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ON THE STRUCTURE OF SEMIGROUPS WHICH ARE
UNIONS OF GROUPS(!)

BY
R. J. WARNE

ABSTRACT. We characterize semigroups S which are unions of groups as
generalized Schreier products of groups, semilattices of right zero semigroups,
and semilattices of left zero semigroups. We then give several specializations
of this result utilizing Schreier products, semidirect products, and direct products.

In a well-known theorem ([2], [3, Theorem 4.6)), Clifford characterizes semi-
groups § which are unions of groups (more precisely, unions of their subgroups)
as associative(2) semilattices Y of completely simple semigroups (S 1y €Y),
ie. § = U(S y €Y, a semilattice), the S are pairwise disjoint completely
simple semxgroups, and S S cSs YAL® Hence, foreach y €Y, S _I X ] (Car-
tesian product) where Iy 1s a left group and ] is a right zero sexmgroup. Ve
define a product on I = U(l_: y € Y) so that I becomes a lower associative
semilattice Y of left groups (I y€Y) (a €l, bel, cel ,andy>z>w
imply a(bc) = (ab)c) and we defme a product on J= U(] y €Y) so that J be-
comes a semilattice Y of right zero semigroups (J_: S YE Y) In §1, we charac-
terize S = U(Is X ]s: s €Y) as a generalized Schreier product of I by J-more
precisely, the subsemigroup U(Iy X ]y: y €Y) of this product (*‘generalized”’ as
the second coordinates multiply as a semidirect product instead of a direct pro-
duct). We then give a similar characterization of I by means of groups and semi-
lattices of left zero semigroups. In §2, we characterize a band (noncommutative
semilattice) of maximal left groups, S, as a Schreier product of I by associative
J. In$3, we characterize orthodox S (E(S), the set of idempotents of S, is a
semigroup) as a generalized semidirect product of orthodox I by upper associa-
tive J. Specialization of this characterization to idempotent semigroups yields
a variant of [10, Theorem 2]. In §4, we characterize generalized R-unipotent
S (e, f €E(S) and ef = f imply fegfg = fg for all g € E(S)) as a semidirect
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product of upper associative | by associative I. In §5, we characterize an
orthodox band of maximal left groups, S, as a semidirect product of I by associa-
tive J. Specialization of this characterization to bands of maximal left zero semi-
groups yields a variant of [10, Theorem 3], In $6, we characterize a generalized
R-unipotent band of maximal left groups, S, as a direct product of associative
I and associative J. Upon specializing this characterization to idempotent semi-
groups, we obtain a variant of a result of Kimura [5, Theorem 2]. (In this case,
Kimura terms S a spined product of I and J.) In §$7, we characterize Q-unipm
tent S (each principal left ideal of S contains a unique idempotent generator or
equivalently S is an associative semilattice Y of right groups (S : y €Y)) asa
semidirect product of associative ] by associative I such that Iy is a group for
each y € Y (Theorem 7.2). Upon specializing Theorem 7.2 to bands of groups,
we obtain a result of Bailes [1, Theorem 30]. The dual of Theorem 7.2 together
with Clifford’s characterization of associative semilattice of groups ([2], [3, Theo-
rem 4.11]) may be applied to further refine the structure theorems in $$4 and 6.
An excellent account of the previous structure theory for orthodox S, especi-
ally of the Fantham, Preston, and Yamada theorems, is given in [4]. We also
refer the reader to [4] for a bibliography of this theory.

1. Semigroups which are unions of groups. Let S be a semigroup which is
a union of groups. We show s=Uu_ xJ.: S YE Y) under the multiplication
(4, a)(B, b) = (A o B? o paB ), aB % b) where *'o” denotes the multiplication on
I= U(I y €Y); "% denotes the multiplication on J = U(] y €Y); for a, b
€J, b* GHy, some fixed maximal subgroup of I ; and, for B eI and 2 € ], BY
€l and aB'e ]J. The B and b° obey condmons similar to those given in a
Schreier product while if we set aB = afg, then B — @ is a (partial) homo-
morphism of (I, ©) into T 7 the full transformation semigroup on J and O is
something similar to an endomorphism of (J, *). We say “similar’’ as some
mixing occurs as indicated in the product given above. Another condition involves
associativity in J.

Let T be an upper associative semilattice Y of right groups (T:yev.
We obtain the structure of T by letting H = ly in the structure theorem for S.
Some modifications arise due to the absence of full associativity in T. The
dual of this result will further refine the structure of S. We conclude this section
by considering the case where E(T) is partial subgroupoid of T.

Before beginning our program, we will need several definitions and some
preliminary discussion. Unless we specify to the contrary, we will adopt the
terminology of Clifford and Preston [3].

First, we note that the concepts of ‘‘semilattice’” and *‘commutative idempo-
tent semigroup’’ are equivalent. We just set e A f = ef and vice versa [3,
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Theorem 1.12]. A groupoid S which is a union of a collection of pairwise disjoint

subgroupoids (S y €Y) where Y is a semilattice and S S C forall y, t €

& yz
Y is termed a semrlattrce Y of groupoids (Sy y€Y). If a€S, and be Sv, we
say a < b if and only if u <v. If (ab)c = albc) for a>b>c (@a<b<c), S is
termed a lower (upper) associative semilattice Y of groupoids (Sy: yeV. If S
is a semigroup, S is termed an associative semilattice Y of semigroups (Sy: y
€eY).

