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ON GREEN'S FUNCTION OF

AN «-POINT BOUNDARY VALUE PROBLEM

BY

K. M. DAS AND A. S. VATSALA

ABSTRACT.   The Green's function  g (x, s)  for an zi-point boundary value

problem, y    (x)=0,  y(Oj) = y(a2) = ... = y(a  ) = 0  is explicitly given. As a

tool for discussing   seng (x, s)  on the square  La,, a  J x La,, a J, some results
"      "    °n n 1        72 1        72

about polynomials with coefficients as symmetric functions of a's are obtained.

It is shown that

fa"\g„^s)\ds

is a suitable polynomial in x.   Applications to n-point boundary value problems

and lower bounds for a     (m ¿ n)   are included.
771

1. Introduction. Beesack [l] considered the boundary value problem

y(n)(x) = 0,

(L1) <*■)
yia.) = y'ia.) = • - • = y    ' ia.) = 0       (1 < Í < r),

where a, <«,<... <zi , 0 < k., k, +- k-, + •••+- k   - n — r.   For the Green's func-
12 r'       —     7        1 I r

tion g (x, s) he proved that

>.+l
lTA|x-a.   '

.(1.2) |«>,*)|<
nu*-«.
(w-l)!(ar-a,)

In [2] Nehari gave a short proof of the same when r = n.  Since in relation to

multipoint boundary value problem as in [l], JA \gnix- s)\ds appears (see 3.5

there), the natural question is to consider alternately this function.

In this paper, we consider (1.1) when r = n first.  In §2, we give the Green's

function g (x, s) explicitly and alternately exhibit it in a form which yields con-

clusions as to the sign of g (x, s).  In §3, the results about sgngn(x, s) and

the identity
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i-l

(1.3) fa" \gnix. s)\ as = -L (x - aj)(an - x) J^ I* - «,l
I ' i' = 2

are obtained. (There are a few auxiliary results given as lemmas which may be of

some independent interest!) Applications to rz-point boundary value problems and

lower bounds for the zzzth zero of solutions form the contents of §4.

2. The Green's function. Throughout, tz denotes a fixed natural number greater

than 2. Let k be a natural number such that 2 < k < n. Consider the boundary

value problem

yU)(x)=0,
(2.1)

y(ßj) = y(a2)= ... = y(fljfe_ j) = y(aj = 0,

where n, <a. < ... <a,    , < a .
1 2 k—1 n

Theorem 2.1.   The Green s function g Ax, s) for (2.1)  z's given by

(k-\)\gk(x,s)

\ 1= 1       71 if

/k-l x-a.\

\i = l     n        il

(2.2)

/*-! x-a.\ a   _x

[U -'-)--(s-a.^-Ui-l^-Hs-x)*-1,       x<s,  s<a2;

k-l x — a.

=     fi--)(an-s)k-'-(x-s)k-\       ak_x<s<x;
, a   —a.

1 = 1     n 1

8k
rAx, s)-ix-sf-1,      s<x, ak_r_x<s<ak_r (r = l, ••• , k - 3);

<*-l'x-a.\  « -x
I]   --) —-(s-a,)*"1,      s<x, s<a2;
. T  a.- a, I a  —a.
i=2      i 1/     n I

where a product for empty set of indices is interpreted as   1.
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Remark. Here, as well as in the following, r ranging over a vacuous set of

indices means the collapse of regions of the form x < s    (x > s), a, < s <

k—r

Proof.  Starting with the Gteen's function for y"(x) = 0, yUj) = yiaA = 0,

namely

g Ax, s) =

and the relation in   [l],

'Ax - a1)ian - s)/ian - a^),       x < s;

[ian-x)is - al)/iaf¡-at),       s < x;

,   \ /771-1 x - a.  \   a   -

(2-3)     g     ,(x, *) = i \ix- s)g  ix, s) - (a   -s)g  (a , s)   n
577i + l    ' ml m m °m    m'      \   11 ,a   —ala   -a

