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ALGEBRAIC EXTENSIONS OF DIFFERENCE FIELDS

BY
PETER EVANOVICH(!)

ABSTRACT. An inversive difference field X is a field K together with a finite number
of automorphisms of K. This paper studies inversive extensions of inversive difference
fields whose underlying field extensions are separable algebraic. The principal tool in our
investigations is a Galois theory, first developed by A. E. Babbitt, Jr. for finite dimensional
extensions of ordinary difference fields and extended in this work to partial difference field
extensions whose underlying field extensions are infinite dimensional Galois. It is shown
that if £ is a finitely generated separable algebraic inversive extension of an inversive
partial difference field K and the automorphisms of X commute on the underlying field
of X then every inversive subextension of £/ is finitely generated. For ordinary
difference fields the paper makes a study of the structure of benign extensions, the group
of difference automorphisms of a difference field extension, and two types of extensions
which play a significant role in the study of difference algebra: monadic extensions
(difference field extensions £/X having at most one difference isomorphism into any
extension of X) and incompatible extensions (extensions /XK, <M/XK having no
difference field compositum).

Introduction. In [1], A. E. Babbitt, Jr. shows that if £ is a finitely generated
normal separable algebraic inversive difference field extension of the inversive
difference field K then there exist inversive difference fields X' C £, C 4
C...C £L,= L where £,/ is finite dimensional and /£,,/ £, i=1,...,
n — 1, is benign (Definition 4.1). Using this decomposition Babbitt shows £/ K
is compatible (Definition 5.1) with an extension <M/ if and only if £,/ %K is
compatible with o1/ X, Babbitt then developed a Galois theory for the extension
Ly/ K to examine further the questions of compatibility.

The Galois theory is extended in this paper to partial difference fields and,
using the Krull topology, to infinite dimensional extensions. We use the theory
in §2 to prove that if £ is a finitely generated separable algebraic inversive
extension of the inversive difference field K and the transforming operators of K
commute on the underlying field of X then every inversive subextension of £/ K
is finitely generated over K.

The remainder of the paper deals with ordinary difference fields. Propositions
5.1 and 5.2 and Theorems 5.2, 5.3 and 5.5 are restatements or extensions of
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Babbitt’s results. They are discussed here in light of the new proofs and
techniques offered by the Galois theory. The most important of these is Theorem
5.2 which shows compatibility of an extension £/X depends only on the finite
dimensional subextensions of £/ K. The proof given here makes no use of the
Babbitt composition mentioned above or of benign extensions.

A concept of limit group is developed in §3 and then used to examine the
structure of benign extensions. Theorem 5.7 shows that the group of difference
automorphisms of a finitely generated universally compatible extension has its
composition series equivalent to the composition series of the limit groups of that
extension. Finally, examples will be given to show monadicity does not imply
universal compatibility and there exist nonbenign algebraic difference field
extensions with trivial cores.

Notation and conventions. Henceforth all difference fields will be inversive;
that is, a difference field K will consist of a field K, called the underlying field
of X, and a finite number of automorphisms, o,,..., 0, of K, called the
transforming operators of K. We will write (K; 0y, ...,0,) for K If G is a group,
fi» ..., f, are automorphisms of Gand N C G then N ff ... fk(N) will denote
N {fi ... fk(N) |k, ..., k, are integers}. If n = 1 we will denote f*(N) by N,.
If ...G,, G,, Gy, ... are topological groups X G, will denote the (topological)
direct product X;2_. G,. C denotes proper containment and < strictly less
than.

1. The Galois correspondence. Let K be a difference field with underlying field
K and transforming operators o, ..., g,. Let £, with underlying field L and
transforming operators gy, . . ., d,, be a (difference field) extension of K. Further,
take L to be a normal separable algebraic extension of K. Make the Galois group
G of L/K into a topological group by giving it the Krull topology [2]. G is
compact, Hausdorff, and has a basis at the identity, e, consisting of the collection
of invariant, open (and hence closed and of finite index in G) subgroups of G.
Each automorphism o; of L induces an automorphism (topological) f; of G as
follows:

fi(g) = o' go;.

Definition 1.1. A subgroup H of G is (f,...,f,)-stable if f;, forj=1,..., k
is an automorphism of H. H is called stable if H is (f,, ... ,f,)-stable.

For each subextension M/K of L/K let G(M) denote the subgroup of G
consisting of all automorphisms which leave every element of M fixed. For each
subgroup H of G let L(H) denote the fixed field of H.

The following are easily verified. First, if H is a stable subgroup of G then, for
i=1,...,n,o;is an automorphism of L(H). Second, if =M, with underlying field
M, is a subextension of £/ K then G(M) is a stable subgroup of G.
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If H is a stable subgroup of G then L(H) will denote the subextension of £/ K
with underlying field L(H) and transforming operators o, |L(H), . . .,q,|L(H). If
<M is as in the preceding paragraph then G(=#) will denote the stable subgroup
G(M).

If H is a closed invariant stable subgroup of G then each f; induces an
automorphism (topological) h; on G/H as follows: for g € G, h;(gH) = f,(g)H.
We will denote A; by f; if no confusion arises.

Theorem 1.1. Let £, X, L, K, G, 0,,...,0, fi,...,f, beas above.

(a) The mapping M — G(M) establishes a 1-1 correspondence between the set of
(inversive) subextensions of £/ K and the closed stable subgroups of G. If M is a
subextension of L/ K then L(G(M)) = M andl‘\if H is a closed stable subgroup of
G then G(L(H)) = H.

(b) Let M be a subextension of L/ K with underlying field M normal over K. If
G' is the Galois group of M/K and g,, . . ., g, the automorphisms induced on G’ by
0,|M, ...,0,|M respectively then there is a natural isomorphism ¢ : G/G(M) —> G’
(of topological groups) such that for i=1,...,n, oh;=g;@ where h; is the
automorphism of G/G(=M) induced by f;.

2. Finitely generated extensions. Let £ be a difference field extension of the
difference field X, L, K the underlying fields of £, K respectively, and oy, .. ., o,
the transforming operators of .

Let S be a subset of L. We denote by K <S> the intersection of all
subextensions of £/ KX whose underlying fields contain K U S. Let = be the set
of all products of integral powers of the ; and &' = {r(a) | 7 € =,a € S}. The
underlying field of K <S> is K(S). If § = {a®,...,a®™} is finite we write
K <a®, ..., a"> for K <S>.

Definition 2.1. £ is finitely generated over X if there exists a finite subset S of
L such that £ = K «<S>. If the underlying extension of £/ is Galois with
Galois group G and induced automorphisms fi, ..., f, we say (G;f;,...,f) or
simply G is of finite type if and only if £/ is finitely generated.

Note that Definition 2.1 is not equivalent to the definition of a finitely
generated difference field extension given by Cohn in [4]. £/ is finitely
generated in the sense of Definition 2.1 above if and only if it is the inversive
closure of a finitely generated, in the sense of Cohn, difference field extension of
X.

Now, suppose L/K is an algebraic extension and L* is the normal closure of
L over K. For each i = 1,..., n we can extend o; to an automorphism 7, of L*.
Denote by £* the difference field with underlying field L* and transforming
operators 7,...,7,. £* will be called a normal closure of £/K If £/Kis
finitely generated then £*/ X is finitely generated.

