S)- A submatrix is
omitted if its subscript is zero.

It will be shown that the implicit function theorem is applicable to the func-
tion F(t, s). Since there is a nontrivial solution x of the equation with a zero of
order (p(a), q(a)) at la, b}, we have Fla, b) = 0. If F(a, b) =0, then there is a
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nontrivial solution y with a zero of order (p(a), n — p(a) - 1) at {a, b} with
D?(@)y(p) = 0. Let

2(t) = D?@x(a)y(t) - DPy(a)x(r).

Since x and y are linearly independent, z # 0. Further, z is a solution with a zero
of order (pa) + 1, n — p(a) ~ 1) at {a, b}. This contradicts the definition of p(a),
and one concludes that Fs(a, b) £ 0.

The implicit function theorem says that there is a neighborhood L of ¢t =a
and a function g € C(L) with g(a)=b and F(t, g(t)) =0 for t € L. By uniqueness
and the continuity of 171([), the relation F(¢, 771(t)) =0 implies that g =7, ina
small neighborhood of ¢ = a. The function F is of class C? so g is of class c?.
Hence, 7, € C2(U) for some neighborhood U of ¢ = a.0

Proof of Corollary 2.6. The theorem implies that we only have to show the set
V=i nl(t), T]{(t) exist, n;(t) = 0} is nowhere dense and has measure zero.
Actually, V is a finite union of discrete sets, as will be shown below.

Let ]  be the set of all points ¢, € V such that Ly = 0 has an essentially
unique solution with a zero of order exactly (u, v) at {to, nl(to)i, but no nontrivial
solution of Ly = 0 has n zeros on [[0’ r)l(to)] and v + 1 zeros on (to, nl(to)], i.e.,
v is the maximum number of zeros on (to, nl(to)] for any nontrivial solution with
n zeros on [to, ”l(to)]‘

The set V is the union of the sets ] : this can be verified through use of the
adjoint equation. It will be shown that each ] = is discrete. Let F(¢, s) be the
determinant whose first n — v rows are the first » — v — 1 rows, and row u«, of
W(uo(t, to),- .. ,un_-l(t, to)), and whose last v rows are the first v rows of
W (s, to)seeesu, _ (s 1) If g € ]  and every neighborhood of ¢, meets | ,
then there exist solutions xn(z) #0 and points ¢ # ¢t such that t —;as n— o,
and xn(t) has a zero of order (u, v) at {tn, nl(tn)}, n > 1. Therefore, F(tn, nl(tn))
=0, n>0, and it follows that

0! EIF (tgs my(te)) + F (tg, my(tg)) = 0.

Since 7]{ (to) = 0, one has Fl(to, nl(to)) = 0. Therefore, there exists a solution

x(£) £ 0 of Lx =0 with a zero of order (n — v — 1, v) at {r, n,(t )} with x(u)(to)
= 0. The solution y(#) # 0 with a zero of order exactly (u, v) at {to, nl(to)} is
essentially unique, so x and y are linearly independent. Further, t, € | — implies
x(")(nl(to)) #0 and y(”)(nl(to)) £ 0. Therefore, () = x(”)(nl(to))y(t) -

vy 1(to))x(t) £ 0. However, z(t) has a zero of order (n —v — 1, v + 1) at {to,
nl(to)}, which contradicts ¢, € | . One concludes that ¢, has a deleted neigh-
borhood which misses | . Therefore, |, is discrete, as claimed. Consequently
V is a finite union of discrete sets, and hence V is nowhere dense and of zero

measure.0
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Proof of Lemma 3.3. Let W(t) = Wlu(t, a),---,u, _,(t, ), define G,(t) to be
the & x n matrix formed from the first k rows of W(t), and put H k(t) equal to the
kth row of W(t), 1 <k <n. Put p=pla), c =7,(a), and let

Gu(b)
Fo(0) = det (<kgo).
G (s)
n—p—1

H k.(S)

A matrix is tobe omitted in this formula if its subscript is zero. The relation

Fv(a, ¢) = 0 follows from the hypothesis that x(¢) has a zero of order k£ at T. In
order to prove that 9F (a, c)/ds # 0, let us assume the contrary; then there exists
a solution z # 0 of Lz =0 with a zero of order (p — u, uyn — p — 1) at T with
z(v)(c) = 0. A linear combination of x and z has a zero of order (p —u,u+l,n—
p — 1) at T. However, this solution has n zeros in [4, 7,(a)] and p + 1 zeros in
la, 171(61)). By previous remarks, this solution vanishes identically. Accordingly,
dF (a, c)/9s # 0.