Let R, £’ X, and D denote Green’s relations [3] on a semigroup S, i.e. R =
((a, ) €S%: auaS=bubs), H=RNE, and D=RL=((a ) €52% (a, x) €
R and (x, b) € £ for some x € 9).

Let S be a semigroup which is a union of groups. By Clifford’s theorem 2],
[3, Theorem 4.6]), S is an associative semilattice Y of completely simple semi-
groups (Sy: y € Y). By the Rees theorem ([7], [3, Theorem 3.5]), S, =G, xM x
Ny (set direct product) where Gy is a group and My and N_ are sets with My n
N = (ly), a one element set. Furthermore, if (g, 7, 1), (b, p, ) € S ,» (& i f)e
W, 5, 9) = (g/ (G, p)b, i, q) where (j, p) — f (. ) is a mapping of N X M into Gy.
By a remark of Clifford [3, p. 951, we may take f, (l i) = / G, 1 ) = ey for all
j€N, i €M where e is the identity of G. We wrll let e = (e 1,1 ) If
S is orthodox, (/y(j. i), 1, ly) =(e y Ly ])(e , i, 1 ) € E(S ). Hence f, (]. )=
e, for all i € My and j € Ny. The facts and notatron of thrs paragraph wrll be
used without explicit mention. The given multiplication in § will be denoted by
juxtaposition.

Our first structure theorem will be the consequence of eleven lemmas.

Let I =G, x M, x (1 ), ]* G x (1 )xN ,» and J _(e )x(l )xN .
Let I = Uy(l y € Y) and ] U(] y € Y) In the remamder of thrs paper, the
elements of l (J) will be denoted by capital (lower case) italic letters.

Lemma 1.1. For each y €Y, I isa left group. If A€l , Bel, and z <
y, AB € Iz.

Proof. By [3, Theorem 1.27), I, is a left group, Let A= (g, i, 1 ) €L,
B=(b j, 1,) €l, and y >z. Hence, AB=1(, k, 5) €S, say. Thus, (v, &, )
(e 2 z,l) A(b,],l)(e, 1) AB = (v, k, s). Hence,ABeI.

Lemma 1.2, For each y €Y, I, isa right zero semigroup. If a EIy, be
Iy and y Lt, ab 6];.

Proof. By a simple calculation J, isa right zero semigroup. Suppose that
a=(,1 s)e] b=(e,,1 t)E],andu<v. Hence, ab = (z,p.q)es
say. Thus, (e, 1,,5)z p, q) = a(ab) =ab = (2, p, q) and, hence, ab € J*.
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Lemma 1.3. Every element of S may be uniquely expressed in the form x =
Aa where A ely and a e]y for some y €Y.

Pl'oofe If X = (g, i. ]) € syo X = (gn i, ly)(ey, ly’ l)°

Lemma 1.4. For each a € J, and B €l (u, v €Y), there exist a unique
element B® € 1,, and a unique element aB e J,, such that aB = B%aB. Further-
more aB R B* and aB £ aB.

Proof. Let a € ] and B €1, Thus, aB €S . Hence, by Lemma 1.3, there
exists a unique el and v € ] such that aB= uv. Let z = B® and v =dB,

The last statement is vahd by a su'nple calculation.
¥ A€l and B el,, define A B = A(B®®).

Lemma L5. (I, ©) is a lower associative semilattice Y of left groups (I :
y€Y). If A>B el, AoB = AB.

Proof. By Lemmas 1.4and 1.1, I, oI CI . Next,let Acl, Be€l, and
s >t. Thus, e B €], by Lemma I.1 and, hence, e B = (e sB)e .» However, e B
= Be’e? by Lemma 1.4, Hence, B®S = e B by Lemma 1.4 and Lemma 1.3, Thus,
A oB = A(B®¥) = Ale B) = (Ae )B = AB. Hence, if C<B in I, Ao(BoC)=A
o(BC) = A(BC) = A(BC) = A o(B oC). Q.E.D.

fa=(z1, r) € J%, define a = (e,s1,, ) €], In other words, a' is the
identity of the maximal subgroup of S containing a. If x € ]u and y € ]v, de-
fine x *y = (x°Yy)’ (here, e , is considered to be an element of I ).

Lemma 1.6. (J, %) is a semilattice Y of right zero semigroups (]y: y €Y).
If a<bin ], axb=(ab).

Proof. By Lemmas 1.2and 1.4, J_*J,CJ_, Next,letae] ,h be]j,,
u <v. Since (Y, ae ) € £ by Lemma 1.4, (a° Vb ae b) €® and hence (a Vb
ab) € £. However, a"Vb ab € J* * by Lemma 1.2. Hence, (ab)’ = (@°b) = a *b.
Q.E.D.

Kre], se] , and u<v, define s" =rse . Hence, if rs = (z,1,7)e€
J* (Lemma 1.2), sT=(z, 1, lu). We note that s” is contained in the maximal
subgroup with identity e .

Lemma 1.7. If s<te€], st=t°(s *1).

Proof. Let s€] ,te] , and #<v. By Lemma 1.2, st = (z,1,,k) €%,
say. Hence, st =t5(st)’. Hence, by Lemma 1.6, st = t5(s * ).

