TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 180, June 1973

VARIATIONAL PROBLEMS WITHIN THE CLASS OF SOLUTIONS
OF A PARTIAL DIFFERENTIAL EQUATION

BY

ROBERT DELVER(})

ABSTRACT. The subject of this paper is the optimization of a multiple in-
tegral over a domain G of a function, containing as arguments the independent
variables, the unknown function and its partial derivatives up to order [, within
the class of all sufficiently smooth solutions in G of a given partial differential
equation of order greater than or equal to 2l. Necessary conditions in the form
of a boundary value problem are derived. A physical application occurs in the
control with boundary and initial conditions of a process in G that is described

by a specific partial differential equation.

L Introduction. A classical problem in the calculus of variations is the opti-
mization of a multiple integral over a domain G of a function containing as argu-
ments the independent variables, the unknown function and its partial derivatives
up to order /. Usually the unknown function is required to be an element of the
class of all functions that are 2/-times continuously differentiable defined in an
open domain containing G.

The optimization problem that is dealt with in this paper differs from the one
above in that the class of admissible functions to be considered is the collection
of all sufficiently smooth solutions in G of a given partial differential equation of
order greater than or equal to 2/,

The most important points in this paper are the definition of the variational
adjoint, the derivation of the variational adjoint boundary conditions, and the de-
rivation of necessary conditions. The necessary conditions take the form of a
boundary value problem.

Somewhat related to the problem of this paper are boundary control problems
where the class of admissible functions is generated by varying controls in the
right-hand side of a given partial differential equation and in certain boundary and

initial conditions. A. Friedman [4] considers such a problem in boundary control
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266 ROBERT DELVER

theory for parabolic equations. In his paper a maximum principle is derived. It
also contains a proof of the existence of an optimal solution for this problem. K.
A. Lurie, [5, Chapter 5], considers such a problem for elliptic equations in 2-di-
mensional Euclidian space. Other related control problems are studied in J. L. Lions [6].
This book gives many further references to the literature.

Chapter II contains a complete derivation of the necessary conditions for the
optimization problem associated with the Laplace equation. This chapter gives
an indication of the essentials in the later derivations. Also it gives a first moti-
vation for the definition of the variational adjoint function and of the variational
adjoint boundary conditions. The chapter contains a simple application.

In Chapter IIl an explicit form of Green’s identity for higher order linear par-
tial differential expressions is derived. This identity plays an important role in
Chapter V. Due to the symmetric notation of the differential expression, the deri-
vation given is analogous to that for ordinary differential equations.

Chapter IV contains lemmas to be used in the next chapter. The Lemmas IV, 1
and IV, 3a and b are purely technical. Lemma IV, 2 is somewhat more important
and may find applications in other related problems.

Chapter V is the most important part of the paper. It contains a precise defi-
nition of the optimization problem, a definition of the variational adjoint function
and of the varjational adjoint boundary conditions. In Theorem V, 1 a special
form of the variational adjoint boundary conditions is derived. In the next chap-
ters, this result serves as a foundation for the formulation of the necessary condi-
tions.

For the optimization problem associated with elliptic and parabolic
equations necessary conditions in the form of a boundary value problem
are derived in the last two chapters respectively. Each of these chapters de-
pends completely on well-known existence theorems and on the results of Chzipter V. Not
only do these chapters each have a meaning of their own but together they consti-
tute a method for the use of the variational adjoint in variational problems asso-
ciated with other types of partial differential equations for which there is an existence
theorem comparable with the ones in the last two chapters.

The following notation is used. R” is the v-dimensional Euclidian space. G
is an open bounded domain in R” with boundary dG. B(a, b) is the open ball in
R” with centre a and radius b. 0 (0, b) is the intersection of B(0, b) with the hy-
perplane x, = 0. Ina sequence of elements ,_, denotes elements that are not
written down. In a multiple product -+ denotes factors that are not written down.
If @ and b are integers then i € [a, b] denotes that i takes one integer value in the
interval [a, bl and @ < i < b denotes that i takes successively all integer values
in [a, b). If A is an open set in R”, 7 is a positive integer, then ck(A) denotes

the set of all & times continuously differentiable functions defined on R” and
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Ck(;‘{) denotes the set of all elements of Ck(A) that together with their derivatives
of order less than or equal to k& can be extended to be continuous on A. 9G € Cc*
denotes that dG is k times continuously differentiable. If dG € C! then n is the
outward unit normal vector to dG. If A C R”, then nbhA is an open set in R”
that contains A. If u € C*(G), then Hu(x)"le denotes the sum of the supremums in
G of the absolute values of the function z and all its derivatives of order less than
or equal to k. If a € [1, v]then D u(x) denotes du(x)/dx,, “a is the same as
D_u(x). I dG € C* and if u € C*(abh dG) then (9/dn)*u(x) is the kth derivative

of « along n on dG.

Convention. Summation is taken over indices a if they are repeated in the
same term. The summation indices @, always run independently from 1 to v. If
the first index in a sequence of indices has a serial number that is one bigger than
that of the last index in the subscript (or superscript), then the quantity is inter-
preted as one without any subscript (or superscript). (E.g. if j = 2 then Ly
must be read as u.) The indices alf run independently from 1 to v — 1. Otherwise
the same convention is in force.

Results of this paper can be extended to the case of systems of partial dif-
ferential equations. This investigation will be the subject of a later report.

The results of this paper for elliptic differential equations have been extended
to functionals with derivatives up to the order of the differential equation and
nonuniquely solvable Dirichlet problem. For elliptic differential equations with
uniquely solvable Dirichlet problems the same techniques have been applied to
get necessary conditions for optimization problems with control variables in the

right hand side of the differential equation and in the boundary conditions. See [10].

1. Necessary conditions for the optimization problem associated with the
Laplace equation. Let G be a bounded domain in R” with boundary dG of class
C**%, In this chapter @ is the exponent of Hélder continuity, @ € (0, 1). For
f € C*(G) the class of admissible functions W is defined by
D ueWiff (1°) Aulx) = f(x), x€G,

(2°) ueC?*(G).

A functional |, defined on W, is given by
(1.2) J(w) = fG Flx, u(x), Dulx)) dV, with F e C2**(R1*?Y),

Lemma II.1. If J has a relative extremum within W for some u € W then the
principal linear part of the variation of |, 8](u; du), given in (1.3), vanishes for
all du € Wy, given in (1.4).

(1.3) 8](u; du) = fG{Bugg + > bu ; (%g )}dv.
i=1 '
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OueWy iff (1°) Adulx) =0, x€G

b

(1.4) _
(2°) Sulx) € C2**(G).

Somewhat more in general the definition of a relative extremum and the proof

of the lemma are given in Chapter V.