Proposition 2.1. Let £ be a difference field extension of the difference field K with
underlying extension L/K Galois, G the Galois group of L/K, f,,...,f, the
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respective automorphisms induced on G by the transforming operators o, . .., o, of
L, and 2 the set of all products of integral powers of the o;. A subextension <M/ K
of L/ K is finitely generated if and only if there exists an open subgroup N of G such
that N {f(N) | € I} = G(cM) where if =0k ...ak then f=f ...fif.
Further, if for each pair (i,j) of integers with 1 < i < nand1 < j < n thereis a
g; in G such that o7'o7'0;0,=g; (i.e. the transforming operators ay,..., o,
commute on K) then sM/ K is finitely generated if and only if there exists an open
subgroup N of G such that G(=M) = N f{ ... Lk (N). If the underlying extension
of M/ K is normal then N in both cases above can be chosen to be an invariant

subgroup of G.

Proof. Suppose oM/ K is finitely generated, say <Ml = K <S> where § is some
finite subset of M, the underlying field of =M. Using the notation of Theorem 1.1,
let A = G(K(S)). A is closed and since [K(S): K] < o0, (G:4) < . B
= M {g7'4g | g € G} is a closed invariant subgroup of finite index in G. Since
G is compact B is open. Denote G(=M) by H.

H = GK(U {K(r(8)) | € Z}) = N {GK(x(S))) | 7 € Z}
=N {fA|reZ}D N{f(BH)|7 € Z} D H.

Hence, N = BH is open in G and N {f(N) |7 € Z} = H. If M/K is normal
then H is an invariant subgroup of G and N is invariant.

Now, suppose the transforming operators g;, 6; commute on K. If 7 € 2 then
T=r1...T, where 7, = oi! for some transforming operator o;. If i € {1,...,m
— 1} there exists g€ G such that 77y =778 f(N)=f(B)H
= f (3 (fs(B)77s)H where a =7 ...7_ and B=174,...7, (a =eorf
=e¢if i = 1 or m — 1 respectively). Hence

L(N) = (7 3l g7 o (B)grs ) H = £,(77 13} fp(BYTir )

since B and thus fg(B) are invariant. Thus f(N) = f(B)H = f(N) where v
=T ...T7 ..., It follows from the above that if p is any permutation of the
letters 1, ..., m then f(N) = f;(N) where § = ;) . . . Tym. Thus, for 7 € X there
exist integers k,..., k, such that f(N)=ff ... f*(N), and hence H =
N {ff ... fk=(N) | ky, ..., k, integers).

Conversely, if N is an open subgroup of G such that N {f(N) |7 € Z}=H
then (L(N) : K) < o, and since H C N, L(N) = K(S) where S is some finite
subset of M. M =L(N {f(N) |7 € Z) = K(U {(K(+(S)) | 7 € Z}) = K(S)
where S’ = U {r(S) | € Z}. Hence oM = K <S§>.

Proposition 2.2. Suppose n > 1 and the transforming operators of £ commute on
K. If N is an invariant subgroup of G and M = N {f{r ... fE(N) | k...,
k,_, integers) then for each integer k, f¥(M) is (f,, ..., f1)-stable.
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Note that G is of finite type if and only if G has an open invariant subgroup
N such thate = N f& ... f*(N).

In the context of Proposition 2.1, if E is a subgroup of G, {E) will denote the
stable subgroup N fX ... Lk (E).

Lemma 2.1. Let G be a compact topological group, H,, H,, ... a decreasing
sequence of closed subgroups of G with (%, H, = H, and let U be an open subset
of G containing H. Then there exists a positive integer a such that ifk > a, H, C U.

Theorem 2.1. Let X be a difference field with underlying field K and transforming
operators o, . . ., 6, which commute on K, £ an extension of K with underlying field
L separable algebraic over K. If £/ K is finitely generated then any subextension is
finitely generated.

Proof. We can assume L/K is normal for if £* is a normal closure of /7%
then £*/ K is finitely generated. Let G be the Galois group of L/K and fi, ..., f,
the automorphisms induced on G by g, .. ., g, respectively.

Before proceeding with the proof of Theorem 2.1 we will prove that Theorem
2.1 implies that if G is of finite type it has the descending chain condition (dcc)
for closed stable subgroups. If {7;} is a decreasing sequence of closed stable
subgroups then 7= M 7; is a closed stable subgroup whose fixed field is a
finitely generated extension of K. Proposition 2.1 implies there exists an open
subgroup U of G such that (U) = T. Lemma 2.1 implies there exists an i such
that I, C U. Since T; is stable T C T, C (U) = T. The proof of the converse of
this implication can be found in the proof of Theorem 2.1, to which we now
return.

We proceed by induction on n, the number of transforming operators. The
proofs of the case n = 1 and the induction step are carried out simultaneously.

Let =M be a subextension of £/ X and H = G(=M) the closed stable subgroup
of G corresponding to <M under the Galois correspondence. There exists by
Proposition 2.1 an open invariant subgroup N of G such that (N> = e. Let
E=N{flr ... £ (N)| k... k,_, integers} (E= N if n=1). E is a closed
invariant (f}, ..., f_,)-stable subgroup of G (Corollary 2.1). L(E), the subexten-
sion of L/K corresponding to E, is the underlying field of a difference field with
transforming operators o, ..., g,_,. It is finitely generated over X’, the differ-
ence field with underlying field K and transforming operators o, . . ., g,_,, since
N is an open subgroup of G with N {ff ... k' (N) | ki, ..., k,_, integers)
= E. By the inductive assumption (G/E; f, .. .,f,_,) has the dcc for closed stable
subgroups. (In the case n = 1, E is an open subgroup of the compact group G.
Hence G/E is a finite group.)

Forj=1,2,... let

NO = H[N (ff .. fle(N) | = < ks <41 <i < n))



6 PETER EVANOVICH

and HO = (NO). HO® will denote H.

The topological space G/H of left cosets of H is compact, Hausdorff and has
a basis {(NUY/H} at eH = H since, as one can easily see from Lemma 2.1,
(N {ff .. fo(N)|—j < ki<j}|j=0,1,...} is a basis at e for G [8]. If
g € G and g & H there exists a nonnegative integer j such that GH N NOWH
=gH N N9 = g. Hence N2y N® = H and N2, HY = H.

For each pair of nonnegative integers, j, / let

{
Iij,l =HOU N kOoﬁ'k(E)

and

l
Ey= HO n () f74E).

For each positive integer j and each nonnegative integer / the natural maps
defined below are monomorphisms of groups and, in the cases where n > 1, are
continuous and commute with the automorphisms induced on these (topological)

quotient groups by f, ..., fi_;-
@it Hyry/Hygo = Hy/Hyy,s

Vit g/ Evrger = Fy/Fpa,

o Hoy/Hypyy — Hyy/Hyyyy,
,3/,1 C Ry /By = Ey/F -

H,,/Hy;, is a closed (fy,...,f-1)-stable subgroup of 4 = HO/H,,,,.
(A;fi, ... fiey) is of finite type since B = H®O n ML) f¥(NV) is an open sub-
group of H® with N (ff ... £ (B) | ki, ..., k,, integers} = Hy . It is easy
to see that subgroups of a group of finite type are of finite type. Hence, for each
nonnegative integer I, (Hy;/H;+1;fy,....f-1) is of finite type and by the
inductive assumption has the dcc for closed stable subgroups. (In the case n = 1,
H,;/H,,4, is a finite group.) Similarly we can show that, for each nonnegative
integer I, (Fy;/F 141515 - - -, /1) has the dcc for closed stable subgroups.