Lemma 1.8. If A>Bel, c€],
(a) A% = (cHB,

(b) (A 0B)F = A€ 0 B,
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Proof. Utilizing Lemma: 1.1 and 1.4, c(AB) = (AB)°cAB while (cA)B=
(A°cA)B = AS(cAB) = A°B(¢)(cA)B, Thus, we apply Lemmas 1.4, 1.5, and 1.1,

Lemma L9, If a<b ], C€l, and b =a(®®,
(a) (a%b)C =hxbC,
(b) ba o Ca*b - (Cb)a ° (bC)(b).

Proof. We now proceed as in the proof of Lemma 1.8. Utilizing Lemmas 1.7
and 1.6, (@b)C = (b%a * b))C = b%((a * b)C) = b%(C ***(a  b)C) = (2C** b)(a * b)C
while a(bC) = a(C?bC) = (aC?)pC= (C*)2(h1C) = (CPY2(BC) )b * bC). Thus, we
apply Lemmas 1.4, 1.5, 1.6, and 1.1.

Lemma 1.10. If e <b<c €] and k=a(cb),
(a) b2 oCa*b - (Cb)a O(b * c)(k)’
M) (@*b)*xc=~kx*x(bx*c)

Proof. Utilizing Lemma 1.7, a(bc) = a(cb(b * ¢)) = (ac®)® *c) =(cbPk(b *c) =
()b * ) ®k * (b * ¢) while (ab)c = (b%a * b))c=b%((a b)) = b%c**b(a * b) * .

Lemma 1.11. S2 U(Iy x ]2 y €Y) under the multiplication

B
(A4,2)(B, b) = (A 0 B 0 5@ ), 4B xp).

Proof. Using Lemmas 1.5 and 1.7, (Aa)(Bb) = A(aB)b = (AB®)(aBb) =
(4 © B% 0 5@BN4B + p). Thus, using Lemmas 1.3, 1.5 and 1.6, (4a)p = (4, a)
is the required isomorphism.

We are now in a position to give our structure theorem for semigroups which
are unions of groups.

Let (I, o) be a lower associative semilattice Y of left groups, (I S YE Y);
foreach y €Y, let H be a fixed subgroup of I ; let (J, %) be a semilattice Y
of right zero semigroups (]y: y €Y). Foreacha €] and Bel (4, veY),
let B* €l and aB €J,, Foreacha€] andbe] withu<v inY, let
b® €H . Assume the conditions:

1. fA>Bel, ce],

(a) A% = (cMB,

(b) (4 ©B)° = A° 0 B(e),

2. fa<be], Cel, and b =al€?,

(@) (@ *b)C =b % b,

() %o co*b _ (cb)9o (bC)(b).

3. fa<b<ce], and k=alc?,

(a) 8% oc®b _ (cb)? o (b % ),

M) (@xb)*c=k*(bx*c)
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Ve term Ul , %], ¥ €Y) under the multiplication

4. (A, a)(B, b) = (4 0B? 05©®), 4B 4 b), a generalized Schreier product of
Iby J.

Theorem 1.12. A semigroup S is a union of groups if and only if S is a gen-
eralized Schreier product of 1 by | for some I and ].

Proof. Let S be a'semigroup which is a union of groups. Hence, § is a gen-
eralized Schreier product of I by | by Lemmas 1.5, 1.6, the definition of b*
(a, b €]), and Lemmas 1.4, 1.8, 1.9, 1.10, and 1.11.

Conversely, let S be a generalized Schreier product of I by J. Let us estab-
lish associativity. If (4, @) €S, let (4, @), = A and (4, a), = a. Hence, if
(4, ), (B, b), and (C, O) €5, and b = (@B)C®) and k= cGO),

B B
(4, @) (B, BI(C, ), = (A 0B 0 (45 0 Co *b) o cLaxb 1)
B C
=A0B%o(CtY o (b)Y B o B 87D by 2(b) and 2(a)

B
=AoB%o(ct)@ ) o (R)B) o (5 *c)((b)(k)) by 3(a)

(BoCbor)
~Ao(BoClok)®o(bC xc)@ ) by 1(b) and 1(a)

= (4, a)((B, »)(C, o)),
while
(4, @) (B, BI(C, o)), = (aB *5)C xc
=(b*%) xc by 2@a)
= (0® «(C xc) by 3(b)

=((4, d((B, b)(C, 0))), by 1(a).

Hence, ((4, a)B, b)XC, c) = (4, a)(B, b)(C, c)).

Let T =1 _x] for s€Y, ForeachjeJ , let T =1 x (7). Using
(4) and the fact (I_, 9) is a left simple (right cancellative semigroup) a simple
calculation shows that T jy under (4) is a left simple (right cancellative) semi-

grc;:p. Hence, T(s".) is a left group for each j € J .. Furthermore, T(s,i)T(s.k)
o

(5. Let 2, b €T, ie. a eT( P and b eT(s Ry Saye Thus, since ab
€ T( s.k)? there exists y € T s.k) such that yab =b. Thus, T is a simple semi-
group. Next, suppose that e, / € E(T ) and ef =fe =f. Hence, e, [ € T(s iy
for some j € ], and, thus, e = {, since E(T ) ) is a left zero semigroup.
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Hence, T is a completely simple semigroup. Thus, § is a union of completely
simple semigroups, and, hence S is a union of groups by a theorem of Clifford
[3, Theorem 4.6].