1=1       771 2/72 722

it is easily checked that

2!g3(x, 5) =

(x - aj)(x - a2)
(a   - s)2,       x < s, a7 <s;

ian-ai)ian-a2)     "

is - ax)2 + is - x)2,       x <s, s < a2;
ix-aAia   - x)

¿       n

(a2 - al)ian - ax)

(x - aj)(x - a2)
(a    - s)2 - (x - s)2,       s <x, a2< s;

ian-al)ian-a2)     "

is - aj)2,       s < x, s < a2.
ix - a )(a   - x)

¿       n

(a2 - ajXa^ - ax)

Thus (2.2) is valid for k = 3.  Again, assuming that (2.2) holds when /e = m, if

x < s,  a    < s, then (2.3) gives

m- i  x — a

<*-.««■•-■- H 7T7 «--)-*v->rr7r--sr"'
1 = 1 72

m     x - a .

n —L)
.   ,   a   - a.
r = I      Ti i

Similarly, if x < s,   a <5<a ., where  r = 2, ■ • • , (m + 1) - 3,  (2.3) yields
7 ' — 777—r   — —       TTi-r+l' '
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m!gm+1(x, s)

/ a  -x\/m-1x-a.\ ,     /m-lx-a  \ a -x

m L_s).(a _s)-jl-.\ U-^-)ian-sr-i+ n—^Vr—<■.->■
a   -a   M  . ,   a   -a./ \ . , a   -a.  a'-a

71        ml \ 1=1      n        i/ \i=l    m       i/    n       m

r /   »»-1 x - a.        \       a   - x

a      . , - a \ I a   - a      ...
;=2 l 1 = 1 '    711-7 + 1 î1   /      7! 171-7+1

\(t>77î-7 + l)

.(a    .      sy-Y(x-5)-(flm_5)H^iîî-
m~'+1 \ m        a   -a     . ,

\ m        171-7+1

/">     X-a.\ ' J      m *      n.        \       a„-x

W     71 î/ 7 = 1 \        1 = 1 '   m-7+l        I1/   TZ        771-7+1
\(l-771-7 + l) '

A similar  computation using the first expression of (2.2)  with k = to  gives the

result for x < s,  a      , < s < a   . Moreover, if x < s < a.,, then
— 711—1 —      —    m ' —      —     2'

m!gm + 1(x, s)

/ra-lx-a.\ a   -x                      /                          x-a. \

= i-iris - x)m +[  Fi-Ll--is-a.r^iix-s^ia-s)-1-
\i=2ai-al/an~al \ am-all

m    x — a. \   a   — x
i  \     nn—L ——is-a.r + i-iris-xr.

,=2  ai~al)a„-al

This completes the induction argument for the triangle x < s.   On the same lines

the region a, < s < x < a    can be handled. Hence the conclusion.

Corollary 2.2. Alternatively, if s <x and a,        . <s <a,_    where r =

1, .. . , k — 3, we have

k-r-2 /k-l

(2.4)

k-r-2 ik-l \

U-l)!g,(x.s) = (an-x)    £    (*-sn   IT   (x-a.)Us-aM)
/=0 \<=/+2 /

(a      sf-1-2      r+l ia s)k-1-2
r> ■ y^(_ lV+ _

WiliK - «*>   >=2       "Sli c**-,+dK-,+i - 8.-l aT, - fl*-/+i i

Proof.  First observe that (x - a.) (a    - s) = (a    - a .) (x - s) + (s - a .)(«   -x),
î       m mi i       m

i p1 to.   Applying this first with  i = 1 and  to = n  or k - j + 1—note that  to  is always

different from 1 —, we get
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gr(x, s)-(x-s)' :k-
)](S-Z21)

(a   -sf-2        rtl U     ,+I-s)*-2 ! )~|

*:>, - «i)    7=2 "Si «*-/♦! >K-,» - "/I "n - ***-/♦. U

■ix-s) n—r)^-^-
i = z    n i

A-2

r + 1 /    A-l X —fl

zäh n
7=2 \Vw**-j+')

2 l°t_; + ,-",l/an-at->+l
K-,+1-^-:

Repeating the above with i = 2, ... , k - r - 1 and 777 = 72 or /fe - / + 1 (once again

zA w always) on the last term each time, we finally obtain

k-r-2 /*-. \

g'k(x.s)-(x-sf-1 = (an-x)    £    (*-*)'     IT   ^-a,-))(s-a/+i>
Z.0 \.=Z+2 /

A-5A'-2      *♦> , («,   ltl-s>*-'-2
+ v(-i)'+1-*:'!'.

