
TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 181, July 1973

aT IS FINITE FOR   ^-CATEGORICAL   T

BY

JOHN T. BALDWIN( 1)

ABSTRACT.   Let   T be a complete countable   X.-categorical theory.

Definition.    If   8   is a model of   T  and   A   is a  1-ary formula in  L(3)  then   A

has rank 0 if  AtS)  is finite.    A (fl) has rank   n  degree   m  iff for every set of

m + 1   formulas   B„  ■■■ ,  B     ,,   eS,(L(&))  which partition   A<8)  some   B .(8) has
1 772 + 1 1 I

rank   < ra — 1,   Theorem.   //  T is   X,-categorical then for every   8 a model of  T

and every  A e S.(L<8)),   A<8)  has finite rank.   Corollary,    a.      is finite.    The

methods derive from Lemrnas9 and 11 in "On strongly minimal sets" by Baldwin

and Lachlan.    o.      is defined in "Categoricity in power" by Michael Morley.

In [4] Morley assigns an ordinal (XT to each complete theory T. He conjec-

tures that if T is N -categorical a. is finite. In this paper we prove this con-

jecture.

We assume familiarity with [l ] and [4] but for convenience we list the princi-

pal results and definitions from those papers which are used here.   Our notation

is the same as in [l] with the following exceptions.

We deal with a countable first order language   L.   We may extend the language

L  in several ways.   If   u  is an L-structure there is a natural extension   L ((f) of

L obtained by adjoining to   L  a constant  a for each   a £ |(f|   (the universe of  (f).

For each sentence   A (a, , • • • , a  ) £ L ((f) we say   IT  satisfies   A («., • • • , a   ) and

write  8 r= A(«j,-, a  ) if in Shoenfield's notation  (? (A (a   , • • ■ , a )) = T  [7,

p. 19].   If  (i is an L-structure and   X  is a subset of   |u|  then   L (X) is the lan-

guage obtained by adjoining to   L  a name  x  for each  x £ X.   (u, X) is the natural

expansion of  ii to an L (X)-structure.   A structure   .& is an inessential expansion

[7, p. 141] of an L-structure   Ö if  S = (ÍT, X) for some   X Ç |ö|.

S  (L) denotes the set of formulas of   L  with free variables among   vQ, ■ ■ ■ ,

v      ,.   If A  is a formula such that  u,,- ■ ■ ,u    in the natural order are the free
72—1 1 72

variables in  A, then  A ((f) is the set of ?î-tuples   b.,---,b    such  that
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Cf 1= A {b., • • • , b  ).   If p  is a unary predicate symbol we abbreviate

pv0{&) by  p{<3).

A consistent set of L-sentences is a theory in L.   If  T and   T   are theories

in  L  then   T   extends   T if   T C T.   If  T is a theory in a language   L then   T

is an inessential extension of  T if there is a model (T of  T and a subset  X of

|(T|  such that   T' = Th (Of, X)  (i.e., the set of all sentences in   L (X) true of

(If, X)).   T    is a principal extension of   T if   T   is an inessential extension of   T

by a finite number of constants and a set of nonlogical axioms for   T    can be

obtained by adjoining a finite set of sentences to a set of nonlogical axioms for T.

Let  r be a subset of  S AL).   Then   T is a k-type in   T if there is some

model  u  of   T and elements   «,, • • • , ak £ |if |  such that  (f N A («j, ■ • ■ , afe)   if

and only if  A £ T.   If  u  is a model of   T and   X C |(f|  then a ¿-type   F  z's

realized in  X if there exists   x   , . . . , x,   e X such that  Cl N A (x. , • • • , x,) for

each  A  £ T.  A /¿-type   T  is a principal ¿-type in   T if there is a formula   /I  6

Sfe(L ((?)) such that, for each formula   B in   l\  Ö r= Vf0, • • • , Wfe_ ¡(A -» B).

Since   T is complete there is one   0-type truth.

Following Morley [4] we assume that each   T = S   for some   2 and thus that

each 72-ary formula   $ is equivalent in   T to an ra-ary relation  A.  K{T) is a set

of all substructures of models of   T.   The following summarizes with slight

changes in notation the second paragraph of §2 in [4].   If  Ü is an L-structure

-L(tt) is the set of all open sentences in   L ((f) which are true in   (u, |A|).   If

(f eJl{T), r(ö) = 3)(fl)u T is a complete theory in   L ((?).   Let  Sfe((f) denote

the Boolean algebra whose elements are the equivalence classes into which

S, {L ((f)) is partitioned by the relation of equivalence in   T((f), and whose opera-

tions of intersection, union, and complementation are those induced by conjunc-

tion, disjunction and negation respectively.   The Stone space of  S  ((f), the set

of dual prime ideals of  Sj((f), is a topological space denoted  S (u).   A dual

prime ideal of  S Au) is a ¿-type of   T {(f).   This is a,special case of the defini-

tion of ¿-type in the preceding paragraph.   Note that, if  p £ S (if) and  (1 '   is an

inessential expansion of  (f,   p is naturally a member of  S ((f).

In [4] Morley makes the following definition.   For each ordinal   a and each

uN £ Ii (T), subspaces   S   ((f) and   Tra((f) of  S (u) are defined inductively by

(1) Sa(&) = S{Q)~   U/3<aTr/3((f),

(2) p £Tra((f) if  (i)  p £Sa{0) and (ii) for every map   (/*: S (íB) — S ((f))

where   .& £ R {T) and  f is a monomorphism from  (f into  S,  /   _  ip) D S   {,&) is a

set of isolated points in   S   (,'B).    (See [4, p. 519] for the definition of /*.)

