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A CHARACTERIZATION OF THE INVARIANT MEASURES FOR AN

INFINITE PARTICLE SYSTEM WITH INTERACTIONS(')

BY

THOMAS M. LIGGETT

ABSTRACT. Let p(x,y) be the transition function for a symmetric, irreducible,

transient Markov chain on the countable set 5. Let tj, be the infinite particle system on S

with the simple exclusion interaction and one-particle motion determined by p. A

characterization is obtained of all the invariant measures for ij, in terms of the bounded

functions on S which are harmonic with respect to p(x,y). Ergodic theorems are proved

concerning the convergence of the system to an invariant measure.

1. Introduction. Spitzer's motivation for introducing his models of infinite

particle systems with interactions came, to a large extent, from the fact that many

of them have interesting classes of invariant measures [8]. The classical Gibbs

measures of statistical mechanics, for example, are invariant for one of his most

interesting models—that of speed change and exclusion. Much of the study of

invariant measures for these models has concentrated on showing that certain

measures, which are more or less explicitly known, are stationary for the model

in question. This raises the natural problem of finding all of the invariant

measures in any given case. In this paper, we solve this problem for one of

Spitzer's simplest models—that of simple exclusion.

The simple exclusion model is described in terms of a transition function

p(x,y) for a Markov chain on a countable set 5. If there were no interactions, the

particles in the system would move independently of each other according to a

continuous time Markov chain on 5 with transition probabilities p(x,y) and

waiting times with constant parameter 1 at each point. The interaction of simple

exclusion is superimposed on this motion in a way which makes it impossible for

more than one particle to be at any point in 5 at any given time. If a particle

attempts a transition to a point which is already occupied, then that transition is

prohibited, and the particle must remain where it is until it next attempts a

transition.

Since multiple occupancy is excluded in this model, the set of all configurations

is X = {0, \}s, which is given the product topology. The interpretation of 17 G X
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is that x G 5 is occupied if tj(x) = 1 and vacant if tj(x) = 0. The infinite particle

system can then be defined as the Markov process tj, with state space A whose

infinitesimal generator is described in the following way. Let C(A) be the space

of all continuous functions on A with the supremum norm, and let 9 C C(A)

be the subset of those functions which depend on only finitely many coordinates.

For x, y E S and tj G X so that t\(x) = 1 and tj( y) = 0, let 7}xy denote the

configuration which results from tj after a transition has occurred from x to y:

Vx,yi") = v(u) if u^=x,y,

= 1 if u - y,

= 0 if u = x.

For/ G 9, define ß/ G C(A) by

o/(i?)=     2     pix,y)[f(Vx,y)-fMl
^)=l;r,(>.)=0

The generator of the process tj, is then the closure of ß in C(A). It is shown in

[6] that ß has a unique closure which is the generator of a strongly continuous

semigroup S(t) of contractions on C(A), and therefore generates a strong

Markov process on A, provided that p(x,y) satisfies sup,, ^xp(x,y) < oo. The

results of this paper will be restricted to the case in which p(x,y) is symmetric, in

which case this condition is automatically satisfied. The semigroup S(t) on C(A)

induces in the usual way a semigroup on the space of probability measures on A

via the relation

//0ï)[S(0/i](</îl) - / [5(/)/](t,)u(¿tj).

Spitzer observed [8, p. 280] that if p(x,y) is symmetric, then tj, possesses the

following important property, which plays a fundamental role in our work and

explains one of the basic reasons for the symmetry requirement:

Theorem 1.1 (Spitzer). Suppose p(x,y) is a symmetric function of x and y. If

£„ fc G X and 2, fcto < », then

PH% > $2) ~ Phi& >V,X

where the inequalities are to be interpreted componentwise.

This result often permits the reduction of a problem concerning the infinite

particle system to one relating only to the corresponding finite particle system.

For example, an immediate consequence of this theorem which shows its

relevance to the invariant measure problem is

Corollary 1.2. Suppose p(x,y) is symmetric. If u is a probability measure on X,

define a function g on X by g(rj) = u{f |£ > tj}. Then ju, is invariant for the process

tj, if and only if F"[g(îj,)] = g(n) for all tj for which £x tj(x) < oo.
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Proof. By definition, p is invariant if and only if /"'{tj, > tj} = g(t)) for all tj

for which 2* v(x) *C °°- But> ror such tj,

P*bl, > Î»} = / ^(ir > t»)MW) = / ^"(íí, < S)M)

= / [2 i"(*-r)] i*W)

= 2 ¿"O?, = y)g(y) = ̂ '[«(i»,)].

It follows from this that any probability measure on A' with respect to which

the random variables r¡(x) are exchangeable is invariant for {tj,}, since in that case

g(t]) depends only on 2* ■*?(■*)• Our basic problem then is to find necessary and

sufficient conditions on p(x,y) so that there are no other invariant measures for

{tj,}, and to find all other invariant measures in cases where others exist.

We solve this problem under the assumptions that p(x,y) is a symmetric

function of x and y and that the Markov chain on 5 with transition probabilities

p(x,y) is irreducible and transient. These assumptions will be made throughout

the remainder of this paper (except in §2). In order to state the main results, the

following notation is needed. O will denote the set of all probability measures on

X which are invariant for the process (tj,}, and Oe will be the set of extreme points

of Û. Since Ú is a compact and convex set in the topology of weak convergence

of measures, the Krein-Millman theorem guarantees that Û is the closed convex

hull of ûe. Put

<Ji = ia() on 5|0 < a(x) < 1 and 2 P(x,y)a(y) = a(x) for all x E s\.