For each nonnegative integer /, {H,,/H;;,, |j=1,2,...} is a decreasing
sequence of closed stable subgroups of Hy;/Hy;., (up to an isomorphism of the
form ¢, ... -,,). Hence by the dcc there exists for each / a positive integer j
such that @;, is an isomorphism if j > j;. We claim that if j > j; then a;, is an
isomorphism. If not, then it is not epic, so S = Hy,H;;,, C H;;. S is a closed
subgroup of Hj,. Since Hj;, is a normal topological space there exists an open
subgroup U of H;; such that US C H;,. {H;;|i=j,j+1,...} is a decreasing
sequence of closed subgroups of H;, whose intersection is Hy; C US. By Lemma
2.1 there exists i > j such that H,; C US. Now H,H;,,, C US C H;, contra-
dicting the fact that g;, ... @;, is an isomorphism.
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Similarly we can show that for each nonnegative integer / there exists a positive
integer k; such that y;; and B, are isomorphisms if j > k;.

For each positive integer j and each nonnegative integer / the mappings y;, and
v;; defined below are monomorphisms of topological groups.

R Hj,1+| / Hj,1+2 g Hj,l/ Hj,m’

gH 1y 1= £ (9)H, 111,
12 By /F g = Fy/F 4,

),
8F 12 = f(8)F 41 -

It is not necessarily true that p;, and »;, commute with the automorphism
induced on the above factor groups by fi, ..., f,_,. However, it is easy to see,
using Corollary 2.1, that the image of Hj,,,/Hj,,, in Hyy/H;, under p, ..., is
stable under the automorphism induced on the factor groups by fi,..., fi_,.
Hence, for each positive integer j, {H;/H;;,, |/ =0,1,...} is a decreasing
sequence of closed (f),...,f,_,)-stable subgroups (up to isomorphism) of
Hy/H;,. (In the case n = 1 the sequence is a decreasing sequence of subgroups
of the finite group H;y/H;,.)

Similarly, one shows that for each positive integer j the sequence {F,/F,, | /
=0,1,...} is a decreasing sequence of closed (f,,...,f_;)-stable subgroups of
Fo/Ey.

Using the induction hypotheses, there exists for each positive integer j a
nonnegative integer /() (m(j)) such that if / > I(j) (I > m(})) then iy (¥;,) is an
isomorphism.

Up to an isomorphism of the form @o... @, ;_;m;, ..., we can consider
{H;;/H, ., | j,I + 1 positive integers} as a collection of closed stable subgroups of
Hyz/H,,. Also if j > k and / > m we may consider, up to an isomorphism of
the form @, « - - Q1M - - - Wiy—1» Hyy/H;jyy to be a closed (fy, . . ., f_)-stable
subgroup of Hj, /H .. Again the induction hypothesis implies there exist
positive integers jij, /; such that w;,, ¢;, are isomorphisms if j > j, and / > /. It
follows from above that a;; is also an isomorphism.

Similarly one shows there exist positive integers j,, /, such that ¥ By and v,
are isomorphisms if j > j, and I > /,.

Let jo = max{/,,/,} and /y = max{/;,},}.

We claim C = HU) n Np__, f¥(E) C H. If not, there exists an open sub-
group J of G such that J D H and J D C. Since NE_,, f¥(E) = e it follows
from Lemma 2.1 that there exists an integer p > /, such that J D HW n
N, fE(E)and J D HU 0 N1 | fk(E). Either (a) or (b) below can occur:

—p—

Vj,

) ) ‘ o+l
(a) JD HU N kﬂpj;,"(E) and J D HU) N km fX(E);
= n

1 1
® JDHWA D KB ad  J2HW A .
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If (a) occurs we have J' = f7(J) D HUD n NZyf¥(E) and J' D HU) N
MEZs f¥(E). J'is an open and hence closed subgroup of G. We have the following
sequence of mappings

T T; T:
Hop/Hogpe1 ——>J N Hogy/ Hogpur == J 0 Hiyop/Hy gt —— Hy 0/ Hiy

where 7 is the identity, = is the natural map, and 7 is an injection. 7 is an
isomorphism, 7, is a monomorphism, and 7, is a monomorphism which is not
epic. Hence 77,7, is not epic. But 737, 7 = @, 5,, contradicting the fact that o ; is
an isomorphism if / > /y andj > jj.

If (b) occurs we can, using an argument similar to the one above, contradict
the fact that B8;, is an isomorphism for some / and j where / > [, andj > jo.

Hence C C H C HUo),

C is an open subgroup of H") and

o
N { fla oL fla (HW n.n fn"(N)) (TN integers} =C

By Proposition 2.1, (HY/C; f,, ..., f,) is of finite type. Since H/C is a closed
(fi5--->fi-1)-stable subgroup of HU0/C, the induction hypothesis implies there
exists an open subgroup Q of G such that

N {ffo .. frp (HY N Q)| ki, ...k, integers} = H.

Since H is stable, N fiv ... £k (HU) N Q)= H. Let R=NW N Q an open
subgroup of G. Then

N fl . fe@® =N ff . feND) 0 Nl ()
=HU) n N flkl ---ﬁ,""(Q)
=N fl.. fleHW A Q) =H.

By Proposition 2.1, oM/ is finitely generated. (In the case n=1, (H: C)
< (HU9 : C) < oo. Since M2y HY = H there is a positive integer ¢ such that
HUo+) = H. Thus oM = L(HUe*Y) is finitely generated over X.)

3. Limit groups of ordinary difference fields. Throughout this section K will be
a difference field with underlying field K and one transforming operator ¢, and
£ will be a finitely generated extension of K whose underlying field L is Galois
over K; G will be the Galois group of L/K and f the automorphism of G induced
by o.

Since £/ X is finitely generated, it follows from Proposition 2.1 that there is an
open invariant subgroup N of G such that NN, = (e). As in the proof of
Theorem 2.1, we have monomorphism ¢, : N/N N N, - G/N and
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i i+l i=1 i
o: AN ANS>ON/ AN  fori=12...
k=0 k' k=0 k=0 k=0
where @;(g Nith Ni) = f71(8) Ni=o Ni. Since all the above factor groups are
finite, there is an m such that ¢, is an isomorphism if n > m.

Definition 3.1. The subgroup ¢ . . . ¢,,(Mimo N/ NZFE N,) of G/N is called
the limit group of G (or £/ K) with respect to N, and we denote it by Iy (G).

Iy(G) is not independent of our choice of N, as the following example shows:

Example 3.1. Let ..., 7 ,%,,... be a collection of elements algebraically
independent over the field C of complex numbers, and let L = C(...,1_}, ¢,
f,...). Let o be the automorphism on L which is the identity on C and maps ¢
into t;,,. £ will be the difference field with underlying field L and transforming
operator o. Define X to be the difference field with underlying field K
=C(...,%X_y,Xg, X, ...) where x; = 1} and transforming operator ¢ | K. Clearly
L/K is Galois.