If   'gig is an elementary embedding of  U into  55 then   i%a maps   S ($) onto

S id).   Note that  q £  i^~ 1{p)  is equivalent to  q O S^Lid)) = p.
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An element  p of  S (Cl) is algebraic if  p £ Tr  ((f);  p is transcendental in

rank   a if p £Tra((f).   If  A  £ S ¿L ((f)), UA = \p\ p £ S ((f) A A  £ p\.

The following definitions are originally due to Marsh [3].   Let  (t be an L-

structure and  X a subset of   |(f|.   The algebraic closure of X, denoted by  cl(X),

is the union of all finite subsets of   |(f|  definable in   (u, X).   X  spans   Y if   Y C

cl(X).   X  is independent if for each  x £ X,   x 4 cl(X - ,xj).   X is a èizsz's for   y

if X is an independent subset of   Y which spans   Y.   If every basis for   Y has

the same cardinality  p., we define the dimension of  Y to be  p and write

dim(y) = p.

Let  Cf be an L-structure.   A subset  X of   |(f|  is minimal in  (l if  X  is

infinite, definable in  u, and for any subset   y  of   |Cl|  which is definable in  (f

either   Y f\ X or  X - Y is finite.

If  D £ S AL ((f)) and   X = D ((f) then   X is strongly minimal in (f if for any

elementary extension  ß  of (f, D iß) is minimal in  .15.   Let   (fn  and   (t.   be models

of a complete theory   T.   Since up to isomorphism any two models of   T have a

common elementary extension, D ((fQ) is strongly minimal in  (f„  if and only if

D((f.) is strongly minimal in  Cf..   Thus, without ambiguity we define a formula

D £ S AL) to be strongly minimal in  T if there is a model  (f of   T such that

D ((f) is strongly minimal in   Cf.

We will refer to the following theorem which is Theorem 5 in [1 ].

Theorem 0.   // (f  is a model of an   N. -categorical theory  T then  it is

homogeneous.

Our first step in the proof of Morley's conjecture is to introduce a concept of

the rank of a formula in a model of a theory.   We will compare this notion with

three other sorts of rank.

If  (f is an L-structure and  A   is an element of  S,(L(u)) then we defined  A

to be minimal in  Cf if  A ((f) is infinite and, for each formula   B 6 S AL ((f)),

(ß A A)((f) or  (~ B A A)((f) is finite.   We will define a notion of rank of a formula

in a model such that minimal formulas have rank one.

Well order the class X consisting of {- 1 i and the direct product of the class

of all ordinals with the positive integers by placing - 1 first in the order and then

following the natural lexicographic order.   For each L-structure   U define   fa:
v_47si?L(cr)) ,   . ,    . a
A—* ¿ by induction

/a(-l) = {A e S1iLiâ))\Ai®=0\.

A £ fgiioi, k)) if and only ii  A 4 fix) for any  x < (a, k) and if for any set of

& + 1   formulas   B l,- ■ ■ , Bk + 1  from  S  ÍL ((f)) such that the sets   S .((f) partition

A ((f) there exists an  x < (a, 1)   with one of the   ß. £ fix).
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Let   T be totally transcendental, (f a model of   T, and   A £ S AL ((f)).   Call a

formula  A   rankless if  A  is not in the range of  f^.   We claim there is no formula

A £ S AL ((f)) such that  A  is rankless.   For, if so, we can construct for each

finite binary sequence   a a formula   A a such that (1)  A a  is rankless and  (2)  if

o    = a u (dm o, 0)  and   o    = o \j (dm a, 1)   then  A a, = ~ A ^.   Let   A be the set

of constants from   |(f|  which occur in any  A   .   Then   X is countable but  S (X) is

uncountable contrary to the hypothesis that   T is totally transcendental.

Thus if  (f is a model of a totally transcendental theory we may define for each

A £Sl{L{0)) the rank of  A ((f)  (the rank of  A  in  8) which we denote by   Rfl(A).

Rtí(A) is  -1   if  A e/a(-l).   Ra{A) is   (a,k) if A e/fl«a, *».

Notice that if  @< % and  A  £ S{{L {&)) then   Pfl(A) < %(A).   If  (f is a

saturated model and  % > (? then   Rfi(A) = %(A).   If  A (&) C B ((f) then   Rg,{A) <

RgCB).   Finally if   Rg(A) = (a, ¿) and   (/3, 777) < (a, ¿)   then there is a formula   B £

Sj(L ((f)) such that  B ((f) Ç A ((f) and   Rfl(8) = (/3, ¿).   Let  ft be a structure with

one binary relation   R  such that   R  is an equivalence relation and for each  ?2 there

is a unique equivalence class with exactly   ?2 elements but there are no infinite

equivalence classes in   u.   Then   Th ((f) is totally transcendental and Rd'^o = vo")

= (1, 1).   But for each positive integer  k there is an elementary extension  J),   of

(f with   R%  {vQ = vQ) = (1, ¿) and there is an elementary extension   S with

R<gO0 =- vQ) = (2, 1).   It is an immediate consequence of Theorem 2 that if  n  is a

model of an  Kj-categorical theory   T,  A  £ S ¿L ((f)), and  SB >. (f then   R8(A) =

Rg(A).   In fact this remark appears to be equivalent to Theorem 2.

In [4], Morley introduced for a countable first order theory   T, X £)1{T), and

p e.S'(X) the concept of the transcendental rank of  p.   In [2] Lachlan interprets

this notion in terms of the rank of a formula  A   ¡n   S AL ((f)) as follows

-1    if Aid) = 0,

f\ su

ra{A) =

ap|a| i^p)p £ UA A p £ Tra(3)!     otherwise.

We relate   r^iA) to   Rq{A) in the following theorem.

Theorem 1.    LeZ  >f  be a model of a totally transcendental theory  T and A  £

(i)   ra(A) >supia| 3SB, 3¿(37¿(f ARS(A)= (a, k))\.