•tVK - «.• -=2        ifcL, (1„k_,.+1)K_,+1 - »,.| a„ -a*-,=1
U-s)*

vi=it-r       n 1/

(x-sK

' + 1 /     *-l x-a. \     a   -x

Z(-iv(  n -—--7-—
7-2 \     (¿1,    l0t-y + i-a,-l /a„-at-,-+l

\(l>*-7 + l) /

(a.       . - s)r
A-7 + 1

Now (2.4) follows ftom the above in view of the fact that the factor multiplying

(x — s) is a polynomial of degree r in x and takes the value zero at

ak-s ■■■ 'ak-i and V

3. We first give some auxiliary results in the form of lemmas.

Lemma 3.1.  For each r (= 1, . . . , k - 3)  if p, a natural number, does not

exceed r; then

ia„-s)p-1 r+X (a     ,+i-s)P_1
+ v (_iy+--*z¿ií- 1

(3.1) IrA1   (a   -a.)    £
i=e-r     71 1        •~i

Wk~l \a - a I   a   - a,    .  ,
IJi=fc-r(iVfe-; + l)|a*-; + l I1       "        *-/+'

= 0

zW ¿a72a hence
UA¡«W)

(o„--s)P r + 1

+ ¿(-i)'+1
K-7 + ,-^

(3-2) n^"1     ,(a   -a.)     ft
1-^-7—1       72 ! /"*

is divisible by (a. _ _, - s)p.

n*"1 la -a I  a  -a,    . ,
l>i-k-r-l(i*k-j + lY   k-j + l 11      "        *-/ + !

(= B{rk)pis))
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Proof. That (3.2) has (a^_r_j - s)p as a factor is immediate when relations

(3.1) are known to be true as seen from the identity

CT=0

obtained by successive use of

^i>-» = K-r.l-^î,-.-l^rîï,->).       -0,1, ...,p-l.

To establish (3.1) fot arbitrary r (< k - 3) and p = 1, it is sufficient to

observe that the polynomial

T + l /       *-l ,_a

i + 2>iyW   n
,=2 \      i=k-r      lflJk_y+1-fl-l

\(iv*-/+i)

(of degree r - 1) vanishes at a       , . • • , a  _j   and hence identically. (This

proves (3.1) when r = 1.) Now assume that  (3.1) holds when r (> l)  is replaced

by r - 1  and for p = 1, • • • , o (< r).  Then, if p = a + 1, (3.1) follows from the

identity

A(k)    As) = Aik\     is) + ia,     -s)A(-k)is),      2<r<k-3,Ko<r.
r, cr + l r-l,a k—r r, a —    ~ —

This completes the proof by induction.

Remark.  In the special case when p = r, (3.2) is a polynomial of degree r.

In view of the above result, we shall write this polynomial as C^   (ak_T_^ - s)T,

where k  is fixed and C(*' are constants for r - 1, • •. , k - 3. In fact, Cl

B    I  as can be easily checked.
7,0

Lemma 3.2.   For each r (= 1, . . • , k - 3),   C^fe)(ajfe_r_1 - s)T is positive on

K-r-1'  akJ-

Proof.  It is easy to check that for r = 1.

cÇH^-s)
(s-flfe-2)

(fln-flfe-2)K-l-i7fe-2)

and thus, in addition to the conclusion, we have  Cx     < 0.