Existence Theorem (see e.g. [7]). Assume that f € Ca(E),g € CZ"‘“(OG),
and that 3G € C2**, then the Dirichlet problem Au(x) = f(x), x € G; and
u(x) = g(x), x € 3G, admits a unique solution which is of class C>**(G).

Now the necessary condition 8J(u; 6u) vanishes for all functions du that
satisfy (1.4) will be put in the form of a boundary value problem. After integration
by parts of (1.3) one obtains
(1.5) 8J(u; Ou) = f dulx)[F] adv + f {3u(x) ZV ( oF )}dS

G " G = au'l

here
v
[F] =a; " Z D, ( ) (Euler expression).

In the classical problem of the calculus of variations, where the class of ad-
missible functions is C%(G), one obtains at this point from some variational argu-

ments that the condition 8J(u; 8u) = 0, for all du € C(G), is equivalent with

[F] = 0, for x € G (Euler equation),

’

(1.6) 14 aF

n; 3 =0, for x € G (transversality condition).

In the problem that is considered here Ou satisfies (1.4). In consequence u
can only be varied in G if it is varied on dG. This indicates that it may be useful
to transform O](z; Su) into a boundary integral. To this end let v be any function
that satisfies

Aux) = [F] o X€G,
(1.7) ’

v € C2(G).

From Green’s identity, from (1.4) and from (1.7) one obtains

Jo B4R @V = [ 15ulx)Adx) ~ UAGU0) dv

- [, {3u(x)< ANEN v(x)(-(;—-)'&u(x)}

Substitution of this result in (1.5) yields

W8 8Juwdi= [, {Su(x){(—>v(x)+ fnl oF } {(a >5u(x)}v(x)}
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If Su is restricted to Wy it follows from the existence theorem for the Dirichlet
problem that Su(x), for x € G, still can be chosen arbitrarily in C2*%(9G), while

the following boundary condition can be chosen for v.

(1.9) vl(x) = 0, for x € dG.

After substitution of (1.9) into (1.8) and using the freedom of 0u one obtains that
8] (u; du) = 0 for all Ou € Wy, if the solution of (1.7), (1.9) satisfies also the

boundary condition:
) Y OF
1.10 — =~ L, — .
( ) (an)v(x) iz=0 " o g x €0G

The results can be summarized as follows:

Theorem II.1. If | bas a relative extremum within W for some u € W then the

boundary value problem (1.11), evaluated for this u, is satisfied.
Aulx) = f(x), x €G,

Aux) =[F] , x€G,

1.11
¢ ) vlx) =0, x €0dG,

9 < oF
(%)v(x)=— lgl niau—i, xEGG.

Instead of the existence theorem for the Dirichlet problem an existence theorem
for the Neumann problem could be used to derive the same theorem. In that case
the condition (1.10) is chosen and substituted into (1.8), while, from the freedom
of (d/0n)du, one obtains now (1.9) as a necessary condition.

Sufficient motivation has been given so that some terminology may be intro-
duced. A solution of (1.7) that satisfies the boundary conditions

(1.12) 8] (u; Su), as given in (1.8), vanishes for all functions Su € C?(nbh 9G)
is called a variational adjoint function of u with respect to A and ]. The boundary
conditions (1.12) are called variational adjoint boundary conditions. It is clear
that they are equivalent with (1.9) and (1.10) together. (More generally, this is the
content of Theorem V.1.) Depending on the existence theorem that is used, chosen
and imposed variational adjoint boundary conditions are distinguished. With re-
spect to the Dirichlet problem (1.9) is chosen and (1.10) is imposed. With respect
to the Neumann problem these are reversed.

Now Theorem II.1 can be phrased as: If ] has a relative extremum within W
for some u € W, then « has a variational adjoint function, with respect to A and J.

The boundary value problem (1.11) is called the associated boundary value
problem.

The chapter will be concluded with an application of Theorem IL1.
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Example. Let G, W and { be defined as before in this chapter.

Assertion. The functional [(u)= fGVZ l(u )2 dV bas a relative minimum
within W for any u that satisfies Au(x) = f(x), x € G and u(x) is constant on 0G.

Proof. The associated boundary value problem takes the form

Aulx) = f(x), «x€G,
Auvx) = -Aulx), x€G,

(1.13)
vx) =0, x €0G,
d- d
(3;) ux) = - (5;) ulx), x €.0G.
So that
AMudx) + Ux) =0, x€G,
(1.14)

(‘%)(u(x) + o) =0, xedG.

The solution of (1.14) is u(x) + v(x)= C, for x € 6, where C is any constant. As
v vanishes on dG one obtains the necessary conditions u(x)= C, for x € dG.
That this condition is sufficient for a relative minimum within W follows from

JCu + 8u) - Ju)> 0, if u € Wy u(x)= C, for x € G, u + 8u € W. With this condition,
writing - for inner product and V for the gradient, this is proved by

28J(u + 8u) - J()¥
= [ V) +8ulx)) - V) + 84 - Vul) - V)Y dv

= [ 1V8ux) - V8ulx) + 2Vulx) - Voulx)iadv
= [ 1V8ulx) - V8ulx) + 2V - (ulx)Voul))} v
- [ 195 - Touttav + oc [ () st as

- fG {Voulx) « Voulx)}dV > 0.

I1I. Green’s identity. In this chapter an explicit form of Green’s identity will
be derived for a linear partial differential expression of order 7 in v independent
variables with real coefficients.

A differential expression L and its formal adjoint L* are defined by

m Ay =,0
(1.1) L= kz-o Alx) ! k Da'l D"‘k’ x €G.
a,,-,a
(1.2) ): (-1)*D, ...D, A U Tk xeG.
k=0 k



VARIATIONAL PROBLEMS 271

The coefficients A(x)al’- "k

domain in R” containing 6, and symmetric in the indices a 1= %o for1<k<m.
For two functions z € C™(Q), v € C™(Q) and a domain G with dG € C!, the Green’s

identity is given by

are assumed to be of class Ck(Q), Q is an open

[ AhDILA) ~ A L*al) v
(1.3)

m=1 m=i-1 Ay, , 0.y,
G 3 > Y ta._aVa.. ., PG ’*1$ds.
i=0  j=0 ' 4]

=% %=y

For 1<i<m=-1;1<j<m=-i-1;x € dG, the functions P(i; ].)al,-.ai+j are
defined by

L4y PGHTTTEH L3 (ki (k j- )A 1% .

k=i+j+l e+ %=1 %

Proof. From the product formula for differentiation one obtains, for k € (1, »]

a a
b l’—’ k
k; 2, 3uA i’al""’bv'ab+l'-'°‘k-1i

bh=0

k-1 a a
b 1'-’ k
-1 uA v
;,Z=:o( : g %'al’-'“b 410 %

(1.5)
k-1 a a
b ll-' k v
v ;,Z=o(—1) 31‘A i'al"'ab’“k 1= % -1
G1o=2% k Fre=%
= uA ‘U'al'_’ak - (—1) v uA 'al'_'ak-

For k> 2, the last identity is true because, by virtue of the symmetry of the func-

tions AT % in the indices, (1.6) and (1.7) cancel each other.
k-1 .a a
(=1? {uA 1r=""% v
(1.6) P agumaty Ly ey
k=2 a a
1.7) 1P {ua VTR v .
;,;o( ‘ R Rl R B RS Ll

Because of the same symmetry (1.8), Leibnitz rule, can be derived analogously to

that for functions of one independent variable (k € [1, m], b € [0, k]).