(ii)   For some  ,r> an elementary extension of u   0721^ some integer k,   RgOO =

0a(A), ¿).
(iii)  7i?(A) = sup|a| 1%, 3¿(íB >fí ARs(A)=(a, ¿))i.

(iv)   F07 some elementary extension  .£>  of n   and some positive integer k,

RtHA) = supJRe(A)| C > (?) = irgiA), k).
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(v)   // RqÍA) = (a, k) there is an elementary extension ß  of (f and a formula

B eS^Liß)) such that  Biß)CAiß) and Rfl(ß) = (a, 1 ) = sup \R£iB)\ C >ß\.

To prove this theorem we need the following extension of a lemma in [2].

Lemma 1.    Let  T be a first order theory, (f a model of T, A  £ S AL ((f)) and

suppose  rg(A) = a then for each  ß < a  there exists an elementary extension ß  of

Q such that  i*~l(LA) n Tr^CB)  is infinite.

Proof.   If the lemma is false there exists a model of   T and a formula   A  £

5j(L((f)) with   rtf(A)= a   and some   ß < a   such that, for each   ß>G,   zg^1(L'/4)

C\Trßiß) is finite.   Suppose   q£Trß+1iß).   Then for each  (? > ß,   »$¿1(?)ri

■v       (c) is a set of isolated points in  .v      ((?).   But then ii A e q,   i%~   iq) n

S"(C) is a set of isolated points in  5^(c) since   itZ   ÍUA) = i*~  (C^) and

¿^Hi^) OtAO is finite.   Thus   q £ Tr^CB) but   q  was chosen in  Tr^CB)

so this is impossible.   Hence   7'2™   ^JA) n "^r        ^   ^ *s emPtv an(l Dv induction for

each  y > /3 + 1, for each  C > (f,  TrT(C) n ^H^) is empty.   So  rQ(A) ¿ a.

Proof of Theorem 1.   (i)   The proof proceeds by induction on  r^iA).   If  r^(A)

= - 1   then  N.J. ^ d77QA  and so the theorem holds.   Suppose, as the induction hypoth-

esis,  the  theorem  holds  for a formula  A  if  ¡qÍA) = y is less than   CX.   We first

prove that, for each  ÍB ¿5; U,   Rrg (A) < (a + 1, 1 ).   If not, there is some   %. >; U

with   Rrg  (A) > (a + 1, 1).   Then there exists a sequence of formulas   (A ■).       each

A. eSjCLíSj)) such that A .(S,) c A ($,), (A . A A .)($,) = 0  if i ¿ j, aad

Reg (A .) = (a, 1).   Now we show that for each natural number   7 there is a 1-type

Case 1.    a is a successor ordinal, say   a = À + 1.   Since   Rig  (A .) = (À + 1, 1 )

there exists a sequence of formulas   (A..).   ,, each  A   . £ 5, (L(J), )), such that
^ Z77<o> z 7 I 1

A.^S^CA.iSj), (A.y /\Aik)ißl) = 0  if  /¿A, and   Rj  (A.y) = (A, 1).   Then by

induction, for each   /,   r^   (A ..) > A so there exists   p.. £ li A .   n Tr   i&j).   Then

for each   z, since   S(.B,) is compact and   UA . is closed, there exists   p¿, an

accumulation point of the   p.., such that   p. £ U A . n S.      (Jjj).

Case 2. a is a limit ordinal, a. has cofinality o> since a. < &j [2\. Then

there exists a sequence of ordinals (a-)-<Cl) and a sequence of formulas (A-)<al,

each A¿/ eíjCLíSj)), such that A.^S^CA^Sj), (A.y A A. ̂ (8^ = 0 if /V *.
Rrg (A ..) = (a ., 1 ) for each /, and the a. increase monotonically to a. Then by

induction rrg (A .)> a. so there exists a type p.. £ UA n Tr ;(.Bj). Since t/^

is closed and S iß.) is compact there exists p. an accumulation point of the p..

for each   i.   But  pi 4 TrT($j) for any  y < a   so  pt e(iA.n -S^CBj).

Since   UA  is closed there exists   p, an accumulation point of the   p;  and
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p £ UA O Sa+1CB,) since each   p¿ £ UA O Tra(íBj).   Hence   z*^  ip) £UAD

Sa 1{Q).   But then  rfl(A) > a + 1   so (i) is proved.

(ii)   Now we show that there exists   ÍB cT ft such that for some   ¿,   R,¡,(A) =

(a, ¿).   By Lemma 1 since  rAA) = a, for each  y < a there exists an elementary

extension  ÖL of  ft such that   i*~   (l/¿) n Trr (ft..) is infinite.   Hence there

exists a sequence of formulas   (A?).<£U, each  A7 £ S AL (ft    )), such that

(Af A Aj){8y)=0   if  ¿¡¿/,   A^(ftr)çA((Jy)!and   rfl    (Aj) = y.   So by induction

there exists   8yi such that for each  y and   i Rfl     .(A?) - {y, k) for some   ¿.

Without loss of generality we may assume   (|fty  -\ -|ft|)n (|ftg .| - |ft|)=0   if

(y, 0 fí {8, j).   There exists a model  C such that for each  (y, z), C >; (f y i by the

compactness theorem.   Then for each  y < cú there is a   ¿ such that  Rg(A?) > iy,k)

and   (A7A A^)(O=0   if   ¿¡¿/.   So   Re(A) > (a, l).   Since for each   S >r ft,

Rg(A) < (a + 1, 1) by (i), for some   k,   Rp{A) = (a, ¿)   and  C   is the required model.

(iii)   This follows immediately from (i) and (ii).