Notation. Henceforth, if A, B €1, and ¢, d €] , we will write A~B~c¢
~d while if 7 €] with v <u, we will write 7 <A,

In the statement of Theorem 1.12, the only products in (I, ©) used are A oB
(A > B). We will describe these products as a generalized Schreier product of a
group by a semilattice of left zero semigroups (to save space, we will state the
dual result).

Make the following modifications in the statement of Theorem 1.12. Let I
= Hy and H = U(H y €Y) (no further restriction on H). If B~a~b (B eI
a,be]), B°=B and b% € E(H). In(1), A~ B> c whilein (2), C>b. Assuming
these modified conditions, we term a groupoid U(H g % ] S YE Y) under the mul-
tiplication,

B
(AoB®ob® ), 4% xb) if a<b,
(A9 a)(B, b) =
some element € H_, x ], if af b (ae],be]),

an upper generalized Schreier product of H by J. (We note A, B, @B ey )
Let U and V be upper associative semilattices of semigroups. We say U

is upper isomorphic to V if there exists a bijection 6 of U onto V such that

r, s €U and r<s (in U) imply (rs)0 = r@s6. The dual of the following theorem

further refines the structure of (I, ) in Theorem 1.12,

Theorem 1.13. S is an upper associative semilattice of right groups if and
only if S is upper isomorphic to an upper generalized Schreier product of H by
] for some H and ].

Proof. This proof parallels that of Theorem 1.12 with slight modifications
which we now indicate. Utilizing [3, Theorem 1.27], let I =G x(1 ) and J
=(e )xNy and ey~(ey ly) Omit Lemmas 1.1, 1.2, and 1.5. If a=(g, j) €
S,» define a' =(e o 7). Lemma 1.6 is now proved by a simple calculation. The
modxflcanons in Lemmas 1.8, 1.9, and 1.11 are clear from the statement of The-
orem 1.13. These modifications arise since we do not have full associativity.
abe], b?=abe =e, eE(lu). Ifae], and Bel, aB=B and, hence,
B% - B,

Conversely, assume that S is an upper generalized Schreier product of H
by J. (Upper) associativity is established as in the proof of Theorem 1.12, Sup-
pose B~ a~ b, Hence, B% = B and b* € E(H) by hypothesis. Thus, (4, a) -
(B, b) = (A oB, b). Hence, if A € H, H x], is aright group by (3, Theorem
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1.27). Hence, S is an upper associative semilattice Y of right groups (Iy X ]y:
y €Y). Q.E.D.

If S is an upper (lower) associative semilattice Y of semigroups (S : y € Y),
asubset T of S is termed a partial subgroupoidof S if a €T NS v beTNns,,
and y <z (y >z) imply ab €T.

We next give a specialization of Theorem 1.13 which will have applications
in§3.

In the statement of Theorem 1.13, let | be an upper associative semilattice
Y of right zero semigroups, omit (3), delete all factor terms 4%, and impose
“additional condition’’ if @ € ], B € E(I), and a <B, then B* € E(I). Ve term
the resulting structure an upper generalized semidirect product of H by J.

Theorem 1.14. S is an upper associative semilattice Y of right groups
such that E(S) is a partial subgroupoid if and only if S is upper isomorphic to
an upper generalized semidirect product of H by ] for some H and ].

Proof. Let S be an upper associative semilattice Y of right groups such
that E(S) is a partial subgroupoid. Let J be as in the proof of Theorem 1.13. If

a,be] and a<b, a * b=ab by virtue of Lemma 1.6, Hence, (J, %) 1supper
associative. If C> b > a, (ab)C = C%*b(q % b)C while a(bC) = a(C?bC) =

(aCb)bC (Cb)a(a(Cb) % bC) Hence, C ca*b (Cb)a and (a * b)C Cb) * bC
Thus, we obtain the modified form of (2) of Theorem 1.12, If a €] and B € E(),
and @ < B, aB € E(S) since E(S) is a partial subgroupoid. Hence, since aB =
B%PB by Lemma 1.4, B® eE(l) by a simple calculation. If a<b and @ €],
b% = abe =e . Hence, pa® may be omitted in (4) of Theorem 1.12. Conver-
sely, let S be an upper generalized semidirect product of H by ] for some H
and J. Using the modified forms of (1), (2), and (4) of Theorem 1.12, upper as-
sociativity is established by a simple calculation. As in the proof of Theorem
1.13, the condition B® = B if @ ~ B is used to prove H, x ], is a right group
for each y €Y. Clearly, E(H x] )=E(H ) x] . Hence, using the “'additional
condition”’, E(S) ?s a partial subgroupoid of S.

2. Bands of maximal left groups. In this section, we characterize a band
of maximal left groups as a Schreier product of a lower associative semilattice
Y of left groups by an associative semilattice Y of right zero semigroups.

We will need several lemmas.

A semigroup X is termed a band B of left groups if X is the union of a
collection of pairwise disjoint sub-left groups (X,: b € B) where B is a band

(an idempotent semigroup)and XuXu C Xw for all u, v € B, If, in addition,
each X, (b € B) is maximal in the collection of sub-left groups of X, X is
called a band B of maximal left groups (X,: b € B).
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The following lemma is an immediate consequence of [11, Lemmal.