Let N be the subgroup of G, the Galois group of L/K, with fixed field K(z;).
Since K(#,)/K is finite dimensional Galois, N is an open invariant subgroup of
G. Also N N, = (e) since the fixed field of N N, is K(UX_ 6*(K(%))) = L.
G/N is the Galois group of K(1,)/K and Ni_y N,/ Nith N, is the Galois group
of K(ty,...,t41)/K(ty,...,t;). By an order argument one easily sees that
Iy(G) = G/N. G/N is the cyclic group of order 4.

Let M be the subgroup of G with fixed field K(¢y, ). Again M is an invarient,
open subgroup of G and N M, = (e). Ni=g M/ Ny M, is the Galois group of
K(tg, ..., %1, 442)/ K(ty, . . ., 1;,t4,) which has dimension 4 for i=1,2,....
Hence

Iu(G) = M/M N M,.

M/M N M, is the Galois group of K(t,,t;,3)/K(to, t}). Hence I,,(G) is the Klein
four group.

There are however many properties of limit groups which are independent of
the choice of N. Theorem 3.1 will reflect these properties.

One should note that the order of a limit group of £/ X is the limit degree of
the extension. (See [4, pp. 135-136].)

Proposition 3.1. If N is an open invariant subgroup of G such that N N, = (e)
then for each pair of integers s, t with s < t, M = (M-, N, is an open invariant
subgroup of G with N\ M, = (e) such that 1,,(G) = Iy(G).

Proof. Choose m sufficiently large so that /y(G) = Mi—g N/ M} N and
I(G) = Mo M,/ NEEA M, if n > m.

m+t—s+1

m+t m+1+1 m+t—s
(G =1 N/ noN="1 N/ 0" N = 1y(G)
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Proposition 3.2. If N is an open invariant subgroup of G such that M\ N, = (e)
then, for each integer r, Iy(G) is isomorphic to H, = Mie_o Ni/ MEEL o N

Proof. Since p: H, - H, given by p(g Mie_o M) =f77(8) M—— N, is an
isomorphism for each integer r, we may assume in the proof of Proposition 3.2
that r = 0. Choose a nonnegative integer n such that if m > n then [y(G)
= Ny N/ N N,. Consider the'monomorphism

n n+1
9:Ho— 0 N/ NN

given by (g Mia_o No) =f"(g) M Ne. Mia—o N is a closed invariant
subgroup of Miao Mo {Mkaej N/ Mimoo Ny |j=1,2,...}) is a basis at the
identity for Mo N,/ Mi—_ Ny. If ¢ is not an isomorphism then
(Mi-_ o NN N,) is a proper open subgroup of Mi-o N;. So, there exists a
positive integer j such that

(1) (ka Nk)(,f_\; Nk)( A Nk) (n Nk)(kéj Nk) c {:‘o Ny.

(1) implies the natural map

n:ﬂNk/ﬂNkeﬂNk/ﬂNk

k==j
is not epic. n is one-to-one and by Proposition 3.1 both factor groups are
isomorphic to /y(G) and thus are of the same order. Hence 7 is epic, a
contradiction.

Theorem 3.1. If M, N are open invariant subgroups of G such that (1 My = N N,
= (e) then ly,(G) and Iy(G) have equivalent composition series.

Proof. M is an open subgroup of G and {Nf-_; f*(N)|j=0,1,...} is a
decreasing sequence of closed subgroups of G with intersection (e). Lemma 2.1
implies there is a positive integer p such that Mf._, N, C M. Proposition 3.1
implies /y(G) = Iy.(G) where N = Nf._, N;. Hence we may assume N C M.

There exists a positive integer n such that N D Mi._, M,. We have the
following sequence of open invariant subgroups of G.

n n 2n
M:_)NQkQ Ne2 N1 M2 1, N 2
which glves rise to the following chain of closed invariant subgroups of G:

k-r_w MkD n N, D ﬂ M, D ﬂ N, 2 ﬂ M, D

By refmmg the normal serles
0 1 n
r\Mk N N2 ﬂNkI_)...QﬂNk_ N M,
k=— o0 k=—o0 k=—o0 k=— o0 k=—o00
and
A M2 N MD..2 B oM

k=—c0
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to composition series for M{._, M,/ N _. M, we see that the factors of a
composition series of /y(G) = MP._, N/ Nio_, N, are contained among the
factors of a composition series for [, (G) = Nfu_o M,/ NEL M, j=0,...,
2n — 1. Similarly one shows the factors of a composition series of /,,(G) are
contained among the factors of a composition series of /y(G).

To complete the proof we show that the number of repetitions of any factor in
a composition series for /,,(G) is equal to the number of repetitions of that factor
in a composition series for /y(G).

Let H be a factor of the two composition series and suppose it appears a times
in the factors of /,,(G) and b times among the factors of /y(G). For each positive
integer / a refinement of the series Mu_ o M D Mha oo My 2 ... 2 Ni_ M,
to correspond to a composition series for B = M{__, M,/ N{_, M, contains
H Ina times. By refining M{_ o M, 2 Mo Ne 2D Nl N, D...D
N¢D" N, D Nf._, M, to determine a composition series for B we get (/ — 1)nb
copies of H among the factors determined by the subgroups of this composition
series between MP._,, N, and N{ D" N,. Hence for each positive integer /,
(! = Dnb < Ina; thus b < a.

Similarly, using M3—_ o Ny D Moo M, 2 N_ o M, 2 Nin_ . N, to repre-
sent a normal series for M__, N,/ Ni_ Ny, [=1,2,..., one shows a < b.

Theorem 3.2. Let M/ K be an inversive subextension of L/ K with underlying field
M Galois over K, and let H = G(=M). Then, given any limit group A of G there exist
limit groups B, C of H, G/H respectively and an imbedding a of B into A such that
A/a(B) = C.

Proof. Clearly H is of finite type since G is of finite type. By Theorem 2.1, G/H
is of finite type. Hence H and G/H have limit groups.

Choose an open invariant subgroup N of G such that M N, = e. There exist
nonnegative integers n,, n, such that if n > n; then Iy(G) = My N,/ Nl N,
and if n > ny then Iy y(H) = Moo fX(N N H) N (N N H).

Choose an open invariant subgroup E of G such that N E, = H (Theorem
2.1). {Nf=—; N | j = 0,1,2,...} is a decreasing sequence of closed subgroups of
G whose intersection is contained in H. By Lemma 2.1 there exists a positive
integer a such that N{__, N, C E. M¥&y N, C E, and F= H(N¥, N,) C E,.
Since H is stable H C N F, C N E, = H. Hence there exists a positive integer
ny such that if J = My N, then N f¥(JH) = H. Let ny = max{n;,ny,n;, },
X=NEoN,, Y=X N H and Z = XH. By Proposition 3.1, /y(G) = Ix(G).
Iy(G) = X/X N X, and Iy(H) = Y/Y N Y,. There exists a nonnegative integer
m such that if n > m then I, 4, (G/H) = Miy Z,/ ML) Z,.