(iv)   We must find  Jdjcu and a positive integer  ¿, such that   Ra(A) =

0a(A), ¿) = sup{Rf,(A)| (?_ >fti.   By (ii) choose   $0 > ft such that, for some   k,

R%'\A) = Og(A), k).   Then applying (i) for each  Ç ^ i>0 there is an integer  ¿ such

that  RÁA) = Oß(A), ¿).   It suffices to show that the set of such  k is bounded.   If

not, there exists an increasing sequence of positive natural numbers   ?2     and a

sequence of models  %     such that  8    >T %Q and   R<g   (A) = Og(A), nm).   We may

assume that, if  m ¿ l,   ißm\ - ßQ\) n (|®,| - |®0|) =0.   By the compactness

theorem there exists a model   J   which elementarily extends each   £   .   But then
7 m

Rj)(A) > Og(A) + 1,1) contrary to (i).   Hence there exists a maximum  k and an ele-

mentary extension  Jj of  mq such that

R^iA) . ir9iA), k) . sup{Re(A)| C > SS.

(v)   We will construct a sequence of models  .B. and formulas   B. £

SliLi%i_l)) such that  B! + 1(S.) Ç B.(S.), R%.iBi+1) = {a, 1), Rg.    (ß. + 1) =

supÍRe(Bz + 1)| e>:Sz + 1i and if  R^ .(Bf) > (a, 1 ) then  R8Í+1(B¿+1) < RB.(B¿).

Since there is no infinite descending sequence in a well ordered set, for some   i,

Rs (B .) = (a, 1) and letting   % = SB. and   B = B. proves (v).   Let  ®0 = ft and

Bq = A.   Suppose  ÍB. and  B. have been chosen for   z < 72.   Let   B    £ S^{L i.»n_ j))

suchthat   ß   ÜB      ,)CS      ,(S      ,)and   R»        (B      ,) = (a,l).   Then by (iv) choose
rara—1—      ra—lra—1 JS _,_i       « — I J

%    >%      ,   such that
n n — 1

R-   (B  ) = supiRjß  )|e>SH

If  Ra   iB  )> (a,l) then both   R»   {BAB   .,) and   R„  (B„ A~ B„+1) are greater
jD^ra jj^ra ni .lï^ra, rai

than or equal to (a, 1).   Hence, if  R^ + 1(ß„ + 1) > Rfljß^ Ri„n&„) > R%n^BJ

contrary to the choice of  J5   .
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At the suggestion of the referee we include the following comparison of the

rank defined here with that defined by Shelah in his paper on the uniqueness of

prime models [6].

Shelah chooses a sufficiently saturated model m of   T (for   T totally

transcendental a countable saturated model suffices) and defines for  A £ S AL (%)),

(A) p(A) = -l   iff % N~ dz70A.

(B) PiA)= a   iff

(1) S N 3t,0A,

(2) for no  ß < a, piA) = ß,

(3) for no   B £ 5,(L (JK)) do both   A A ß  and   A A - ß  satisfy (1) and (2).

(C) piA) = oo if  p(A) is not defined by (A) and (B).   co is assumed greater

than each ordinal.

Shelah proves that if   T is totally transcendental then   piA) < oo.   The follow-

ing theorem indicates the relation between  RqÍA) and  piA) if  Th (ff) is totally

transcendental.

Theorem 1 .   Let  T be a totally transcendental theory and ff a saturated

model of T then, for A £ S A.L (ff)),  RqÍA) = (a, k) if and only if piA) =

co ■ a + m where 2m < k < 2m+1. Rrj(A) = 1   if and only if p (A) = - 1.

Proof.   Since   U  is a saturated model of   T we may take  ff for  m in the

definition of  piA).   The result is evident if  RgiA) = - 1.   For the rest we induct

on   R(j(A).   It is easy to verify that  RqÍA) = (0, 1) if and only if  piA) = 0.

Now suppose the conclusion holds for each  A  £ S A.L (ff)) with   RqÍA) < i<x,k)

and choose an  A  £ 5 ,(L ((f)) with   RäiA) = (a, k).

Case 1. Let k = 1. To show p(A) > <u • a it suffices by [6, Theorem 1.1

A, B], as T is totally transcendental, to show there is an increasing sequence

of ordinals (v.).       tending to <y • ct   and a collection of   formulas   B- £ 5 (L (ff))
V'7/Z<CÜ C? 21

such  p(A A B ■) > y. and   p (A A ~ B •) > y¿.   Let (S., ¿,.) be an increasing

sequence tending to  (a, 1).   For each   i, choose   B.,B'.   £ S{iL i&)) such that

B.(ff) Ç A (ff), B;(ff) ç A (ff), ß.(C?) n B'iQ) =0   and  ^(ß^ = Ra(ßp = (S., ik.).

Then by induction  p (A . A B ) = <u • S- + ?7?. and  p (A A ~ ß;) > co ■ S¿ + m¿ where
^m7 7 -,mÍ+^ T ^ 1
2      < ä . < 2    '     .   Let  y■ = a> ■ o . + to . ; we have an appropriate sequence.

But for each formula   B  eSj(L(Cf)) either  RaiA /\B)<ia,l) or RgUA-vS)

< (a, 1).   Say   RäiA /\ B) = (/3, /fe) < (a, 1).   Then by induction  p(A A ß) =

tu • ß + m<a> ■ a where 2m < yfe < 2m+1.   Hence   p (A) < a) ■ a so  p (A) = aj • a.

Case 2.   Suppose   k > 1, and  2m<£<2m + 1.   Let  B £ S ̂ L (ff)), then either

RgiA AB) < (a, 2m) or  Rg(A A ~ B) < (a, 2m) since  Rfi(A A ß) > (a, 2m) and

Ra(A A ~ ß) > (a, 2m) implies   Rfl(A) > (a, 2m + 1) > (a, /e).   Hence by induction

p(AAß)<uJ-a. + ?7z  or  p (A A ~ B) < tu • a + 777.   Thus   piA) < co ■ a + m.
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There exist formulas   B.,---,ß,   £ S ,(L ((f)) such that the   ß ((f)  partition

A (ft) and each   RqÍB ) = (a, 1 ).   Let   B = \J7™~   Bf   Then by induction  p{A Aß)

= to ■ a + (m - l) and   p {A A ~ ß) > «j • a + (ttz - 1 ) so by [6, Theorem LIB]

p{A) > co ■ a +- ttz.   Thus   p (A ) = cú ■ a + m.