Lemma 21. A semigroup S is a band of maximal left groups if and only if S
is a union of groups and £ is a congruence on S.

In Lemmas 2.2-2.8, § will be a band of maximal left groups.
Lemma 2.2 Let A €l Then, b = b°° forall b €.

Proof. Since (4, e,) € £, (b4, be ) €£ by Lemma 2.1, Thus, (%4, b°%) €
£ by Lemma 1.4, and hence bA =b°s,

Lemma 2.3. (], %) is an associative semilattice Y of right zero semigroups

(]y: y €Y).

Proof. By virtue of Lemma 1.6, we must just establish associativity. In
this proof e  is considered to be an element of I forall v € Y. Let x € ] .Y
€], and z e ], Hence, (x*y) %z = (x°?y)" * z = ((x*¥y)")*¥z)" while x *
(y*xz)=x=* (y“’wz)' (v (ywz)"). Utilizing Lemma 1.6, Lemma 1.9(a), Lemma
1.4, Lemma 2.2, and Lemma 1.8(a), ((x°?y)")*% = (x°¥ % y)*% = (x*v)(k) 4 5w _
(x G P T el 'y v _ (x"y*?)' | where k= e, Hence, (I D
£Fvw y*?) € £, Since (y Wz, (ye"’z) ) eff (x ""’(ye"’z)'w vwyewz) ef by
Lemma 2.1. Hence, ((x®?y)")*¥z, x°v%(y°%2)") € £ and, thus, (x * y) * z = x *

(y * 2).

Lemma 24. If je], {t=j* e, (on the left consider e, €1, and on the
right consider e €1)

Proof. Since je, = (je e, e’ it (e, €1) = (e’ ')e = e’(; ‘e,) by Lemma
1.4, Hence, usmg Lemmas 1. 4 and 1.2 and a smple calculauon, 1"" = (% )'

Lemma 2.5. Ifaej,be], uv, and Cel, b2 oCa*b = (Cb) o
(B *e, V" eviw,

Proof. Combine Lemmas 1.9(b), 2.2, and 2.4.
Lemma 26, If A€l, Bel, u>v, and c €], then (A oB)° = A 0B™*¥

Proof. We apply Lemmas 1.8(b), 2.2, and 2.4.

Lemma2.7. lfae],be], andce], h andu<viw, b% 0 c?*b_ (cb)a
O(b*c)a fv

Proof. Combine Lemmas 1.10(a), 2.2, and 2.4.
Lemma 2.8. S < U(Iy X ]y: y € Y) under the multiplication
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(4, (B, B) = (4087 0D, 4xp)
where B elt.

Proof. We apply Lemmas 1.11, 2.2, 2.4, and 2.3. Q.E.D.

We are now in a position to state our structure theorem.

Let (I, o) be a lower associative semilattice Y of left groups (ly: y €eY)
and let (J, *) be an associative semilattice Y of right zero semigroups (]y: y
€Y) such that | , N I, = (ey), a single element, and let H , be the maximal sub-
group of I with identity e . Foreach a€] and Bel, let B% €l and for
each a€] and be] with u<v in Y, let b® €H . Assume the conditions:

1. A>Bel withAel and c €], (A0B) =A° 0BTy,

2 Ifa<be] withbe] and Cel, b®oC™h - (CO)o(bxe )" V™,

3. lfalb<lce] withbe], b2 0 c?*b _ (cb)? o (b x c)**€?,

We term U(Iy xJ iy € Y) under the multiplication

(axe

)
(4, (B, )=(AoB%ob *,axb)
where B €1, a Schreier product of I by J.

Theorem 2.9. S is a band of maximal left groups if and only if S is a
Schreier product of 1 by | for some I and ].

Proof. Let S be a band of maximal left groups. Hence, S is a Schreier
product of I by | by Lemmas 1.4, 1.5, 2.3, the definition of 4%, and Lemmas
2.6,.2.5, 2.7, and 2.8, To establish the converse, let S be a Schreier product of
I by J. Let aB -ax e, if Be Iv and, then, apply Theorem 1.12 to show § is
a semigroup. For j €], let T =1 x (7). By the proof of Theorem 1.12, T, is
a left group for each j € J_. Hence, using the multiplication given in the state-
ment of Theorem 2.9, § is a band ]| of maximal left groups (T,.: i€l

Remark. In [11], we gave a structure theorem for bands of maximal left
groups using another method of proof. The advantage of the present theorem is
that it draws the factor terms 4? from U(Hy: y € Y). The former theorem just
limited the 5% to I.

3. Orthogroups (orthodox unions of groups). If S is an orthogroup in Theo-
rem 1.12, | is an upper associative semilattice of right zero semigroups and the
factor terms b? may be deleted. We call the resulting structure a generalized
semidirect product of I by J. In this section, we characterize an orthogroup as
a generalized semidirect product of I by J. As a corollary to our structure the-
orem we give a variant of a previous structure theorem [10, Theorem 2] for bands
(idempotent semigroups).
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As usual, we proceed by a sequence of lemmas. In Lemmas 3.1-3.6, S is an
orthogroup.