For each positive integer n, the monomorphism ¢, : MNi.g Z,/ Mt} Z, —
N2z Zy/ Mi=g Z, defined by ¢,(g N Z,) = f71(g) Ni-o Z, is an isomor-
phism. To show ¢, epic consider
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n—1 n n—1 n—=1
D= I:kD—l Zk] I:kQO Zk] = kQO Zk n (le Zk)Z,,.

Now,

("ﬁl Zk)Z,, - (k"ﬁ'l Zk)X,,H > (:ﬁl x,)(x,, A X, )H

k=—1

= (8, %) 0 xo) = 2,

The last equality follows from the fact that since /,(G) = X/X N X, the
monomorphism ¢ : Miog X/ M X, » X/X N X; given by (g Nt X,)
= f7"(g)(X N X,) is an isomorphism. Hence D = M2} Z, and ¢, is an isomor-
phism for n > 0, and thus /;,,(G/H) = Z/Z N Z,.

Leta: Y/Y N ¥, - X/X N X, be the natural monomorphism. The image of
ais Y(X N X;)/X N X,. We complete the proof by showing the natural map
of X/X N X, modulo the image of a, i.e. X/Y(X N X)), into Z/Z N Z, is an
isomorphism. 7 is onto since X(Z N Z,) = XH(Z n Z;) = Z. From the remark
following Example 3.1 and Theorem XII of Chapter 5 in [4] it follows that the
domain and range of  have the same order. Hence 7 is an isomorphism.

4. Benign extensions. Throughout this section £ will be a difference field with
one transforming operator, finitely generated over the difference field K. The
underlying extension of £/ will be Galois with Galois group G and induced
automorphism f.

Definition 4.1. The extension £/ X is benign (or (G, f) or simply G is benign) if
there exists an open invariant subgroup N of G such that M N, = (¢) and
In(G) = G/ N.

Lemma 4.1. If £/ K is benign and N is an open invariant subgroup of G with

N N, =() and [y(G)=G/N, then for n=12,...,
IN(G) Ekb” Nk /k=r—!]n—lNk.

Proof. Consider the map o¢:N_/N_, N N_, > G/N given by
o(g(N_, N N_,)) = f*(g)N. Clearly ¢ is a monomorphism. To show ¢ onto we
show G = Nf*(f"'(N)) = NN,. Since G/N = N/N N N, under the map
Y(g(N N M) =f1(g)N.G = NN_, and since G = f(G), G = N; N. Thus ¢ is an
isomorphism.

We complete the proof by showing that for each positive integer n the
monomorphism

-1 -1 -1 -1
. 0 N/ N N->nnN/ 0O N
k=—n-1 k=—n-2 k=—n k=—n—1
defined by 7,(g Mid_,—2 Ne) = f(g) Nigl_,_1 N, is an isomorphism. Since /y(G)
= G/N, @, : Micg N/ M3 Ny = Mp2) N/ Mi—g N, defined by ¢,(g M Ny)
= f~!(g) M=o N, is an isomorphism. Hence,
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n—1 n n—=1
on Ne= (kOO Nk)(ko—l N")’

and so

-1 n n—=1 _ 0 -1
WL, Ne=S (kOO N") B (kD—n IYk)(k-Qu—l N")'
Hence 7, is epic.

Lemma 4.2, If £/ K is benign and N is an open invariant subgroup of G such that
N N, = (e) and Iy(G) = G/N, then for each integer | and each positive integer n,
G = (NiZln Ne N Ny NN,

Proof. Since f is an automorphism, it suffices to prove Lemma 4.1 with / = 0.
-1 n =1 n n
4= (k-Qn Nen kol N">N 2 (an Ne N kfjl N")(koo N")

-1 n n
- (8 m)(3 %) 0 4w
Consider the monomorphism ¢ : NZZy N/ Ny Ny —» G/ Mig N, defined by
o(g Mo No) = f7"(8) M=o N. Since G is benign with /y(G) = G/N, (G :
Mi=0 Ni) = (n + D|Iy(G)| and (MEZ§ N : MEZg Ni) = (n + 1)|Iy(G)|. Hence ¢ is
an isomorphism and G = (Mi=g N )(Nil_, Ne).

This implies 4 D Mi.; N, and since 4 D N, 4 D N(Mi; Np).

Now, consider the monomorphism ¢ : Md_, N,/ Mil_,_; Ny = G/N given
by (g NMid_,—1 N¢) = f"*1(g)N. By Lemma 4.1 both of these groups are isomor-
phic to /y(G); hence ¢ is an isomorphism and G = N(MN{.; Ni). It follows that
A = G and hence G = (N2_, N, N Ni-; No)N.

Corollary 4.1. For each integer |,
G= N,(ﬂ {Ne | k 751}).

Proof. It suffices to give a proof when /=0.1f 4 = N(N {N, | k£0) c G
choose g € G, g € A. Then, gN N N (N, |k#0}=2. H,= MNl_,, N, n
Mi=1 N, m= 1,2, ..., is a decreasing sequence of closed subgroups of G such
that N,.; H, C G ~ gN. By Lemma 2.1 there exists H, C G ~ gN. Hence
g & N(Nd_,, Ne N Niey Ny), contradicting Lemma 4.2.

Theorem 4.1. Let N be an open invariant subgroup of G such that N\ N, = (e) and
H the topological group X G/N,.

() The mapping f* : H — H defined by f*(gi Ni)x = (f(8k-1)Ni)x is a (topolog-
ical) automorphism of H.

(b) The mapping ¢ : G — H defined by ¢(g) = (gN,), is a monomorphism of
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topological groups such that of = f*¢.
(c) If @ is an isomorphism G is benign.
(d) If G is benign and Iy(G) = G/N then ¢ is an isomorphism.

Proof. (a) f* is well defined, for if (g Ni)r = (b Ni) then gi'h, € N, for
each integer k, and so f(gi!i he-1) = f(g:21) f(hy—)) € N for each integer k. f*
is clearly multiplicative. If (g Ny), € ker(f*) then, for each k, f(g,_,) € N,
and so g,_; € Ny_;; so f* is one-to-one. If y = (g, N;), then f*(x) = y where
x = (f7'(gk+1)Ne)i- For each integer k let ¢ be the projection map of H onto
G/N,. For each k, ¢ f* = e, where ¢ is the isomorphism ¢ : G/N; - G/N,,,
given by Y(gN,) = f(g)Ns1- & is continuous and , as an isomorphi‘sm of finite
Galois groups, is continuous. Hence, f * is continuous. As a topological product
of finite Galois groups H is compact and Hausdorff and it follows that f * is
bicontinuous.

(b) That ¢ is a monomorphism of topological groups follows from Number 3,
p. 190in [2]. If g € G, f(8) = (S (&N = f*(gN ) = f*¥(8).

(c) For integers iy, ..., i, let X, , G/N, denote the subgroup X H; of H
where H, = G/N, if k #i, j=1,...,n, and H, is the identity subgroup of
G/N, otherwise. Since ¢ is an isomorphism G/N = H/@(N). H/ X Ny
= G/N and @(N) C X0 N, 50 9(N) = X4 N,. For each nonnegative integer
L

t +1
AN/ AN= X G/N/ X G/N,=G/Ny =G/N.
=0 1=0 k50, ..., t k0, ..., t+1
Hence /,(G) = G/N and G is benign.