Then <=H contains every constant between zero and one, since ^yp(x,y) = 1 for

each x. Finally, define va for a G ¿H to be the product measure on X such that

"Aviv > y] = II «(*)
y(*)-i

for all y G X such that 2* y(x) < 00. The main characterization theorem is then

Theorem 13. Assume that p(x,y) is the transition function for a symmetric,

irreducible, transient Markov chain on 5. Then

(a) pa = lim,_M S(t)va exists for each a E <=#, and pa E úe.

(b) pa(Tj I tj(jc) = 1} = a(x)for all x E 5.

(c) The map a -* pa gives a one-to-one and onto correspondence between ^H and

a,.
(d) pa = va if and only if a is constant.

(e) Oe = {p G ß\ p{T, I !,(*) = I.tjOO = 1} < P{î) I V(x) = l}p{n I tj(^) = 1}
for all x ^ y).
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Corollary 1.4. Û consists only of the measures with respect to which the random

variables tj(x) are exchangeable if and only if the only bounded solutions of

2y p(x,y)a( y) = ct(x) are the constants. In particular, this is true if S is an Abelian

group andp(x,y) = p(0,y - x).

Proof. The first statement is a consequence of De Finetti's theorem [2, p. 225],

and the second follows from the first by the Choquet-Deny theorem [1],

Remark. There are many choices for p(-, ■) which satisfy the assumptions of the

theorem and for which <=H does not consist entirely of constants, and hence üe

does not consist entirely of product measures. An example is the simple random

walk on the free group on two generators.

Theorem 1.3 will be proved in §4. We conjecture that the theorem is true

without the assumption of transience, although the proof in the recurrent case

will probably be quite different. (In the recurrent case, of course, ¿JI consists only

of constants.) The following remarks should be helpful in understanding the role

of the transience assumption in the proof. Theorem 1.1 and its corollary permit

the reduction of the problem to one dealing with the system consisting only of a

finite number of particles. Since an interaction occurs only if a particle attempts

a transition to an occupied site, one would expect that if p(x,y) were transient,

then only a finite number of interactions would occur over all time for the finite

particle system. Therefore one would expect the finite particle interacting system

to behave very much like the corresponding finite particle system without

interactions, which is much easier to study. The relationship between the

interacting and noninteracting finite particle systems is studied in §3. In doing

this, several results concerning Markov chains are needed, and these are proved

in §2. Added in proof: Theorem 1.3 does hold in the recurrent case. See

forthcoming papers by Spitzer and Liggett in Trans. Amer. Math. Soc.

The final section deals with ergodic theorems for the process tj,. Since the

system has infinitely many invariant measures, they take the form of describing

the domain of attraction of each of these. It suffices to do this for extreme

invariant measures, so the problem is to describe {/x on A | 5(/)ju, -> (ia) for

aË J/in some way which is independent of the infinite particle system. In order

to state the main result, put

p,(x,y) = e- 2 Ç-yk\x,y)

vinerep(k)(x,y) are the &-step transition probabilities for the Markov chain on 5

which has transition function p(x,y).

Theorem 1.5. Suppose the conditions of Theorem 1.3 hold, that ll is a probability

measure on X, and that a E <=H. Then S(t)ii —> \ia as t -» oo if and only if

(1.6) 2P,ix,yMy)-a(y)]^o
y
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in probability with respect to p as t —* oo for each x E 5.

Remark. Intuitively, the content of condition (1.6) is that the random variables

7](x) satisfy a type of mixing condition with respect to p. This will be seen more

explicitly in Corollary 5.5.

As a consequence of this theorem, it will be shown in §5 that if 5 is an Abelian

group, p satisfies p(x,y) = p(0,y - x) in addition to the conditions of Theorem

1.3, and p is stationary and ergodic, then S(t)n —> pa as t -> oo, where a is the

constant p{ij | tj(x) = 1}. In particular, this holds in case p(x,_y) is the transition

function for the simple random walk in Zk for k > 3. Using entirely different

techniques, Spitzer (private communication) has proved this result in this case for

all k > 1.

Results of this type for other models of infinite particle systems with interac-

tions have been obtained by Holley (see [3], [4], and [5]).

2. Preliminary results. This section is devoted to obtaining several results

concerning discrete time Markov chains which will be needed in the next section.

They will be applied there to show that the finite particle interacting process is

absolutely continuous with respect to the finite particle noninteracting process.

Lemma 2.1. Let p and v be probability measures on a measurable space (Ü, S3),

and let S3„ be an increasing sequence of sub-o-algebras whose union generates S3. Let

p„ and pn be the restrictions of p. and v to S3n respectively. Suppose that vn <£ p„ for

each «, and that f = lim,,.,^ dvn /dp.n exists and is finite a.s., with respect to p. Then

v «: p.

Proof. For each «, let p„ = pj|c + p*- be the Lebesgue decomposition of p„

relative to v„. Then

d^/dv^^vJd^V.

So, for A E S3n,

P„(A)>^(A)=jA[^-Ydpn,

and therefore

By Fatou's lemma,

(2-2) IJ.(A)> fj-'dp.

Since U„ S3„ generates S3, (2.2) holds for all A E S3. Since /"' > 0 a.s. with

respect to p, it follows that p « p.
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This will now be applied to Markov chains. Let p(x,y) be the transition

probabilities for a Markov chain X„ on the countable set 5. Take C C 5, and let

Y„ be the Markov chain on C with transition probabilities

qix,y) = p(x,y)/s(x)       if y E C,

= 0 iîy&C,

where six) = S^ec/K**^)- (If six) = 0> Put Qix,x) = 1.) Fix a common starting

point x0 E C for both chains, and let u and v be the measures on 5 °° generated

by {X„} and {Y„} respectively.

Theorem 23. 7/2„ [1 - s( Y„)] < oo   a-s., then v « p.

Proof. First note that by assumption »<(x G 500 | í(jc¡) = 0 for some /} = 0.