The implicit function theorem implies there is a neighborhood U of 4 and a
real-valued function g € C%(U) such that gla) = ¢ and Fv(t, g(t)) = 0 forall ¢ € U.
The weak uniqueness assertion together with F (¢, n,(z,)) = 0 implies g(t,) =
n,(t,) for all large K.

Define Ei(t) = F].(t, g(t)), t € U, 1 <j<uw. The function E].(t) vanishes for
t=1t,, k large, and therefore .E," (@) =0, 1 <j<w. The formula for Fj(t, g(?)) is

differentiated at ¢ = a, and one obtains for j+ 1 <v

- - - -
G p—u—l(“) G p_u(a) 6 @
H () G b bu
p-utl " G (b)
0= E].' (a) = det | G, &) + g'(a) det Gppa@ | + g'(@) dec]
ho© Gn—p—l(C)
Gn—p—l(C) n—p < H. ()
7+l
H].(c) ] bH j(c)
6.1) _
Gp—-u—l(a)T
Hpus1@
=det G, (b
Gn_p_l(c)
LH].(C)

Hence, for 1 <j<w — 1, there exist solutions x(t) £ 0 with a zero of order
(p-u—-1,u,m—p—1) at T, and x;"'“)(a) = x;i—l)(c) = 0.
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It will be shown that xl(t), -++,x,_,{t) are constant multiples of a single

solution yo(t) # 0. It suffices to prove that x. = a_x. . for some a #0,1<j<

v — 1. First, one observes that x,(.p_“_l)(a) £ 0, for ]:tlierwise there would be a
nontrivial solution with a zero of order (p —u+ 1, u,n —p — 1) at T, an impos-
sibility by (3.2). Therefore, one can put a; = ](.p_“"l)(a)/xj(.p —n=1X4), and by
(3.2) one concludes that x].(t) -ax, 1(8) = 0. Thus, there exists a solution Yo %O
with a zero of order (p —u — 1, u, v — 1) at T, and yf)p_“)(a) =0.

If yf)“ o) = 0, then we may put y() = yo(t), and y(¢) is the desired solution.
Otherwise, yg“ ) # 0. Further, x®)(p) # 0, for otherwise x(¢) would have a zero
of order (p — u, u+ 1, v) at T, an impossibility by (3.2). In this case one can
take y(t) = y (¢) + ax(t), where a = - yf)“)(b)/x(“ Xb).

The solution y(¢) is essentially unique, for if y(¢) is another, then
7@+ D(p)y(1) - y“+ 1Xp)y(¢) has a zero of order (p —u — 1, u+2, v —1) at T,
and hence is identically zero by (3.2).

Finally, let us assume that lim infk_w(nl(tk) - 1]1(11))/(t,c —a)> 0, yet y(t)
has at least (p + v — 1) + 1 zeros in [a, n,(a)]. Since g(z,) = nl(tk) for all large
k, we have g'(a) > 0. By (3.2), y(¢) can have no other zeros in la, nl(a)), and therefore
y(t) has v zeros at c.

Consider the three determinants which appear in (6.1) for j=v. A linear com-
bination z(t) of x(¢t) and y(t) has a zero of order (p —u~—1,u,v) at T, and
2®—u)g) = 0; hence the first determinant vanishes. Since x(¢) has a zero of order
(p —u, u,v) at T, and p + v > n, the second determinant vanishes. Therefore, the
last determinant must vanish.