No\»

(_ l)°~l.  Then, if r = a, we have

Now assume that for r = a - 1, the conclusion is true and sgn CCT_j =
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c?V.a>'-K-,.1-''"1

-1   V*      ♦ z (-iV' ti    at--5_L_J
(nfi-o-iK - •,. 1=2        n,i-CT-i [i^ti)K-iti - «J an - a«-,+i)

U(#t_o._1-*)0,-1H(s)),

Bu)  U)=(a. .-*)<---B<*>U).
a, er A-a-I a, 1

in view of

}IA)

Note that

Hia, ) = A<*>(« ,) = 0.
K—cr — l a, l    k-cT-l

Moreover, the sign oí His) is constant on (ak_a_v ak_J  and is that of W(a     a),

namely

*-l \-l /       *-l \-l

n <*„--*.*] +L(-i)'+i    n    K-,+i-ii) fc.-w1
¡=A-o—1 / ;=2 \     i^-cr-l

\(i>fe-o-) / \(j'='7l-y + l.*-tT)

which is   sgn ^(a   ), where

°" Í-«, , /   *"! /-a

^=i + £ (- i)'+i—^^—i na,    . , — a,        , 1     ,        ,   \a,    . , — a.
;=2 A-7 + 1 fe—o--! \ z=A-ct + 1    '   A-/ + 1 7'

\<.i*k-j + l)

Also, sgn <A_i = sgn pia ), where

CT fe-1 /-a

po)-i+2:t-iy+i  n
¡a,    .  , - a .

; = 2 i=k-cr      '   k-) + l        i'
(!>*-;• + »

In view of the facts that both polynomials p(t) and a(<) are of degree a - 1, have

the same zeros a (I = 1, 2, . . . , o - 1), and p(a,      ) = a(c. ,) = 1, it
Ze-cr k-o— 1

follows that  sgn H(ak_J = sgn C^Jj.  Thus, <A  (***_<,._ i - s)CT is positive in

iak-a-V ak-  } an<^  sSn ^ct ' = (_ ^a-  This completes the ptoof.

Lemma 3.3.   For all integers  k, r, m such that 4<k(<n),l<r<k-5, and

r <m <k -2,

(a_ - s)m

Aik, r, 777, s) =

H*-.1        Aa   -a.)
(3.3) '-k-m-X   "      '

+ £ (-iv+1 —

is nonnegative on  [a,        ., a,     ]

a1 K-,+1-^ 1

_-> II    ,'        ,,.   ,    .  ,Ja,    .  , - a .1   a   -a,
_¿ í=A-772- 1 (i^A-7 + 1)1   A-7+1 21      71        fe—; +1
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Proof.  First observe that the assertion follows from Lemma 3.2 if to = r and

k arbitrary, admissible.  Also, if r = 1 and m, k admissible, then the identity

°k-i-s   \    K-s)m

*k-m-2        ak-l-ak-m-2/nk-1 ,(*„-«,)

(3-4)
(a   -s)m s-a

k—m—2

Ií¿Ím-2(flB-flf)  ak-l-ak-m-2

in view ofVl>5> ak_2 > afe_m_2, implies

(a   -s)m+1 a,   .-5 (a   - s)m
n k-1 n

IT*:-,1        ,(a   -a.)     a,    , - a, -    IT*-,1        .(a   -a.)
i=k—m — 2     Ti i ft—I        k—m — 2 i=k—m—l    n i

Thus A(ß, 1, to, s) is nonnegative by using induction on  to.

Now we may assume r > 2 and thus admissible  k > 5. Let the conclusion

be true about A(k, r, m, s) tot admissible r, k. Note that in addition to (3-4) we

have the identities

a,    , -s a        —s       \ (a     .     - s)m
ft-;+l \ fe-7+ik-l

\a,    ,-a,         ., a,       ,-a,         ,/n*-,1        , ,.,,    .  ,Ja,    .  ,-a.|
x ft-1        k-m-2 ft-; + l        k-m-2'      t=k-m-1 (z^ft-j+l)1   ft-; + l        i1

(3.5) (a.    .  ,-sf                         s-fl.
J ft-7 + l                                                           k-m-2

n.  ,2       ,/._.    •  ,J«.    .  ,-a.I   a,    ,-a, ..
!=ft-m-2 (z^ft-j+1)1   ft-7+1 i1      ft-1 k-m-2

/=3, ...,r + l.

