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LOCAL AND ASYMPTOTIC APPROXIMATIONS OF
NONLINEAR OPERATORS BY (&, -, k,)-HOMOGENEOUS OPERATORS

BY

R. H. MOORE AND M. Z. NASHED( 1)

ABSTRACT. Notions of local and asymptotic approximations of a nonlinear map-
ping F between normed linear spaces by a sum of N ki~homogeneous operators
are defined and investigated. It is shown that the approximating operators inherit
from F properties related to compactness and measures of noncompactness. Nets
of equi-approximable operators with collectively compact (or bounded) approx-
imates, which arise in approximate solutions of integral and operator equations,
are studied with particular reference to pointwise (or weak convergence) prop-
erties. As a by-product, the well-known result that the Fréchet (or asymptotic)
derivative of a compact operator is compact is generalized in several directions

and to families of operators.

Introduction. In this paper we study local and asymptotic approximations of
nonlinear operators by sums of homogeneous operators. The unifying thread is
the notion of a locally (k,.--, k)-homogeneous or asymptotically (kpsevns by
homogeneous operator defined in $1. The conditions assumed relax the usual con-
ditions of differentiability or linear local (or asymptotic) approximability, and are
motivated by consideration of nondifferentiable operators arising for instance in

integral equations of the Hammerstein type:

(A) x()+ | (‘) k(s, 1, x(1))dt = y(s).

Analogous approximation concepts are developed for families of operators. The
results apply in particular to families of collectively compact operators studied
by Anselone [1] and others. Such families occur in numerical analysis: for ex-

ample, one may consider approximations to equation (A) using numerical quad-
ratures:
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(B) x(s) + Z wn’.k(s, tis x(tni)) = y(s).

j=1

Under suitable hypotheses the integral operator K in(A)is compact, the approx-
imating operators Kn in (B) are collectively compact, and HKnx ~-Kx| = 0 for
each x, although ||Kn - KH - 0. Previous applications of the theory for collec-
tively compact operators in this context have assumed differentiability of the op-
erators (see [1], [10]).

In $2 we consider the pointwise limits of nets of operators which are equi-
locally (k;,-- -, ky)-homogeneous and show that local (k 1>+ » ky)-homogeneous
approximability of an operator F is implied by related properties of a net of op-
erators {le converging pointwise to F. The precise formulation of these results
is given in Theorems 2.1 and 2.2.

In $3 we establish relations between measures of noncompactness associated
with a (kl, -+« ky)-homogeneous operator and its approximating operators, and in
$4 we extend these results to families of such operators. It is well-known that the
Fréchet derivative and the asymptotic derivative of a completely continuous oper-
ator are completely continuous [7, p. 135, p. 207]. Melamed and Perov [9] re-
placed Fréchet differentiability by a weaker notion of local or asymptotic approx-
imability. Moore [10] extended the result to collectively compact and Fréchet
equidifferentiable families of operators. Dane3 [3] and Nussbaum [13] showed
independently that the Fréchet derivative of an G-set-contraction is an Q-set-
contraction; thus a property which is more general than compactness of the opera-
tor is inherited by the Fréchet derivative of the operator. Some of the corollaries

of $53 and 4 unify and generalize these simple results.

1. Locally and asymptotically & ,--., k)-homogeneous operators and re-
lated notions. Throughout this article, X and Y will be real normed linear
spaces, and X will denote the open unit ball in X.

Definition L.1. A map F: X — Y is locally Gysenn, ky)-bomogeneous at 0
(abbreviated LH(k,,.- ., ky) at 0) if, in some neighborhood of 0, F can be ex-
pressed in the form

(i) Fx =3l | Ax+Bx
where Ai ((=1,-..,N) and B map X into Y, and

(i) Aex) = t*i4x, x X, 1> 0,

(i) 0 <k, <k,<... <ky>

v) Limy o Ulx] """nzg':n+1 Ax +Bx||}=0,n=1,-..,N.

F is weakly locally (k 17+ + s ky)-homogeneous at 0 (abbreviated
(ﬁLH(kl, <+, ky) at 0) if the limit in (iv) holds weakly as [|x|| — 0. A map
F:X —Y is LH(k ,---, ky) at z € X if the map b — F(z + b) - F(2) is
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LH(kl, ceey kN) at 0; mLH(kl, ceey kN) at z € X is similarly defined.
Definition 1.2. A map F: X — Y is asymptotically (k,---, ky)-homogeneous
(abbreviated AH(ky,«--, ky) at o) if (i)—(iii) hold for |x| sufficiently large, and

. . —k -
(iv), hm”x”*w{"xn n||§:z=: A x +Bx||}=0, n=1,..., N.