Tyr=r @ b a‘ln—'a‘k
(1.8 ud VTR ( )A :
) 3 ’ l”" b E Il’ lt—v l .a'i+1v—’a'b

i=0

From (1.1), (1.2), (1.5) and (1.8) one obtains, for x € Q,
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w(x)Lx) = vlx) L ulx)

m b A,
(-1 u ( )A ! k .
Z: 32_0 Z T T i I

From an integration by parts, using this result, one obtains

[ L) ~ oL * ) av

1.9

(1.10) m k-1 b b
. i J;G gkz-:'l b§o z;o -1 “agmae

b\ aq,-.a
. (i)A"’}m’-k'“bv'“b'rl’-'ak-anak -
Now, in order to get the more convenient structure of (1.3), (1.4), the summation
must be rearranged.
Letting j = k — b — 1, the integrand of the boundary integral in (1.10) becomes

m k-1 k"i-l —_— 1 Y=y
£ ()
k=1 j=0 =%

i=0 ’ 1+1'-’ k-] -1 k ]’—t k 1 13

For kell, ml; jel0, k-1]; i € [0, k- j—-1], it follows again from the symmetry
that
(L1 40 % v _APT v .
B L e S B R X B e T R 2 Lidde TS MR FS Ll P
Using the last two results, the integrand of the boundary integral in (1.10) can be

written as

m k=l k-j-1 b 1 .

Z Z Z U q a.V.a a ( l)k-l-l( ] )A : k g -

k=1 j=0 i=0 LS S A SRR R D Rl A B ¥ ) z+]+l"’ k, 1 7%
The set of inequalities {1 <k<m; 0<j<k-1;0<i<k~-j—1} is equivalent
with {0<i<m-1; 0<j<m-i-1;i+j+1<k<m}. Therefore the previous sum
can be written-as

m=i-1 m i k i 1 a o
> Y u. v (ipmit (AT A
i=0 e e S ALl i .

k=i+j +1

U
—

m

Giajtlr= %1 %

i=0

Substitution of this expression into (1.10) completes the proof.
Iv. Technical lemmas.

(1) Lemma IV.1. Let G be a bounded domain in R” with 9G € C**?, k>0,
b >0, and let } be an open domain in RY that contains G. Then to every set of
functions gj(x) € Ck*b'i(aG), 0< j <k, there exists at least one function
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w € C**+P(Q) that satisfies (9/n) w(x) = g (x), for x € IG and 0< j < k.

This lemma is a direct consequence of C. Miranda [7, 16, VI] and H. Whitney
[8, Theorem 1 with Lemma 2].

(2) Lemma IV.2. Assume that
(1°) G is a bounded domain in R® with dG € Ck,
2°)w € CX@),
(3°) (/MY w(x)= 0, for x € IG and 0< j< k- 1.
Then
(i) D°w(x) =0, for x € 3G and 0< o< k-1,
N e ,z%(a/a..)’c w(x), for x € 9G.

G % 0y may = ey
Proof. Let Q be an open neighborhood of dG. Using H. Whitney [8, Lemma 2],
x is extended into Ck(Q). Now normal derivatives of order less than or equal

to k can be defined by

(58—)0 wlx) = wlx), xe€eQ,

()" w0 - F np, (2 ), <ea.

i=0

2.1)

So that (a/an)j w(x) is the restriction to dG of a linear differential expression on

Q with principal part

(2.2) Bg *** ng Do - D,.

Assume now that D%w(x) = 0,for 0<o0<j-1<k-1land x€ dG. As the gradient

on 0G of a function which is constant on 9G is normal to 9G

(2.3) Wa, ,a.="a %%  _ a» x €9G.
’ 1' ’ 1 1 2’ ’ 7

ay,-,a; 2T€ scalar functions defined on 9G. As w € Ck(Q),
[l he |

the expressions in (2.3) are symmetric in the indices a,,-, a;, so that for some

bhell,v],

Here the functions a

n, alx) =n_ a(x)
b a2’-’°'i a, bha a

”b“(")}m3 a a3 bha,, 0,

(2.4)
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Let dG, be the part of dG where n, does not vanish then, for x € dG,, one obtains
from (2.4)

(2.5) a, a'={ab b/nZ'I}na ey, X each.
2,-'1 ] P -3 2 j
From (2.5) and (2.2) one obtains
(2.6) wo  g=n, ceen, ¢,  x€dG.
£ ] 1"-' ] 1 "

Here ¢ is a scalar function defined on dG. Still under the assumption D%uw(x) =
0<0<j-1<k=-1, x € dG, one obtains from (2.2) and (2.6) that ¢ = (c?/c?n)jw,
so that
o .

(2.7).If D°w(x)=0,0<0<j-1<k-1,then w 21,0 = mg

na,(a/an)Jw(x), x € 0G.
]

Application of this result for j =1, j = 2, up to and including j = k&, completes
the proof.

Lemma IV.3a. Let there be given functions B*1'™% ¢ Ci(B(0, b)), 0 <7<k,
that are symmetric in the indices. If the integral

G- fa(o b) Z .ay,a B

:1”

1)—va

7dS

’

, .
vanishes identically for all functions p € C’S (B(0, b)), for some k'> k, then
va ]+lp-' ]+l _ 0

(3.2) Z (- 1),(1+])B'°' L

i=0 1+1"’ +i

(jv's),

for x € 6(0,b), 0<j<k.
Conversely, (3.2) implies that (3.1) vanishes for all p € Ck (B(0, b)).

Proof. The functions B~1'™*% , 0<j<k, are symmetric. As p € Ck(B(O b)),

also the derivatives p » 0<j<k, are symmetric in the indices. After a

’al’-va]'

simple rearrangement, using this symmetry, the integrand of (3.1) can be written as

k ki wvah o, _al
Z Z (7+ ]) - Va. +1°'- al B(x) i A (] V’S).

