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A COMBINATORIAL APPROACH TO THE
DIAGONAL N-REPRESENTABILITY PROBLEM(1)

BY
MARK LAURANCE YOSELOFF(2)

ABSTRACT. The problem considered is that of the diagonal N-representa-
bility of a ptheorder reduced density matrix, p = 2, for a system of N identical
fermions or bosons. A finite number M of allowable single particle states is
assumed. The problem is divided into three cases, namely: Casel. M =N +
p; Case Il. M < N + p; Case IIl. M > N + p. Using the theory of polyhedral
convex cones, a complete set of necessary and sufficient conditions is first
found for Case I, This solution is then employed to find such conditions for
Case II. For Case III, two algorithms are developed to generate solutions for
the problem, and examples of the usage of these algorithms are given.

I. PRELIMINARIES

1. Physical problem.

a. Wave functions and density matrices. In the study of systems of identical
symmetric (bosons) and antisymmetric (fermions) particles, the wavefunction
provides a characterization of such assemblies. Because of the extremely compli-
cated nature of the wavefunction, simpler objects may be introduced in order to
facilitate an evaluation of various quantities associated with the system. These
objects are reduced density matrices and are at the heart of the problem to which
this paper is addressed.(3)

In the discussion which follows we will restrict our attention to fermions.
However, by replacing the antisymmetry conditions by symmetry conditions, and
Slater determinants by their permanents, all of the arguments work equally well
for bosons.

As was mentioned above, given a system of N identical antisymmetric par-
ticles with coordinates x,, x,, Xyseees Xy, where each x, is of the form
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(rt, si) with 7, a space coordinate chosen from R3, and s, a spin coordinate chosen
from Z,, the system may be characterized by an N particle wavefunction

Y(x,, %,, Xysoees xp)e

This function is antisymmetric and normalizable.
In terms of such wavefunctions we may now define their pth-order reduced
density matrices, or more simply their p matrices as

(p ' .0
(l)l" )(xlxzx -nxplxlxzx3 . xp)
—f‘p*(x' !y x x,x e s x W,y oo yx)dx . o0edx
= 12X Xgacre 9 X Xy yyy e s XN T gy e0ey Xy)ak 4y N

Depending upon the context in which p matrices are being considered, other
normalizations may be more appropriate. For example, Léwdin [8] multiplies the
right-hand side of the above defining equation by (N) and McWeeney [9] uses
the factor N!/p!. Coleman [2], however, points out thc general utility of the defini-
tion above as it stands. As will be pointed out below, the diagonal elements of a
p matrix have a probabilistic interpretation, and this is most easily facilitated by
employing the normalization of equation (1).

If Qop is a Hermitian operator representing a physical quantity associated
with the system, it may be expanded as

@ Q, -9(0,+29+ Yo, . 29"“...,
ij

where the nth term is an (n - 1)-part1cle operator and the prime on the summation
indicates that only terms in which all indices are distinct are summed. We can

evaluate the average value of this quantity ({ , in the situation given by

op)av
a normalized wavefunction ¥ by using p matrices. In such a case, we have

(@) 0 = gy + [TV | 5N,

op’ av

3)
+ fﬂlzr(z)(x'lx'z |x1x2)dxldx2 Foeee

By expanding the operator in this way, we can greatly simplify a computation of an
approximation of its value. Léwdin [8] gives several examples of the usefulness
of p matrices in this context.

In general, density matrices are bounded linear operators, of trace class,
which satisfy the following conditions:

(i) they are Hermitian;

(ii) they are anitsymmetric;

(iii) the p and (p - 1) matrices associated with the same wavefunction are
related by the equation
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)

(p=1)( 1 .t ) )
r (xlx2x3 cee Xy |:c1:r2x3 X,
4) . (
e D. U e ’ e
=p fl" )(xlx2x3 x, ERFN xp)dxp.

However, in order for the expansion given by equation (3) to have physical signifi-
cance, the matrices used must satisfy the condition of N-representability,(4)
which is discussed in the next section.

b. N-representability. In this section we will define the properties, for a

p matrix, of being pure state and ensemble N-representable. We will then special-
ize to the problem of diagonal N-representability and present a theorem connecting
the pure state and ensemble problems in the diagonal case.

A p matrix l—(p)(xl'xz’ X oo ) EFEI TR xp) is said to be pure state N-
representable if there exists some single normalized antisymmetric wavefunction
¥ of N particles such that T®) and ¥ are related by equation (1). A p matrix
is said to be ensemble N-representable if it can be written as a convex combina-
tion of pure state N-representable p matrices. That is, if there exists a set of
pure state N-representable p matrices {I'®)} and weights w, such that

2 M- Tur®,  Fu,-1,

and, for all 7, w, > 0.

If we now restrict our attention to the diagonal elements(5) of a p matrix
re ), then it will be called pure state diagonal N-representable if there exists
some single normalized antisymmetric wavefunction ¥ of N particles such that
the elements T"®Xx ¥ %, EFE AT x,) of T'®) and ¥ satisfy equation
(1). As above, the diagonal of a p matrix will be called ensemble diagonal N-
representable if it can be written as a convex combination of pure state diagonal
N-representable p matrices.

We will now consider pure state diagonal N-representability in greater detail,
and demonstrate its equivalence to ensemble diagonal N-representability.

As several authors have described, [2], [8], [13] and [14] in order to facili-
tate an investigation of density matrices, a countable set of single particle func-
tions f(x), i=1,2,3,-+, may be selected. This set is complete, orthonormal,

and is such that any normalizable single-particle function f(x) may be expanded
as

(4 See [2], [3], [5], [8], [9], [11], and [14].

(%) A p matrix is, in fact, not a matrix, but rather the kernel of a linear operator. Thus, the
term diagonal really refers to the elements I(x,x, ¢¢+ x |xlx see x_ ) In the finite-
dimensional cases which we shall consider, the p matrix may be written as an actual
matrix. In these cases, the elements I'(x %2000 %, | X Xy xp) correspond to the
diagonal entries of this matrix.
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© ¥ = 2 Cklys
where K runs over all possible sets of N indices chosen from the natural numbers

and, when K=k, ko kg oooy Ryl

Cg= f‘l’(xl,xz,x3,- . ”‘N)

%
X f Gef (e rg) oo Gy e i

and D K is the Slater determinant
/kl(xl) /kl("z) tt /kl("u)

CANVACA IR AR

@) (ND~12 . . .

In addition, the normalization condition
2 2
};JCK' = f|\p| dx dx,dx, - dxy

is satisfied.

For purposes of actually carrying out a computation as in equation (3), it is
usually necessary to select a finite set of M spin orbitals, Léwdin (8] discusses
the problem of choosing the set of M spin orbitals which make the expression
given by equation (6) best approximate the full ex pansion of the wavefunction,
where the sets K are now restricted to the indices of the functions selected.

If /i. i=1,2,3,..., M, is the set of spin orbitals chosen, then the N-
representability problem can be asked for p matrices and wavefunctions expanded
only on a subspace of L, of the configuration space spanned by all possible
Slater determinants of these finitely many functions. From the defining properties
of density matrices (4), they may actually be written as matrices on such finite-
dimensional subspaces. For a p matrix, l"“’), the diagonal elements are given
by

* (») ' ’
(9) I‘iliz.‘.iﬂafgil...ipr gilotoipdxl...dxpdxl."dxp’

where &, . is the p x p Slater determinant of the spin orbitals /il’ seey, ,i,,

. eip
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and the variables x,,.-- ,x,. It can be shown that, if ¥ is an N-particle wave-
function, expanded as in equation (6), satisfying (7) and (8), I is the p matrix
associated with ¥ by equation (2), and L, poeeip ™ (L")Fil, i

(lo) L‘ cee = lC lz‘
ll ip K(il..gﬂ'pek) K

, then

Conversely, given a p matrix I, if one could choose a set of C k such that for
all i 1270 ip, condition (10) is satisfied and, in addition, the normalization
condition

2
an ;(; ICkl® =1

holds, then the diagonal elements of I" and the wavefunction ¥ constructed from
these C using equation (6) should satisfy equation (2). Thus the N-representabil-
ity problem for diagonal elements is to find a set of C satisfying conditions
(10) and (11).

We can now prove the following theorem, a slightly different version of which
was proved by Ruskai [11].

Theorem 1.1. Pure state diagonal N-representability is equivalent to ensemble
diagonal N-representability.