The notion of mAH(kI, ey kN) at o is defined using the weak limit. (Of course,
here and elsewhere, sums ZII.V:M[ or 2:’;} are empty if n=N or n =1, respec-
tively, or if N =1.)

The proof of uniqueness of the representations in each of the preceding defini-
tions follows the same pattern as its counterpart for differentials and asymptotic
differentials.

Remark 1.1. If the A, satisfy

@) Al <M ™ i = 1, Ny x e X,
then conditions (iv) follow from the single condition

(vi) lim"x”_.wHBx”- HxH_kN =0
because of (iii). Conditions (v) and (vi) are in fact those assumed by Melamed and
Perov in [9], in lieu of (iv) in Definition 1.1. Similarly, if (v) and

(vi)' limy| || _ ool B*] - I ~*1 =0
hold, then conditions (iv)_, hold for AH(kl, cee, kN) at oo,

It is easy to show that a positively homogeneous operator A of degree k> 0
(i.e., A(tx) = t*Ax, t > 0) is bounded (i.e. maps bounded sets into bounded sets)
if and only if

(vii) ||Ax|| < M||x||* for some M >0 and all x € X.

A family @ of operators A is uniformly bounded if for any bounded set §,
Ua @ A(S) is bounded. For a family @ of operators A all homogeneous of degree
k, (vii) holds with a uniform M if and only if the family is uniformly bounded.

Remark 1.2. If F is Fréchet differentiable at z, then it is locally 1-homo-
geneous at z, but not conversely. But if F is LH(1) at z, then the conditions
satisfied are exactly those for F to have a bounded differential in the sense of
Suchomolinov (see for instance [11, p. 135]): F is said to have a bounded differen-
tial at z if there exists a bounded but not necessarily linear operator B(z;-) such
that

lim |||~ . |F(z + b) - F(2) - B(z; b)|| = 0.
I%1]-0
This implies of course that B(z; b) is homogeneous of degree one in . Similarly
if F is asymptotically Frécher differentiable, i.e. if there exists a bounded linear
operator L such that lim”x”_‘leFx ~ Lx||/||x||} = 0, then F is AH(1) at o, but
not conversely.

For later reference we state the following easily proved propositions:

Proposition 1.1. Let W be a directed set. Let the operators A and A (me
M) be homogeneous of degree k. If lim [|A x - Ax|| =0, x € X, and ||A_x|| <
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Mlxl%, m €W, x € X, then Ax] < Mx]*.

Proposition 1.2. Let F be LH(k) at 0 with F = C + D, where C(tx) = t*Cx,
t>0, x € X, and ||x|"*||Dx|| — 0 as ||x|| —0. If F is bounded in some neighbor-
hood of 0, then there is M >0 such that |Cx|| < M| x|*.

Proposition 1.3. If F is LH(k},-++, ky) at 0 (or is AH(k},: -+, ky) at )
and is bounded, then there are numbers M.>0, i=1,---,N, such that HAix" <
M|x|%, i=1,.--, N, x € X.

Proof. Apply Proposition 1.2 successively to F, F = A ,-+-, F - 2:.":1 A

Remark 1.3. Condition (iv) in Definition 1.1 is equivalent to the following
condition:

(vii) Tim,_ o/ " (SN A (th) + B(th) = 0, n=1,---,N, uniformly with
respect to b in the set {h: ||b| = 1}.

Variants of Definition 1.1 can be given by requiring the limit in (viii) to hold
uniformly with respect to b € S for each set § in a given system 3 of subsets of
X. For example if we take for B the system of all finite sets in X, then we get
a Gateaux-type notion of local (kl’ ceey kN)-homogeneous approximation. Another
interesting choice for B is the system Bc of all sequentially compact subsets of
X. If F is Hadamard differentiable at z (see, e.g. [21, p. 124]) then F is LH(1)
at z relative to the system ,Bc but not conversely.