Therefore, we may assume throughout that six) > 0 for all x E C. Let !Bn be

the a-algebra generated by the first n coordinates, and u„ and v„ be the

restrictions of ¡u, and c to Br Then vn «; u„ and dvn/d¡í„ is the function on 5"

given by

dv„ , x . m qixo,xx)---qix„_x,xn)

d\Ln PÍxo>xx)---pixn_x,x„)

if x¡ E C for each i < n and the denominator is not zero, and dv„ /dpn = 0

otherwise. So, a version of dv„ /dfi„ is

dv. n-\     1
-T^-ixx,...,xn)=X\-f-       if oc, G C for all i,
"r-n /-O JvAi)

= 0 otherwise.

But by assumption, 2* [1 _ s(xn)] < °° a-s- with respect to v, so FJ^=o Ä(xn)

> 0 a.s. with respect to »». The desired conclusion then follows from Lemma 2.1.

Remark. It is interesting to note that the assumption of this theorem can be

interpreted as saying that the number of times that Yn "attempts" to leave C is

finite.

For the final result in this section, we assume that the Markov chain with

transition probabilities pix,y) is transient, and define

(2-4) Gix,y) = 2 p<kHx,y).
t-o

Lemma 2.5. For x=£y, G(x,x) + G(y,y) - Gix,y) - Giy,x) > 1.

Proof. For x E 5, tx will denote the hitting time of x. Then G(x,x)

= [Pxirx = oo)]"1, and Gix,y) = Px(ry < oo)G( y,y) for x^y. Also,

(2.6) P*irx = oo) < P*(ry = oo) + P'(tx = oo)
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follows from Px(tx < oo) > Px(ry < co)Py(rx < oo). Therefore, for x ^ y,

G(x,x) + G(y,y) - G(x,y) - G(y,x)

= P*(rx = oo)G(x,x) + Px(ry = oo)G(y,y) > 1

by (2.6).

3. The finite particle system. While the infinite particle system with the simple

exclusion interaction must be discussed in continuous time, it is convenient in

discussing the system with only finitely many particles to consider the embedded

discrete time process. This is then a Markov chain Yk on T„ = (x E S" | x,■ ̂ Xj

for /' ̂  j}, where « is the number of particles in the system. It is defined on all

of 5" by letting all points in 5" \ Tn be absorbing. Its transition operator Vn is

then defined for nonnegative functions/on 5" by

VJ(x) = EV(YX) = í[Í2 p(xhXj)\f(x)
L/—i y-i J

¡¥=j

1   "
+ « 2        2       P(xi, ")/(*l.*/-! ' », Xi+l ,.--,Xn)

;-l uj=xj-J^i

if 3c G Tn, and V„f(x) =f(x) otherwise. The transition operator for the corre-

sponding Markov chain Xk on S" in which the particles are permitted to move

independently is

UJ(x) = E?f(Xx) = ¡j 2 2 P(x¡,u)f(xx,.. .,Xi_x,u,xi+x>.. .,xn).
,_1    u

Much of this section is devoted to the study of the relation between the

processes Xk and Yk, the results of which will be used in the next section to study

the general infinite particle system. In order to make the required comparisons,

it is necessary to impose throughout the conditions of Theorem 1.3. Since p(x,y)

is transient, G(x,y) can be defined as in (2.4). This will be useful in studying the

two particle system. For the general « particle system (with « > 2), we need

G„(xx,... ,x„) = „- 2 2 G(x„Xj).
/-i j-\

The first result states that Gn is excessive for the operator U„, and in fact that

it is the potential of a nonnegative function ',,'ith support on 5" \ T„.

Lemma 3.1. Fix « > 2, and let

h,(^) = \±±P(')(Xi,Xj)
l-l y-l
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for 1=0, 1, 2,..., and x E 5". Then

OO «     OO

(3-2) 2ltfA,-§2A*-
*=o z *-/

In particular, 2?-0 i/n*A0 = (n/2)G„.

Proof. A simple computation gives  U„h¡ = (« - 2)h¡/n + 2h¡+x/n. So, by

induction,

w*-icX'-*r(iK
Summing on /c yields (3.2).

This is now used to show that if the n particles move independently, they tend

to get far away from each other.

Lemma 33. G„(Xk) -» 0 a.s. as k -» oo for any initial configuration x E S" of

particles.

Proof. By Lemma 3.1, UkG„(x) = E'[Gn(Xk)] i 0, so G„iXk) -> 0 in L,. Since

l4 G„ < G„, Gn(At) is a supermartingale, and therefore G„iXk) -» 0 a.s.

For n > 2 and 3c G 7¡, define

*„(*)-J2 £/>(*„*,)•
i-l 7-1

Lemma 3.4. 2?_0 ^*2n < nGH /or 3c G Tn.

Proof. For 3c G Tn,

U„G„(x) - V„G„ix) = ¿22 p(Xi,Xj)[G(Xi,Xi) + G(Xj,Xj) - 2GLx,,x/)]
"     i-l y—1

by Lemma 2.5. By Lemma 3.1, UnGn(x) = G„(x) for 3c G T„. Therefore,

(3.5) gnix) < n[Gnix) - VnGnix)].

Since Vn maps functions on T„ to functions on T„, V„ can be applied repeatedly to

(3.5). Summing the resulting inequalities yields the desired conclusion.

Theorem 3.6. G„iYk) —* 0 a.s. as k —> oo for any initial configuration x E T„ of

particles.
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Proof. Let fk be the Markov chain on Tn which is obtained from Yk by

"ignoring" attempts to go to points in 5" \ T„. In other words, Yk is the Markov

chain with transition operator

VJ(x) = ñ 2     2     p(x¡,u)f(xx,...,xi_x,u,xi+i,...,x„)/(l  - g„(x)).