Proof. If the diagonal of a density matrix is pure state diagonal N-represent-
able, then it is clearly ensemble diagonal N-trepresentable, with the ensemble
consisting of one p matrix. Conversely, if it is ensemble diagonal N-representable,

then the elements L, .i, may be writtenas L, gy = z, wst.l. eip? where
by (10), each L; 1o iy satisfies
s - s |2
Li locoi - Z lCK‘ ¢

14 K(il.....ipel()

Now, by letting |Cp|? = 2, ws|C7<|2,

f,000f

B

zws|c;|2), L

K(il.‘“.ipeK) ( s K(ilo“‘oipel()

Thus, it is pure state diagonal N-representable.

In the following considerations we will restrict our attention to pure state
diagonal N-representability. Since by Theorem 1.1, pure state diagonal N-
representability is equivalent to ensemble N-representability, our further results
will hold for both. Therefore, we will use the phrase diagonal N-representable
to mean either of these two equivalent properties.
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2. Mathematical formulations of diagonal N-representability. In this section
we will present three equivalent formulations of the diagonal N-representability
problem [7]. 1In the following, let K be an arbitrary set of N distinct indices
{z’l, iyseess iN} chosen from {1, 2, ... , M},

Solvability problem. Let the constants Yigeoviy 2 0,forall 1<i <i <...

vip 2 2%
<i p S M, satisfying

()
(12) 2y Yi" " \p

ls:l<~ . -<zpsM

be given. Under what conditions on these constants does the system of equations
EK(”’ oo dip k)t K =Yijeriyr 1S} <iy <ovo<idy <M, have a nonnegative
solution for the t?

By making the replacements Lil' ceip = Vigen i and ICK|2 =ty it is clear
that this problem is equivalent to the problem of the N-representability of diagonal
elements as presented at the end of the last section.

Polybedron problem. Let XK - (x ), 1<i) <iy<...<i <M,be the

point in ( M) dimensional affine space defmed by
L 1f{11a"’,ip¥CKs
14 0, otherwise.

Let C denote the convex hull of the points XK. Characterize C as the inter-
section of halfspaces.

By letting Y =(y, . ), 1<i,<iy<...<i, <M, with the Viteouip 38 in

the solvability problem, it :vill be shown that Y satisfies the conditions lof that
problem if and only if it lies in C, as defined in the polyhedron problem. This
equivalence will be made more precise by the introduction of polyhedral convex
cones in the next section.

A combination of these two formulations will be considered in our solution.
However, we will generally adopt the terminology of the solvability problem in stating
results, in order to preserve the consistency of the presentation.

The final formulation which we present will not be considered explicitly in
the following chapters. It is included here to give a more pictorial view of the
problem.

Simplex problem. Let p, N and M, 2 <p <N <M, be given, and consider the
(M - 1)-simplex S,,_,. For each (p - 1)face (i},---, ip), 1<, <iy<...<
i, <M, let weights Yiteenip >0 be given, with the property that

N
Z w,’ eee =( ).
15i1<“’<ipsM 1°*°2p P
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Under what conditions on these weights is it possible to assign nonnegative
weights ¢, to the (N - 1)-faces (i}, -+, iy), in such a way that the
weight of a (p — 1)-face is equal to the sum of the weights of the (N - 1)-faces
which contain it?

This formulation is clearly equivalent to the solvability problem, with
» being replaced by w,

Yigeooi igee iy’
Figure 1 displays the simplex problem for the simplest possible case, namely
M=4, N=3,and p=2. Here, K, =11, 2, 3}, K, = {1, 2, 4}, K, =11, 3, 4}, and

K4 = {2, 3) 4}‘

Figure 1. Simplex problem, with M= 4, N=3, p=2,

3. Combinatorial and cone theoretic background. The mathematical objects
lying at the heart of the development in the following chapters are polyhedral

convex cones. In this section we will outline some important properties of such
cones.

Let R" be real n-dimensional space. A convex cone C in R” is a set of
vectors satisfying the following:
(i) if X € C, and k> 0, then kX € C; and
(ii) if X, X, €C, then X1 +X2 €C.
A convex cone C is called polyhedra] if it satisfies the additional condition
(iii) C is the intersection of finitely many closed halfspaces.
In general a halfspace H can be characterized as the set of vectors Y
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satisfying A - Y < 0 for some vector A. In particular, A is the exterior normal
to H at the origin. Therefore, for a polyhedral convex cone C, condition (iii)
may be restated as

(iii’) There exists a finite set of vectors Al' Az’ ey Am, such that C may
be written as C = {X| A +X20,j=1,20.- , mh.

In this way it can be seen that C may be characterized as the set of solu-
tions of the system of homogeneous linear inequalities 27_sa.x,<0, j=1, 2,
«es 4, m, where each vector Ai = (a].!, @ipreees a’.”).

At times it will be more convenient to write this system in matrix form. In
that case, if A is the matrix (ai’.), i=1,2,0004m j=1,2,¢e¢,m, then, for
a vector X, X € C if and only if it satisfies A - X <0, (6) where the X are now
considered as column vectors.

For a convex cone C, we will say that a subset BC C spans C if every
vector in C can be written as a finite linear combination of vectors in B with
nonnegative coefficients. In this case, we will say that C is the convex-cone
bull of B. If B is a finite set, say B={B,, B,,+++, B/}, then

13) C={X|X=z

win‘ wiZO, i=1, 2,---,r}.
i=1
If we consider a set S of vectors, then the polar of S, denoted by s* is de-

fined by
(14) S*={X|X.V<0, forall VeSh

Clearly, if X, X, € 5™ then forall k>0, kX, € 5% and X, + X, € 5", Therefore,
§* is a convex cone.

In the case of a convex cone spanned by a finite set B, it can easily be
seen that a vector X satisfies X « V<0, for all V € C, if and only if it satisfies
X V<O, forall V€ B. Therefare, c*= B Now, since B is finite, say B =
{Bys Bys -+« 5 B}, B* may be writtenas B*=1{X| B+ X< 0,j=1,2,++,7l,
and we therefore get

Theorem 1.2. If C is the convex-cone bull of a finite subset, then c*is
a polybedral convex cone.

We will now state the following well-known results:

Theorem 1.3 (J. Farkas). If C is the convex-cone hull of a finite subset B,
then C = C** = B*"

(6) In inequalities involving vectors or matrices, the symbols < and s have different
meanings. The former denotes that all entries on the left are less than or equal to the
corresponding entries on the right and that at least one inequality is strict. In the case of
S , all of the corresponding entries may be equal.



THE DIAGONAL N-REPRESENTABILITY PROBLEM 9

For a proof of this, one may consult Goldman and Tucker [6], Gale [4], or
Thrall and Tornheim [12]. In the last of these references this is called the double-
description theorem.

Theorem 1.4 (H. Minkowski, J. Farkas). If C is a polybedral convex cone,
then C is the convex-cone hull of finitely many vectors.

For a proof of this, one may consult Goldman and Tucker [6] or Gale [4].

A convex cone C is said to be pointed if it does not contain any subspace.
A nonzero vector V € C is called an extreme vector if V =X, +X 2 with X 0 X 2
€ C, implies that there exist k;, k, > 0 such that &£, X, =&, X, = V. An extreme
vector is uniquely determined up to a positive multiple. For an extreme vector
V, the halfline L ={kV| k> 0} is called an extreme ray. In terms of this we may
state the convex-cone analogue of the KreTn-Milman Thearem for convex sets.

Theorem 1.5. A pointed polybedral convex cone is the convex-cone bull of
its extreme rays.

A proof of this result may be found in Goldman and Tucker [6].

If S is the set of all of the extreme rays of C, and if for each L, € S one
chooses a nonzero vector V, € L, then such a set of V; will be called a complete
set of extreme vectors. Theorem 1.5 may then be restated as

Theorem 1.5'. A pointed polybedral convex cone C is the convex-cone bull
of any complete set of extreme vectors of C.

We are now in a position to consider the following system of linear equations,
given in matrix notation by

(1 5) AX = B,
where A is a fixed m x » matrix. We now pose the following question: For which
B does this system have a nonnegative solution for X?