(d) It only remains to show ¢ is onto. This follows from Corollary 4.1 and
Number 3, p. 190 in [2].

Remark 4.1. If £/X is benign it follows that the underlying extension L/K is
isomorphic to ®Z°__w K(o*(a)) over K where o is the transforming operator and
a is an element of L such that £ = K <a>. (See [2, pp. 190-191].)

Definition 4.2. Suppose £/ X is as described at the beginning of §4 except
perhaps not finitely generated. An automorphism g € G is called a (difference)
automorphism of L/ K if f(g) = g.

Proposition 4.1. Let £ and X be as in Definition 42. D = {g | f(g) =g} is a
closed subgroup of G.

Proof. Clearly D is a subgroup of G. To show D is closed, consider the map
A : G - G defined by A(g) = g~'f(g). A is continuous since it is the composition
of the continuous maps a, 8: when G3G X GAG, a(g) = (g7',f(g)), and B(g, h)
= gh. D = X\"(e) is therefore closed in G.

Remark 4.2. D will be called the Galois group of £/ K. The mapping A defined
in Proposition 4.1 will play an important role in §5. We again return to consider
extensions £/ K which are finitely generated.



ALGEBRAIC EXTENSIONS OF DIFFERENCE FIELDS 15

Proposition 4.2. If N is an open invariant subgroup of G such that N N, = (e)
then the natural homomorphismn : D — G/N, where D is the Galois group of £/ X,
is @ monomorphism. (A consequence of Proposition 4.2 is that if £/K is finitely
generated D is a finite group.) If G is benign and Iy(G) = G/N then n is an
isomorphism.

Proof. If g € ker(n) then g € N, so g = fk(g) € f*¥(N) for each integer k.
Then, g € N N, = (e).

Now, suppose Iy(G) = G/N. Let gN € G/N and x = (f¥(g)Ny), € X G/N,.
Using the notation of Theorem 4.1 we see f*(x) = x and if h = ¢~!(x) € G, then
fh) = fo~'(x) = ¢! f*(x) = ¢~ !(x) = h. Clearly hN = gN so n(h) = gN.

Corollary 4.2. For each integer k, let D, = D and let J be the topological group
X D,. The mapping f,((8)x) = (8k-1)x is a (topological) automorphism. G is benign
if and only if there exists a (topological) isomorphism  : G — J such that yf = f, .

5. Universally compatible and monadic extensions. As usual £ will be a
difference field with underlying field L and transforming operator ¢. X will be a
subfield with underlying field K. L/K will be Galois, G will denote the group of
automorphisms of L/K and f the automorphism of G induced by o.

Definition 5.1. Let o4 by an arbitrary extension of a difference field B. 4/B
is universally compatible if given an extension ¢/ B there exist an extension D/B
and difference monomorphisms ¢ : HA/B - D/B and ¢ : /B - D/B. We
will say the pair (G, f) or simply G is universally compatible if and only if £/%
is universally compatible.

Let A be the continuous function of G into itself defined by A(g) = g~'f(g).
(See Proposition 4.9.) Let -M/X be a subextension of £/KX such that the
underlying extension M of oM is normal over K and let H = G(=M). From
Theorem 1.1 we know there exists an isomorphism ¢ : G' — G/H, where G’ is
the Galois group of M/K, such that ¢f’ = he where f ’ is the automorphism
induced on G’ by ¢ | M and h is the automorphism induced on G/H by f. If X' is
the map defined on G’ into itself by A'(g') = g’~'f’(g) and A* is the mapping
defined on G/H into itself by A*(gH) = (gH)'h(gH) = g~'f(g)H = N(g)H,
then A" = A*¢.

Theorem 5.1. £/ X is universally compatible if and only if A\ maps G onto itself.

The proof of Theorem 5.1 is an application of Theorem XIII in Chapter 9 of
[4].

Proposition 5.1. If £/ X is universally compatible and <M/ X is a subextension of
L/ K then M/ X is universally compatible.

Proposition 5.2. Let <M/ K be a subextension of L/K with Galois underlying
extension. If L/ M and <M/ X are universally compatible then £/ K is universally
compatible.
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Lemma 5.1. If H is an open invariant subgroup of G such that f(H) C H then H
is stable.

Theorem 5.2. £/ X is universally compatible if and only if every subextension of
L/K whose underlying field is finite dimensional Galois over K is universally
compatible.

Proof. Suppose £/ is not universally compatible. There exists g € G such
that g & A(G). Since G is compact Hausdorff and A continuous g='A(G) is a
closed subset of G. e & g~'A(G) and so there exists an open invariant subgroup
N of G such that g7'A(G) N N = g. Let H be maximal among all the open
invariant subgroups N such that N n g !A(G) = @. We claim H is stable. By
Lemma 5.1 it is only necessary to show f(H) C H. If f(H) € H then Hf(H) is
an invariant open subgroup of G properly containing H. Hence g~ '\(G)
N Hf(H) # & and there existh € G, a, b € H such that g~'\(h) = af (b). Now
g 'h~'f(h) f(b~") = a. Since H is invariant there exists ¢ € H such that g~'5™!
=cg™!. We now have cg 'bh7'f(hb™') = cg7'Nhb') = ag~'\(hb) = ¢ 'a
€ g7'M(G) N H = g, a contradiction. L(H)/X is a finite dimensional Galois
subextension of £/ K.

There is no & € G such that gH = A(h)H, for if gH = N(h)H, g7'A(h) € H
N g 'A(G). Hence £L(H)/ is not universally compatible.

The converse follows from Proposition 5.1.

Definition 5.2. The core of G is the intersection of all open invariant stable
subgroups of G. We denote the core by C(G).

Note that C(G) is closed, invariant and stable and is the intersection of all open
stable subgroups of G. Further, £(C(G)) is the core of the difference field
extension £/ K. (See [4, p. 215].)

Proposition 5.3. If G is of finite type and C(G) = (e) then |G| < .

Proof. Let S be the set of invariant, open, stable subgroups of G. Choose an
open subgroup N of G such that N N, = (e). Since G is compact and the
elements of S are closed on G there exist H®, ..., H® € S such that
H= NL, HD C N. H is stable; hence (¢) = C(G) C H C N N, = (e). Since H
isopenin G, 00 > (G : H) = |G].

Corollary 5.1. If G is of finite type then (G : C(G)) < 0.

Proof. By Theorem 2.1, G/C(G) is of finite type and clearly the core of G/C(G)
with respect to the automorphism induced on G/C(G) by fis C(G).

Corollary 5.2. If G is of finite type then C(C(G)) = C(G).

Proof. If H is an open invariant subgroup of C(G) then (G : H) = (G : C(G))
(C(G): H) < 0. Hence H = C(G).
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Corollary 5.3. C(C(G)) = C(G).

Proof. Suppose C = C(G) has an open, invariant, stable, proper subgroup H.
There exists an open invariant subgroup N of G such that F= N n C C H.
Since H is stable, F, C H for each integer k. Let E’ be the subgroup of H
generated by U F,. E’ is stable and an invariant subgroup of G. Let E be the
closure of E' in G. It is easy to see that the closure of a stable group is stable.
Hence E is a closed, invariant, stable subgroup of G contained in H and
(C : E) < . Consider G/E, C(G/E) = C/E 5+ E. By replacing G by G/E and
f by the automorphism induced on G/E by f, we have reduced to the case where
C is a nontrivial finite subgroup of G.