Since % differs from Yk only by a random change of time and Yk is not eventually

constant with positive probability, it suffices to show that G„( fk) -» 0 a.s. Let p

and p be the probability measures on (5")°° generated by the Markov chains Xk

and Yk respectively with the same initial state x E T„. By Lemma 3.4,

£[2f-o«.(n)]<oo,      so      2".o8»(n)<»      as-      But      2?-oS„(îï)
< 2?=o £«( **)> since the summands are the same in the two series, but some of

the terms are repeated several times on the right-hand side. Therefore

2f=0 gn(%) < oo a.s. By Theorem 2.3, p < p. Let

A=[(xx,x2,...)E(ST\Gn(xk)^0}.

Then p(A ) = 1 by Lemma 3.3, so p(A ) = 1 also. This shows that G„( Yk) -» 0 a.s.,

thus completing the proof.

Corollary 3.7. /// is any bounded function on T„ such that \f\ < G„, then

V„kf(x)^0ask^> oo.

Proof. If Yk has initial state x E T„, then/( Yk) ~* 0 a.s. by Theorem 3.6. Since

/is bounded, Vnkf(x) = £"*[/( Yk)] -» 0 as k -> oo by the bounded convergence

theorem.

The following lemma will be important in relating Xk and Yk.

Lemma 3.8. // 0 < / < 1 on S", then \U„kf(x)- Vnkf(x)\ < nGn(x) for

x E Tn.

Proof. Write

<3-9) ukf - v„kf = 2 vn¡[u„ - KWt'-'f
i-0

A short computation shows that if 0 < « < 1 on 5", then \Unh(x) - V„h(x)\

< g„(x) for x E T„. Therefore,

\Unkf(x) - VnkfÇx)\ < 2 K'gnfx) < 2 K'gm(x) < nG„(x)
i-O i-O

for x E T„ by Lemma 3.4.

For n > 1, define

^n = {/on5n|0</< l,t/„/ = /},
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and

^„ = {/onrjO</< l,VJ = f}.

Note that cJix = <s¡x = cH, which was defined in §1.

Lemma 3.10. There is a one-to-one correspondence between <¿j„ and<JÍ„ for n > 2,

which is given for g E (=j„ and h E <Mn by any one of the following equivalent

conditions:

(a) \g(x) - h(x)\ < nGn(x)for x E T„;

(b) h(x) = lim^M Vnkg(x)forx E Tn;

(c) g(x) = lim*.,«, Ukh(x)for x E S", where h is any extension of h to S" such

thatO < A(3c) < 1.

Proof. Fix n, and define u(x) = min(nG„(x),2). We will show first that the

three conditions are equivalent, (a) implies (b), since Vnku(x) —> 0 for 3c G Tn as

k —> oo by Corollary 3.7. (a) implies (c) since

\g(x) - h(x)\ < nGn(x) + ±± pM(Xi,Xj),
;=1 j=\

and therefore Ukig - h) = g - Ukh -» 0 as k -^ oo by Lemma 3.1. On the

other hand, (b) implies (a) since

\g(x) - V„kg(x)\ < nGn(x)

for 3c G T„ by Lemma 3.8. A similar application of the lemma shows that (c)

implies (a). To complete the proof of this lemma, it suffices to show that the limit

in (b) exists if g E <£?„ and the limit in (c) exists if A G ^Hn. We will show the first

of these only, since the other is similar. If g G <=?„, then Ukg = g, so

(3.11) \g(x)~Kkg(x)\<u(x)

for 3c G T„ and k > 1 by Lemma 3.8. Therefore, for / < k and x E T„,

\K'g(x)- Vnkg(x)\ < Vn'u(x)^0

as / —> oo by Corollary 3.7. Hence limk^x Kkg(x) exists and is in <=#„.

As a consequence of this lemma, the map t„ : ¿=jn -» cHn can be defined by

A = Tn(g) for n > 2. It is natural to define t, to be the identity map on <=H. It

should be noted that g G <Sjn is a symmetric function if and only if rn(g) is a

symmetric function.

Corollary 3.12. Suppose g E <¿ín, gis a symmetric function of its n arguments, and

for x E T„,

(3.13) 2g(3c) < g(xx,xx,x3,...,x„) + g(x2,x2,x3,...,x„).
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Then h(x) < g(x) for x G Tn, where « = r„(g). Furthermore, g = « on T„ if and

only if equality holds in (3.13) whenever p(xx,x2) > 0.

Proof. For x E T„,

g(x) - VHg(x) = Ung(x) - V„g(x)

In        n

= « 2    2   P(xi,Xj)[g(xx, . . . , X,_,, Xj, Xi+X, . . . , X„)
/-i y-i+i

+ g(xx,.. .,Xj_x,Xi,xj+x, ...,x„)- 2g(x)].

So, Vng < g on T„, and equality holds if and only if equality holds in (3.13)

whenever p(xx,x2) > 0. Therefore, Vnkg is monotonically decreasing in k for

x E T„. Since h(x) = lim^^, V,kg(x) on T„, the conclusion follows.

The following result, which is of independent interest, characterizes the

bounded harmonic functions for the independent finite particle system in terms

of those of the one-particle Markov chain.

Lemma 3.14. Suppose 0 < g < I on S". Then U„g = g if and only if

(3.15) 2 P(x¡,y)g(xx,... ,x¡_x,y,xi+x,... ,xn) = g(x)
y

for all x E S" and 1 < / < «.