In order to answer this, let X’ = (x;), i=1,2,+¢+,mn, be the column vector
of length n defined by

. l, if i=7j,
(16) x;. =
0, otherwise.
Now, let
(17) BizAxi, i=l’2,ooo’n,

If for a given vector B the system given by equation (15) has a nonnegative
solution X, then clearly X = 2:.',1 kiX', with k>0 forall i=1,2,+.-,n. But
in that case,
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- — 7 . n . n .
B=AX= A(Z leiX') =Y kfAX) =3 kB
i=1 i=1

i=1
Conversely, if a vector B has the form B = 2 kiBi, with k>0 forall i =
1, 2, ..., n, then by reversing these steps we get

— " . n . n N
B=S kBi=3 k.(Ax')=A(z k.X').
i=1 ! i=1 e
Since 2;‘=1 k IX iisa nonnegative vector, such a B yields a nonnegative solution
for the system given by equation (15). Thus we have

Theorem 1.6. If A is a given m x n matrix, and vectors B' are defined as in
equation (17), then the system of linear equations AX = B has a nonnegative
solution for X if and only if B can be written as B =37 _, k.B', with k,> 0 for

all i=1,2,¢0,n

Applying Theorems 1.2 through 1.4 to this, we get

Theorem 1.7. If A is a given m x n matrix, then the set of vectors B for
which the system of linear equations AX = B has a nonnegative solution for X
is the polybedral convex cone C defined by

n .

(18) C={BlB=EkiBz.ki20,i.-_l,z,...,,,},
i=1

where B! is defined as in equation (17) It is also clear from the way in which

the B! are defined that if A is of rank n, then the B? are a complete set of

extreme vectors of C.

According to Theorem 1.3, the vectors contained in this cone C may be
characterized by the following: B € C if and only if B € C**, and from the defi-
nition of polar cones this is if and only if B« W< 0, forall W e C*. Going one
step further, if c*is pointed, and if we can find some set § which is a complete
set of extreme vectors of C*, then B € C if and only if V. W<O,forall WeS.

We will now present a result which characterizes the extreme rays of c* in
the case in which A is an n x n nonsingular matrix. This result will be suf-
ficient to handle the situation in which A is m x n, with m > » and rank(4) =
n, for the particular system of equations AX = B which we will consider. In
Chapter III we will examine the case in which A is m x n, with m<n.

In order to obtain the desired result in the case in which A is a nonsingular
n x n matrix, we first define sets Si, i= 1; 2, +++ ,n, where Si ={1,2,¢00 yn} -
{i}. Now, let H ; be the hyperplane generated by the set of vectors T,
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(19) T,={B'|jes},

with B’ defined as in equation (17). If W¥ is a vector such that

(20a) Wi.Vv=0, forall VeT,
and
(20b) wi.Bi< 0,

then clearly W' is an extreme vector of the cone C *, which is the polar cone of
C, as defined in equation (18). If one takes the set {W'}, i=1,2, ..., n, this
is clearly a complete set of extreme vectors of the cone C* Thus we have

Theorem 1.8. Let A be a nonsingular n x n matrix, {B'} be the set of
vectors generated from the system of linear equations AX = B as in equation
(17), and C the cone defined from these B as in equation (18). If Wi, i=
1,2, -+, n, is a set of vectors such that, for each i, W' satisfies conditions
(20), with Ti defined as in (19), then this set of Wiisa complete set of extreme
vectors for C* the polar cone of the cone C.

We may also observe that in the case in which A is a nonsingular n x n
matrix the cone C is of full dimension, that is, it has a nonempty interior. This
. . % . . .
clearly implies that C” is a pointed cone, so that we finally get

Theorem 1.9. Let A be a nonsingular n x n matrix and let B be a given
vector. The system of linear equations AX = B will have a nonnegative solution
for X if and only if B . W' <0, forall i=1,2, -, n, with W' as in the state-
ment of Theorem 1.8,

With the background presented in this chapter we are now in a position to
present a solution for the diagonal N-representability problem in the cases in which
M <N +p.

Before closing this chapter, however, we will make the following note about
the subscripting scheme employed in considering the N-representability problem,
Ve start with the set of integers {1, 2, .-, Ml. The vectors Y =(y, 'ip)
whose diagonal N-representability is to be tested are vectors whose entries are
indexed by all possible subsets of p distinct indices {j;, j,» « -« » jp} C
{1, 2, ..., M}, For convenience in referring to such a set we use the ordered
petuple iyi, «-- iy, where {i}, iy ooo ) z'p}= Gy dgr e jpi, and 1 <i, <i,
<.oeo &g S M. Similarly, the variables ¢, are indexed by all possible subsets
K of N distinct indices {kl, Rys oo kN} Ci1,2, ..., M}

To give an example, let M= 4, N =3, and p = 2. A vector Y is of the form
Y=(yp ¥y Vg Yo3r Your y%). The variables are tp i=1,2, 3, 4, where
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K, =11,2,3}, K, =11,2, 4}, K, =11, 3, 4}, and K, = {2, 3, 4}. In general,
Y will lie in an (:‘)-dimensional space, and there will be (ﬁ) variables.

II. DIAGONAL N-REPRESENTABILITY WHEN M<N +p

1. Solution when M = N + p. Tn this section we will present an explicit
solution to the diagonal N-representability problem when M = N + p. Using the
terminology of the solvability problem presented in §L2, we are given a vector
Y= (yil---ip)’ 1<i) <iy<...<i, <M, satisfying

N
1<i <-z;<' <M yil“'i = v/’
i i, )

and must determine whether the system of linear equations

t,=Y. . ..;
Ky =i, ek Koo
has a nonnegative solution for the ¢,.

We begin by writing this system of equations in matrix form at AT =Y.

In this form A is an (r) x (:,') matrix, whose rows are indexed by all p-tuples
of distinct indices i) -+~ iy, i <i) <iy<...<i < M, and whose columns are
indexed by all sets K of N distinct indices. T is the vector (tK), whose
entries are indexed by all such sets K, and Y is the vector (y; . .. )

Since in this case M = N + p, we have that (';) =(0). I is easily verified
that A is a nonsingular square matrix. Because A takes this form, we may
apply Theorem 1.9. In order to employ this theorem we must first determine the
set of vectors {BK}, where in this case the B’s are indexed by all possible sets
K of N distinct indices. According to equations (16) and (17), for a given set
K, BK = ATX, where TK = (tﬁ:), with

t ﬁ' ) 31, if K=K,
0, otherwise.
From this we find BX = (5f | iy With

(21) b;

K 1’ if {il’“.’ip}c K,
110.‘1. =

0, otherwise.

Having generated the B K we must now find a set {WX} satisfying conditions
(20). To do this, for an arbitary but fixed N let the constants

(22) w,_;= (Do PN -p+j- DY(N-p -1,
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i=0,1, ..., p, be given. From these we define the vectors WX, for each K, as
K_( K . .
We = (wi 1 .o 'P)’ with
(23) wX
i1
where |[KNn{ij, ..., ipﬂ =p-j,and w,_. is defined by equation (22). Here

CXNY3 = wp-,"
|S| denotes the order of the set S. With this definition we prove the following,
which is a more general result than is needed for this section:

Theorem 2.1. Let p, N, and M be given, with 2<p <N, and M=N +¢, 0<
t<p. If {BX} is defined according to equation (21), and lWK } is defined accord-
ing to equation (23), then the two sets satisfy conditions (20).

Proof. In order to demonstrate condition (20a), let b and ¢ be such that 1<
b < q <t, then we will show that
R(=1Y""{(N—p+b=2)1 (q-l ) . ¥ (N-q’)w B
(N—p-q+b=20t \b=2/ Gl \p=i) ?=*
1)’ (Neps b= - 4 IN-
_ RG-1Y(N-p+b-1)! (q 1) > (N ,)(‘?)w 3
(N=p=g+b=101 \b=1/ & \p-ij\i] p-¢
where R = (N = ¢)I/(N - p)!. To demonstrate the validity of equation (24), it is
sufficient to prove that

1PN peh _ _
(25) R((’:’)~P-(;v+:j2b)! 2 (Z-;) * (plzbZl) (bzl)wp-bn

(24)

- R(‘-l)”(N—p+b—l)!(q-l)
(N=p~g+b-1)1 \h-1
But, the left-hand side of equation (25) is equal to
R(=1)’"YN-p+b-2)g-1)1
(N=p-q+b=-2)Ub=2)g-h+1)!

. (N-q)!q!
@-b+1)UN-p~gq+b=1)(b~1)g=b+1)!
(=12 (p— b+ 1) (N=p+b=2)!
X
(N-p-1)

__R-1P(N-p+h-2)g-1)
(N=p~q+b-1)1b~1)g=h+1)!

X (~(N=p=g+b=1Xb~1) + g(N-p))

_REDP(N=p+h=1)1 1g-1
(N=p—gq+h=-1) (b-l)'



14 M. L. YOSELOFF

Thus, equation (25) holds, which implies the validity of equation (24).