Corollary to Main Theorem.   // T  is   H ̂ -categorical,   ft t= T and A  £ S (L(ff)),

p{A) < co ■ co.

Proof.   This is immediate from Theorem 1    and Theorem 3.

We now restrict our attention to   K,-categorical theories.   In particular, we

will deal with an   N,-categorical theory   T with a specified strongly minimal

formula   D  such that, for each model  3 of   T,   D (i>) n cl(0) is infinite.

We want to assign to each formula   B  £ S  (L ((f)) a formula   B* which "wit-

nesses" the rank of  ß.   In order to do this we consider formulas   A  £ S , + AL) for

each   /.   To each  A  and for each  72 we assign a class   l"A"    of possible witnesses.

Each   r^"J is a set of /-ary formulas such that there is a positive integer ¿ with

Rä(A Ozj,. • ■ , a{)) = in, ¿) if and only if, for some   A* e r¿'¡),   (ft A\ax,.. ■ , a,).

The simplest cases are as follows.   If  A ((f) is finite,   A* tells how many elements

are in  A ((f).   If  A   is strongly minimal  A* expresses   A  as a "uniform union of

finite sets" over the fixed strongly minimal set   D.   In the following definition  A*

will be in  (t>A' just when   Rq{A) = in, 1).   The definition of 0^"' arises from the

intuition that   Rq{A) = {n, ¿) when  A (if) is a union of finitely many definable sets

with rank   (72, 1 ).

For each natural number   /,   for each  A  £ S,    (L) and to - 1   and each natural

number  n assign a set of formulas as follows

r<fu = í- 3t70aí,

<^0) = \3v0A A   3&kvQA\ 0<¿ <co\,

*An) ' ^Vl + V ■ '• » 3-^0^ ~ ^k^C A »K+P A C*})

A(Vz,0(A-^  l£pvk + l(C AD{vk + l))))

A(3si,t2fe+13t;0(D(i7fe+l) AC A (~ A V - C*))))|

0</7<oj, /<¿<w,Ce5'jfe   2(L),  and  C* € r^"-1)!,

0^) = l3i'/ + 1, ■•■ , 3vki\/v0iA «-(A, V •   • VAs)) A A* A ••• AA*)|

/< (r)    , . ff,(n)k<co, A . e Sfe   ,(L), s < ai each A* £   (J TV}   U 0

and some  A* £ O^S

r(n)=<i)(n)  U0U).
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Note that if  A  £ S¡ + AL) and  A* £ T^"' for some   », then   A* has free vari-

ables   v.,•••, v,.   Thus when we write  A'*ia     ■ ■ ■ , a ,) we mean the result of

substituting  a    for  v . for   i = 1, 2 , • • • , /.   We abbreviate A (a,,..., a,)
°2 2 Vl,,*',l>'/I /

by  Aiax,. ■ . , a p.   Thus  A (flj,.. . , a¿) € 5j(L ({a,, • • • , a,\)).

Theorem 2.    Lei   T  be an   H, -categorical theory and D a strongly minimal

formula in  T such that, in each model B  of T,   D (ß) O cl (0)  is infinite.    Let

ff be a model of T,   m £ \~ 1 S U co, A  £ S[ + AL), and a     . . . , a. £ |ff|.    The

following two propositions are equivalent.

(i)   There exists a formula A* £ VÍn'  such that ff N A*(a   , • • • , «/).

(ii)   For sozTze  & Rsi^ iv 0> ai>,,,i a/)) = («. k)  if m > 0.   If m = - 1,

R(j(A (iz0, a,,. • . , a;)) = - 1.

Notice that there is no loss of generality in this theorem because of our

assumption that   T has a strongly minimal formula  D and that, for each model  ß

of  7',   <9 (ÍB) ncl(0) is infinite.   For, let   T be an arbitrary   N,-categorical theory

in a first order language   L.   Then there is a principal extension   T   of   T with a

strongly minimal formula   D .   Let  (f be a prime model of   T .   Let   X be an infinite

subset of  D (ff ).   Then   Th (ff , X) = 7*    is a theory of the specified kind.   Sup-

pose  ß is a model of   T",   A  £ S.+ ,(L), A* £ VA   ' (or some   ttz, and  a.,..-,a.

£ |fB|.   Then  ß N A*(a ,,-•-, <?,) if and only if  SB | L N A*(flj, . . . , a¡).   Moreover,

Rrgu (A (ivn, «j, • • • , a)) = R<g(A ivQ, «j,-- • , a;)).   Thus it suffices to prove the

theorem for   T .

Proof of theorem.   The proof proceeds by induction on  m.   If  m = - 1,   ff N

A*(flj, ■ • • , «p for some   A * £ T^- ' '  if and only if  A ivQ, s,, • • • , a^iff) = 0

which is equivalent to   Rg(A (¡y0, a     • • • , a,)) = - 1.   We assume the theorem is

true for  m < n and prove (i) implies (ii) for  z?z = n.   Then we prove a lemma.

Finally we assume the theorem holds for  m < n and prove (ii) implies (i) for

272  =  77.

