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SUBMANIFOLDS AND A PINCHING PROBLEM ON

THE SECOND FUNDAMENTAL TENSORS

BY

MASAFUMI OKUMURA

ABSTRACT. This paper gives a sufficient condition for a submanifold of a

Riemannian manifold of nonnegative constant curvature to be totally umbil-

ical.  The condition will be given by an inequality which is established be-

tween the length of the second fundamental tensor and the mean curvature.

Introduction.   In a previous paper [4]  the present author proved the following

theorem.

Theorem A.  Let M  be an n-dimensional, connected, compact hypersurface

with constant mean curvature immersed in an  (n + l)-dimensional Riemannian man-

ifold of nonnegative constant curvature.   If the second fundamental tensor H  sat-

isfies

(n - 1) trace H2 < (trace H)2,

then M  is a totally umbilical hypersurface and consequently a sphere.

In this theorem, if the length of the second fundamental tensor is constant,

then we can replace the condition that M   is compact by requiring that M  is com-

plete.  In this case, the estimation in Theorem A is the best possible since Sn~

x E1   in  F" + I   satisfies  (22 - l) trace  H2 = (trace H)2.

In this paper, the author tries to generalize this theorem to a submanifold of

any codimension which is immersed in a Riemannian manifold of nonnegative con-

stant curvature.

1. Preliminaries.   Let M  be an 72-dimensional submanifold of an (22 +- p)-dim-

ensional Riemannian manifold M  of constant curvature  c.  The Riemannian con-

nections of M  and M  ate denoted by  V  and V respectively, whereas the connec-

tion in the normal bundle of M  in  M   is denoted by  D.  Let N., • ■ • , N     be mutu-

ally orthogonal unit normal vectors at a point   P £ M   and extend them to vector

fields in a neighborhood of P. We define - H . X (A = 1, 2, • • • , p) to be the

tangential component of ^x^ A   ^or ^ £ "^f/^  an<^ ca^  ^A   tne second fundamental
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tensor with respect to Ai. . Then we have the following equations of Gauss and

Weingarten:

(1.1) V = Vxy+    £    g^AX-   ̂
A=l

(1.2) VXNA=-HAX+DXNA,

where g  is the Riemannian metric of M.  We know that the H.'s  are symmetric

linear transformations on  TAM).  Since the ambient manifold is of constant curva-
P

ture  c, the scalar curvature  K and the normal curvature  R     are respectively

given by

P P
(1.3) K=tz(tz-1)c+    £   (trace HA)2-   £   trace//2,

A=l A = î

(1.4) RNÍX, Y)NA=   ¿   g{[HA, HB]X, Y)N
B = l

From (1.4) we see that RN = 0 at P  if and only if HAHß = tfgtf^   at P  for all

A, B = 1, 2, • • • , p, that is, the H.'s are simultaneously diagonalizable at P.

Also, R    = 0 everywhere if and only if for each P £ M  we can choose p mutu-

ally orthogonal unit normal vector fields A/j, • • • , N    on a neighborhood U  of P

such that DN.  = 0 in  (J.  If R    = 0 at P e M  we say that the connection of anor-

mal bundle is flat at  P.

The mean curvature vector Ai   is defined by

(1.5) N=    £   (trace HA)NA,
A = 1

and it is well known that Ai  is independent of the choice of unit normal vectors

to M.

If there exist p  functions  p     (A = 1, • • • , p)  such that

(1.6) HAX=pAX,      A = l,...,p,

at each point of M, we call M a totally umbilical submanifold.  From (1.6), for a

totally umbilical submanifold, we have

(1.7) pA = (1/tz) trace HA.

2.  Laplacian of the square of the length of the second fundamental tensor.

We put

P
(2.1) /=   Z  trace HA-

A=l

Then, from  (1.3) and  (1.5)   we   know  that /  is   independent  of the  choice  of
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mutually orthogonal unit normal vectors  N .  (A = 1, • ■ - , p)   to M  and thus / is a

globally defined function on M.

We assume that the mean curvature vector field of the submanifold M  is paral-

lel with respect to the connection in the normal bundle, that is, DN = 0.  Then we

easily get that

t>
(2.2) £  (trace HA)   - constant.