Proof. It follows immediately from the definition of U„ that condition (3.15)

implies that U„g = g. For the converse, note first that <3n can be regarded as a

compact, convex subset of lx(S") with the weak* topology. So, by the

Krein-Millman theorem, <fjn is the closed convex hull of its extreme points. Let

g be an extreme point of £=?„, and define

",(*) = 2 P(,x¡,y)g(xx,... ,x¡_x,y,xi+x, ...,x„)
y

for 1 < / < «• Then U„u¡ = u¡ and 0 < u¡ < I for each /', so w, G <3„- Since

g = U„g = n~x(ux +-\-u„) and g is an extreme point of <3n, g = u¡ for each /'.

Therefore (3.15) holds for each extreme point of ¿=?„, and hence for each g E <=?„.

It will be convenient in §4 to use also operators W„ which are closely related

to U„. H^/is defined for nonnegative functions /on 5" by

rvj(x) = ± 2 f[p(xpyj)f(y).
i-\ y¡eS y_l

Lemma 3.16. (a) W„kG„ -> 0 as k -» oo.

(b) Take g E ¿jn and let « = r(g) E <^Hn. Then W„g = gand\imk^x Wnkh = g.

Proof, (a) follows immediately from

^'0,(^ = ^2 2 2 p(l)(xhXj).
i-l j~\ 1-2k

l*j
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Now, if g G <3m then Wng = g by Lemma 3.14. The final statement follows from

part (a) of Lemma 3.10 and part (a) of this lemma.

The final preliminary fact about the finite particle system which will be needed

is

Lemma 3 Al. Suppose fon Tn is bounded and satisfies \f(x)\ < Gn+i(x,,.. . ,x„,y)

for allxETn and some y E 5. Then Kkf(x) ~* 0 as k -> oo for x E T„.

Proof. Let m(3c) = 2,"=i Gix„y). Then

GH+i(xi,.. .,x„,y) = nGn(x)/(n + 1) + 2w(3c)/(/i + 1).

By Corollary 3.7, it suffices to show that V„k u(x) -> 0 for 3c G T„. To do this, first

compute Uku(x) = 2/Li uk(x¡) where for x E 5,

«*(*) - \ ())(i - 7t)k~Jl[l^ñp(,)(x,y).

Since f^v(x) = U„v(x) for 3c G T„ if v is any function of the form v(x)

= 2f=i w(x¡), it follows that V„Uku = C//+It/ on Tn. So i/,* a = Vnku on T„ by

(3.9). Therefore Vnku(x) -» 0 since lim*.^^(x) = 0 for each x G 5.

4. The characterization. This section is devoted to the proof of Theorem 1.3. It

will be assumed throughout that the conditions of that theorem hold. We begin

with a slight extension of Corollary 1.2, which is restated using the notation

introduced in §3. Its proof is the same as before.

Lemma 4.1. Let ¡i be a probability measure on X, and define

f„(x) = V-iv I *)(•*.) - l/<w 1 < i < n}   forxET„.

Then

(a) w G ß if and only if Vnf„ = f„ for each n, and

(b) //lim^oo V„kf„ exists for each n, then v = lim,^005(/)/x exists, and

"{V I ifai) = I for I < i < n}= lim V„kf„(x)   forxET„.

Theorem 4.2. If a(-) G <Ji, then

(a) ua = lim,_w S(t)va exists, and therefore pa E Ú.

(b) ua{Tj | tj(x) = 1} = a(x)for all x G 5.

(c) 0 < Ei, aiXi) - ua{T, | tj(x,) = I for 1 < i < «} < nGnLx) for x E Tn.

(d) pa = va if and only if a is constant.

Proof. Define fn(x) = LJii <x¡) for 3c* G 5". Then UJ„ =/„ by Lemma 3.14,

so/„ G <¿ín. By Lemma 3.10, lim^«, Vnkfn exists for 3c G Tn. So, since

/»(3c) = *-a{Tj | Tj(x,) - 1 for 1 < i < n)
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for x E T„, p0 = lim,_005(/)/'a exists by Lemma 4.1 and

P„{t) I tjU) = 1 for 1 </<«} = jam V„kf„(x)

for x E Tn. p0(tj I t](x) = 1} = a(x) since Vxfx = Uxfx =/,. The second inequal-

ity in (c) comes from part (a) of Lemma 3.10. The first inequality is a

consequence of Corollary 3.12, since

fn(x1,x1,x3, . . .,xn) +f„(x2,x2,x3,.. .,x„) - 2f„(x) = fl a(x¡)[a(xx) - a(x2)]2,
i=3

which is nonnegative. Another consequence is that pa = pa if and only if

a(x) = a(y) for all x, y such that p(x:,j>) > 0. Since p(x,y) is irreducible, pa = pa

if and only if a is constant.

The remainder of the results of this section have as their goal the proof that

for a E <=W, pa is an extreme point of û and that a —> p„ maps onto Oe. The

proof relies heavily on monotonicity considerations.

Lemma 4.3. Take p E Û, and define

K(x) = M-{t7 I V(x¡) = 1 for 1 < / < «}

for x E 5". Then lim^^ Ukh„ exists, and

h„(x) < lim U„khn(x) for x E T„.
Ä-*CO

Proof. The restriction of h„ to T„ is in <Jf„ by part (a) of Lemma 4.1. Define

g„ G <Bn by K = Tn(gn)- Then g„(x) = lim^^ Ukh„(x) by Lemma 3.10. So, it

remains to be shown that h„(x) < g„(x) for x £ r„, which will follow from

Corollary 3.12 if we verify that gn satisfies condition (3.13). By Lemma 3.16,

Wnkh„ -* g„ as k —* oo, so it suffices to show that Wnkh„ satisfies (3.13) for each

k. But

Wnkhn(xx,xx,x3,...,x„) + Wnkhn(x2,x2,x3,...,xn) - 2Wnkh„(x)

=   2   ft [PW(xx,y¡) - p(kKx2,y,)]]Jp^(Xj,yj)hn( y)
y£S"  i=l 7=3

= Jx{wk(xx,-n) - wk(x2,r])}2 f[ wk(Xi,T))n(dr)) > 0,
/=3

since «„( y) = fx [FJt, v(yi)]ß(dv), where wk(x,r\) = ^yP^ix^My).