Tc prove (i) implies (ii) consider a formula  A  £ S[+ (L) and a formula  A* £

r^n) such that  ff N A*(a,, ■ • ■ , a;) with  «j,...,«, £ |ff|.   Notice first that it

suffices to prove the case in which   A* £ <&An .   For, suppose that (i) implies (ii)

has been shown for each integer   /, each   A  £ SAL) and each  A* £ $1      and

that A*£ 0^.   Then since  3. N A*^, • • :, a,), A(v0, «,,-•-, a¡)(&)   =

IJS_,(A .(.v0, «,,•••, a, )((?)) for some  a/ + 1,---,a,   in   |ff|  and some   A j, ... , A s.

Moreover, for each   i,  ff satisfies   A*ial,- ■ ■ , afe) and each  A* £ JJz"^   ^ a~      u

O i2' and some  A* £$7'.   So for each   i there exists   n.<n and a  /e . such that
/\ ¿ 2 /\ z" 2   — 2

Rg(A iva, a. , • • • , a .)) = in ., k ) and for some   i there exists   k such that

Rfj(A;.(a,,. • • , a,)) = (tz, k), by induction and the assumption that the theorem

holds for each   ß* £$g '.   But then   RqÍA (a     • • . , a.)) = (72, 772) for some integer 772.
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Thus to prove 1) implies (ii) when  m = n, let  A  e S¡ + l{L) and suppose

ft M*(«,,- •-,«;) where   A* e$^").   Letting  A' = A (vQ, a,,- ■ • , a ¡) we wish to

pre

has the form

rove that, for some   9,   RqÍA )= (72, 9).   From the definition of  <î> A    we see  AH

3t7/+1, • - • , 377,(V270(A ~ 3vk+x{C A D(^+1) A C*))

A(V»0(A-*  3*»irt(CAD(,w))))

A 3£^¿ + 13vc(D(77¿+1) A C A (~ A V - C*)))

where   p is a positive integer, I < k < co,  C is in  S,+2(L) and   C* is in   T¿?~   '.

Since   ft N A*(a ,, ■ • • , a¡) there exist  «,+. , • • • , ak £ |(f j  such that, for all but   p

elements   b  of   D (ft),  ft N C*(fl j, • • . , a,,  b).   Thus, for any   ft, >: ft and   d £

D(ftj)-D(ft), ft, NC*(ap.-.,V d).

By induction, for some  s,   Ra (C -       (ztO) = (72 - 1, s) where   C   =
1 ui    yfe+i

C (f0, a,, • • • , a,, v, +,).   Then   Rg(A  ) is  < («, s).   For, if not there exist L-

formulas   B .,■••, ß    ,.   where each   ß . has free variables   v n, 17. .,, • • • , v     with
1 ' s + l 1 U'      fc+2' '     7?;

the following properties.   There exist constants   a'f,+7,- • • , a'    e |ft|  such that if

B'^B.ivp «U2,---,alm), ß;(ft)CA'(ft), ß;(ft)nß;(ff) = 0mif  ifij, and

Rg(ß ■) > (72, 1).   We will show that this condition implies for each elementary

extension   ft,   of  ft, each  d £ D (ft, ) - D (ft), and each   i that   Rñ{B'AC'       {d)) >
I 1 Hi     1 vk+l -

in - 1, l).   This in turn implies   R/s  (C {d)) > (72 - 1, s) which is a contradic-
r ul        7^/fe + l

tion allowing us to conclude that   R(}(A ) < (72, s).

Suppose   RfjiB') >{n, 1) and for some   ft, >: ft and some   d £ D (ft,) - D (ft),

R/î (ß' A C       (d)) < {n - 1, 1).   By induction there exists a formula   (ß . A O* £
1     l vk+1 !

r¿ Ar for some  r < n - 1   suchthat  ftjl= (B . AC)*(aj, • • • , a,, d, a1, +,, • • • , a' ).

Since   D   is  strongly  minimal,  there  exists   p.  £ co   which  may  be  assumed

larger  than   p   such  that,  for all  but   p,    members   of   D(ft),   ft, t=

iB. A C)*(öj, • • ■ , ak, b, alk+2, ■ ■ ■ , a' ).   Consider the formulas

F = lvk + 1(D{vk + l) A (B¿ A C) A iBi A C)*),

G = iWv0{F <-> F)) A (Vt70(F — 3SPl2^ + 1(D(77fe + 1) A (ß. A C))))

A (3S   1^Ä + 13tv0(D(^yfe + 1) A (B . A C) A (~ F V ~ (B; A C)*))),

II = 3v0F,

Ii r = - 1   let  F* = «; otherwise let  F* = G.   Then  F* e T^. U Tp+1   and

ft \^ F*{a1,--- ,ak,alk+2,.-. , alJ soif F'is the formula F(t>0> «„,... ,«fe, «^+2,... ,a^)

by induction there is an integer   17 such that   RgÍF ) = (r + 1, q) < in, 1 ).   For

each element  c e ß .((f) there exists an element  b  in  D ((f) such that  ft (= ß'O)

AC'O, c) AC*(fl,,..., a4, fc) since   ß'(ft) Ç A'(ft) and  ft NA*(a,,... , a^.   Let
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èj, • ■ • , b    be an enumeration of the elements   b £ D ((f) such that

ff N C*(flj, ... , ak, b) A ~ (B; A C*)(ap • • • , ak> b, a[+2, ■■■ , a^).

We  know  there  are   only  finitely  many  such   b   from above.    Then

Rg(B¡ A C ib)) < RfliC ib)) = in - 1, u) for some   u < co by induction.   But

ff NVy.fß' ~F'V   V (S   AC        (fc.))Y
°\   ' , = i     '        "*+i    ; /

So  B¿(ff)   is the union of a finite number of definable sets each with rank less

than   (77, 1) and thus   RqÍB .) < in, 1) contrary to assumption.   Thus we conclude

as outlined above   R^A ') < in, s).   Since   ff N \/f Q3sP lvk + liC'),  Rfl(A')> (72, 1 ).