Lemma 3.1. (J, %) is an upper associative semilattice Y of right zero semi-

groups (]y: yeY). Ifa, b€] and a<b, axb=ab.
Proof. If @, b €] and a <b, a * b = ab by Lemmas 1.2 and 1.6.
Lemma 3.2. If a, be] with a<band ac] , b%=e,
Proof. Using Lemma 3.1, 4% =abe =, . Q.E.D.

Lemma 3.3, If a<be] and C€l, Cca*b _ (cb)e,

Proof. Let q, b € ] with @ <b and let C €I, By Lemmas 3.2 and 3.1,
b%(a * b) = a * b, and, hence, b%((a * b)C) = (a * b)C. Thus, b*(C?*b(a * b)) =
C**®(a * b)° by Lemma 1.4, Thus, using Lemmas 1.3 and 1.5, C**® = p% o C#,
We then apply Lemmas 1.9(b) and 3.2.

Lemma 3.4, If A€l, a€], and A~ a, A® € E(S) if and only if A € E(S).
Proof. The proof is by a simple calculation.

Lemma 3.5 s U(l x]z:y€ Y) under the multiplication (A, a)(B, b) =
(A oB%, aB x ).

Proof. We apply Lemmas 3.2 and 1.11. Q.E.D.

We are now in a position to state our structure theorem for orthogroups.

Let (I, 9) be a lower associative semilattice Y of left groups (: y € Y)
and let (J, *) be an upper associative semilattice Y of right zero semigroups
Uy:y€Y) Foreach ae], and Bel, (w v eY), let B €l and Pej .
Assume the conditions:

1. f A>Bel and c €],

(a) CAOB (CA)B

® (4 0BY = A° 0Bl

2. fa<be], Cel,

(a) Co*b = (Ct)e,

() (a*b)C = a€? x b€,

3. f A~a, A% €E(l) if and only if A € E(I).

Ve term U(I x ] y €Y) under the multiplication (4, a)(B, ) = (A o BY,
aBxbd) a generahzed setmdu'ect product of I by J.

Theorem 3.6. S is an orthogroup if and only if S is a generalized semidirect
product of 1 by | for some | and ].
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Proof. Let S be an orthogroup. Hence, S is a generalized semidirect prod-
uct of I by J by Lemmas 1.5, 3.1, 1.4, 3.3, 1.8, 1.9(a), 3.4,and 3.5. Conversely,
let S be a generalized semidirect product of I by J. Using (1) and (2), it is
easily established that S is a semigroup. Just as in the proof of Theorem 1.12,
it is shown that T_ (notation of Theorem 1.12) is a completely simple semigroup.
Using (3), E(T)=((4, a): A €E (1)) Using (3) and the fact that E () isa
semigroup, E(Ts) is a semigroup. Hence, T_ is a rectangular group (the alge-
braic direct product of a group and a rectangular band). Thus, S is the semilat-
tice Y of rectangular groups (Tyt y € Y). Hence, by a result of Preston, Yamada,
and Clifford [4, Proposition 11, S is an orthogroup.

Remark 3.7. We will show that E(I) in Theorem 3.6 is a partial subgroupoid

of I. Hence, the dual of Theorem 1.14 may be used to further refine the structure
of I. Using (3), (4, @) € E(S) if and only if A €E(). Let be], A €EU),
B EE(I ), and t <s. Hence, Ab €l Since I, is aleft group, there exists C €
E() such that C oA = Ab, Thus, fae I, €. bXA, a) = (A2, bA * a) € E(S),
and hence A% eE(I) Thus, using (1) and (3), (A oB)b = A% o B(b ) _ Ab, and
A °B €E(,) by (3).

Remark. For other characterizations of orthogroups see the papers of Clif-
ford [4] and M. Yamada [12].

Let (I, o) be a lower associative semilattice Y of left zero semigroups (Iy:
y €Y) and omit (3) in the statement of Theorem 3.6. We term the resulting struc-
ture a generalized semidirect product of E(I) by J.

Corollary 3.8 (cf. Warne [10]). S is an idempotent semigroup if and only if
S is a generalized semidirect product of E(I) by | for some E(I) and J.

Remark. The referee points out that a structure theorem for idempotent semi-
groups has been also given by M. Petrich in [6].

4. Generalized R-unipotent unions of groups. A generalized R-unipotent
semigroup is a regular semigroup whose set of idempotents E obey the condition:

e, f €E and ef = imply that fegfg = fg for g € E. We studied the structure of
such semigroups in [9], By [9, Lemma 1], a regular semigroup is a generalized
R-unipotent semigroup if and only if E is a semigroup and R is a congruence on

E. In this section, we characterize a generalized R-unipotent union of groups as

a semidirect product of J] by I. Here, I is an associative semilattice Y of left
groups and ] is an upper associative semilattice Y of right zero semigroups.

We will need the following definitions. Let S be a lower associative semi-
lattice Y of groupoids (S: y € Y) and let X be a semigroup. A mapping y of
S into X is termed a lower homomorphism of S into X if r, s €S and 7> s imply
(rs)y = rysy.
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For A€l and b €], set Aa, =A% and b0 4 =b4,
In Lemmas 4.1-4.6, S is a generalized R-unipotent union of groups.

Lemma 4.1. (e, /) € R € E(S) x E(S) and p € S imply (ep, fp) € R.