7+

After identifying n with (0,—, 0, 1) this expression can be written as

k k-j . . . ’ L
2P {D“' . {<<%)]”(”)}}(l:]>B(")vmva"”ma’“, x €0(0,b),
7=0 =0 FHIT 4

Using this expression, and the fact that the functions (0/m)p, 0 < j<k, have
compact support in 0 (0, b), one obtains from an integration by parts that (3.1) is

equal to
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k Vi =val . _al .
3.3 (_) (’*’]) ’ 7+l' Vit g
6D [rom & { ) oo} 5 v

i=0

From Lemma IV.1, it follows that the functions (a/c?n)’p, 0<j<k, can be chosen
arbitrarily and independently in Ck -1 (6(0, b)). Using this, one obtains the first

part of the lemma from a variational argument. The second part follows from sub-
stitution of (3.2) into (3.3).

Lemma IV.3b. Let there be given functions B(x)1' "% ¢ C’(nbh d9G), 0<
] < k, that are symmetric in the indices and assume that JG € C’c , for some k'> k.
If the integral

(3.4) Joo z G =g,

’ l'—i

vanishes identically for all functions p € C(bh dG) then there exist linear dif-
ferential expressions

(3.5) AG; ), o » 0Zj<k 0<i<k-j, x €nbhdG,
1= %4
of order i, such that
k-j a,,_,a., .
(3.6) S M), . B VT -0, for x €9G, 0< <k
= 1’= "7 +j

Conversely, (3.6) implies that (3.4) vanishes for all p € C* (nbh 9G).

1
Proof. Let x, be a point of dG. As G € C* , there exists an open neigh-
borhood of Xy, N(xb), and a one-to-one mapping x = x(y), of N(xb) onto B(0, 1),
that is together with its inverse y = y(x), k'-times continuously differentiable,
and such that N(x,) N dG is mapped onto o (0, 1).
If pe Ck (N(xb)), then (3.4) reduces to

k
l'-.
(3.7) fN(xbWG L ey B0 T aS,

Now the coordinate transformation x = x(y) is applied to (3.7). Then Lemma IV.3a
is applied to the corresponding integral in y-coordinates. Finally the coordinate
transformation y = y(x) is applied to the identities corresponding to (3.2). After

this transformation, the identities take the form
k-j b ayrm @

(3.8) Y MG, . B& *7-0, x€dGN Nx,), 0<j<k
= =%+

Here the expressions

(3.9) )J:(i;;‘)a1 w o+ 0<j<k 0<i<k-j, x €Nx,),
i+
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are linear differential expressions of order i. Thus one obtains from Lemma V.3a
(3.10) The integral (3.7) vanishes for all p € C’g (N(xb)) iff (3.8) is satisfied.
As 9G is compact in R, there exists a finite number of points fx,}, 1<h<
r, r < oo, with suitably chosen corresponding open neighborhoods N(xb), that to-
gether constitute a covering of dG, such that the procedure above can be carried
out for zll the N(x,)’s. Thus one obtains (3.8), for 1 < h<r. The proof of the

lemma is completed with the definition

(3.11) Misfla | _a .=>~”(i;i)a1
Y= l ’

for x € M(xb).
7+

a, .
T i4g

Here {M(xb)}, 1< bh<r,is adisjoint covering of dG that satisfies M(xb) C N(xb),
for 1<h<r.

V. The variational problem.

(1) Definitions.

The differential expression L is defined by

m a, ,.,a
(1.1) L= Y A) U""kp ...D,, xe€G.
k=0 1 k

The coefficients are real and symmetric in the indices and A(x)al’-'ak € c"(E),
for 0< k< m.
The noncharacteristic part of the boundary of G, dG', is defined by (1.2).

(1.2) 9G' = {x €R”:x €0G A ny -+ n, AR V7™ Lo},
1 m
The functional |, defined on CX(G), is given by
(1.3) J@) = fG F(x, u(x), Du(x),_, D'ulx)) 4V,

with 1 € [1,—, m], F e C2(R"), =1+ 21:=0(v’°) and JF/0du is symmetric

Apy=,a;
ina;,—,a;for 2<j< I As uis chosen in C!(G), the last assumpt]ion is made
without loss of generality.

For a given function { € C(G), the function spaces U, Uy» U and U;{i) are
defined by

0.4 U=1{ueC™G): Lu={A J(x) is defined},
' Uy =tu e C™(G): Lu= 0},

(1.5) uD-unci@; UvY =u,nciE).
The class of admissible functions W and the corresponding class of admissible
variations W, are chosen in accordance with

WcU is an affine subspace of C™(G),

(1.6) ~
Wy = {6u € C™(G): du =up—uy Nug,u, € wi.
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Remark. If » € W and 8u € W, then it follows from (1.6) that L(Su(x)) = 0,
x € G,and that u + Su € W.
The variation of | at u € W, with respect to 8u € W, is defined by

(1.7) AJ(u; 8u) = J(u + du) - J(u).

Finally, the definition of a relative extremum is

(1.8) The functional | has a relative extremum within the class of admissible
functions W if there is a positive real number & such that AJ(u; 6u) is either defi-
nite positive (relative minimum), or definite negative (telative maximum), for all

Su € W, that satisfy “31‘"1 exists and is smaller than §.

(2) The principal linear part of the variation.

Lemma V.1. Let Fe C2(R"); ueW; We U(l); Su € Wy, then the principal

linear part of the variation of | at u with respect to du is given by

dF

l
(2.1) 3](11;314) = fG Z au,al o r—dv.
k=0 9 -

7a'1v—’ak

If moreover | has a relative extremum within W for some u € U then 8](u; 8u) = 0,
for all du e W,.

Proof. Applying the mean-value theorem to the integrand of AJ(u; du) one

obtains

AJ(u; 8u) = 8](u; Su) + R(u; Su),

(2.2) !
ith R(u;8u) = 5
w1 u u fG E()‘ u

XF-F)

e, a av.

'al v—-tak

Here the overbar indicates that the corresponding derivatives are to be evaluated,
for (x, u+ 00u,—, D'(u + 08u4)), 0 € (0, 1). From (2.1) and (2.2) one obtains

AJ (u; adu) = al®J(u; Su) + (1/a) R(u; adu)}, for any real number a. As the functions

OF/ du ay,-,ap 0< k <, corresponding to adu, converge uniformly to
OF/ du aj,-,ay 35 47 0, it follows that
s [ Rk a3
1,
(2.3) lim = R(u; adu) = 0.
a—0 @

Therefore &(u; Su) is the linear principal pare of AJ(u; du). If Jhas a relative
extremum within W for u € W, then there exists an € > 0, such that AJ(x; adu) has
the same sign for all @ € (- ¢, + €). It follows from (2.3) that this can only be true
if 6J(u; 6u) = 0, for that u and any Ou € OW. This completes the proof.