Lemma 4.4. Suppose that p E Û, and z E S satisfies p{r\\ tj(z) = 1} > 0.

Define a probability measure p on X by p(A) = p(/l,T)(z) = 1 )/ju,{tj | tj(z) = 1}.

Then p = lim,^^ S(t)p exists, and therefore v E Û. Furthermore,

p{tj I tj(x) = 1} > p{t] | y(x) = 1}
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for x t¿ z.

Proof. Let A„(3c) = /x{tj | tj(x,) = 1 for 1 < ;' < n}, and

/«(3c) = "{v I vix,) = I for I < i < n} = h„+x(xx,... ,xn,z)/hx(z).

Since |i£i,/i„6 4. Define g„ G ^„ by A„ = T„(gn), and put

8ÁX) =-I'M-    for x G 5 .

Now gn+x G <=?„+, and 0 < g„ < 1, so g„ G <3n by Lemma 3.14. Therefore

T«(á!«) = 1™*-,«, Vnkg„ exists by Lemma 3.10. However, by the same lemma,

\Lix) - gn(x)\ = (l/Ai(z))|A„+1(x,,...,xn,z) -gn+1(x,,...,x:n,z)|

< (n + l)Gn+x(xx,... ,x„,z)/hx(z).

By Lemma 3.17, Hmk_x Vnkfn = limk^xVnkgn = rn(g„) on T„. So, v

= lim,.,«, Sit)v exists by Lemma 4.1, and

v{n I Tj(*i) = 1 for 1 </<«} = T„(gn)(3c)

for 3c G Tn. To obtain the inequality, note that, for x G 5,

~p{r¡ | tjLv) = 1} = T,(g,)(x) = gx(x) = g2(x,z)/A,(z),

and

,{tj|tj(x)=1} = A2(x,z)/A1(z).

But A2(x,z) < g2ix,z) for x ^ z by Lemma 4.3.

The following basic theorem is a direct consequence of this result.

Theorem 4.5. If ¡l G ûe, then for r^z,

(4.6) u{tj I rj(x) = 1,TJ(Z) = 1} < u{tj I TJ(X) = 1}W{tj ! TJ(Z) = 1}.

Proof. If u{tj I tj(x) = 0 for all x} = 1 or u{tj | tj(jc) = 1 for all x} = 1, then the

result is obvious. In all other cases, 0 < u{tj | tj(x) = 1} < 1 for all x E 5, since

^{tj | tj(x:) = 1} G öVby Lemma 4.1. Fix z G 5, and define probability measures

vx and v2 on A by vx(A) = u(^,tj(z) = 1)/u-{tj | tj(z)= l},v2iA) = u(^,tj(z) = 0)

/ju{tj I tj(z) = 0}. Put X = u{tj I tj(z) = 1}. Then u - A*, + (1 - X>2, so

^ = 5(/)Jli = \5(/>, + (1 - X)S(t)p2.

By Lemma 4.4, ï>x = lim,_005(f)í'1 exists. Therefore v2 = lim,_x S(t)v2 exists

also, and p = \vx + (1 - A)i>2. Since ?i and v2 E Û, and p E Oe, it follows that

p. = ?, = v2. By the second part of Lemma 4.4,
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p(Tj I tj(*) = 1} = px{r, | tj(x) = 1} > px{r, \ r,(x) = 1}

_p{ri\v(x) = 1,tj(z)= 1}

P(t)   I  T)(Z)  =   1}

for x ^ z, which completes the proof.

Remark. For «£ J/,)i, satisfies (4.6) by part (c) of Theorem 4.2. So, Theorem

4.5 would have been immediate if we knew at this point that ûe = {pa | a G <S}.

However, this theorem plays a crucial role in proving this fact.

Lemma 4.7. Suppose p is a probability measure on X and define f(x,y)

= ß{v I V(x) = \,v(y) = \}for x,y E S. If

(4.8) f(x,y) < f(x,x)f(y,y)       for x^y,

then

var[2 r1(x)q(x)^ = fx {^ [V(x)q(x) - f(x,x)q(x)]Y d¡x

< 2 l<l(x)]2
X

whenever q(x) > 0 and ^xq(x) < oo.

Proof.

var [2 V(x)q(x)j = / [2 ¥-*)</(*)]   dp - [s/(*,*)*(*)]'

= Xf(x,y)q(x)q(y) - ^f(x,x)f(y,y)q(x)q(y)
x,y x,y

< 2 [q(x)]2f(x,x)[\ -f(x,X)\ < 2 [q(x)]2,
X X

where the next to the last inequality follows from (4.8).

Corollary 4.9. In addition to the assumptions of Lemma 4.1, suppose that q¡(x)

satisfies q¡(x) > 0 and 2* Q¡(x) < 1 for 1 < i < n. Then

{fx ft [2 (r,(x)qi(x)-f(x,x)qi(x))] ¿pj   <   mra^ qfa)\-

Proof. Since |2X (lWí¡W -/C*.*) ?,■(•*)) I < 1 for each /', the result follows

from Lemma 4.7 by applying Holder's inequality.

Theorem 4.10. Suppose ¡x E Û, and define a G cH by a(x) = p{n ¡ r¡(x) = 1}. If

p satisfies

p{t) I T}(x) = \,T¡(y) = 1} < a(x)a(y)

for x ^=y, then p = pa.
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Proof. That the a so defined is in ¿H follows from part (a) of Lemma 4.1. Define

/„(*,,... ,xn) = w{tj I tj(x,) - 1 for 1 < I < «}

and

K(Xy,.. ■ ,x„) = u0{tj I Tj(x,) = 1 for 1 < / < «}.