Under this reduction (e) is an open subgroup of C. There is an open invariant
subgroup 4 of G such that A 1 C = (¢). Let P = N A,, a closed invariant
stable subgroup of G. G/P is of finite type.

We claim C(G/P) = CP/P. Clearly CP/P C C(G/P). If CP = G then G/P
= CP/P=C/Cn P=C C (e). Hence (G : P) < oo (i.e. Pis open in G). Thus
P D C so (¢) =P N C=C contradicting the fact C 7% (¢). Hence we may
assume there isa g € G with g & CP. If g is such a point then gP N C = &.
From the definition of C and the fact that G is compact it follows that there exist
a finite number of open stable subgroups, N, ..., N® of G such that
g=gP N NL,NO If B=NL, N® then BP/P is an open, invariant, stable
subgroup of G/P which does not contain gP. Hence, CP/P 2 C(G/P).

We now have G/P of finite type with core CP/P = C/C N P = C which is
finite. P/P is an open invariant stable subgroup of C(G/P), contradicting
Corollary 5.2.

Theorem 5.3. £/ K is universally compatible if and only if L(C)/ X, C = C(G), is
universally compatible.

Proof. By Corollary 5.3, £/ £(C) has no finite'dimensional subextensions and
hence £/ £(C) is universally compatible (Theorem 5.2). Theorem 5.3 then follows
from Proposition 5.2.

A difference field extension =4/ B is monadic [4, p. 196] if the maximal number
of difference isomorphisms of 4#/%8 into any extension of B is one. Since L/K
is Galois, £/ is monadic if and only if the difference Galois group D
= {g € G| f(g) = g} of £/ K is the identity group. As usual we will say (G, f) or
simply G is monadic if and only if £/ is monadic.

Theorem 54. £/K is monadic if and only if N is one-to-one on G. (A(g)
=g'f(2))

Proposition 54. If £/ K is monadic and =M/ X is a subextension of L/K then
L/ M is monadic.

Proof. From Theorem 5.4, this proposition is equivalent to showing if A is one-
to-one on G then A is one-to-one on any subgroup.
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Proposition 5.5. Let £/ K be finitely generated. £/ K is monadic if and only if
L/ M is monadic for every subextension M/ K of L/ K where [L : M] < o0, M
being the underlying field of M.

Proof. If £/ X is not monadic then D 5= (e). By Proposition 4.2, D is finite and
[L : L(D)] < oo. Clearly £/_£(D) is not monadic.
The converse follows from Proposition 5.4.

Lemma 5.2. Let M/K be a subextension of L/K such that the underlying
extension of M/ K is Galois. If L/ K is monadic and L/ =M is universally compatible
then M/ K is monadic.

Proof. Let H = G(oM). A is one-to-one on G and maps H onto itself. We want
to show X’ is one-to-one on G/H (N'(gH) = A(g)H) or equivalently if g € G and
A(g) € H then g € H. If A(g) € H there exists h € H such that )\(ﬁ) = A(g).
Hence, g = h.

Theorem 8.5. If L/K is monadic and L(C)/X is finitely generated where
C = C(G) then L/ XK is universally compatible.

Proof. £/ £(C) is universally compatible. By Lemma 5.2, £(C)/ is monadic.
Hence, A’ : G/C — G/C is onto. Hence £(C)/X is universally compatible. By
Theorem 5.3, £/ is universally compatible.

Example 5.1. Theorem 5.5 implies that if £/ is finitely generated and
monadic then £/ is universally compatible. We now construct an example of
a monadic extension which is not universally compatible.

Let w, = —1 and for n =2, 3,... let w, be the primitive 2"th root of unity
which satisfies x2 — w,., =0. Forn=2,3,..., w,_;w, is a primitive 2"th root
of unity. If Q is the field of rational numbers we can define inductively on Q(w,)
an automorphism g, such that o,(w,) = w,_,w, and o, | @Q(w,_;) = 0,_;. Let K be
U2, O(w,) and ¢ the automorphism defined on K by the o,. Denote by X the
difference field (X, o).

Let £ be a root of x2 — 5. § & K, otherwise ¢ € Q(w,) for some n and
¢, € O(a) where a is a primitive fifth root of unity. (See [6, pp. 203-208].)
K n Q%) = Q and K/Q and Q(§,)/Q are normal extensions, K and Q(§,) are
linearly disjoint over Q, and there exists an automorphism 7 of Q(£,)/Q such that
7(¢,) = £,. Hence there exists an automorphism ¢ of K(£,) such that ¢V (¢))
= ¢, and oV extends o. (See [3, pp. 12-15].) Let £; be the difference field (L,,o®)
where L, = K(¢;). £/ is not universally compatible since it is finitely
generated and not monadic. In particular ¢ defined by ¢(§;) = —§, is a nontrivial
difference automorphism of £ /&. By Theorem 5.2 any extension of £ is not
universally compatible over X.

We inductively define a sequence of difference fields {£,} such that £, is an
extension of £,_;, £, has underlying field L(§,) where &, is a root of x2" — 5 and
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& = ¢, |, and £, has transforming operator o™ where ¢ (¢,) = w?§, where a is
20r 2"l 4+ 2,

Let £ be the difference field which is the union of the £,. £/ % is Galois and
by our above remark is not universally compatible. We now show £/%K is
monadic. If ¢ is a (difference) automorphism of £/ then ¢ | £, is an
automorphism of £,/ for each n. Let ¢(£,) = wi§, where j € {1,2,...,2"}).
9o (¢,) = p(wy§,) = Whwi§, where a =2 or 27" + 2. o™g(§,) = o™ (wié,)
= (W, w,) Wi §,. Since po™ = 6™ we have W'/ = w2*¥ and w¥ = 1. Hence,
o¢,-1) = (&) = (wi&,)? = ¢, and ¢ | £,_, is the identity. Since n is arbitrary,
@ is the identity on £,

Theorem 5.6. Let =M/ K be an inversive subextension of L/ K with underlying
extension of M/ K Galois. Then:

(1) The difference Galois group D, of L/=M is a closed invariant stable subgroup
of the difference Galois group, D,, of L/ X.

(2) There exists a natural monomorphism  : D,/Dy, — Dy, where D, is the
difference Galois group of M/ K. If L/=M is universally compatible then  is an
isomorphism.

) If £/%K is universally compatible and  is an isomorphism then L/M is
universally compatible.

Proof. (1) Let H = G(=M). H is a closed invariant subgroup of G. D,
= D, N H. Hence (1).

(2) We identify D; with the subgroups of G/H consisting of the elements gH
for which A(g) € H. If ¢ : G —» G/H is the natural homomorphism and g € D,
then A(g) = e € H. Hence ¢ | D, is a homomorphism of D, into D; and its
kernel is D; N H = D,. Let Y be the monomorphism ¢ : D,/D, — D, given by
@. ¢ is continuous and a closed map. If £/=M is universally compatible, so
A(H) = H and gH € Ds, then A(g) € H and there exists » € H such that
A(h) = A(g). Thus A(gh™') =e and gh™! € D,. Y(gh™'D,) = gH. Thus ¢ is an
isomorphism of topological groups.