A = ]

Recently K. Yano and S. Ishihara [6] and J. A. Erbacher [1] have obtained the

following formula for the Laplacian of the function /:

V2Af= cinf-    £   (trace HA)2\   +      ¿     trace [W      H ß]2
V A=l / A,8=1

P P

(2.3) +      £     (trace W^) (trace W^W2)-      £     (trace HA H ß)2
A,8=1 A,8=1

+  ¿ ¿V*ha,V*ha),
A = l

where we extend the metric g to the tensor space in the standard fashion and V*

denotes the connection in the Whitney sum of the tangent bundle of M  and the nor-

mal bundle of M  induced by V  and  D.

Suppose that the connection of the normal bundle is flat. Then by the discus-

sion in  §1,  (2.3)  can be written in the following form:

l/2\f=c(nf-   ¿   (trace tf^)2)   +     ¿      (trace H A) (trace H   H2ß)

\ A=I / A,8=1
(2.4) p p

-      Z     ittace HAHB)2+    £   g(V*HA, V*H   ).
A,8=1 A = 1

Now we state a lemma which can be easily proved by mathematical induction.

Lemma 2.1.   For any set of 2n  real numbers  ja,, • • . , a , b., • • • , b   \, we

have

<2-5) (t «,-)( t °,b2) - (±   a{b. V = £ añ(b. - b.)2.
\ i= 1      /■;=] ' ?'=1 / i<j

Next we prove

Lemma 2.2.   // a given set of n + 1   (n > 2)  rea/ numbers a., ■ • • , a     and k

satisfies the inequality

(2-6) V   a2 + k2< J— ( Y  a\
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then, for any pair of distinct  i and j = 1, • • • , tz, we have

(2.7) ¿2<2a.«..
' i

Proof.  Since Í2" ,a )2 = 2" ,a2 + 22"    a. a, we have from (2.6),
1=1     I 2=1     Z KJtj' V /I

(tz - 2)  £   a] - 2 Z aiaj + (" - l)/fe   < °.
7= 1 Z<7

that is,

(2.8)    (tz - 2)a2 - 2an ( "¿   a\ + (« - 2) "¿   a2 - 2      £       «;«,- + <« ~ ^2 < °-

\   1=1 / Z = l 2<7<72-l

We regard that  (2.8)  is a quadratic inequality with respect to a   .  Then, a    being

a real number, the discriminant of (2.8) must be positive. Thus we have

■n-1       . ■) i n-!

C¿   a.y>(rz-2)l(7z-2) "¿   a2 - 2       £       a.a. + (tz - l)^2 1
Vz'=l / ' Z'= 1 Z<7<72-1 l    ' I

I 72-1 /T2-1 \2 72-1 i

.(»-2){(»-2) ç «?-(z »,) * £ »,2 + («-iu2|

= (

from which

72-1 , /72-1 \2

(2.9) Y   a2 + k2<-l—      Y    a.)   .
zTl     ' »-2   Vz^l     '/

This inequality is the same type as  (2.6). Continuing the same process as that

which led to (2.9) from (2.6), we get at last k   < 2a^a2.

Since for any a  , i' = 1, • • • , n, the same quadratic inequality as  (2.8) must

be satisfied, we can conclude that (2.7) is valid.  This completes the proof.

3.  Pinching problem for the length of the second fundamental tensor.  In this

section we prove the following

Theorem 3.1.  Let M  be a submanifold of dimension n  immersed in a mani-

fold M  of nonnegative constant curvature  c of dimension  in + p).   Suppose that

the connection of the normal bundle of M  in M  is flat and that the mean curvature

vector field of M  is parallel with respect to the connection of the normal bundle.

If the ¡unction f = 2^._. trace H2,   is constant in M, and the inequality

P                                , P

(3.1) £   trace H\ <-    £   (ttace l¡A)'
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is satisfied, then M  is a totally umbilical submanifold.

Proof.   From the assumption it follows that M has no minimal point. So we

can choose the first unit normal vector N,   to M in the direction of the mean curv-

ature vector N. Then by the definition of the mean curvature vector we can easily

see that

(3.2) trace «A = 0,       A= 2, 3, ••• , p,

and the formula (2.4) can be rewritten as

P

A=l

P

+    Z   Ktrace H ) (trace H .H2.)- (trace H.H.)2]
A=l 1    A '    A

P P

+    Z     Z   ¡(trace W^) (trace H^H2)-(trace HAf/ß)2!

lA,\f=c(nf-(ttace Hx)2)+   ¿   àW*HA,V*HA)

A=2   8=1

P
|2\

(3.3) = cinf- (trace Hx)2) +    £   g(V*W      V*tf   )
A*l

+ (trace H j) (trace H*) - (trace H2)2

P

+   Z   ¡(trace Wj) (trace H ,/r2)-(trace H j/V^)2!