Multiplying each (3.5) by (- IV («n ~at_;+i)       ana adding all to (3.4) we get

a,_.-s                                      s * ak-m-2

Aik, r, m + 1, s) =--- Aik, r, to, s) + - B,

flft-l-flft-m-2 aft_l-afe-m-2

B = Aik-I, r-1, m,s).

By induction hypothesis Aik, r, to, s) as well as Aik - 1, r-1, to, s) are non-

negative on [a,_ _,, at_r] in view of the admissibility of k - 1 and r- 1 in addi-

tion to that of k and  r.

The following theorem is the main result which leads to (1.3).

Theorem 3.4.  For gfc(x, s) the following holds:
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sgn gAx' s^ :

1, (x, s) £ Vak_v aj x Vav zzj,

i-lY,      ix, s)£Vak_r_v ak_ lx Va^aJ,      r = l, ■■• , k-2.

Proof.  First we consider the triangle a.<s<x<.a . The conclusion about

sgn gAx, s) in this triangle is obvious from (2.2) when s < a2, and immediate

when a,    , < s < a    since (x - a )(a   - s) > ia   - a.) (x - s) for i = 1, • • • , k- 1.
k—l— —       72 772 — 72 1

Also, if for r = 1, • • • , k - 3, s £ Va,_ _,, a, _ ], then the assertion about

sgn g, ix, s) follows from (2.4) in view of Lemma 3.3, noting that  I + 1 = k - m—l

and that
/ k-i       \   (i,       *eK_rflJ'

sgn (    H   ix - a.)) .

i-k- [i-l)r,     xe[a. ■ vak-)-

To discuss the triangle a.<x<s<.a  , we begin by observing that if s >

fl,_j, then (2.2) at once gives the conclusion.  For s < a,    ., we use induction.

First note that gAx, s) has the asserted signs.  Now assume that g   (x, s) has

the asserted signs.  Then  (2.3)  shows that if x £ Va       ,, a   ], — sen g      ,(x, s)>0.
° 771—1 771 °       "777 + 1 —

Also, noting that if x £ Va       , a   _     .] where r = 2, • • • , m - 1, then sgn g   (x, s)

= sgn (IIm_"j   (x - a .)), we have the desired conclusion for k = m + 1.

This completes the proof.

Theorem 3.5.  For any k (< n) the following holds:

(3.6) /"" |g,(x, s)| «fc = I (x - a,)(an - x)(n |x - a.\ j .

Proof.  In view of Theorem 3.4,

(3-7) ja" \gkix, s)\ ds =  f^gkix, s)ds

The value of the integral on the right-hand side by (2.2) is

/*-!  x-aj r/*-i  *-a. \  An-x

\~* r
+ ür¡y ¿At_r_,

(<22 -Ö,)     +

r + 1

n -L)(a_¡-a2)k + (-l)k-l(a2.

zt-iv   n  ■
7=2 V ,=1

\(i>A-7 + l)
fc-7 + 1 n        fe-j+1

K-,.,-^-1 <fc.

, r/*_1   x-a. \  a  -x /*"'   x-a

i (n—LH^«-2—«>*+ n —
*!L\,-2a«-<*l/fl„-al \. = ian-a

_J_   ky    r"k-r

+ (k-i)< ¿-.At.r.1

*el*r  Ajli

(.„-./-(•,-«/

<«*-,1-*-'   **■

xeK-i'*-Jor*€K-/-!'HA-/-' '-i. •■••*-3.
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Thus, whatever x £ [a,, a  ],
1 71

/!>*<*s)
ds

(3.8)

1
A-l x-a. \ a   -x ,      Z*"1   x-a    \

\i=2a;-aJan-al \i=2   an-ail

(x-a/

(a,       . -a.)*
*-/ + l 2

l«fe_y+l - "¿I / -„-*-/+!
.(zVft-j + 1)

! lV/+l-fl.-l/fl»-fl*-7+l

It is easily seen that the expression in (3.8) is a polynomial (in x) of degree  k

which has zeros a., • • • , a,        and a  . Moreover, the coefficient of xk  is
1 ft- 1 71 '

— 1/k,   hence the conclusion in (3.6).