One concludes that there exists a salution of Ly = 0 with a zero of order (p —
Uy Uy N — p — 1) at T, and this solution is not a multiple of x(¢). An elementary
linear combination argument and (3.2) show this to be impossible. Therefore, y(?)
has exactly p + v — 1 zeros on the conjugate interval.O

Proof of Lemma 3.4. Let yk(t) be a nontrivial solution of Ly = 0 with a zero
of order (p —u+1l,u—1,n—p— 1) at T,, k > 1. Renumber the sequence, if
necessary, so that xk(t) and yk(t) have exactly p zeros on [tk, ql(tk)), k>1;
this can be done by the convergence lemma and Remark (3.2). If the exact order
v, of the zero of x,(1) at n,(t,) is less than v, then Sherman’s Lemma 2.1 shows
that Ly = 0 has a nontrivial solution with a zero of order p—-—uu-1,2 vo) at
{tk, b, c, "1(%)}’ where ¢ € (b, nl(tk))’ By (3.2), such a solution cannot exist,
and therefore v, > v. A linear combination of xk(t) and yk(t) has a zero of order
(p-—wu—-1,v+1) at T,, and by the convergence lemma there exists a solution
w(t) £ 0 with a zero of order (p — u, u — 1, v + 1) at T. Further, the convergence
lemma applied to {ykf shows there exists a solution z(¢) # 0 with a zero of order

(p-—u+l,u—1,0) a T.
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Let r be the exact order of the zero of z(¢) at ¢ = 771(“)- It will be shown
that r> v + L.

Suppose not, and let G,, H, be defined as in the previous lemma. Define
pous1s G _ (),

G, pe l(s)Hr(s), as in the previous lemma. A matrix is omitted if its subscript is
zero. It is checked that F € C?, Fla, c)=0, F(a, c)£0. The implicit function
theorem implies the existence of a neighborhood U of a4 and a function f €
C(U) such that f(a) = c = n,(a) and F(t, /(1)) = 0 for all ¢ € U.

Differentiation of F(¢, f(¢)) = 0 gives Fl(a, c)+['(a) Fs(a, ¢) = 0. The first
term of this expression is the determinant of the matrix formed from Gp_u(a),
Hy_, (@G, _,6),G
determinants: the first is formed from G, _ @), 6 (), Gn—p-Z(C)’ Hn-p(c)’
p—1t0) H ().

By examination of the solutions w(t) and 2(), and linear combinations of these

F(t, s) as the determinant of the matrix formed from G

_ I(c), H’(c). The determinant Fs(a, ¢) is the sum of two
H(c), and the second is formed from G,_ (a), G,_,(6), G _

two solutions, one can verify that the first two determinants just described are
zero.

It will be shown that the last determinant vanishes; this will follow if ['(a) £ 0.
By the weak uniqueness assertion of the Implicit Function Theorem, we have
/(tk) = nl(tk) for all large K, because F(tk, nl(lk)) =0,and t, —a as k— .
Therefore,

f'(a) = lim M >0
k— o0 lk -a

The vanishing of the determinant in question implies the existence of a solu-
tion z(t) £ 0 with a zero of order (p —u+ 1, u—1,n—p - 1) at T with zg')(c)
= 0. Since r=wv, z(t) and zo(t) are linearly independent. A linear combination
of z and z, has a zero of order (p —u+1,u,n—p—1) at T, which contradicts
(3.2).

Therefore, r > v + 1, and z(t) has a zero of order p-—u+l,u-1,v+1) at
T. In view of (3.2), z(¢) is essentially unique.O

Proof of Theorem 3.6. For r = 0, the theorem follows from Sherman’s result
[10]. Let 7> 1 be given and suppose the theorem is true for r — 1.

There exists a sequence 11,1y, t, # a, with t, —a as k— o, 1, < b<
nl(tk) for each &> 1, and p(!k) = p(a) for all k. Further, we may assume that each
t, is distinguished.

The induction hypothesis implies that there exists a solution x,(t) #0 with
azerooforder (p—r+1,7r—1,g—r+1)at T, = “k’ b, nl(tk)i, k>1, and a
solution with a zero of order exactly (p —r+l,r—=1,g-—-1+ 1) at T ={a, b,
7,(@)}. Lemma 3.3 shows that there exists a solution y(t) # 0 with a zero of order

(p —r,7,q—17) at T. Since @ is a distinguished point, y(t) has exactly p+gq—r

k
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zeros, and we take y =y to complete the induction.O

Proof of Theorem 3.7. Let vy =k +---+k_ _,. Then ky=p — vy k=g -
vy and 0 <vy <p+ g — n By the previous theorem, there exist solution Y, k<
7 < vy, such that y has a zero of order (p—r,7y9—71)at ito,tl, tmf. Constants
c,, k; <r<wg, shall be determined such that

()= X cy (1)

k'{S’SUO

is a nontrivial solution with a zero of order & at T.