Lemma V.2. If F e C'*Y(R™); u € C?XG); du € CX(G); and G € C!, then

8] (u; Su) can be transformed into
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I-1 a,_,a
l,-' s

2.4) J dulF) Jav s | 3 o, o0

]=
Here [F] o the Euler-expression, is given by

/4
(2.5) (Fl =3 (-1)*p, ... D, TL , x€G,
’ k=0 1 k u,al,_,ak

A1y=,yaj

and the expressions Q 7, 0<j<1-1, defined on JG, are given by

a a, 1 .
(2.6) 0 1% Z (=1)k=i=1 gDa., L Da,k l<au JF >$na '
i+ N

k=j+l ,a'lr—’a'k k

Proof. Let Q be an open set in R” that contains G. I follows from H. Whit-
ney [8, Lemma 2], that z can be continued into C?Q) and that 8u can be con-
tinued into CI(Q). Therefore du kand OF/du ay both for 2 < k< [,

are symmetric in the indices. Thus one obtains as in (IIL.1.5), for x € { and
kell, 1],

8u 4 4 __9F
1 kou , @
k] 1"', k

Aqy=,2 e

~ (<D ..p ]—9F
2.7 =(-1) 8uDy -+ D gau g

b 15 (Lo ‘ oF 5
", i§0 - D“l.“D“i EPNT { T o

’all—’ak

Hence, for x € (},

1
2 dugy o ) "
k=0 IR u»al’—va’k

(2.8) 1 k=1 . OF
=8u(x)[F]u+ Z D, ;Z (—1)’3Da -+ D, 3-———2%8u %
’ k=1 k{i=0 1 i |9u %4102 %1

aalr— ’ak

After substitution of (2.8) into 8](u; du), as given in (2.1) and integrating by parts
one obtains

8](u;80) = [ ulIF) , av
2.9)

?

+f Zl;kf(-l)io ... D _9F | Su n, dS
3G £21 iso *1 %; | Ou = %1 %

’al’—'ak k

After rearranging the summation this identity takes the form (2.4), with (2.6). This
completes the proof.
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Lemma V.3. Assume that

(1°) F e C*YR™); u e C?UG); du € U™, 06 € ™.

@°) A"V 7% ¢ CR(@G), for 0< k< m.

(3°) There exists a function v € C™(G) that satisfies L*(w(x)) = [F] w for
x €G.

Then, using the definitions (2.5) and (2.6), 6]J(u; du) can be written as

f Iﬁ 8 o % ""Z""l p(i: ) 1 i
“ - v 5]

Gl =% S %%

(2.10) .

S LR P
@ @ .P(z;]) 73 dS.
%= %4y

m—-j-1
- Z ou a a. ZO v
1=

’.=l [t Rl 7

Proof. Under the above conditions, the following identity is valid.
@1) [ 8uF],dV = - [ {o)Loux) — Sulx)L¥ )} V.

By virtue of Green’s identity, (IIl.1.3), the last expression is equal to

a,,_,a, .
CREIE I DR ST T 0% R e )
]

i=0 7=0 LS Sk R SENE AN K sl A £ 3

a a.,. .

@13) - [ ¥ Y b, o 1oy, PO L= ivd g,
Substitution of this result into (2.4) completes the proof.

(3) The variational adjoint.

Definition. Assume that F € CI+I(R77); u€ U(“); JdG € C™; AT T%% ECk(E), '
for 0< k< m. If there exists a function v € C™(G) that satisfies

G.1) L*@x)=[F] ,x€G,and

(3.2) 8] (u; bu), as g’iven in (2.10), vanishes for all functions &u € C™(nbhdG),
then this function v is called a variational adjoint of u with respect to L and ].

Definition. The boundary condition (3.2), or conditions that are equivalent

with (3.2) are called the variational adjoint boundary conditions.

Theorem V.1. If v is a variational adjoint of u, with respect to L and |, then
the variational adjoint boundary conditions on 9G' are given by (i), (ii) and (iii)

as follows:

(1) (8/an) (%) = 0,
for 0<j<m=-1~1andx€dG'. (If | =m, then this condition is vacuous.)

N 9 \m~1 el ay,-,a -1 R
(ii) (an) ux) = (=1) (na1 .- namA(x) ) ng tt nal_lQ ,

for x € G".
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z—lz—j( ) m—jmb~l apomit,
Ab; g v PGy jep) 177 ik
h=0 RS TETL WS ,~=,,,E_, Y+l =% e i I
(iii) I=1~j ay,-,a
= ¥ My, . 0 i*h
b=0 l’—' ]’+b

or x €9G' and 1 -2>7>0. (If l=1, then this condition is vacuous.) For
212

0<j<1-2,0<h<I-1-j, x €0G, the A(b; j) ’s denote linear differ-

ay,- ,aj+ b
ential expressions of order b.

Corollary. If v is a variational adjoint of u, with respect to L and | while

1 = 1, then the variational adjoint boundary conditions on dG' are given by

(1) (3/nYulx) = 0, for 0<j<m=-2 and x € 3G,
() @/ 1y = (-1~ (nal oo, A(x)al'—'a’”>~lnal(3F/8u'al),
for x € 9G'.

Definition. Each of the conditions in Theorem V.1 or in the corollary is called
variational adjoint boundary condition k if the highest order of differentiation of v
in that condition is k. So k=j in (i), k=m -1 in (ii)and k=m - j -1 in (iii).

Definition. Depending on L and 0G, a function w is of class B; if it is of
class C™(abh dG) and if (8/9n) w(x)=0, for 0< i< j—1 if x € 3G', and for
0<i<m-1ifx€dG~IG'.

Proof. From (IIL.1.4) one obtains

a.,_,a,, . . a,_,a
(3.1) P(i; ) V7 ()il A VT for i j=m- L
m
Hence
O iyg '
(3.2) Mg "t g P %740, for i+j=m—-1 and x €9G.
i+j

From Lemma IV.1 it follows directly that

(3.3) If du is restricted to the class B,. then (8/0n) 8u still can be chosen
arbitrarily within the class CB"'j(aG').

Now variational adjoint boundary condition 0 is obtained as follows. Let du

be restricted to Bm_ 1 then in consequence of Lemma IV.2,

ou 0. =0, for x €dG, 0<i<m-2.
[t R Al 7 - -
3.4
3.4 du, o =ny ceomy  (3/0n)"18ux), for x €9G.
Y1 Tm =1 1 m=-1

Substitution of (3.4) into (2.10) yields
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8J(u; 8u)
(3.5)
d \m-1 a ’—,am-
= LG’ {(ﬁ) Bu(x)} v(x)nal cee nam_lp(o’m_ 1) ! ldS,
for du € B, _i

From the definition of the variational adjoint boundary conditions and from
(3.3) it follows that 8J(u; du), as given in (3.5), must vanish for arbitrary
&/ Yy~ 6u € CL(IG").