If suffices to show that f„ = A„ for each n > 1. The proof is by induction on n.

The case n = 1 is an immediate consequence of part (b) of Theorem 4.2 and the

definition of a. Assume now thatX,-i = hn-\- Then

rv„kfn(x) - wnkhn(x) = 2  ft PlkHxj,yM(y) - K(y)]
yes" j=\

= }xf[ [2 (v(y) - *y))Pm(xi,y)\ ¿m

- ¡x ft [S My) - oi(y))pw(Xi,y)\ dpa,
i=l Lyes J

where the first equality comes from the definition of Wn, while the second comes

from the induction hypothesis. Therefore, by Corollary 4.9, since both ¡i and u„

satisfy the assumptions of Lemma 4.7,

\rVnkf„ix) - W„khn(x)\ < 2 min fe [/><*>(w)]2)

= 2 min(pM(Xi,Xi))x/2.

But this term tends to zero as k —> oo for each 3c G 5" since/) is transient. Since

f„,hn E <=Hn by Lemma 4.1, g„,gn E <3n can be defined by /„ = r„(g„) and

A« = T„(g„). Since W„kf„ - W„kh„ -* 0 as k -> oo, Lemma 3.16 gives that g„

= g~„. Since r„ is one-to-one,/, = h„ and the induction step is complete.

Theorems 4.5 and 4.10 now yield

Corollary 4.11. ûe C {pa \ a E <J{}. Therefore, Ú = closed convex hull of

{lxa\aE cJf).

To complete the proof of Theorem 1.3, it remains to be shown that for each

a E <=H, \ia E úe. In order to do this, it is convenient to give <=>■/ C lK(S) the

topology it inherits from the weak* topology on lK(S). With this topology, <=H is

compact. Let C(<J/) be the space of continuous functions on <=H with the

supremum norm.

Lemma 4.12. Let "D be the collection of all functions on <=H of the form

f(a) = Jl"=x a(Xj), where n > 1 and x¡ E S are arbitrary, and in addition the

constant function 1. Then the linear span of"D is dense in C(^H).
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Proof. The linear span of 9 is an algebra in C(<=H) which separates points and

contains the constants. So, the result follows from the Stone-Weierstrass theorem.

Lemma 4.13. Let 0 be the collection of all functions on <Ji of the form

f(a) = fx t](xx)... T)(x„)i/pa, where n > 1 and x¡ E S are arbitrary, and in

addition the constant function 1. Then the linear span oj'Ö is dense in C(^f).

Proof. For x E S" and a E ¿M, define

g(x;a) = T[a(Xi)    and   h(x;a) = J   ri(xx).. .-r¡(xn)dp,a.
i=i JX

Then for each a, « = r„(g) by Lemma 4.1 and Theorem 4.2. Therefore,

(4.14) h(x;a)= lim V„kg(x;a)    for x E T.,
*r-»co

and

(4.15) g(x;a)= lim Ukh(x;a)   for x E S"
k-KXt

by Lemma 3.10. An examination of the proof of that lemma shows that the

convergence is uniform in a. Since g(x;a) is continuous in a, it follows from

(4.14) that //(3c; a) is also. But Ukh(x; a) is in the closure of the linear span of 9,

and therefore g is also by (4.15). The desired conclusion then follows from

Lemma 4.12.

Theorem 4.16. For each a E <Ji, p„ G ße.

Proof. By Corollary 4.11 and Choquet's theorem, it suffices to show that if

(4J7> /*«= LnßV(dß)

where p is a probability measure on <=>■/, then p is the point mass at a. From (4.17),

it follows that

(4-18) f(a)= jj(ß)p(dß)

for all/ G Ô. So, (4.18) holds for all/ G C(^) by Lemma 4.13. Therefore, v is

the point mass at a.

5. Ergodic theorems. This section is devoted to the proof of Theorem 1.5 and

several of its consequences. The assumptions of Theorem 1.3 are to hold

throughout. It is convenient to introduce the continuous time versions of the

operators U„ and V„:

£/„'/(*) = e-'2 Ç-xUkf(x),
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and

Vn,f(x) = e-± £v„kf(x).
k=o K-

Lemma 5.1. Suppose 0 </(3c) < 1 for x E S", g E 0„,andh = r„(g) E <=Hn.

Then

hm Vn'f(x) = hLx)forallx E Tn

if and only if lim,^x i/„'/(3c) = g(x) for all x E S".

Proof. Suppose Hm,.,«, t/„'/= g on 5". Then for 3c G Tn,

\Vn'f(x) - h(x)\ < \K'f(x) - U'f(x)\ + \UlfLx) - g(x)\ + |g(3c) - h(x)\

< 2nGn(x) + \U^f(x) - g(x)\

by Lemmas 3.8 and 3.10. Therefore, lim sup,.,«, \Vn'f(x) — h(x)\ < 2nu(x) where

u(x) = min(G„(3?), 1). Since A G <#n, V„'h = A. Using V„'+s = V„SV„', it then

follows that

lim sup\V„'f(x) - h(x)\ = lim sup\Vn'(f- h)(x)\
t-*QO /-»CO

< ^^limsup|IÍ'(/-A)(x)¡]

< 2nVnsu(x).

By Corollary 3.7, limJ_00 V^su(x) = 0, so lim,.,«, V„'f(x) = A(3c). The converse is

proved in the same way, using Lemma 3.1 instead of Corollary 3.7.

Proof of Theorem 1.5. Let li be a probability measure on A and a E <=#. Define

gn(x) = ft «(*,) for x E Sn,

h„(x) = /ta{T) | Tj(x,) = 1 for 1 < i < n} for x E Tn,

and

/„(3c) = ju{tj I 7](x¡) - 1 for 1 < i < ri) for 3c G 5".