The function x(t) already has a zero of order (kg, k;, k ) at {to, t tm}, so
it suffices to determine conditions on the constants to insure that x(¢) has a zero
of order (kz,- ok 1) at “2’ ERRRY S 1}. If one puts x(t) into the boundary con-
ditions of this problem, then a system of k,+---+k _, =v,—k, equations in

v, — k, + 1 unknowns results. This system of equations always has a nontrivial

sglution. Hence, nontrivial constants c, can be found, and x(t) £ 0 is the desired
solution.

It remains to prove that x(¢) is essentially unique, and x() has exactly |k|
zeros on the conjugate interval. To this end, suppose xo(t) is another solution.
Since both x(¢) and xo(t) have p zeros on [a, nl(a)), and n zeros on the closed
interval, (3.2) implies that x; and x are linearly dependent. Thus, x(t) is essen-
tially unique. If x(f) has |k| + 1 zeros on the closed interval, then the additional
zero occurs at nl(a) by (3.2). It follows immediately that x(¢) is a linear combina-
tion of the y, k; <7 <wv, But these solutions all have a zero of order p — v+ 1
at a, and hence x(t) has p + 1 zeros on [a, 7,(a)), contradicting (3.2). There-
fore, x(t) has exactly |k| zeros on [a, 7j,(a)].0

Proof of Theorem 3.8. Let A denote the set of all points ¢ such that p(t) =
u, q(t) = v, and

7,(s) = 7,(®)
lim inf ——————>0
Ss~t s~
Let Bo = Auv, and inductively define B,Hl to be the set of all ¢ € Bk such that
every deleted neighborhood of ¢ meets B, k=0,1,---,d,d=u+v—n-1.
Then
Auv=E0 v Elu T UEd’
where Ed=Bd’ Ek=Bk _Bk+1 for k<d.

It will be shown by induction that for any ¢ € B,, k=1,...,d, there is an
essentially unique solution with a zero of order exactly (« — k, k, v — k) at 1z,
b, nl(t)}, for all b € (¢, 171(!)). For k = 1, this follows directly from Lemma 3.3.
Assume the result for k; then for all ¢ € B, there is an essentially unique solu-
tion with a zero of order (u — k, k, v — &) at {t, b, 7, ()}, for all b € (2, 7,(0).
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Given any ¢, € Bk+ 1 to is the sequential limit of points ¢ € B, with t# L
Since t = B, the hypothesis of Lemma 3.3 is satisfied, and therefore there exists
an essentially unique solution with a zero of order exactly (u — &k — 1, b+ 1, v —
k—1) at ity b, 771(10)}’ forall b € (to, r,l(to)). This completes the induction, and
shows that for all ¢ € E , there is an essentially unique solution with a zero of
order exactly (u — k, k, v — k) at {z, b, n,(t )} for all b € (¢, 17,(t,) and all &
with 0<k<u+v —n— 1. The proof of Theorem 3.7 shows that, for all ty € E,
there is an essentially unique solution with a zero of order exactly £ at T (k and
T as in the statement of the theorem).

Let H  denote the union of the sets E,, 0<k<d-1, K,, =E, and let

M, be the points t such that p(t) = u, q(t) = v, and

7,(s) = 7,(®)
lim inf —————— =0
st s ~t
Define H, K, M as the union of the sets Huv, Kuv, Muv, respectively. Then H U
K U M is the domain of 7,(¢).

By Corollary 2.6, M is nowhere dense and has zero measure.