Proof. Suppose (e, /) € R N E(S) x E(S). Hence, for p €S, (epp~1, fop~") €
R (p=! ische group inverse of p in the group containing p). Thus, epp"l/pp"l
=fpp™" and fpp~'epp™' = epp™'. Hence, ep(p™'fp) = fp and [p(p™'ep) = ep
and, thus, (ep, fp) € R.

Lemma 402. ’/ i €]s, a’ = aeso
Proof. Let j=(e, 1) where j €N_ and A=(g, i, 1) where g €G, and
i €M,. Hence, using Lemma 31,ei= (est, spp ') for some j' €N_, and,
s1m11arly, e e.=le, 1, k) for some k €N_,. However, Ae_, = @' a1,)
for some g’ e Gs and a €M_, by Lemma L.1. Hence, es‘iAe“ =(g’, I, lsz) =
e e Ae_. Next, suppose that jA = (w, m, n)eS_ ande A = c, d) €S e
Hence, est]Ae =w,1,,1,) and e e de_, =(u,1_,1_) and, thus, w =
By Lemma 4.1, (], e)e R mphes (7A e A) € fR Thus, ]A (w, m, n) =

o, my1_Xe_,s 1, n) while e A = (w, m, d) (w, m, 1_Xe d). Hence, Ao, =
Aa_ .

€s

st? st’

‘Lemma 4.3. (I, o) is an associative semilattice Y of left groups (I : y € ).

Proof. By Lemma 1.5, we must just establish associativity. Let A €I, B
el ,» and C €l,. Utilizing Lemma 1.5, (4 0B) oC = (A(Ba, )) °C=A(Ba, )Cae
while A o(B oC) A o(B(Ca, )) A((B(Ca, ))a ) Ve apply Lemmas 1.8(b),
4.2, and 3.3.

Lemma 4.4, If A €, Aaev =e, oA/

Proof. Since e (e A)=e 4, (e (Aa, ))e b4 =A4c, € 04 by Lemma 1.4,
Hence, utilizing Lemma 1.3 and the defmmon of *'9”, Aa. = ev(Aa.ev) e, °A.

Lemma 4.5. If a€] , be] , ulv, and Cel, (ax b)@c =“0e,,oc * b0
Proof. By Lemmas 4.2 and 4.4, Ca, = Ca.ev =e, oC. Apply Lemma 1.9(a).

Lemma 4.6, SZ U(Iy x]:ye€ Y) under the multiplication (A, a)(B, b) =
(AoB, af B * b).

Proof. Combine Lemmas 3.5, 4.2, 4.4, and 4.3. Q.E.D.
If X is a set, Ty will denote the full transformation semigroup on X,
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We are now in a position to state our structure theorem,

Let (I, 9) be an associative semilattice Y of left groups (I: y € Y) and
let (], *) be an upper associative semilattice Y of right zero semxgroups (]
y €Y) such that I NJ =(e ), asingle element. Let B — 65 be a lower homo-
morphism of (I, 9) into TJ sub)ect to the condition:

L. IfCel, ] 0c C €l

2. IfCel be] , and a<b (in J), (a*b)@c a0 oc*bo

We term U(l x J: y €Y) under the multiplication (A a)B, b) = (A oB,
afg * b), a sermdxrect product of ] by I.

Theorem 4.7. S is a generalized R-unipotent union of groups if and only if
S is a semidirect product of | by I for some | and I

Proof. Let S be a generalized R-unipotent union of groups. Hence, S is a
semidirect product of | by I by Lemmas 4.3, 3.1, 1.8(a), 1.4, 4.5, and 4.6. To
establish the converse, let S be a semidirect product of J by I. If A €1, let
Aa,=e oA if b €] , and then apply Theorem 3.6 to show that S is an ortho-
gtoup. By the proof of Theorem 3.6, E(S) = (4, a): A € E(l)). By a simple cal-
culation, (4, a) R (B, b) (e E(5)) if and only if A = B, Hence, Risa congruence
on E(S), and, thus, S is generalized R-unipotent.

5. Orthodox bands of maximal left groups. We combine results of $32 and 3 to show
that S is a band of maximal left groups such that E(S) is a semigroup (S is an orthodox
band of maximal left groups) if and only if S is a semidirect product of I by J. Here, I
is a lower associative semilattice Y of left groups and J is an associative semilattice
Y of right zero semigroups. As a corollary, we give a variant of a previous structure the-
orem [10, Theorem 3] for bands of maximal left zero semigroups.

We will neea the following definition. Let S be an upper associative semi-
lattice Y of groupoids (Sy: y €Y). A mapping y of S into X is termed an upper
anti-homomorphism of S into X if 7, s € S and 7 <s imply (rsly = syry.

We now state our structure theorem.

Let (I, o) be a lower associative semilattice Y of left groups (I ty €Y),
let (J, %) be an associative semilattice Y of right zero semigroups (] y €Y)
such that Iy ﬂ] =(e ), a single element, and let @ — a_ be an upper anti-
homomorphism of U, *) into T, subject to the conditions:

L. Ifre], Iya'_C_I'yv.

2. 1 BLA, A€l,and c€], (AoB)a = Aa_°Ba

3. If A~a, Ao, GE(I) if and only if A eE(l)

We term U(ly x ] JYE Y) under the multiplication (4, 2)(B, b) = (A o Ba 2
a * b), a semidirect product of I by J.

cxey’

Theorem 5.1, S is an orthodox band of maximal left groups if and only if S
is a semidirect product of 1 by | for some I and ].
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Proof. Let S be an orthodox band of maximal left groups. Hence, S is a semi-
direct product of I by | by Lemmas 1.5, 2.3, 3.3, 1.4, 1.8(b), 2.2, 2.4, 3.4, and
3.5. Conversely, let S be a semidirect product of I by J. Define afg=ax*e,
if B €1 . Then, by an application of Theorem 3.6, § is an orthogroup. Thus, if
T, =1 x () for j €], S is the band ] of maximal left groups (T’.: jiel.