Now, to verify that {BK} and {WK} satisfy condition (20a), let K be any set
of N distinct indices, and let K’ be any other such set, where K' £ K. Then,
|[K' N K| =N - ¢, where 0 < g <t For sucha K and K’

a
K oK' _ N-4q\(q
2 v - 3 (o)

Applying equation (24) g times in succession to equation (26), we have

wk . gk _ RGELIWN-prg-1)1 (N-q

B (N-p-1)2 (P-q)wv-q
_RCDUN-prg-1t _ (N-g)t  (1Fp-g)N-p+g-1)
) (N-p-1)1 (o-g)N-p)! (N=p=1)!

R(-1)*(N-p+q-1)! R(=1)?*'(N-p+g-1)!
= +
(N-p-1) (N-p-1)

=00

Thus {BX} and {WX} satisfy condition (20a).
To verify condition (20b), if K is any set of N distinct indices, then

K wK_ k (N =-(N>!<o
BE.WE= L i, (p)wv )05

A i
il'-.o.gpel( 1

so that condition (20b) holds, and the theorem is proved.

We may now apply Theorem 1.9 to the result obtained in Theorem 2.1 to get

Theorem 2.2, Let p and N be given such that 2<p <N, and let M =N + p.
Also let the vector Y = (yil. . -ip)’ 1<i) <iy<een<iy g M, be given such that
Y >0, and

E _(N
1Si <o o<i SM yi1°'°ip- v/
ll lp
Then the system of linear equations

Le=Yieeei?
Kliyor =o€ S S
1<) <iy<eea<ip < M, has a nonnegative solution for the ty if and only if for
all sets K of order N contained in {1,2, ..., M}, Y. wK <0, with wK defined

as in equation (23),
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To rephrase this in terms of the diagonal N-representability problem we have

Theorem 2.3. Let p and N be given such that 2<p <N, and let M= N 4+ p.
Let L = (Lil.“i ) 1< i <iy<...< i <M, be a given vector such that L >0,
Then L is diagonal N-representable if and only if

. N
Q) @) ) L.”".p=( ),

lsil<-..<,'psM 5 b
and
(ii) for all sets K of order N contained in {1,2,+-+, M}, if wK
is defined as in equation (23), then
(27b) wK.L<O.

2. Solution when M <N 4 p.

a. Inequality conditions. In this section we will present a set of inequalities
as the solution to the diagonal N-representability problem in the cases in which
M =N +t,with 1 <t <p. The method used to obtain these results will be based
upon ‘‘embedding’’ such problems as special cases of diagonal N-representability
when M =N 4+ p.

To this end, let L =(Lil---i )s 151'l <i2<--.<ip_<_N+z,with 1<t<p,
be a vector whose diagonal N-representability is to be tested in the system with
M =N 4+t From this L we define L = (Eil"'ip), with 1 <4, <i, <...<i <
N + p, where

4

e L., ={"
llocogp .
0, otherwise.

if {il,---,ip¥C{l, 25000, N"'t}’

ceei ?

We then have

Theorem 2.4. Let t, p, and N be given such that 1<t <p <N. Let L =
Wiy 188y <iy<eee<i <N, begiven IfL-(L, ) L<i)
<iy<...<i N4 p, is defined from L by equation (28), then L is diagonal
N-representable in the system with M = N + ¢t if and only if L is diagonal N-

representable in the system with M = N 1 p.

Proof. If L is diagonal N-representable in the system with M = N + ¢, then

(293) Z L, .oed :(N),
Lsiy<e < o<i SN+t U \p
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and for each KC{1,2, ... s N +1t}, |K| = N, there exists a tx >0 such that

=L,

tK 11-ooip’

K(il""iipCK)
for all ISil<i2<...<ip5N+,,

=0 for {iro--’i !¢u,2,...,N+t§,
14 [ 4

(29b)

Clearly, since Eil’ i

N
L, . = .
(302) ,Sil<,,§,.psw et = (3)
Now, for KC{1,2, ..., N +pl |[K| =N, let
_ 3’1(’ f KN{N+t+1,000,N+pl=g,
t,, =
K

0, otherwise.
Then for §iys <+« » ip} C{1,2, ..., N +1t}, by (29b) we have

-l-o' see = L’ ese = = Z T *
(30b) ,l iP !l i? K(il'hoo.ipelo K K(ilo°"oip€lo K

For {il,-..,ip;cil, 2,+++ 5N+ p} such that {ij, e i} NiN+2+1, 00,
N+ oy #£@, iy, -+ ,i,} CK implies that T = 0, so

L ... =0= .
(30c) Fige oo, K(il.-.z..ipel() «

Hence L is diagonal N-representable in the system with M =N + p.
Conversely, if conditions (30) hold, then from (30a) and the definition of L,
(29a) holds. To demonstrate (29b), for K C{1,2,+++ s N+ ¢t} |K| =N, let ¢ty =
T, where T are those satisfying (30b). From (30c), if K AIN+Et+15000,
N + p} £ &, then T = 0. Therefore, from (30b), if figoeees ip} cf1,2,..- ,N+1t},

L. =t, = r
eeej XXy 'y
T T ke §i’eK) K

This sum may be broken into two parts to give

L,' ceed = Z t-;(+ z 7

1 b K(il."'.ipelo K(il,-oo.ipelo K
Kn{N+t+l,00o,N4plag Kni{N4te1,000,Nap} #0
= Z t,+0= z t
. K »
K(ilt"'opoK) K(il.oon.i'elo K

and (29b) holds.
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Applying Theorem (2.3) to this yields

Theorem 2.5, Let t, p, and N be given such that 1< t<p<N, and let L =
(Lil- vei ) 1€iy<iy<eee< i, <N+t be a given vector. If L is defined ac-
cording to equation (28), then L is diagonal N-representable in the system with
M =N + ¢t if and only if

ow © o Le=(y)

1Si.<eee<i S
iy 'p N+t 4

and
(ii) for all sets K of order N contained in {1,2,-++, N + p}, if wK

is defined as in equation (23), then
(31b) wK.L<o.

Theorem 2.5 thus gives a solution to the diagonal N-representability problem
in the cases in which'M <N + p. This solution is given in terms of the normaliza-
tion condition (31a), and a system of inequality conditions (31b).

b. Egquality conditions. In this section we will sharpen the results just ob-
tained by showing that certain of the inequalities given by (31b) are in fact
equalities. Here again we have ¢, p, and N given such that 1<¢< p<N, and
let M= N + t. Given a vector L = (L, .p), 1€i)<ip<eee<iy< N+, it

e i
is a trivial matter to test whether the normalization condition

L - (N)
lsil<.‘.<ips~+t il..dp p

holds, and we may consider this condition separately. Therefore, for the present
we will consider the set of vectors L for which the system of linear equations

(32) > te=L,
K(z'l.“-.ipel() 1

ceef ?

1<i;<iy<eee< ip < N + t, has a nonnegative solution for the ¢, without re-
gard for the sum of the entries of L. According to Theorem 1.7, this is the poly-
hedral convex cone C given by

(33) C={L|L=ZkKBK,kKZOforall K},
K

where BK is defined according to equation (21).

Now, define E"s(i;fl,,,,.p), 1<i)<iy<--+<iy<N+p, by
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biK if {il,...,iP}C{l,2,...,N+t}’
1

ceei ?
b

K
(34) 29 ={
L ) otherwise,

and let C be the polyhedral convex cone given by
(35) E:{Z|Z= %kKEK, k>0 for all K}.

It is clear that if L = (Lil' »-ip)’ 1<i €i,<...<i, <N +t,is g given vector,
and L = (Eil* .ei ) 1< i, <i, i --_< ip <N + p, is defined according to equation
(28), then L € C if and only if L € C,

We now turn our attention to the system of linear equations (32), with 1 <
i) <i;<...<i < N+p. For this system let §K=(h:.(l.“i ), 1<, <iy<...
<i p S N + p, denote the vectors defined by equation (21). From equations (21)
and (34), if K C{1, 2, -++ , N + ¢}, then BK = BK, Now, let K' be any set of
order N such that K' C{1,2, .-, N+p},and K' " {N+t+1, ..., N+pl#£ 8,
and K any set of order N such that K C{1,2, ..., N +t}. Since BXK - _le, we
may apply Theorem 2.1 to get BK . wK' _ 0, where WK’ is defined by equation
(23). From this we see that, forall VeC, V. wk' _ 0, where C is defined by
equation (35). Now, for the cone C defined by equation (33), since L € C if and
only if L € C, with L defined by equation (28), we get

Theorem 2.6. Let t, p and N be given such that 1 <t <p <N, and let L =
(Lil“ -ip)’ 1<i,<i,<.ee < ip <N +t, be a given vector. If L is defined ac-
cording to equation (28), then L is diagonal N-representable in the system with
M =N +t if and only if

(36a) @ z Lir"i,f(N)’

lsil<...<ipsN+z 14
and
(ii) for all sets K of order N contained in {1, 2,+++, N + p}, if wk
is defined as in equation (23), then
(36b) (<0, if KNiN+t+1,ec, N+pl=g
wk.L 3
(36¢) =0, if KN{N+t+1,..e, N+pl£g.