Therefore there exists an   /,   1 < I < s, such that   R^AA ) = (72, /).   We have shown

(i) implies (ii) when  m = n.

Lemma 2.   Let ff \^T, A eS,+  (L), a,,..., a, £ |ff|, A ' = A iv0, a     • ■ ■ , a¡) and

a. <oi.   Suppose the   theorem holds for each  m < 0-   and that for each ß ¿; ff

there is some  k such that  Rrg(A') = (a, k), then there exists  r < a  a72a" A* £

r^r + 1) such that  ff N A*iax,.. ■ ,a¡).

Proof.   Adjoin a new unary predicate symbol  a to   L  to form   L    and a new

constant symbol / to   L    to form   L .   Let  A be the set of   L    sentences which

are true in an   L     structure   C     just if there is an elementary substructure   C *  of

the reduct of  C to   L such that   |C?*| = a ((?').   Let  D"  be the   L' sentence

32"zv0(D A ~ a).   Let   F,  be the set of sentences

[elementary diagram of ffi u A u \D"\ n < co! U [a(a)| a £  |ff| S.

If  k < co and   F £ S, +  (L) consider the following formulas.

Let  m = I + k.

Let   F.   e S   +,(L) be the formula
1 772+2

F(t7„ jTJ,        ,..-,17     ,2V )   A  A.
0   '        1+1' m 772+1

Let   F*   be in  S    .AD.

Let  G(F, Fp = 3,m + 1(D(,m+1)AF1 AF*).

Let  G*iF, F*,p) be

(Vi70(G(F, F*) <-» G(F, F|))) A i\/v0ÍGÍF, F*)-* ^Pvm^iDivm+1) A F ¿)

A 3s^m+1d770(D(%+1) A(~ G(F, F*)V - F*))).

Then if   F*   is in   T^l   G*(F, F*, p) is in  T^V*,-   Let   r2  be the set of

sentences
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r\ uiA'if) A -a(/)Su |~(G(F. F*)(/, a,,... , av b¡+l, ■■■ ,bj

*G*(F,F*,p)(av...,ai,bl+l,...,bm))]

for k £ co   let  F £ Sfe   2(L),

Fîe U rw^.-.^ciíri}.
u < a i J

Now we show that F' is inconsistent by finding for each L structure C

such that C" NT,, for each element / £ (A ' A ~ ¡?)(c') formulas F and F?, an

integer  p, and constants   c. + ,,- • • , c     such that

C" N G(F, F*)(/, 0l,... ,av cl + l,---,cj

AG*(F, F*,pKßi, ••• -,av c/ + 1, ... , cm).

Let  (?" N T* and   |®| = q iC).   Let   C - <2"|L.   S is an L-structure.   Let

C,  be an L-structure prime over   |ft| U \f \.   Then  D {£. ) - D (ÍB) ^ 0.   For, sup-

pose   D(€j)ÇD(S) and let  $,  be prime over  D«2j).   (íB,, Cj   exist by 4.3 of

[7].)   Then   C, = S,  for if not  SB, £ (i5,  while   D (ÍB,) = D ((?,).   But then   ÍB,

and   C ,  are models of   T which satisfy the hypothesis of the two cardinal theorem

so   T is not   N.,-categorical.   For, by the two cardinal theorem [5] there is a model

(f of   T with   k((Í) =  K.  and   k{D (ft)) = NQ.   But there is certainly a model  ,'B  of

T with   k{%) =   N,  and   k{D ($)) =  N,.   Thus there exists  d £ D (C,) A - D ($).

Let   C eS^ + 2(L) and  Cj, • • • , c.   £ |ft|   such that   C (/, c ,,-•-, c^, 1^ + ,)

generates the principal 1-type in   Th(C,  |(í| U  [/¡) realized by  d.   Then

C if, c     ■ ■ ■ , c., i7, +  )((. ) is finite.   For if not, since   D  is strongly minimal and

contains infinitely many algebraic points there exists an algebraic point   b £ |(f|

such that  I N C (/, c,,- • ■ , c k, b).   Since   b is algebraic there exists a formula

B 6 5j(L) and an integer  t such that  <2 N B (¿>) A  3s^0ß.   But since   (? 1=

C (/, c     • • ■ , c., b),  C if, c . , ■ ■ ■ , c,, v. +  ) generates a principal type and

C{f, c.,...,c,, tJ,+.){C) is infinite,  B(c)  is infinite.   So for some   q<co,

£ N C(/, cr . -. , cA. ¿> A Fqvk + 1Cif, cv...,ck, vk+1).

Let   C,  be the following member of   S    +AL).

C iv, ., " ' , v     ,) A A A 1~qv     ,C iv,   ,,•••, v     .).
V^,-",Vk     j        Z + l' '       777+1'" J 777 + 1^7^,,•••,t7felV    / + 1' '       772+1'

Let   C, be obtained from   C,  by substituting  a ,,-•-, a. for  ¡v,, ■ ■ ■ , v, and

cv-.. ,cktot  vl+l,--- ,vm.   For any   b e D ((?) - D (S), R^ 0)) =
v 772 + 1

R/?(C (a")) since any such   b realizes   the   same    1-type    in
lffB+l
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Th (C , ja ,,•••, a ,, c ,,-••, c, i) as   d and   C   is homogeneous by Theorem 0.