Let (I, °) be a lower associative semilattice Y of left zero semigroups (I :

y € Y) and omit (3) in the statement of Theorem 5.1. We term the resulting struc-
ture a semidirect product of E(I) by J.

Corollary 5.2 (cf. Warne [10)). S is a band of maximal left zero semigroups if
and only if S is a semidirect product of E(I) by | for some E(I) and ].

6. Generalized R-unipotent bands of maximal left groups. Let (I, 9 be an
associative semilattice Y of left groups (Iy: y €Y) and let (], *) be an associa-
tive semilattice Y of right zero semigroups (]y: y €Y). Denote U(_ x Iiye
Y) under the multiplication (4, a)(B, b) = (A ©B, a * b) by I x, J.

Theorem 6.1. S is a generalized R-unipotent band of maximal left groups if
and only if S Ixy ] for some I and ].

Proof. Let S be a generalized R-unipotent band of maximal left groups.
Hence, S 21 xy ] by Theorem 5.1 and Lemmas 4.2, 4.3, and 4.4, The converse
is valid by a direct calculation. Q.E.D.

Remark 6.2 1In the terminology of Kimura [5}, I x,, J would be termed the
spined product of I and ] with respect to Y. The notation I x,, ] is due to Clif-
ford [4].

We now specialize Theorem 6.1 to idempotent semigroups to obtain a slight
variant of a theorem of Kimura [5, Theorem 2].

Corollary 6.2. S is a band on which R and £ are congruences if and only if
S is the spined product of an associative semilattice of left zero semigroups and
an associative semilattice of right zero semigroups.

7. L-unipotent unions of groups. A semigroup S is termed L-unipotent if
each £-class of S contains precisely one idempotent. We studied the structure
of such semigroups in [8]. Using the discussion at the beginning of $1, S is an
L-unipotent union of groups if and only if S is an associative semilattice Y of

right groups (S : y € Y). We show that § is an £-unipotent union of groups if
and only if S is a semidirect product of J, an associative semilattice Y of right
zero semigroups (J : y €Y), by I, an associative semilattice Y of groups :
y € Y). (Thus, the structure of I is known mod groups and homomorphisms by a
well-known result of Clifford ([2], [3, Theorem 4.11])(Theorem 7.2).)

As a corollary to Theorem 7.2, we obtain Bailes’ theorem that S is an £-
unipotent band of groups if and only if $Z'1xy J.
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In this section, S will denote an -unipotent union of groups. Clearly, Iy
is a group for each y €Y,

Lemma 7.1. (], %) is an associative semilattice Y of right zero semigroups
(]y: y €Y).

Proof. Let x €], v€l,, and z €] . Utilizing Lemmas 4.5, 3.1, 4.3,
and 1.8(a), (x * y) * z = (x4 evy) *2Z= (xeevy)o e = (x0 eveevoewyo ew)z =
(x6 ev%wyoew)z = (xoeuwyeew)z = xeevw(yoewz) =X % (yoewz) =x*(y * 2).

In the next theorem, we use the definition of semidirect product given in the
statement of Theorem 4.7.

Theorem 7.2 S is an L-unipotent union of groups if and only if S is a semi-
direct product of (], *), an associative semilattice Y of right zero semigroups
(jy: y €Y), by (U, 9), an associative semilattice Y of groups (Iy: y €Y).

Proof. Let S be an L-unipotent union of groups. Hence, § is a semidirect

product of J by I (the J and I given in the statement of the theorem) by Lemmas
4.3, 7.1, 1.8(a), 1.4, 4.5, and 4.6. Conversely, let S be a semidirect product of

J by I. Hence, S is a generalized R-unipotent union of groups by Theorem 4.7.
By a simple calculation, E(S) is the semilattice Y of right zero semigroups
(((e))x J): s €Y). Hence, S is L-unipotent by [8, Proposition 5].

Corollary 7.3 (Bailes). S is an £-unipotent band of groups if and only if S
is the spined product of an associative semilattice of groups and an associative
semilattice of right zero semigroups.

Proof. Let S be an £-unipotent band of groups. Hence, S is a generalized
R-unipotent band of maximal left groups. Thus, by Theorem 6.1, S 1 xy ] where
I is an associative semilattice Y of left groups (ly: y €Y) and ] is an associa-
tive semilattice Y of right zero semigroups (J sy Y€ Y). Since S is g-unipotent,
Iy is a group for each y € Y. Conversely, let § =1 Xy ] where I and ] are as
in the statement of Corollary 7.3, Let H =1 x(j) for j €] . Hence, S is the
band ] of groups (H,.: i€ Sis £-unipotent as in the proof of Theorem 7.2,

Remark. The referee points out that Bailes theorem is also a special case
of a result of M. Yamada [12].
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