(3) Suppose ¢ is an isomorphism and A(G) = G (i.e., £/ is universally
compatible). Let # € H. There exists a g € G such that A(g) = h. gH € D,.
Since ¢ is an isomorphism there exists a g, € D, such that g, = gh, for some
hy € H.gh, =g, = f(g)) = f(gh)) = ghf (h,), so A(hi') = h. Hence N(H) = H.

Babbitt’s Lemma. (See [1, p. 67).) If G is of finite type, C(G) = G and G has no
closed invariant stable subgroups H such that the order of a limit group of H is
different from one or the order of a limit group of G, then G is benign.

Proof. Let S be the set of all open invariant subgroups N’ of G such that
N N;=(e) and Iy.(G) = N'/N' n N}, S5 &, for if A is an open invariant
subgroup of G with N A, =e and L,(G) = Mig A/ Mty A, then N’ =
Mi=o A4 is in S. Choose N € S whose index in G is minimal. If the monomor-
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phism ¢ : N/N N N, - G/N given by ¢(gN N N,) = f'(g)N is onto we are
done, so we assume F = NN_, C G. If F= N then, by Lemma 5.1, N is stable.
Since (G : N) < o0, G and N have limit groups of equal order. Hence N = G,
contradicting F 5= G. Thus, we also assume N C F.

Let H = N F, a closed invariant stable subgroup of G. The limit group of H
is (e); otherwise the order of a limit group of G is equal to the order of a limit
group of H and, by Theorems 3.1 and 3.2, (e) is the limit group of G/H which
implies (G : H) < oo. Since C(G) = G, H = G, a contradiction.

By Theorems 3.1 and 3.2, limit groups of G and G/H have the same order. F/H
and hence F defines a limit group of G/H; thus (F: FnN F{) > (N: NN N)
since /y(G) = N/N N N,. Now

(G:FNF)=(G:F)F:Fn F)>(G:F)N:Nn N,)
= (G : NN))(NN, : N) = (G : N).

Since N C F N F we also have (G: Fn F) < (F:N). Hence N=Fn K
and N F, = (e) so F defines a limit group of G. ¢ maps N/N N N, onto
NN_,/N = F/F n F. Since |Iy(G)| = |lz(G), Iz(G) = F/F N F,. However,
(G : F) < (G : N), contradicting the minimality of (G : N).

Theorem 5.7. If G is of finite type and wuniversally compatible then D
={g € G| f(g) = g}, the difference Galois group of £/ X, and any limit groups of
G have equivalent composition series.

Proof. If the order of a limit group of G is one then G is finite. Since G is finite
and universally compatible D = (e) and the theorem follows.

Assume the theorem true for all groups G with limit groups of order less than
n,n > 1, and let G have limit groups of order n. By Theorem 3.2 there exist limit
groups A4, B, FE of G, C(G) and G/C(G) respectively and an imbedding ¢ of B into
A such that A/@(B) = E. By Theorems 5.3 and 5.6 and Corollary 5.3, D/D,
= D, where D, D,, D, are the difference Galois groups of G, C(G) and G/C(G)
respectively. Since G/C(G) is universally compatible and (G : C(G)) < oo,
D, = (e). Also E = (e). Hence, D = D, and A = B. We can assume, therefore,
that G = C(G).

If G has no invariant, closed stable subgroups H such that the order of a limit
group of H is different from one or n then by Babbitt’s Lemma G is benign. By
Proposition 4.2, G has a limit group isomorphic to D and the theorem follows.

Suppose that H is a closed invariant stable subgroup of G with a limit group
of order k where 1 < k < n. Since H is of finite type C(H) is an open, invariant,
stable subgroup of H. There exists an open invariant subgroup N of G such that
NN HCCH).(H: Nn H) < woand N N H is an invariant subgroup of G.
The group generated by U f¥(N N H) is an invariant stable subgroup of G. The
closure M of this group in G is a closed invariant stable subgroup of G contained
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in C(H). Hence M = C(H) and C(H) is an invariant subgroup of G.

The order of any limit group of C(H) is k. There exist limit groups X, Y, Z of
G, C(H) and G/C(H) respectively and an imbedding ¢ : Y — X such that
X/ YY) = Z. Since C(H) is universally compatible, D/D; = D, where D;, D,
are the difference Galois groups of C(H) and G/C(H) respectively. By induction
D, and Z have equivalent composition series as do D; and ¥(Y) and thus so do
D and X.

Corollary 5.4. If G is monadic and of finite type then G is finite.

Proof. D = (e). By Theorem 5.5, G is universally compatible and by the above
theorem its finite groups are of order one. Hence G is finite.

Example 5.2. We now give an example of a finitely generated extension £/ K
which is not benign and whose core, £L(C(G)), is K.

Let X be the difference field whose underlying field is C(z) where C is the
complex numbers and z is transcendental over C and whose transforming
operator is the automorphism o of C(z) given by o(a@) =a if a € C and
o(z) = z + 1. Choose elements u,, v,, w, for k=0, %1,... in the algebraic
closure of K such that u} =z + k, v} = u, + u,,, and w} = u, — u,_, for each
integer k. Let L = K({u,, v, | k = 0,%1,...}) and let ¢ be the automorphism of
L which extends ¢ on K and such that o(v;) = vy, and a(w,) = w,,, for each
integer k. Let £ = (L, 0).

£/K has core K and hence is universally compatible. (See [4, pp. 306-307].)
L/ is finitely generated; in fact £ = K <y, wy>. By Theorem 5.7 the order
of D, the difference Galois group of £/ X; is equal to the order of any limit group
of G, the Galois group of L/K, which is equal to the limit degree of /K. The
limit degree of £/ K is 8. (See [4, p. 135].)

D consists of the automorphism ¢, ¢, j=1,2, k=1,2, defined by
D) = (~1V0,, 95 00) = (= Dfw,. 44 (v,) = (—1)iv, and ¥, (w,) = (~1)Viw,
where 2= —1. To see this let oM = K <uy> a benign limit degree two
extension of K. The difference Galois group of <M/ K consists of two elements,
the identity, ¢, and ¢ where y(u,) = —u, for all n. £/=M is benign and hence
universally compatible. By Theorem 5.6 every element in D is an extension of
either @ or . There are four possible extensions of each and they are given by
®iks Yjx> J» k =1, 2. Since |D| = 8, D must consist of exactly these automor-
phisms. Corollary 4.2 implies that if £/ X is benign then G = X;2__ D, where
D, = D for all k. Since D is abelian, G would also be abelian. To show £/ X not
benign we construct an isomorphism 7 of L/K such that re; = ¢, 7.

Let p be an automorphism of K(...,u_,,uy,u;,...)/K defined by p(u,,)
= Uy, P(Ugp41) = —Uy,y; for each integer n. Extend p to an automorphism 7 of
L/K. If 7(vy) = a then a®> = 1(t§) = 1(uy + u;) = uy — u,, 50 u = *w,. Now
P37(vo) = @3(Fwp) = 2wy, but 13 (vy) = 7(—vp) = Fwy.
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