Since   D«°)-DCB)  is infinite and   ff. N Vt7n3 s?77    ,,C', if   Ro(CÍ (aO) >
1 U 772 ̂ 1 C 1,._x, —^771 +1

(ct, 1) then   R(o(A )> (a + 1) contrary to hypothesis.   So  for some   u < a. and

some   k,   Rp(C id)) = iu, k).   Thus by hypothesis, there exists a formula
U '"772+1

C* £ I^    such that   C? N C* (a. , • • • , a ,, c., ■ ■ ■ , c , d).   Let   p be the maximum

of   q and the cardinality of  ~ C* (a   , • ■ • , « ,, c. , ■ ■ • , c,)(c") which is a finite

subset of  D it ).   Then

C"k A'if)A - qif) AGiC, C*)if, a,, ... , a,, c,, ...  , cfe)

a g*(c, q,pKßj, ••• .a,, cj, ••• ,ck)

so  C     does not model  T, but   C"  was an arbitrary model of   T.   so   T,  is incon-

sistent.   By the compactness theorem, there exists   k £ cú,  F   , • ■ • , Fs in

Sk + AL) and   F'     £ V   '.   for some   t. < a. such that
Fl

r, N (v*0(¿'(.,„) A - qiv0)-^   \JciF', Fp(av ap cp ... , cA

A^AG*{F1', Ff ,p.)(«j,... .ÍJ.C,,... ,cfe)).

c,,. • • , c,   list the constants occurring in some   F' and are assumed to occur in

each   F. for notational convenience.
2

Let  B'= VtG(F!' Fi*)(V «,,•••,«,. eI(...,cà).   If (A'A ~B')((?) is

infinite then there are models of   T of arbitrarily large cardinality with

(A' A~ B')($)- (A'A - B'Xff)^ 0.   Thus there is a model   C? of   T,   with

(A' A ~ B')((?) - qi£)¿ 0.   But this is  impossible.   Let W be

^0(a'~ fy   W. FÍ*X«,, ••• ,«/. cp ... ,cfe)) V (A' A~B)jj

A (_A   iG*iF<, F\* ,p.)))   A  (3s;^0(a A~/y   GiF^ F<)))).

Then  ff N W so

and

ffN3W/,...,3t7/+fcHCii... tCiivr---,vUk)

3"(-3"/A,.,c   (-/'•••  '-/+.) erA+1)
1'        ""Te

where   « = max (z¿ ) < a.

We return to the proof of Theorem 2.   The induction hypothesis asserts that

(i) is equivalent to (ii) if  m < n.   We have already proved (i) implies (ii) if  772 = 72
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and now we wish to show (ii) implies (i) if m = n. Suppose A £ 5/ + ,(L), a , ■ ■ ■ ,

a l £ |ff |, A' = A ia , ■ ■ • , a .) and, for some k, RqÍA ') = in, k). The definition of

&A' allows us to assume that k = 1. We will find a formula A* £ T^ such that

ff N A*(a,,... , «p.

By Theorem 1 (v) there is an elementary extension of  ß oí  ff and a formula

B' eSj(L(S)) such that  ß'(53)cA'(53) and   R,(fl') = (77, 1 ) = sup[Re(ß') | C > 381.

Now   ß    and  53 satisfy the hypothesis of Lemma 2 so there exists   B* £ rL

for some   k < n such that  So N B*(c7., ■ ■ ■ , b  ).   If  A < k — 1   by the induction

hypothesis   R<g(ß ') < (72, 1 ) so   k = 72 - 1.    ß N B*(2> j, • • ■ , b)    A

Vî70(B (¿7., • • • , b  ) —► A ) and   J) is an elementary extension of  ff so for some

cv...,cse\&\, Q£B*icv---,cs)/\\/v0iBicv...,cs)-^> A').   Since  ß* £

Tg  , and we have proved (i) implies (ii) for m = n, for some   l,  RÂBic    ■■ ■ ,c ))

= in,l).    / must equal 1 since   ß(cl;... , c^Kff) ÇA'(ff) and   Rfl(A') = (72, 1 ).   If

C'= Civ0, «j,-. , «,, Cj,... ,cs) = A'A - B(i70, Cj,...,cs) then   Rfl(C') <

(72,1).   So   by   induction   there   exists   C* £ IJ^"1 T';) such that   ff   N

C*(ax, . . . , a¡t Cj, • • • , c^,).   Hence letting

A* = 3t;/ + 1, ••• ,3,,/+s((Vtz0(A~ b(„0, t7/+1, ... ,iz/+s) VC)) A ß* A C*).

A* is in  r<A"'> and  ff N A*(a     . .. , a¿) proving the theorem.

Recall that   cl,    is defined to be the least ordinal such that, for all  ff £jl(7")

and  ß > a_,5      (ff) = S"iil).   In [4] Morley proved   a     exists and is less than

(2     )    for every complete theory.   In [2] Lachlan shows that   cl    < <y,   for each

complete theory.   We apply Theorem 2 to prove the following conjecture of Morley.

Theorem 3.    //  T  is  H -categorical then  cl     is finite.

Proof.   If for some   ff and some   ß > co there exists   p £ S^(ff), then since   T

is totally transcendental for some   y > ß, p £ Tr^(ff) and by Lemma 1 there exists

ß >"(?,   a ETr^íB) O z'^jHp) so there is a formula  A ' = A (tz0, a j, • • • ,a¡) in

5,(L (53)) with   r¡AA') = co.   By Theorem 1, there exists   C? ¿I B and an integer   ¿

such that, for every elementary extension  C,   of  (?,   Rg  (A) = (co, ¿).   Now by

Lemma 2 with   a = co, there exists an  72 < co and a formula  A* £ T^        such that

C?  N A*(a j, • ■ • , a j).   By Theorem 2, for some   k,   RçiA ') = in + 1 , &).   This is a

contradiction so there is no  ff and no  ß > co and no   p with  p £ S "((f).   Hence

aT < co.

This proof relied on Theorem 0 which is shown in [1 ] to be equivalent to

Vaughts conjecture that   X, -categorical theory has either 1 or N0-countable

models.   According to Morley this conjecture had already been verified under the

assumption that   cl     was finite.   In fact, it is easy to deduce Lemma 13 of [l]

which is crucial to the proof of Vaught's conjecture from our Theorem 3.
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