It will be shown that H is nowhere dense and has zero measure. Actually, H
is a finite union of discrete sets, and this fact will be proven to establish the
result. Consider again the sets EO’ E,een, Ed—l’ whose union is Huv. If ¢t € EO
and every neighborhood of ¢ meets E ,, then every neighborhood of ¢ meets B,
and hence ¢t € B,. But E = B, — B, so this is impossible. Accordingly, each
point of E  has deleted neighborhood which misses E,. Thus E is discrete. In
the same way, one proves that E,--+,E, , are discrete. Thus H , and also H,
is a finite union of discrete sets.

For all t € k, there is an essentially unique solution of Ly = 0 with a zero
of order exactly k& at T. The complement of K in the domain of 7]1().‘) is HUM,
and this is a nowhere dense set of zero measure.0

Proof of Theorem 3.9. This result follows from Theorem 3.7, if one can show
that the inequality ¢(a)> u + v is a consequence of the given hypotheses.

If Lemma 3.4 is applied to each distinguished point ¢, € U with p(to) = pla),
then it follows that Ly = 0 has a solution with a zero of order (p — u + 1, u — 1,
v+1) a {to, b, T}l(to)}. The points ¢ with the described property are dense in a
neighborhood of @, and a standard induction with Lemma 3.4 shows that Ly =0
has a nontrivial solution with a zero of order (p, v + u) at {a, 1,(@)}. Therefore,
q(a) > u + v, and the result follows from Theorem 3.7.0

Proof of Theorem 3.10. The set K of all points @ with the property described
in the hypothesis of the preceding theorem can be taken to be the complement of
A, and it only remains to prove that A is nowhere dense and has zero measure.

These arguments are tedious, but straightforward, and parallel the proof of
Theorem 3.8.0
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Proof of Lemma 5.1. Suppose a* is conjugate to @ for the equation Ex = 0.
It will be shown that 771(“) exists for Ly = 0, and equals &*. Any solution with p
zeros at a has the form

n—p—1
y= ¥ Cum e ()
r=0

where z and v are solutions of Ex with u(a) =0 and W(v, ) £ 0. Since yo(t) =
«"~Xt) has n zeros on [a, a*], T)l(a) exists, 171((1) < a*. Let p = p(a), and sup-
pose y(¢) has a zero of order (p(a), 4(a)) at {a, n,(a)}. Therefore, since g = g(a)
satisfies g > n — p, differentiation of y(t) at 771(“) < a* gives

W(un_p_l, vurz—p-—-Z’ cee, vn—p—-l) -0

at 7,(a), which has been shown to be impossible when W(v, ) # 0. Hence
1,(@) = a*. The preceding calculation is valid at ¢* if p<n — 1, so p(a) =n — 1.
Then y(t) = cou"_l(t), and gla) = n — 1.

To prove 7, € C?, and n{(t) > 0, it is convenient to consider the relation
ul(t, 7]1(!)) = 0, valid for any second order equation. The theorems of differentia-
bility of nl(t) imply n, € C?, and the above relation gives — nl'(t)uo(t, ql(t)) +
uy(t, n,(8) = 0. Since u (¢, 7,()) £ 0, 7,(2) > 0.

The statement about formal adjoints is a consequence of the relation

Wirg, oo %, ) gynet

W(xo, MY xn—l') - W(U: u)

r—1

where ¢ # 0 is a constant and x = """~ in conjuction with Liouville’s for-
4 b

mula (see Hartman [4]). O

Proof of Lemma 5.2. This is easily established by induction; uniqueness
shows that the recursions do not depend on the choice of n.0

Proof of Theorem 5.4. Since u, _ l(t, a) = cu” " X¢) where u(t) is a nontrivial
solution of Ex = 0 with n(a) = 0, the theorem is obviously true for £ =7n— 1. The
formula un_l(t, 7]1(!)) = 0, together with n{(t) > 0 and simple induction, establishes
the result.0

Proof of Corollary 5.5. This is a consequence of the proof of theorem.D

Proof of Theorem 5.8. There is nothing to prove for p = 0. Write y(z) =
Et:ol-kl cu,_ (¢, ¢)). Then, by Theorem 5.4, y(t) has a zero of order k, at
nl(t l)‘ Similarly, y(t) has a zero of order &, at nl(t 2). The induction is left tc
the reader.0
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