Theorem 2.6 thus gives a shatpened version of Theorem 2.5, with certain of
the inequalities being replaced by equalities.

We may view conditions (36b) and (36¢) as partitioning the WX into two sets.
The fact that certain of the WK actually satisfy the equality condition for any
L associated with an N-representable L can be interpreted from the point of
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view of the geometry of C¥, the polar cone of the cone C defined by equation (33).
In this interpretation the two sets into which the WK are partitioned play different
roles geometrically. This point is discussed in Chapter IV, where we consider
the geometry of the polar cone for all values of M.

III. DIAGONAL N-REPRESENTABILITY WHEN M >N +p

1. Additional cone theoretic background. In this section we will present
some additional cone theoretic results which will be useful in examining the
diagonal N-representability problem when M > N + p. In this case, the problem
is to identify those vectors B for which the system AX = B has a nonnegative
solution for X, where A is m x n, with m < n. Recalling the discussion following
Theorem 1.7, let C be the cone generated by the columns of 4, C* be the polar
cone of the cone C, and S be a complete set of extreme vectors of C* Then
such vectors B are characterized by the condition that B . W <0, for all W € S.

The approach here will be to generate all of the extreme vectors of C* by
algorithmic means. Before proceeding to examine the methods employed it may
be useful, for the arguments which follow, to give a brief geometric description
of the situation. As we have said, A is m x n, with m <n. The cone C* lies in
m-dimensional space. Each of the » columns of A is the outward pointing normal
at the origin to a bounding hyperplane of C ¥, Thus, C* is the intersection of the
set of halfspaces H’, i=1,2, ..., n, where H' = {V| V . A? <0}, A being the
ith column of A. Since m < n, the number of hyperplanes bounding Cc*is greater
than the dimension of the space in which C* lies, and this leads to a rather com-
plicated set of extreme vectors,

In constructing the algorithm used, the following theorem will be needed:

Theorem 3.1. Let C be a polyhedral convex cone in real m-dimensional
space given by C = n:‘l=1 HY, with H* being the halfspace defined by H' =
{V| V. A< 0}, where A is some given vector. Let W be an arbitrary vector,
and let Sy, be the set defined by Sy ={A*| A*. W =0}, Let the sets Sy, for all
W € C, be partially ordered by set inclusion. Then W is an extreme vector of C
if and only if Sy, is maximal with respect to this partial ordering.

Proof. We will prove the contrapositive statement; namely, W is not an
extreme vector of C if and only if Sy, is not maximal with respect to this partial
ordering. Assume W is not extreme. Then there exist W,, W, € C, not multiples
of W, such that W =W, +W,. For all A"e Syr AT W= 0. implies that A* . W,
+A' . W, <0, But, since W, W, €C, A*. W, <0 and A°. W, < 0. Therefore,
A*.W, =0 and A*. W,=0,s0 A’ eSWl and A’ € Swz. Thus, Sy, CSWl and
Sw C st' If either of these inclusions is proper, then Sy is not maximal and

the implication is proved. Therefore, we assume that S W= SW1 = SWZ.
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Nowdefinetheset]by] i]IA’ﬁfS L. Forall j¢], letk We A’andca
W, A, Since j €], k;<0 and c;<0. Setting 7;=k/c,, lettbesuchthat

(37 7, = min {r }.

o

jel
Now, define a new vector W, by W, =k W, —cW. Forall j¢ ],
€L) AT W =k W, A - W AN =0,
Forall je]J,
(39) AT W =k W AT) WA=k - c ke

But, from equation (37), r, < 7;» which implies that k,c iSe tk].. Applying this to
equation (39) gives

(40) AT.w, <0

Now (38) and (40) together imply that W, € C. From equation (38) we get Sy, C
SWS' Furthermore, A® £ Sy, but A* . W, = kc, - ¢k, = 0. Thus the inclusion is
proper-and Sy, is not maximal, proving the implication.

For the opposite implication, assume Sy, is not maximal. Then there exists
a vector W; € C, such that S, CSW and S, ;éSW. Define the set | by | =
il A7 ¢ sW }, and let

C\ALw
(41) k =min {— .
jel A’- Wl

Now, define a new vector W, by W, =W - kW,. For j ¢ ], Al v, =A7.W<0,
since W € C. For j €],

But, by equation (41), k < (A7 . W)/(A7 . W,). Since A7 . W, <0, this yields
(43) AT W< kAT )

Applying (43) to (42) gives A’ . W, <0. Thus W, € C. Furthermore, since k >
0, kW, € C. Since W, is not a multiple of W, W, is not a multiple of W, and
W=kW, +W,, W is not an extreme vector and the theorem is proved.

2, A double description algorithm. We are now in a position to derive an
algorithm for generating all of the extreme rays of the cone C, in the cases in
which M > N + p. Several authors have considered the problem of generating all
of the extreme rays of a polyhedral convex cone which is given in terms of its
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bounding hyperplanes [1] and [10]. The algorithm which we will present is a
modification of the one given by Motzkin, Raiffa, Thompson, and Thrall [10]. The
main difference in the two algorithms is the method of selecting those vectors which
are to remain at the completion of each iteration.

In general terms, the method is as follows:

The process starts with some subset of the complete set of bounding hyper-
planes for the cone in question. Also given along with this list of hyperplanes is
a complete set of extreme vectors for the cone bounded by the subset of hyperplanes.

The remaining hyperplanes are considered one at a time. As each is introduc-
ed, a new cone, bounded by the previously considered hyperplanes and the one new
hyperplane, is formed. A complete set of extreme vectors for the newly-formed
cone is then generated from the complete set of extreme vectors for the previously
considered cone, and the process repeats with another hyperplane. Once all of the
hyperplanes have been used, what remains is a complete set of extreme vectors for
the cone bounded by all of the original set of hyperplanes. This completes the
algorithmic process.

We will postpone a discussion of the methods of obtaining a ““start’’ for the
algorithm until later in this chapter. The remainder of this section will detail the
iterative step. Let H), i=1,2, ..., n, be the complete set of halfspaces gen-
erating the m-dimensional cone C, and let A%, i=1, 2, ..., n, be the correspond-
ing normal vectors at the origin. Assume that the cone given by H’, i=1,2, ...,
k - 1, has been considered, and that the vectors V’., j=1,2, ««c, r, are a complete
set of extreme vectors for this cone.

The halfspace H* is now introduced. Let I]. = V]. AR forall j=1,2,...,
r. Three cases must be considered:

Case I: 1].50, forall j=1,2,.00,1;

Case II: l].>0, forall j=1,2,...,7;

Case III: There exists j, and j, such that Ii . <0 and .’i > 0.

In the event that Case I occurs, the cone generated by H?, i=1,2,...,k
-1, lies entirely in the halfspace H*. Therefore, intersecting this preceding
cone with H® leaves it unaltered, and the complete set of extreme vectors is
unchanged. Thus, the process simply proceeds to the next step by introducing
Hk+l.

If Case II occurs, then the cone generated by HY, i=1,2,.e., k=1, lies
entirely outside of the halfspace H®. This means that the cone generated by the
complete set HY, i= 1,2, ..., n, degenerates to a point, namely, the origin, In
this case, no further iterations are necessary.

For the third case, a new set of extreme vectors must be generated. In order
to do this, the vectors V’. are first partitioned into three sets, namely,
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k - JAR - L
sy =tv;lv..akcol, s, =tV jv..atool, s =1V |V -A% >0

From §, and 53 a new set, §,, is constructed in the following manner:

For each vector Vl. € Sl and each vector V,. € 53, let Vi'j = liV]. - I,.Vl.. Then
S4=W,~,,~| V.eS, V,,eSBL .