The class of LH- and AH-operators falls in a hierarchy of other notions that
are useful in the local and asymptotic approximation of nonlinear operators. We
shall say that a mapping F: X — Y is k-inner (outer) bounded, if there exist posi-
tive numbers @, y, k such that ||[Fx| <yllx[I® if ||x]| < a (respectively |x|| > a).
The subclass of 1-outer bounded operators was introduced by Granas [6] under the

name of quasibounded operators. It is easy to show that F is k-outer bounded if

and only if
. F
|F|k = Inf su ug = lim su HFLE
0<p<oo |x|j2p |x| ||| oo x|

is finite. |F|, is the usual quasinorm of a quasibounded operator. The various

(for a bounded operator)

AH(kl, cee, kN) operator Z Melamed-Perov operator

k-outer bounded operator

Asymptotically Fréchet differentiable operator

Quasibounded operator
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implications among these notions of asymptotic approximations are given in the

diagram.
Counterexamples for each of the reverse implications can be easily given.
As an example of an AH(kl, ceey kn) operator, consider the Hammerstein oper-

ator defined in £, [0, 1] by

Fx = I; K(-, t)gle, x())dt

where we assume the following conditions hold:
(A1) K(s, t) is measurable in s and ¢ with

K| = f;f; |K(s, 0)|?ds dt < .

(A2) g(t, u) is continuous in u, measurable in ¢ and satisfies for some a, €
£ lo,1), i=1,--+, n, and O<k <k, <. <kn,thecond1t10n

gt ) - Y2, (lul | < Zemlu T g

i=1

for 0 <t <1 and - o <u <o, where g, € £, g, es.z/b,o<b <Lk >1-b,
i=1y.-., m.
(A3) Suppose the functions a; in (A2) are such that

k.
- I;K(-,t)ai(t)|x(t)| fdl, 0<k,<2,i=1,.-.,n,

map £2 into 532 (For /e > 2, one must use S‘f -spaces, p > 2. For sufficient con-
ditions under which (A3) holds see Krasnoselsku [7, pp. 27 and 52)).

From (A1)-(A3) it follows easily (as for instance in [12]) that F is
AH(kj, oo, k) at o,

It is also possible to impose conditions so that F is AH(k ey k ) from
£Pl into gpz’ or from a Banach space E into f An mterestmg situation in in-
tegral equations which calls for an asymptotxcally quadratically null operator Q:

E —-».531, i.e. hm” I o0 ||Qx]|£l/]|x|]E =0, is given in [17], [18].

2. Pointwise convergence of equilocally (equi-asymptotically) (kyseres ky)-
homogeneous operators. We denote by M a directed set indexing the nets of opera-

tors studied in this section.



298 R. H. MOORE AND M. Z. NASHED

Definition 2.1. A family ¥ = {F_,me M} of maps from X into Y is equilocally
(kys+ -+, ky)-homogeneous at 0 (abbreviated ELH(k,: -+, ky) at 0) if, in a
neighborhood of 0,

N
=2Am'ix+Bmx, mel, x € X,
i=1
where the A m.i (i=1,.--, N) and B satisfy (ii)—(iv) of Definition 1.1 for m €
M with the k (i=1,c++, N) mdependent of m and with the limits in (iv) holding
uniformly w1th respect to m.

The family is equi-asymptotically (kl, ceey kN)-homogeneous (abbreviated
EAH(kl, N kN) at o) if (iv)_, holds in place of (iv), again uniformly with re-
spect to m. The notions of weakly equilocally (kl, ceey kN)-bomogeneous at 0
(abbreviated @ELH(/&I, «++5 ky) at 0) and of weakly equi-asymptotically (k,,

< kN)—homogeneous (abbreviated @EAH(kl,- cey kN) at ) are defined analo-
gously.

Remark 2.1. By the observation preceding Remark 1.2, the operators A

m,i
will satisfy for a fixed i,

k.
(2.1 A xl <M x|, xeX, mel,
s 1 - 1

if and only if the family {A m? ™€ M is uniformly bounded. On the other hand,
by analogy with Proposmon 1. 3, if the family fF ,meM} is umformly bounded
and ELH(k,, - -, ky) at 0, then there are numbers M >0, i=1,-.., N, indepen-
dent of m, such that (2.1) holds.

We recall that a family F of operators on X into Y is called collectively com-
pact if for every bounded set B C X, the set \JIF(B): F ¢ ¥} has compact closure.
This notion is useful in the study of approximate solutions of integral and opera-

tor equations (cf. [1], (10)).