4.  Applications.  In this section k = n.  Thus, consider the ordinary differen-

tial equation

(4.1) y(n) + fix,y,y',... ,y("-1)) = 0,

where / is continuous on   [a,, a ] x Rn  and satisfies

(4.2) l/Oc.y.y',.-. , yin-")\ < %|.

(The above hypothesis is evidently no more restrictive than that of Beesack—see

(3.2) in  [1].)

The following lemma gives a bound which is better than (2.13) of [l] in sit-

uations which are not   "highly pathological"   (see Remark below).

Lemma 4.1.  Let x£[a,,a  ].  Then,

Yl\x-a.\<in-l)«-l(8-)",
(4.3) *i * \2/

where a, < a. < ■ ■ ■ < a   , 8 = max,.,     ia . — à .   .).
1 —     2— —    ti ¿<i<n     i        z-1

Proof.   Let x e (a , a    j), where  r  (> 1) < [in + l)/2], the integral part of

in + l)/2.  Then,



ON GREEN'S FUNCTION 479

[n -11/72

|(72-2r + l)(x-a1)!(x-a2)...(x-ar)   J]   (af-x)

* W+l z = l '

= l(£\„-2r + I)(ai+1-ap/¿(«-¿)(flf+1-«.)j

\.=1 ¿"T /

„A„_2r(r-1A
<- 0,

272

that is

TT |x-a|< -Î-(^Xi„2-»-2Ar-l)r.
" ' •'- n-2r+l \2«/
i=l

Similarly, if [(72 + l)/2] < r < n, we have

TT |x - a .| < -J_- (-)" \nin - 1) - 2in - r)in - r - 1)\".
M 72 - 2U - r) + 1  \2«/
7 = 1

It is easy to check that

fir) = \nin - 1 ) - 2r(r - 1 )|V(n - 2r + 1)

is nonincreasing for  (1 <) r < Vin + l)/2] and f in — r) is nondecreasing for

([(72 + l)/2] <) r < 72.   The  estimate   (4.3) follows in view of / (1) = fin - 1) =

72"(t2- I)""1.

Remark.  The bound in (4.3) is better than Beesack's if and only if

r5 < 2(a    - a.)/n.
n I

If 72 > 3, this is always the case when the  a 's  are equally spaced.  In general,

however, (2.13) of  [l] gives a sort of best possible bound.

Theorem 4.2.   Let the boundary value problem (4.1) «72^

(4.4) y(aj)= ... = y(an) = 0,      a, <a2<... <an,

have a solution.  Then,

(4.5) K-A
(n-1)"-1   (A-al}"

72" n]

where  K and 8 are as above.

^(f)"     !»<!«-■-■>■
,     otherwise,
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Proof.  (4.5) follows from the fact that y(x) satisfies the integral equation

a
n

a,
(4.6) yix)= { "gix,s)fis,yis),...,yl"-i\s))ds,       x£[a.,a],

J a.    n in

and thus identifying x  with a point where   |y(#)|  attains its maximum, we have

(4.7) 1 <X Cn\gAx. s)\ds,
J a.      "

in view of (4.2).

Remark.   The above result is an improvement on Beesack's necessary con-

dition whenever the function  h(x) in his  (3.2)  is constant  (of course, multiple

zeros are not allowed).  Apart from the case  h(x) m K, the two results are not com-

parable.

Next turning to the question of obtaining a lower bound for the zzzth zero of

solutions of the linear differential equation

(4.8) y(n) + p(x)y = 0,

we state the following result:

Theorem 4.3. Let p(x) in (4.8) be continuous and bounded on [a, oo). //

a. (> a) < a. < • • • < a are consecutive simple zeros of a solution of (4.8),

then for m > n

l\l/n

(4.9)
/(m-n + Dn\/    n    V«-»y'»

°m>°l+{-K-{— )       )      -

where   \p(x)\ < X.

We omit the proof which is a straightforward adaptation of the above proof

and of the proof of (3.15) in  [l].

Remark.   As in  [1], if  to > 2n — 1, in place of  (4.9) we have the estimate

(4.10) am > ax + (n/(n - 1))((to - rz)rz!/K)1/n.
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