From a variational argument and from (3.2) one obtains that v(x) = 0, for
x € dG'. I m—1>2, the variational adjoint boundary condition 1 is obtained as
follows. Let 8u be restricted to B,_, then, in consequence of Lemma IV.2,

ou , 0. =0 if x€dG~IG, 0<i<m-1,
’ l’-'i

if x€dG', 0<i<m-=-3,

(3.6) du

T ”al ”am_z(a/an)m-zsu(x), x € 9G’,

uUx) =0, x €dG,

v, =n, (0/dn)ulx), x €9G.
' m-~1 m-1
Substitution of (3.6) into (2.10) yields
8] u; 8u)
67 SVl §(2) I
= fac, {(an) 8u(x)}{ In v(x)}rzal nam-lP(l,m 2) ds,
for du € B, _,

Now &]J(u;8u) must vanish for arbitrary (9/dn)"~ 25u(x) € C(Z)(OG'). From a
variational argument and from (3.2) one obtains that (9/dn)v(x) = 0, for x € 9G".
By repetition of this process one obtains also the variational adjoint boundary

conditions 2,—, m — [ = 1. Therefore
(3.8) (0/9n)Y1x) = 0, for 0<j<m-1-1, x € G

The variational adjoint boundary condition m — [ is obtained as follows. Let u

be restricted to Bl—l then one obtains from Lemma IV.2

du, 4 =0 if x€dG~IG, 0<i<m-1,
(e Aol R -

if x€dG', 0<i<I-2,

(3.9) 8u g o =ng weeng, (3/00)18ulx), x €dG,
L Skl B | 1 1-1
v'“v-“=0’ 0<i<m-1-1, x € 3G,
i
V. oa =ng weeny 0/9n)"~lulx), x €9G"
YT Tm -1 1 m~—1
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Substitution of (3.9) into (2.10) yields

9 \i-1
8J(u; bu) = faG‘ {{(a_n) Bu(x)}nal nal-—l
¢-10) . {Qal’_'al'l - {(%)m—lv(x)}nal nam- P(m-1;1-1) e }}d&

Now 0] (u; du), as given in (3.10), must vanish for arbitrary choice of (0/m)!=16u
€ Cm- 1 + 1
0

III(1.4))

(0G'). Therefore one obtains from a variational argument that (also set

(3.11) (/00 Lo(x) = (_1)"'-’{% i A“l”'“m}'lnal g, 1Q"‘l'-""l-l,

m
x €9G'.
If /=1, the proof is complete. If [> 2, (iii) remains to be proven. This is
done as follows. From (3.8) and Lemma IV.2, one obtains v A=,y = 0, for
X1 9=24y

0<i<m-1Il-1andx€dG'. After letting du satisfy (3/In) du € C™~(3G),
0<j<m-1,and (6/dn) du(x) =0, for x € G ~ IG.", 0< j < m; one obtains from

the same lemma 6u apam ;= 0, 0<i<m-1andx€9dG~ 0G'. From substitution
’ [ Rt hat ]

of these results into (2.10) and from the assumption that v is a variational adjoint
of u it follows that

m=—j-1

(3.12) LG,Z “op.oa ] A ) L PG T s

a.
i=m -1 I T TG4

vanishes for all 8uz € C™(nbh dG) that satisfy (3/9n) du(x) = 0, for 0< j<m~1
and x € 9G ~ 9G".

If 9G = dG', then (iii) follows directly from application of Lemma IV.3b to
(3.12). A lemma comparable to Lemma IV.3b can be derived for the case where
the domain of integration is a relauvely open subset § of dG and where the func-
tion p satisfies besides p € C’e (nbh 0G) also the conditions (6/dnY plx) = g; (x),
0<j<k, x €9dG ~ S, with given functions g (x) of class C*¥ =7(3G ~ S). The
proof of this lemma is analogous to that of Lemma IV.3b. This lemma is used in
order to establish (iii) for the case where G # dG'. This completes the proof.

VL. Necessary conditions for the optimization problem associated with a uni-
formly strongly elliptic partial differential equation.

(1) Definitions and existence theorem.

Definition.

(1.1) The differential expression L, as defined in (V.1.1) is called uniformly

strongly elliptic in G if the coefficients are bounded in G and if
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a a v m/?2
(4T, el 632 @922 ,
m i=1

for x € G, some positive constant ¢ and arbitrary real v-vector £. (This definition
implies that m is even.)

The following existence theorem, associated with the classical Dirichlet
problem for a strongly elliptic partial differential equation, follows directly from
[3, Theorem 17.3); [3, Theorem 13.1]; [3, Theorem 14.6]; [3, Lemma 13.3] (all in
part I), and Lemma IV.1.

Theorem VI.1. Let the following conditions be satisfied for some integer p,
p>0,and t=p+ /2] +1.

(1°) G is bounded and G € C™**,

(2°) L is uniformly strongly elliptic in G.

3°) A% € CIH4G), 0< < m.

(&) [ € C'G).

(59 g; € C™*'77(3G), for 0<j<m/2~1.
Then the Fredholm alternative holds for the classical Dirichlet problem

L(u(x) = f(x), =x€G,

12 (9/9mY ulx) = g].(x), x €3G, 0<j<m/2-1,

while any solution of (1.2) is of class C™*?(G).
(2) Necessary conditions.

Theorem VI.2. Assume that (1.2) is uniquely solvable and

1° 1€ 1, % ml, ¢>max}o0, 27 + [v/2]1+ 1 - m}.

(2°) The requirements (1°), (2°), and (4°) of Theorem V1.1 are met with p = q,
and requirement (3°) is replaced with AT € CUHYG), 0< j< m.

(305 F e C(R" )l+ [v/2]+ 2

) W = ylm+a),
If now u € W, then the boundary value problem (2.1) admits one solution which
is of class C™(G). 7

L*(v(x)) = [F]’u, x € G,

(8/9n)u(x) =0, 0<j<%m—1,x€aG.

If moreover 8](u; Su) = 0, for all du € W, then the solution of (2.1) also satisfies
the variational adjoint boundary conditions % m,—, m — 1. (9G = 0G'.) Comversely,

(2.1)

if there exists a solution of (2.1) that satisfies the variational adjoint boundary
conditions Y% m,—, m - 1, then 8](u; 8u) = 0, for all du € WH;(?)