Theorem 2.1. Let {F _, m € M, where M is a directed set, be a net of opera-
tors on X into Y which is ELH(k seees ky ) at O: F_ x-zN 1A, x#+B x. Let
the family 1A, m € Mo<ic< N} be collectzvely compact. Suppo'se the space Y
is complete (or tbat UIF (X):m € M} is complete) and F is the pointwise limit

of {F 1 in some open set S about 0,
2.2) lim |F _x~Fx| =0, xeS.
m

Then F is LH(kI,- cey kN) at 0: Fx = 27_1 Al.x + Bx and morcover

(2.3) lim||A  x—-A.x|=0, xeX, i=1,...,N.
m m, 1 1

Proof. We proceed inductively. Suppose for 1 <i<n -1 operators A, homo-
geneous of degree k. have been found satisfying (2.3). (We begin with » =1 and
no6 such Ai; then 2:’:% below is empty.) Let b € Xl. Let ¢ > 0 be given. Since



APPROXIMATIONS OF NONLINEAR OPERATORS 299

{Am o mE M} is collectively compact, there is a subnet A and a point, de-
’ . ]'
noted by A b, such that

(2.4) h;n ”A"’j' "b — Anb“ -0

2.5) <|FGB) - F_ (8B +
]

We have
n—1

F(Bb)-— Z A. (Bb)- ”Anb
i=1

n—1 n-1

2 A, G- 3 ALk
= ]

i=1

F, (ab>-zA 6n).

i=1 7
wnsl A (0h) + B, (6h)| which by (iv) of
Definition 1.1 can be made less than € " for all m, by taking & sufficiently small.

vA_ Bk -8 5*na bl +
.

The last term here is equal to “2

Consider any such & which also satisfies X, CS, where X, is the unit ball in
X. The limit with respect to j in the other terms of (2.5) is 0. Hence for sufficiently
small &,

k
<eb ".

n—1
3F(8b)— ZAi(Bb)z - 8k"Anb

i=1

This implies A ,P is the unique limit of all subsets of {A LPom € M3, and hence
is the limit of the net. For any point th, ¢t > 0, define A (tb) = t*na 2

Since the above holds for any b € X, this defines A" as a homogeneous oper-
ator of degree k on X. (Consistent values are obtained if distinct linearly depen-
dent points bl’ b2 are used to define An.) Further, (2.3) holds for i = n by (2.4)
and the uniqueness of the limit.

In this manner, the operators A, i=1,.-., N, are defined. Define Bx=Fx -
EIILI A.x. To show (iv) holds, consider » such that 1 <z <N, and let ¢> 0 be
given. We have

N
Z Al.x+Bx

i=n+1

n

Fx — ZAix

i=1

(2.6)

n

Z (Am, ix _Aix)

i=1

n
me - Z Am' X+

i=1

<|\Fx - E x| +

for all m € M. Since by hypothesis for the Fm, (iv) holds uniformly with respect
to m: there is & > 0 such that ||x|| <& implies
n
me - EI Am' X
i=

. € Ky
Z Am_ Xt Bmx < 5 "x“

i=n+1
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Consider any x such that ||x|| <. Then on the right side of the inequality (2.6),
the first and third terms can each be made less than (e/4)||x]| kn, whence

N k
> Ax 4 Bxfl <elx|| "
1
i=n+1
so (iv) holds. Thus F is AH(k s ky ) at 0.
Remark 2.2, Since the operators A m,i ar€ collectively compact, they are uni-

formly bounded and hence satisfy (2.1). Thus by (2.3) and Proposition 1.1 we con-
clude [|A.x|| <M ||x|| i, x€X,i=1,-++,N. We now give an analog of Theorem

2.1 for weak convergence.

Theorem 2.2. Let {Fm, m € M} be a net of operators on X into Y which are
WOELH at 0. Let {Am,nx: m € M} be bounded for each x € X. Suppose that F is
the pointwise limit of {F } in some open set S about 0 and that the space Y is
reflexive. Then F is mLH(kI,- <oy kN) at 0 and for each x € X

(2.7) {Am’ixi converges weakly to Al.x, i=1,.0.,N.