A=2

P P P

-   Z   (»ace ^H,)2-   £     £   ittace HAHß)2.
A=2 /\ = 2   8 = 2

Since the connection of the normal bundle is flat the second fundamental tensors

H.'s ate simultaneously diagonalizable at each point of M, that is, there exist

certain 22  mutually orthogonal unit vectors  E., • ■ ■ , E     such that H . E . = a. E .

and H.E. = XAE    (A = 2, - • • , p).  Then we have from  (3-3)

MA/= c(»/- (f   a/)2)+ £ g(V*HA, V*HA)

P      / n s 2 P P      , n w

~  Z  (Z   A?«,)   -   Z     Z   (Z   Af Af ) ,
A = 2   \2=1 / A=2   8=2   \2 = 1 /

2'2
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from which, using Lemma 2.1 and S"_.A    =0 (A = 2, • • • , p), we get

HA/-e(«/-(Í;   a.)2)+   ¿   ,(V\VX)

(3.4) + Z (v*,+  ¿  AíA?)(af-fly)2
i'<;    \ A=2 /

+  Z   E («,«,+   Z   AfA;)(Af-Af)2.
B=2   i<j   \ A = 2 '

Applying Lemma 2.2 to a., ■■ -, a    and 2p,_22n_AX   )  , we get

(3.5) 2a.a >   ¿   ¿   (À*)2 >   ¿   [(A? )2 + (A*)2! > 2  ¿   |Xf | |A? |,
A=2   z'=l A = 2 A=2 7

for any pair of  i, /' = 1, 2, • • •, tz.   Comparing  (3.4) and  (3.5), we know that each

term of the right-hand members of (3-4)  is not negative.  So if / is a constant, we

have  a   = a. and À.   = X.    for B = 2, • • • , p  and any pair of  z  and /'.  This shows

that M   is totally umbilical and completes the proof.

If the submanifold M  has constant scalar curvature, then by  (2.2) and  (1.3),

it follows that / is constant.  Hence we have

Theorem 3.2.   Let M  be an n-dimensional submanifold with constant scalar

curvature which is immersed in a manifold of nonnegative constant curvature of

dimension in + p).   Suppose that the connection of the normal bundle of M  is flat

and that the mean curvature vector field of M  z's parallel with respect to the con-

nection of the normal bundle.   If the inequality  (3.1)  is satisfied,  then  M   is a

totally umbilical submanifold.

Let M be a compact submanifold of M. Then by the well-known Bochner's

lemma (for example [5]), it follows that / is constant, because of the fact that

the right-hand members of (3.4) are nonnegative.  Hence we have

Theorem 3.3.   Let M  be a compact submanifold of dimension n  immersed in

a manifold M  of nonnegative constant curvature of in + p)-dimension and suppose

that the connection of the normal bundle is flat.   If the mean curvature vector field

is parallel with respect to the connection of the normal bundle and the inequality

(3.1)  is satisfied, then M   is a totally umbilical submanifold.

Remark 1.  Using (1.3), we can rewrite (3-1) as

P

(3.6) K> nin- l)c+in- 2)   £   trace H2.
A = i

From  (3.6), we know that  Theorem 3-3  is a generalization of the classical theorem

of H. Liebmann  [2], because, if tz = 2,  p = 1   and the ambient manifold is Euclid-

ean 3-space, (3.6)  shows that the Gauss curvature is positive.
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Remark 2.  We consider S"~    x E1  which is standardly immersed in (n + p)-

dimensional Euclidean space.  Then S"~    x E    has constant scalar curvature and

parallel mean curvature vector field with respect to the connection of the normal

bundle.  Moreover, the connection of the normal bundle of S"~    x E     in  En+t> is

flat.  But S"       x E     satisfies the equality

Z   trace H2 =, J— £    (trace HA2
4=1 22 —  1    . _,

Thus, the estimation (3.1) in Theorem 3-3 is the best possible, when the ambient

manifold is a Euclidean space.

On the other hand, for a totally umbilical submanifold of any Riemannian

manifold we have from  (1.7)

P .      P

Z   trace H2=-   £   (trace W^)2.
A = l n  A = l

This shows that if M  is totally umbilical and not minimal, then the condition

(3.1) holds.
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