Denote the cone generated by H, i=1,2,..., s, by C,+ The elements of
§, are those extreme vectors of C,_, which lie in the interior of the halfspace
H*, The elements of §, are those extreme vectors of C, _, which lie on the
bounding hyperplane of H* 3 consists of the extreme vectors of C, _; which
lie outside of H¥; therefore, they are not in C,. Finally, S, consists of a com-
plete set of vectors representing all of the rays in which the hyperplane bounding
H® intersects the set of (m - 1)-dimensional faces of C T

Now, to determine a complete set of extreme vectors of C, once S, has been
formed, it is no longer necessary to consider S, since all of its elements lie out-
side of C,. Furthermore, it is clear that the extreme vectors of C,_,, lying in
the interior of H,, are also extreme vectors of C,, and, in fact, they are the only
extreme vectors of C & interior to HE. So, all of the elements of § | are extreme
vectors of C,. Thus, it is only necessary to find those extreme vectors of C E
lying on the bounding hyperplane of H*, This amounts to determining which
vectors in § , US, are extreme,

In order to do this we apply Theorem 3.1. Letting Sy, be defined as in the
statement of the theorem, we define T ={Sy,| W €S, U S 8. From this we define
§2 ={W| Sy, is maximal with respect to the partial ordering on T}, From Theorem
3.1 and the discussion above, we find that S| U S, is a complete set of extreme
vectors for C,. Once this set is found, the process continues, with the introduc-
tion of a new halfspace.

3. Implementation of the double description method. In order to implement
the double description algorithm explained above, a computerized version has
been prepared. The results obtained by using this program will be presented in
Chapter IV. In this section we will describe a method for generating a starting
cone for the process.

To find such a starting cone, let H?, i=1,2, ..., n, be the complete set of
generating halfspaces for the m-dimensional cone C, whose extreme rays are to
be determined. Let A%, i=1,2, ..., n, be the corresponding normal vectors at
the origin. Now, reindex the halfspaces so that the set S = {Al, A%, ..., A™}
consists of m linearly independent vectors. From these, form a matrix A whose
ith column is the vector A', By the way in which the set § was chosen, 4 is
an m x m nonsingular matrix. In order to find a complete set of extreme vectors
for the cone generated as the intersection of HY, i=1,2, ..., m, we may now
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apply Theorem 1.8. Since A is a square nonsingular matrix, we can find - A-l,

Theorem 1.8 asserts that the rows of — A-l

are a complete set of extreme vectors
for this cone. Thus, the columns of A and the rows of — A-1 provide a start for
the double description algorithm.

In applying the double description algorithm to the diagonal N-representability
problem, only certain cases in which p = 2 and N = 3 have been computed. This
is primarily because of storage limitations in the computer system which was used.
For these cases the starting cones, that is, the matrices A and - A'l, were gen-
erated recursively.

Before presenting the recursive scheme, we will describe the method employed
in indexing the rows of A. Recalling the discussion at the end of Chapter I, the
rows of A are indexed by all subsets of two elements chosen from {1, 2, ..., M},
Therefore, we need only consider the pairs of indices i,i, where 1<i, <i, <M.
In indexing the rows of A, these pairs are enumerated by letting i, vary from 2
to M, and for each i,, letting i, vary from 1 to i, — 1. Thus, the rows of A are
indexed by 12, 13, 23, 14, 24, 34, .., 1M, 2M, 3M, ... , (M - 1)M.

With this indexing in mind, the recursion is as follows:

Assume the A and — A~! have been found for p =2, N=3, and M=g - 1.
We are looking for A and -A-! for p=2, N=3,and M=g. Let Ag-l and As
denote the A matrices for M=g ~ 1 for M= g, respectively. In order to generate
Ag, let Sg_l denote the set of columns of Ag_l, and define Sg by

T. T T
= 1
Se—sg—-l U{A ’A 2,"',A g-l},

where T, is the triple 12g and T, i=2, 3, ..., g~ 1, is the triple (i - I{g - Dg.
Letting the elements of S_ be the columns of Ag, then Ae has the form

<A B)
A = -1 .
& 0 C

In order to show that Ag is nonsingular, it is only necessary to show that
C is nonsingular. But, C is of the form

1 1
1 1
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where the super-diagonal and the last row consist of ones and the blank entries
are zeros. In order to demonstrate the nonsingularity of C, we simply give its
inverse, which is

YoY% Yo Y-y
YooY Yoo Y Y

I R
C-=

where the blank entries are zeros.
To complete the generation of the starting cone for M = g, we present A; 1
which takes the form
Al A-lgc!
g-1 g=-l1
A-l= .
g
0 c!

4. Collapsings and liftings. In this section we will describe a technique
which is useful in studying the structure of the cone C* the polar cone of the
cone C, where C is the set of all diagonal N-representable vectors for some
given p, N, and M. We fix our attention on the cases in which p = 2. For some
fixed M, we will use weighted graphs to display vectors in (g)-dimensional
space. The vertices of these graphs are the points 1, 2, ..., M., The edge
connecting i to j, 1 <i<j<M, is the value of the ijth entry in the vector. For
example, if M = 7, then the vector

v=(1,1,-2,-1,0,0,-1,0,0,0,-1,0,0,0,0,-1,0, 0, 0, 0, 0),

where the indexing of (;)-dimensional space follows the description in the last
section, would be displayed in graph form as

4
ZI\\
~ 5
i \>l ———— e . m=2
. // 6 = ]
3l// ------ =1

7 unconnected =0
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The technique to be employed involves two operations, collapsing and lifting.
If p and N are fixed, then a collapsing takes a vector from the space for M = g
into the space for M= g - 1, and a lifting takes a vector from the space for M=g -1
into the space for M =g. Let $=1{1,2, ..., gl,and let S, =S - {k}, k=1,
2,c00,8 V= (vtl.“,

some k, 1 <k <g, we can form a new vector V"‘ (v, 1o+ +ip ) in (g !)dimensional
k

p,wnh 11,--o,zp i1eeip =
L73 vip® This may be restated by saying that VR is formed from V by simply
deletmg those entries of V which are indexed by p-tuples containing k. Such

a vector V* is called a collapsing of the vector V. Since this procedure may be
carried out for all &, 1 <k <g, there are g different collapsings for the vector V.,

) is a vector in (g)-dunensxonal space, then choosing

space, where for each p-tuple i; ... € S 2 Ve set v}

Now, if V = (v, 1. ..i,) is a vector in (&, !)-dimensional sapce, then we can
form a new vector V = (v, ipee- 1p) in (g)-dmensmnal space by setting
_ vil'"ip, if lgzl<---<zp5g—l,
ilo XY]

arbitrary, otherwise.

Such a vector V is called a lifting of V. We note that the collapsing V& of V
is the original vector V. In this sense, these two operations may be viewed as
inverses of one another. In terms of these definitions we prove the following
result:

Theorem 3.2 If p and N are fixed, and if V € C*, then all of the collaps-
ings vE k=1,2,..., & of V, are in the cone C -1

Proof. The assumption that V € C implies that for all K C{1,2, ..., g},
|K| = e eeaip €K Yigenniy S <o0. Thxs in turn, implies that for all KCS,,
|K| = N thxs same inequality holds. But, since KCS,, i, ..., i, €K unphes
that II, ""l esk,so

vk . = Z v. <0.

A [PRERT . ceef o~
il'oo.'gpeK 1 il..o..gpel( ll

Therefore, vk e C* -1°

From Theorem 3.2 we observe that every vector in C and, in particular,
every extreme vector is a lifting of some vector in C* -1 Therefote, if one could
characterize the set of vectors in C —1 Which are collapsings of extreme vectors
in C* pe then by choosmg the appropnate liftings and applying them to this set,

one could generate C from C -1+ However, the problem of determining such
a set still remains open.

Even without such a set it is possible to generate a partial list of extreme
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vectors for C from C —1+ This can be done by determining those liftings of the
extreme vectoxs and zero vector of C* ; Which are extreme vectars of c*, g Once these
have been found, the problem descnbed above reduces to characterizing those
interior vectors of C —1 Which are collapsings of extreme vectors of C. It
should be pointed out that there do exist situations in which all of the collapsings
of an extreme vector for a given C: are, indeed, interior vectors of C:_ 1o In
particular, for p =2, N =3, and M = 7, the vector

l

unconnected = —1

where i, j, k, I, m, n, o is any permutation of 1,2, ..., 7 is extreme in C;‘,
but none of its collapsings are extreme vectors of Cz.