Proof. We proceed inductively. Suppose for 1 <i<n-1 operators A; homo-
geneous of degree k. have been found satisfying (2.7). Let h € X,. Let ¢>0 be
given. Since {A b! is bounded, there is a subnet {A_ 1 and a unique point,
denoted by A b, such that (A - h-A b) — 0 for all I E Y*, the dual space of
Y. Consider l € Y* such that ||1|| =1. Then for & such that 6h € S, we have

n—1
z(F(ab) -3 A Bh) - 8k"Anb>

i=1

n—1
1(2 “_ - Ai)(Sb)>|
i=1 7

(p -3 A, ,.(ab)>
7’

i=1

(2.8) <F - F_)(@h)|| +
]

+|UA (Bh) -8 5 A )+

]

for all m; € M. By hypothesis there is 8, >0 such that 0 <6 <8 implies b €
S and for all m e MM,

k k
<€ll6h|| " <ed ™.

1<Fm(8b)'- YA, i(8b)>
i=1

Pick and fix any such 8. Passing to the limit with respect to m in (2.8) we

obtain, for any / € Y* such that ||/|| =1,

k
<ed "

n—1
1<F(8b) S 4, (6h) - 'o‘k"Anb>

i=0
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whenever 0 < 8. Hence, as a consequence of the Hahn-Banach theorem,

n—1
F(8h) - 3 A, (5b)—8 "A b
i=1

<63" for 3<5

This proves that A b does not depend on the choice of the subnet, so A b is the
unique weak limit of the net {A_ hl. The rest of the proof is the same as in
Theorem 2.1, replacing norms in (2 6) by continuous linear functionals and using

weak limits in the arguments following (2.6).

3. Measures of noncompactness related to LH(k,,-- -, k) operators. Let §
be a bounded set in X. The measure of noncompactness of S, denoted «(S), is the
infimum of all numbers € > 0 such that § can be covered by a finite number of -
balls in X. The following known properties are needed for the proofs of the theorems
below:

(a) k(§) =0 = S is precompact (i.e. totally bounded).

(b) (S U T) = max (x($), «(T)).

() SCT = «(s) < (T).

(d) (S(T, €)) < k(T) + ¢, where S(T, ) = {x € X: distance (x, T) < ¢l.

(e) k(S + T) < «(S) + (7).

(f) «(AS) = |A|«(S), A real.

(g) «(S) = «(§).

(h) k(X,) =0 if X is finite dimensional; «(X) =1 if X is infinite dimensional.
Here and in the following X, denotes the open unit ball in X.

The definition of measure of noncompactness used here seems to be due to
Goldenstein and Markus [5]. Closely related notions of measures of noncompactness
have been introduced by Kuratowski [8], Darbo [4], Sadovskii [16] and others (see
(21, [14], (15D).

Theorem 3.1, If F: X — Y is LH(k) at z,
(3.1) F(z + b) = F(z) + A(z)b + B(z, b), |Ib] < ¢,

then therc exists

k(F(z + eX . ))

2 im
(3.2) (l_n.r(;i+ n k(A(2)X ).
Proof. The proof of Theorem 3 of Danes [3] or Lemma 4 of Nussbaum [13] can
be adapted to this setting since the additivity of A assumed there is not really

essential.

Corollary 3.1. If F is LH(k,--., IeN) at z, then there exists

j—1
lim K<F(Z+£X )—ZA (2)eX )) b:K(AJ,(z)XI) Jor j=1,2, .-+, N.

-0t i=1
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Indication of Proof. Apply the theorem to the operators F(z + b) — 21:% A,()b
and use (iv).

A mapping F: X — Y is said to satisfy a Hélder condition of order k in the
sense of measure of noncompactness with constant a > 0, briefly called a-mcH*
mapping, if for any bounded subset S of X, k(F(S)) < alx($)]*,

Corollary 3.2. Let Q be an open subset of X and let the mapping F: Q1 —Y
be LH(E) at z €Q. If F is an a-mcH* mapping, then so is the operator A(z) de-
fined in (3.1) and KA(X)) < a.

Proof. This follows easily from (3.2) and the properties above.

When F is an a-set-contraction ([3), [14], [15]) which is Fréchet differentiable
at z, Corollary 3.2 reduces to a result of Dane$ [3, Theorem 3 and Corollary] and
Nussbaum [13, Lemma 4]. From this result also follows the well-known fact that
the Fréchet derivative of a compact operator is compact (since T is compact if
and only if (T(X,)) =0). Note, however, that Corollary 3.2 yields the stronger
result that the bounded derivative (which is not necessarily a linear operator; see
Remark 1.2) of a compact operator is compact.