From the proof of Corollary 1.2, it is easily seen that lim,^,xS(t)ii = ¡ia if and

only if

(5.2) hm V„'fn(x) = hn(x)
t—>0O
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for each x E Tn and « > 1. Since h„ = r„(g„), Lemma 5.1 shows that (5.2) holds

if and only if

(5-3) ¡im UJfn(x) = gn(x)

for each x E S" and « > 1. However,

u;'fn(x) = ± 2 í\pÁXj,yj)fn(y).
i-l y,eSjm\

So, applying (5.3) for « = 1 and « = 2 yields

lim 2Pt(x,y)fx(y) = a(x),

and

lim Jlp,(x,y)p,(x,z)f2(y,z) = [a(x)]2,
/-»CO   yj2

which says that

(5-4> {x {2 p,(x,y)[-n(y) - «(/)]}V -* o

as t —> 00 and hence that (1.6) holds. Conversely, if (1.6) holds, then

fx ft {2 PÁwMy) - «(y)]} dfi^o

as / -* 00 for each « > 1 and x E S". The proof that (5.3) holds is then by

induction on «, and is omitted since it is quite similar to the proof of Theorem

4.10.

The following simple consequence shows that if p satisfies

a(x) = n{ri |tj(x)= 1} G Jf

and p is mixing in an appropriate sense, then S(t)p -» pa as / -* 00. In order to

define mixing, it is necessary to have some concept of distance in 5. This is done

in terms of the function G(x,y), the idea being that x andy are far apart if G(x,y)

is small.

Corollary 5.5. Suppose p is a probability measure on X and

a(x) = n{71\V(x)= 1} e«=V.

Putf(x,y) = p{T, I tt(x) = \,r,(y) = 1}. //

r, hm, _ \f(*>y) - «(*)«( ̂ )l = °.
G(x,y)->0;x=£y

then S(t)p -* p„ as t -» 00.
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Proof. In order to apply Theorem 1.5, it suffices to show that (5.4) holds, since

it is equivalent to (1.6). Given e > 0, choose 8 > 0 so that \f(x,y) - a(x)a(y)\

< e whenever x ^ y and G(x,y) < 8. Then

¿{2 p,ix,yMy) - «(y)}}2 dp

= 1¡PÁx,y)p,(x,z)[f(y,z) - a(y)a(z)]
y.z

< e + Pt,(x,x) + S~x 2 Pt(x,y)Pt(x,z)G(y,z).
y\z

The proof is complete, since the second two terms tend to zero as / -* 00, and e

is arbitrary.

The final application of Theorem 1.5 is

Theorem 5.6. Suppose S is an Abelian group, p(x,y) = pi0,y — x), and p is a

stationary ergodic probability measure on X. Let a be the constant jx{tj | tj(x) = 1}.

Then lim,_x S(t)p = iia.

Proof. Let T be the group dual to 5, and v be the spectral measure of the

process r\(x) determined by li:

ii{i) : t](x) = l,ti(y) = 1} - a2 = Jr y(x - y)v(dy).

Define a function A on T by A(y) = ^,xesp(0,x)y(x). Then ¡A(y)| < 1, and

A(y) = 1 if and only if y = 1 since p is irreducible. Note that '2iyP,(x,y)y(y)

= y(x)exp{-t[l - h(y)]}. Therefore, putting Zt(x,r\) = ^ypl(x,y)y](y), it follows

that

fx[Z,(x,r1)-Zs(x,71)]2p(d71)

= X {exp [-2/(1 - h(y))] + exp [-2.(1 - h(y))]

- 2 exp [-(s + t)(l - h(y))]}v(dy),

which tends to zero as / and s tend to 00. Therefore,

(5.7) Z(x,i)) = lim Zt(x,t\)

exists in mean square. Since by definition

Z,+í(jc,tj) = 2 Ps(x,y)Ztiy,t\),
y

it follows that Z(x,tj) G ^l for a.e. tj(jli). Since p is translation invariant, <=H

consists only of constants. Therefore Z(x,tj) = Z(0,tj) a.s. (ft). This says that

Z(x,t\) is an invariant random variable, so since ¡u, is ergodic, it follows that
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Z(x,r¡) is constant in tj a.s. (p). Since f Z(x,T))p(dr)) = a, we conclude that

Z(x,t}) = a a.s. (p) for each x: G 5. The result then follows from Theorem 1.5,

since lim,.,«, Z,(x,r¡) = a in mean square.

References

1. G. Choquet and J. Deny, Sur l'équation de convolution p = p * a, C.R. Acad. Sei. Paris 250 (1960),

799-801. MR 22 #9808.

2. W. Feller, An introduction to probability theory and its applications, Vol. II, Wiley, New York,

1966. MR 35 #1048.

3. R. Holley, Free energy in a Markovian model of a lattice spin system, Comm. Math. Phys. 23

(1971), 87-99.
4.-, Pressure and Helmholtz free energy in a dynamic model of a lattice gas, Proc. Sixth Berkeley

Sympos. Vol. Ill.Univ. of Berkeley Press, Berkeley, Calif., 1972, pp. 565-578.

5.-, An ergodic theorem for interacting systems with attractive interactions,!.. Wahrscheinlich-

keitstheorie und Verw. Gebiete 24 (1972), 325-334.

6. T.M. Liggett, Existence theorems for infinite particle systems, Trans. Amer. Math. Soc. 165 (1972),

471-481.

7.-, An infinite particle system with zero range interactions, Ann. Probability (to appear).

8. F. Spitzer, Interaction of Markov processes, Advances in Math. 5 (1970), 246-290. MR 42 #3856.

Department of Mathematics, University of California, Los Angeles, California 90024