Fixing our attention on the cases in which p = 2 and N = 3, we prove the
following result concerning the liftings of the zero vector in C ; Which produce
extreme vectors in C

Theorem 8.3. If p=2, N =3, and g > 5, then the only liftings of the zero
vector in C:_l which are extreme vectors in C: are of two types. Up to a posi-
tive multiple these are:

Type I:

[ A— =-1
unconnected = 0
where i=1,2,...,g-1, and

Type 1I:

unconnected = 0
Lg‘_l
where i, iy en s ig_l is any permutation of 1,2, ..., g~ 1,

Proof. For any vector V = (v, J)» 1< <j<g, which is a lifting of the zero
vector in C » V has the form
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unconnected = (

where w, is the vector entry Vigt Furthermore, if two of these weights, w, and w,
are positive, then if K =1, j, gl,
) u"m=wi+wj>0,
m,neK

which implies that V ¢ Cg. Thus, there are two cases to consider:

Casel: w. <0 forall i=1,2,.--,g-1

Case II: For some i, w,>0, for all k#i, w, <0.

For Case I, since V # 0, there exists some i such that w,; < 0. By assumption
w; <0 for all j; therefore, for all sets K of the form K= fi,.8h j=1,2,.-+,
g-1,7#i Zm'"eK 2 #£0.

Now, if some other weight w, # 0, then since g > 5, there exists some & £,

j»g and, for the set K=1{j, k, g}, = #0. However, if Wi= (w;:k) denotes

m.n€K Ymn
the type I vector
i 8 =-1

unconnected =0
then Em neK w:’m # 0 if and only if K is of the form {i, j, g}, j# i, g. This im-
plies that for all V satisfying the conditions of Case I, if V is not of type I,
then there exists some W’ which is of type I such that §,, C Swi and S, # Swi.
Therefore, applying Theorem 3.1, no such V can be an extreme vector.
in€K Upmp S0 for all
K, it must be the case that w, <-w,_ for all & # i. But, this implies that for all
K= {i: ko gl: i: k # i, 8 zm.an ‘Umn * 0.

Now, if for some j # i, w; <-w,, then for k= {4, j, g} it is also the case that

For Case II, if w,> 0, then since V € C: implies Em

2 o neK Vpn * 0. However, if Ui = (u;:k) denotes the type II vector
i
b3
8
i = —————— . =1
. - =1

unconnected = 0
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where {ij, izs e+, iy 1i=1,2,.00, g~ 1} - {il, then Em ek m,éo if and
only if K is of the form {i» &, gl j. k# i, g. Thus, again applying Theorem 3.1, if
V satisfies the conditions of Case II and is not of type II, then V is not an extreme
vector.

Letting T =1{Sy| W € CZ}, we have shown that the set T' = {Sy| W is of type
I or type II} contains the only possible maximal elements of T such that S C Sy,
where

={aK| kci1, 2,000, g-1}, |K| =

That is to say, the vectors of type I and type II are the only liftings of the zero
vector in C8 1 Which can be extreme vectors in C

To complete the proof of the theorem, it is only necessary to show that all
of the vectors of type I and type II are extreme. For this it is sufficient to show
that no element of T' contains any other element of T' as a proper subset. To
see this, if W is the type I vector described above, then

S,i=S viAR| K =ti,j, ghi# irgh
I U' is the type II vector described above, then
SU~=SU{AKI K={]" k,gLi,ka‘ i’g}'

It is clear by inspection that, for all i, j, S (Z S S ¢ S S ¢ S , and
S $Z \) ui Thus, all of the elements of T' are maxnnal elements of T and the
theorem is proved.

The remainder of this section will be concerned with generating extreme
vectors of C by lifting extreme vectors of C 1 in the cases in which p =2
and N =3. Recallmg that C_ is the cone of those vectors B such that AX =B
has a nonnegative solution for X, we have that C* is the cone of vectors such
that WA < 0. Using the indexing scheme described in the last section, if we let
4, denote the A matrix when M = k (note that this usage of the notation A, is
different from that of the last section), then we have

(44) A =

where I__, is the (57 ) x (85") identity matrix and B, is (g-1x (23D,

If W denotes an extreme vector of C - then a hftmg of W! is of the
form W = (W1, W?), where W? is a vector m (g - 1)-dimensional space. The
following theorem will be useful in determining those W which are extreme vectors
of C*:

]



THE DIAGONAL N-REPRESENTABILITY PROBLEM 29

Theorem 3.4. If W! is an extreme vector of C* _ 1 and if the lifting W =
W', W?) is an extreme vector of C* g then w2 is an extreme point of {Y| YB__,
<-wh

Proof. From the form of Ae displayed in equation (44), we see that the con-
dition WA e S 0 breaks into two parts as

(45a) wla <o,
g-1=
(45b) wh+wlB,_ <o,

Assume W2 is not an extreme point, then there exist Yl v2 k. k, such
that W2 =k Y+ kY2 k) +ky=1,a0d Y'B,_, <-W, &,>0, i=1, *2. Define
two new vectors Vl and V2 in (§)°d1men810nal space by V1 (Wl l) vi=
W', ¥?). Now, W!'A__, <0 and Y'B,_ <~ W' for i=1, 2. Therefore, V',
vZec,. But,

W=Ww ,W2)=(W‘, k Y‘+k Y2)=le w!, y1)+k w?, y2)=l¢ V1+1¢ V2,

which contradicts the hypothesis that W is an extreme vector of C Thus, W?
is an extreme point of {Y| YB,_,<-W L,

Theorem 3.4 implies that 1f W (W1, W?) is an extreme vector of Cg then
there exists some (g — 1) x (g - 1) nonsingular submatrix M of B,_1 such that
WM =- WM, where W, is the (g - 1)-dimensional vector of components of the
vector W! corresponding to the indices of the columns of M. Thus, in order to
find all of the liftings of W! which are extreme vectors of C* o Ve consider the
elements of the set Lwl’ where

LWI ={W|W= (Wl, W?), where W2M =-W;1, for some M € N},

with

N={M| M isa (g-1) x(g - 1) nonsingular submatrix of Bg_IL
According to Theorem 3.4, any lifting of W! which is extreme in C* is contained
in LWI' Therefore, it is sufficient to determine which elements in L w1 afe
extreme vectors of C*. But, a vector V €C* is extreme if and only 1f V makes
a zero inner product with a set of (52') ! linearly independent columas of A_.
Since W! is extreme in C _r W! makes a zero inner product with a set S of
(8’1) - 1 linearly mdependent columns of A _1+ Furthermore, for W € L Wb
there exists a set S of g-1 lmearly mdcpendent columns of B, such that,
for each column B ~1€5, w2 Bg 1=- wt , where Wl is the correspondmg

component of W1,
Now, each element in §, and §, is a portion of a column of A e Let S be
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the set of columns of Ag which are these extensions of the elements of S, and §,.
Clearly, S is a set of linearly independent vectors, and since [S,| = (& ‘l) -1 and
|S,| = g -1, we have |S| =(§) - 1. Furthermore, for any column A' € S WAg =0,
From thxs we conclude that for any vector W e L W’ W is an extreme vector of C

if and only if W € C This is equivalent to the condition that

(46) WAL <0
g 2

for all A; € S. To carry this one step further, if A_ is partitioned into two sub-

Aot I
c = ¢ and D = £},
g 0 g \p.
g-1
then, since W! e C: WC <0, Therefore, in order to test condition (46), it is

matrices:

sufficient to consider only the set of columns T, where A' € T if and only if
A‘ is a column of D and A' £ S.
We will now orgamze the results of the preceding discussion into an algorithm

for generating all of the vectors W which are extreme vectors of C* from an
1 * . . g
extreme vector W' of Cg-l' The procedure is the follow ing:
Let

N={M| M is a set of g — 1 linearly independent columns of Bg_1 b

For each M, € N, let M, denote the complementary set of columns in Bg_l. This
partitioning of the columns of Bg_1 induces a partition on the entries of W! and
the columns of Ag—l' In terms of this, the condition WAg <0 becomes

141 142 1 2 1 2
W1A3_1+W2Ag_1§0, Wi +WM <0, W+ WM, <O,

Let E=M7' and F = EM,. Set W? =~ WiE. The condition that W € C7 is
that W2M2 <= W;. This can be rewritten as

1 1
(47) W, < W F.