Other corollaries can be given which are specializations to a single operator
of the corollaries to Theorem 4.1 below.

4. Measures of noncompactness related to equilocally or equi-asymptotically
homogeneous families of operators and collectively compact operators. We begin

with a generalization of Theorem 3.1 to families of operators.

Theorem 4.1. Let {F_,m € M} be a family of maps from a neighborbood of
z € X into Y. If the family is ELH(k) at z:

Flz+h)=F ()+A ()b+B (zh), [b]<ep

and

K( U Fm(2)> =0,

meX

(4.1)

then there exists

4.2) lim K< UF, =+ fxl)>/€k . K( U Am(z)X1> :
€~0 meN meR
Remark. Condition (4.1) holds in particular if M is a directed set, and the
generalized sequence me(z), m €M} converges to some point or is a Cauchy

sequence (in case Y is not complete).

Indication of Proof of Theorem 4.1. For 0 < ¢ < €, let

8(e) = sup {||B, (z, D)/ ||b]|*: b € X, |6l < ¢, m € M.
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Then 8(¢) — 0 as ¢ — 0 since the condition (iv)
18,6z )|

lim
k
Isll-0  lI5]

holds uniformly with respect to m. Also,

F (z+eXl) Fm(z)
_nm__ + U Am(z)XI +0 (c)Xl
m t'k m € m
and
Fm(z) Fm(z + ch)
U4 )x cU — - U —_— + 83X

€ €

since for each m € ), the corresponding inclusion relations hold. Thus, by (4.1)

and the properties of k,
K (U F (z + eXl))%k - K <U Am(z)Xl>
m m

which proves the theorem.

< 8(e),

Corollary 4.1. If in addition to the hypotheses of Theorem 4.1 there is a >0
such that, for any bounded set S C X, «( U.. Fm(S)) < alx($)1*, then K(Um Am(z)Xl)
<a.

Proof. Since «(z + eXl) = ¢ we have
K (U Fm(z + ‘X1)> < alk(z + 45)(1)]’t = aek
m

so Theorem (4.2) yields the result.

Corollary 4.2, If in addition to the hypotheses of Theorem 4.1 the family
{F_,me€ M} is collectively compact, then the family Mm(z), m €M} is also col-

lectively compact.
Proof. In this case a =0.

Corollary 4.3. If the family {F_, m € WM} is collectively compact and Fréchet
equidifferentiable at z, then the derivatives {F;(z), m € M} form a collectively

compact family.
Proof. The equidifferentiability assures that the limit in (iv) will be uniform

with respect to m. Also (4.1) clearly holds. Hence Corollary 4.2 applies.

Corollary 4.4. Let {F_, m € M} be a family of operators from a neighborbood
of z € X into Y. If the family is collectively compact, and ELH(kI,- ooy kN) at
z, then Mm pm eM,i=1,..+, N} and !B.m, m € M} are collectively compact.
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Indication of Proof. Apply Corollary 4.2 successively for j=1,-++, N to the
families {F_(z + b) - 2/~ A (2)b, m € M},

Corollary 4.4 reduces for the case of a single bounded operator (see Remark
1.1) to the theorem of Melamed and Perov in [9]. Corollary 4.4 also generalizes a

result of Moore [10, Theorem 2].
We conclude by stating an analog of Theorem 4.1 for EAH(k) mappings.

Theorem 4.2. Let {Fm, m €M} be a family of maps from X into Y. If the
family is EAH(k) at o, Fm(x) = Am(x) +B_x, for x|l greater than some a, then

}i"go K(mleJ! Fm(txl))/lk - <mLeJl Am(Xl)) '

Indication of Proof. For ¢t > a, let

there exists

8(1) = sup {||B,_x||/ |x||*: x € X, ||x|| > t, m € W}.

Then 8(t) — 0 as t — . Also for each m €, if S, = bx: [Ix]| = 14, then F_(s5,)
CA _(S)+B _(tS)) and A_(:S)CF (:S,)+B_(15)). Hence
m m m m m

tTRE (S ) C A (S)+ 80X, and A _(S)CtRE (1S)) + 81X .

The remainder of the proof is as in Theorem 4.1.

Corollaries analogous to those for Theorem 4.1 can be given.
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