(2) The corresponding theorem for nonuniquely solvable Dirichlet problem in [o]
contains an error (‘then any’ should be ‘then (4.1) is solvable and any’). The correct
formulation and proof are given in [10].
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Definition. If the requirements (1°),—, (4°) of Theorem VI.2 are met, then the

associated boundary value problem is defined by

L(x) = f(x), ueW,x€G,
(2.2) L*w()=[F] , =xe€Gq,
the variational adjoint boundary conditions 0,_,m-1,

as given in Theorem V.1 are satisfied on dG.

Corollary. If | has a relative extremum within W, for some u € W and if the
requirements of Theorem V1.2 are met, then there exists precisely one
function v € C™(G) such that u and v together satisfy the associated boundary

value problem.

Proof. It can easily be verified that (1°), (2°) and (3°) are chosen such that
Theorem VL1 establishes the existence and smoothness of solutions of (2.1).

Under the conditions (1°),—, (4°), (2, 1), one obtains from Lemma V.3 that
8J(u; 8u), du € Wy, can be written as in (V.2.10). The strong ellipticity condition
implies that dG = dG'. It follows from Theorem VL1 that the solutions of

L@u(x)) =0, for x € G,
(2.3)

(9/9n)dulx) = g].(x), for 0<7<Y%m-1, and x € 9G,
where the functions g, 0< < Y m - 1, can be chosen arbitrarily in C(AG)"**~7,
are elements of W,

It is observed that in (2.1) the variational adjoint boundary conditions 0,—, % m
are chosen. The rest of the proof of Theorem V1.2 is analogous to the last part of
the proof of Theorem V.1, starting with the derivation of the variational adjoint
boundary condition %m from the arbitrariness of (9/dn)™ /2=154(x) on 9G. The
proof of the corollary follows directly from Lemma V.1 and the theorem. This

completes the proof.

VIL Necessary conditions for the optimization problem associated with a uni-
formly parabolic partial differential equation.

(1) Definitions and existence theorem. With regard to the domain G the follow-
ing definitions are in force throughout this chapter. (It is recalled that x'=
(x 15—y %yy_ 1))

1.1) G,_,
intersection of the R”~ l-closure of G,_, with an open R¥~ 1-neighborhood of
9G,_,. G=G,_; x (0, T). 9G is the boundary of G. 9G(0) ={x e R": x" € G,,_, N
x, = 0}. Similar for 0G(T), 0H(0)=1{x € R¥: x" € Hy_; A x,, = 0}. Similar for
OH(T), 3G(0, T1 = {x € R¥: x" € dG,,_, N =, € (0, TLL.

The differential expression L in this chpater is defined by

is an open domain in RY~! with boundary dG,_,- H,_, is the
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m al '_'al
(12) L=D,+L',with L'=3 AW """ *p,...D,, xe€G.
k=0 1 ] 1
Definition. (1.3) L is called uniformly parabolic in G if the coefficients are
bounded in G and if

/2 a.’l,_,a.’ v=1 ) m/2
(A T gy 2] €
=

for x € G, some positive constant ¢ and arbitrary real (v — 1)-vector . (This defi-
nition implies that m is even.)
In order to be able to use previously derived formulas, from now on L will be

written as
- G-y
(104) L = z A(x) Da e Da ’ x € G’
k=0 1 k

with AG) 7% 2 0, if at least one index has value v and k € [2, m], while
AY = 1.
The following existence theorem follows directly from [3, part 2, Theorem

9.1 and the second corollary on p. 141].

Theorem VIL.1. Let the following conditions be satisfied for some nonnegative
integer p.

1) r=1+[@p+v+1YV2ml; s=m+p+r+W/2), t=s-r+m@+1).

29 G,_, and T are bounded, GGV_I e cmir+ 1),

(3°) L is uniformly parabolic in G.

4°) A% € C5@), 0< 7 < m.

(5°) f € CHG); (/Y f(x) =0, for 0< j<tand x € IH(O).

(6®) w e CH*™@G); w(x)=0, if x € IH(0) x [0, ¢€), for some €> 0.

Then the intial boundary value problem
Lulx) = f(x), x € G UIGT),
(1.5) (0/ ) ulx) = (3/InYw(x), 0<j<m/2-1, x€dG0, T),
ulx) =wlx), x € 93G(0),
admits a unique solution which is of class C™*?(G).

(2) Necessary conditions.

Theorem VII.2. Assume that )

1°) 1€ l1, %ml, q > t(0) + 21 = m, where £(0) = 3m + /2] + ml(v + 1)/2m].

(2°) The requirements (1°), (2°), (3°) and (5°) of Theorem VIL.1 are met with
b = q, while requirement (4°) is replaced by A% e C@GYtS, 0< i< m.
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(3°) F € Cl+1+t(0)(Rn).

(4°) w = yim+a),

(5°) (/mY[F] =0, for 0<j<0), x € IH(0), and any u € W.
(6®) OF/u v }):ZS compact support in dG(T) for any u € W.

() OF/du = 0, for 2< j< I and x € nbh IG(0) U nbh IG(T).

o8 R 1eg]
If now u € W, then the initial boundary value problem (2.1) admits a unique

i
solution, which is of class C™(G).

L*u(x) = [F]’u, for x € G,
2.1) (8/9nVu(x) = 0, for 0<j<m/2-1 and x € 3GlO, T),
vix) = + aF/au’v, for x € dG(T).

If moreover 8](u; du) = 0, for all du € Wy, then a solution of (2.1) also satisfies
the variational adjoint boundary conditions Ym,—, m — 1 on the lateral boundary,
9G(0, T) and the condition: v(x) =+ OF/du ,, on dG(0). Conversely, if there ex-
ists a solution of (2.1) that also satisfies these extra boundary conditions then
8](u; 8u) vanishes for all Su € W,,.

Definition. If the requirements (1°),—, (7°) of Theorem VII.2 are met, then the

associated boundary value problem is defined by

Lu(x) = /'(x), ueW,x €aG,

L*v(x) = [F],u’ x € G,

(2.2) the variational adjoint boundary conditions 0, —, m ~ 1,

as given in Theorem V.1, are satisfied on aG(0, T),

vix) = + BF/au‘v, for x € dG(0) U IG(T).

Corollary. If | bhas a relative extremum within W, for some u € W and if the
requirements of Theorem VIL2 are met, then there exists a function v € C™(G),

such that u and v together satisfy the associated boundary value problem (2.2).

Proof. It can easily be verified that the conditions (1°),—, (6°) are chosen such
that Theorem VIL1 establishes the existence and smoothness of the solution of (2.1).

From substitution of (7°), of n = (0,—, 0,—1) on dG(0) and of n = (0,—, 0, + 1)
on JG(T) into (V. 2.6) it follows that

B

i-0, 1<j<lI-1, x€9dG(0) v aG(T),
Q=-0F/du, on 0G(0); Q= aF/au’V on 9G(T).

0
2.3)

From substitution of the functions Aal’-'aj, as given in (1.4), of n = (0, —, - 1)
on 0G(0) and of n = (0, —, 0, 1) on dG(T) into (III.1.4) it follows that
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Qs @.
o) P(;;) V720, 1<i+j<m-1, x €9G(0) U IG(T).

P(0,0)=-1, on 9G(0); P(0,0)=1 on 9G(T).
Under the above conditions one obtains from Lemma V.3 and from substitution into
(V.2.10), of the boundary conditions in (2.1), of (2.3) and of (2.4):

87(u; 8u) = fac(o)au(x)%v(x)_gf %a’S

b

+f li% ) al’_,a]_ m3:! P(; .)a'l""ai'l'j
8GO0, | % “agsad Q - X o

i=m/2 %=y

(2.5)

m=1 m—j—-1

- 23 Z Vg a. P(z,]) 1= iaf

o2 1)—11 i= m/2 j+1’—| +l

. . !
First restrict u to W,

(2.6) W ={ueW:(3/In)(ulx) -wx) =0, 0<j<m/2~1, x € G0, T,

here w is a fixed function in W N C(G)**™,

Now, 8u, restricted to dG(0), still can be chosen arbitrarily in CO(BG(O))”m
while du L=t = 0, 0<j< m/2-1, x€dG(0, T). The last condition implies
that the integral over dG(0, T), in (2.5) vanishes for all du € W;,. Using a varia-
tional argument one obtains from 0](u; du), as given in (2.5), vanishes for all
Ou € W"_I:

2.7) vix) = aF/au’V, for x € 9G(0).

Conversely, if (2.7) is satisfied then the integral over dG(0) vanishes for all
Ou € Wy

. "
Next, restrict  to W',

(2.8) W ={u € W: ulx) = wlx), x € dG(0)},

here w is a given function in W N C(G)"'*™.

Now (3/dn)! du(x), 0 <j<m/2~-1, x € dG(0, T), still can be chosen arbi-
trarily in C,(9G(0, T)!+™=7 while Su(x) = 0, for x°€ dG(0). The last condition
implies that in (2.5) the integral over dG(0) vanishes for all Ou € Wy. At this
paint it is observed that, because of the Dirichlet conditions on dG(0, T), 8](u; du),
for u € W", has the same form as in the proof of Theorem VI.2, that the same varia-
tion possibilities exist and that dG(0, T) is noncharacteristic. Therefore, from
8](u; 8u), as given in (2.5), vanishes for all Ou € W;’, one obtains similar to in the
proof of Theorem VI.2:

(2.9) The variational adjoint boundary conditions % m, —, m -1, as given in
Theorem V.1 are satisfied on 9G(0, T).
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And conversely, if (2.9) is satisfied, then the integral over 9dG(0, T), in (2.5),
vanishes for all 6u € W. This completes the proof of Theorem VIL.2.

The corollary follows directly from Lemma V.1 and Theorem VIL.2. With the
same assumptions and definitions, it is clear from the proof of Theorem VIIL.2 that
the next remark can be made.

Remark. If W'is taken for the class of admissible functions then the associated
boundary value problem takes the form

(2.10) (2.2), with the variational adjoint boundary conditions %m, —, m -1,
x € 9G(0, T) replaced by (3/nY u(x) = (3/ny w(x), 0< j< m/2 -1, x € 9G(0, T

If W".is taken for the class of admissible functions then the associated
boundary value problem takes the form

(2.11) (2.2), with the condition v(x) = dF/du ,, x € dG(0), replaced by u(x) =
w(x), x € dG(0).

(3) The associated boundary value problem for the beat equation. In this sec-
tion the associated boundary value problem will be formulated for the case where
L is given by

v=1

G.1) L=D,-A ,, with A = Y DI
i=1

a1a

So m=2;1=1and nalnaZA =1, for x € dG(0, T). Using the corollary with

Theorem V.1, the variational adjoint boundary value problem (2.1) takes the form

u,-A, ux)= (), xeq,
Av+Av4vu)=—Uﬂm, x € G,
(3.2) v(x) =0, x € G0, T),
vx) = 9F/9u ,,  x € 9G(0) U IG(T),
(8/9nu(x) = nalaF/au‘a., x € 9G(0, T).

i
If the conditions (1°), —, (6°) of Theorem VIL2 are satisfied, if » € W, and if J(»)
has an extremum within W for this z then (3.2) admits a unique solution for v.
Furthermore, v € C 2(G).

BIBLIOGRAPHY

1. R. Delver, The optimization of a functional within the class of solutions of a
partial differential equation, J. Engrg. Math. 3 (1969), 253-264. MR 41 #2497.

2. , Variational problems within the class of solutions of a partial differential
equation, Ph. D. Thesis, University of California, Berkeley, Calif., 1971.

3. A. Friedman, Partial differential equations, Holt, Rinehart and Winston, New York,
1969.

4. , Optimal control for parabolic equations, J. Math. Anal. Appl. 18 (1967),
479-491.




VARIATIONAL PROBLEMS 289

5. K. A. Lur'e, The Mayer-Bolza problem for multiple integrals: Some optimum prob-
lems for elliptic dif ferential equations arising in magnetohydrodynamics, Topics in Opti-
mization, Academic Press, New York, 1967, pp. 147-193. MR 35 #1380.

6. J. L. Lions, Controle optimal de systémes gouvernés par des équations aux
dérivées partielles, Dunod; Gauthier-Villars, Paris, 1968; English transl., Die Grundlehren
der math. Wissenschaften, Band 170, Springer-Verlag, Berlin and New York, 1971. MR
39 #5920; MR 42 #6395.

7. C. Miranda, Equazioni alle derivate parziali di tipo ellittico, Ergebnisse der Mathe-
matik und ihrer Grenzgebiete, Heft 2, Springer-Verlag, Berlin, 1955; English transl.,
Springer-Verlag, Berlin and New York, 1970. MR 19, 421.

8. H. Whitney, Analytic extensions of differentiable functions defined in closed sets,
Trans. Amer. Math. Soc. 36 (1934), 63-89.

9. R. Delver, Variational problems within the class of solutions of a partial differ
ential equation, Bull. Amer. Math. Soc. 77 (1971), 1100-1105.

10.
appear).

, Boundary and interior control for partial differential equations (to

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA, BERKELEY, CALI-
FORNIA 94720

Current address: Department of Mathematics, University of Toronto, Toronto, Canada