Now, using this construction for each M, € N, we have W = wl, w?) is an
extreme vector of C: if and only if condition (47) holds. A computerized version
of this algorithm has been prepared. In this version of the algorithm the symmetric
nature of the structure of both cones C:_l and C: has been exploited to produce
a complete list of extreme vectors of C; which are liftings of extreme vectors
of C _1+ The method allows the generation of this complete list without having
to use all of the set N,

To understand this, we will say that two extreme vectors of some C: a
equivalent if one can be gotten from the other by exchanging its entries according
to some permutation induced by a permutation of the indices 1,2, ..., k, Ina
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similar fashion, two sets M, M' € N are equivalent if the triples indexing the
columns of one can be gotten from the triples indexing the columns of the other
by a permutation induced by a permutation of the indices 1, 2, ..., g, which
leaves g fixed.

Now, we employ one representative from each equivalence class of the sets
M € N and apply it to a complete set of extreme vectors for C:_ o Itisclear
that at least one representative of each class of extreme vectors which are
liftings of extreme vectors of C*  will be generated in this manner. This is
the method used in the computer%z-ed algorithm. Results employing this program
will be presented in the next chapter.

IV. OBSERVATIONS AND SUMMARY OF RESULTS

1. Some remarks on the geometry of C and C* In the preceding chapters
the diagonal N-representability problem has been divided into three cases, de-
pending upon the values of the parameters p, N, and M. These are

Casel: M=N4p;

CaseIl: M<N 4+ p;

Case III: M> N + p.

In this section we will describe the geometry of the cones C and C¥ which
will be useful in understanding why this is a natural approach to the problem.

Recalling the definition given in §L.3, acone is said to be pointed if it
does not contain any subspace. The term blunted will be used to describe a
cone which does contain a subspace. It is clear that if C is a blunted cone
in a vector space V, then V has a direct sum decomposition V=V, @V,
such that C decomposes as C = C, @ V,, where C, is a pointed cone in V.

For a given p, N, and M, let $={K|KC{1,2, ..., M}, |K| =N}. For each
K €, define the vector EX = (e:(l. . .ip) by

) L i dpeeesd, €K,
1 0, otherwise.

The cone C has as a complete set of extreme vectors the set

(48) T ={EX| K e s}

From this the cone C* can be defined as

* K
(49) = N Y
KeS
where HK = {V| v . EX <0}. In general, the cones C and C* lie in real

([:)-dimensional space, and |§| = (%).
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In Case I, since M=N +p, (’:) - (x). Also, the elements of T are linearly
independent. From this it follows that C is pointed and of full dimension. Em-
ploying Theorem 1.8, for each EX there is a uniquely associated (up to a positive
multiple) extreme vector WX of C* Letting T = {WK|K € S}, the elements of T
are linearly independent, and C* is pointed and of full dimension.

For each K € S, let FX denote the bounding hyperplane of HX, That is,

In a similar manner, for each WX € T, we can define
§K={VlV0WKSO} and FK={V|V.WK=0}O

In terms of these definitions, we can describe the geometric connection between
Cand C*ina particularly simple manner. To do this, let RX and RX be the
extreme rays defined by

R€=(&WX | k> 0} and RK-{kEX| k> 0l

Then, from Theorem 1. 8 each RK 1s the intersection of (M) ~ 1 hyperplanes,
namely RK = ﬂK: » F Sumlarly, K is also the i mtetsectxon of (M) 1 hyperplanes,
namely RK = ﬂK:#( That is, the set of extreme rays of C* is precxsely the set of
all possible intersections of ( ) =1 of the ( ) hyperplanes FX, and the set of extreme
rays of C is the set of all possxble mtersecuons of (M) =1 of the (M) hyperplanes FK,

For Case II, since M<N +p and N >p, (M) < (M) Let V be the vector
subspace of ( )-dimensional space having the set T as a basis, where T is
defined by equauon (48). The cone C, (C restricted to V) is pointed and of
full dimension. The cone C* is then the duect sum of the polar cone of C\,
in V, denoted by CV and the subspace Vv, which is the orthogonal complement
of V in (")-dimensional space.

With this description of C¥, we can now explain the geometric content of
Theorem 2.6, which gives the solution to the diagonal N-representability problem
when M <N + p. Let WX be defined as in equation (23), For each such WK
let ZX be the vector in (M) -dimensional space defined by

K K . .
zil...ip=wil...ip’ 1511<"'<195M'
That is, ZX is obtained from WX by deleting all entries which are indexed by
p-tuples involving any of the individual indices M + 1, M + 2, .« , N 4 p.
By Theorem 2.6, the WK are partitioned into two sets. This induces a par-

tition of the ZX into two sets, namely

S =1z ki1, 2,.-, MY} and s,=12K| K¢ {1,2,..., M}k
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From the result of Theorem 2.6, it is then clear that §, is a complete set of extreme
vectors for C, y»and S, is a spanning set for vh This, then, clarifies the remark
which follows Theorem 2.6,

For Case 1II, a complete set of extreme vectors for C * can be described as
follows: Let T be the set of vectors defined by equation (48), C * is the cone
in (’:)-dimensional space defined by equation (49). Now a vector V in (¥)-
dimensional space is an extreme vector of C* if and only if V €C* and it is con-
tained in the intersection of (M) -1 faces FX of C whose outward pointing
normals at the origin.are lmearly independent. That is, V € C* is an extreme
vector of C* if and only if there exists some set T' C T, such that |T’| = (:’) -1,
the elements of T' are linearly independent, and if I = {K| E K¢ T'}, then V €
Nk e ,FK, where FKX is defined by equation (50). From this it is easily seen that
the number of possible extreme rays of C* is given by

™

M
(-1

which grows quite rapidly as the parameters M, N, and p increase. For example,
if M=8, N =3,and p = 2, then

®
(8- (orsirnien
2

2, Summary of results. In this section we will summarize the results obtained

for the diagonal N-representability problem and display solutions to some special
cases when M>N + p. If M= N +p, then a vector L in (’:)-dimensional space
is diagonal N-representable if and only if

@) L. . = ("’
lsi1<-;<i M 1T ? )
4
and
(ii) for all sets K of order N contained in {1, 2,++., M}, if WK
is defined as in equation (23), then wK.L <0.

If M<N+p,and if L is a vector in (:’)-dimensional space, then L is
diagonal N-representable if and only if

) L .=(N)
15i1<--2-<ipsM ' \p

and
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(ii) for all sets K of order N contained in {1, 2,..., N + p}, if wk
is defined as in equation (23), and L is defined as in equation (28), then

K _350, if KNIN+t+1,0ee, N+ pl=9,
W*.L
=0, if KNiIN+t+1,.--,N+pl#2.

For the case in which M> N + p, a vector L in (g)-dimensional space is
diagonal N -representable if and only if

Z L, cesi = (N)
1sil<...<ipsM | ] p

(ii) if S is a complete set of extreme vectors for the cone C* defined
as in equation (49), then, forall W e S, W . L<O0.

@

and

We now display the set § of extreme vectors in several special cases.

Casel: p=2,N =3, and M =6, Inthis case S consists of 70 vectors.
Employing the equivalence relation described in SIIL4, these vectors fall into
four classes, namely:

Class 1: (15 vectors)

=1

unconnected =0
Class 2: (10 vectors)

—_—==2

unconnected = 1

Class 3: (15 vectors)

————.3--2

unconnected =1

Class 4: (30 vectors)

=]
—_————— _——————=]

unconnected = 0
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Case Il: p=2, N=3,and M =7, In this case S consists of 896 vectors
falling into 7 classes, namely:
Class 1: (21 vectors)

=1

unconnected =0
Class 2: (21 vectors)

=-2

unconnected = 1

—— R — 2
unconnected =1
Class 4: (105 vectors)

=1
—_——eeeem—m=1
_____ unconnected =0

Class 5: (252 vectors)

Class 3: (35 vectors)

=2

unconnected = —1

Class 6: (420 vectors)

S |

unconnected =0




36 M. L. YOSELOFF

Class 7: (105 vectors)

~ = -]
~
N e =1
// ——rnmnnnons = =2
”
”

unconnected =0

Both of the above solutions were generated by employing the double descrip-
tion algorithm presented in §$11.2 and I1I.3. For the case in which p = 2, N = 3,
and M = 8, the problem becomes too large to generate the complete set S using
this algorithm. For this case a portion of the set § was obtained. This was done
by employing the lifting algoritm described in SIL4 and applying the double
description algorithm to a face of C’;, rather than all of C’;. A complete set of
those extreme vectors of C’; which are liftings of extreme vectors of C’; consists
of 29,127 vectors falling into 15 classes. These are:

Class 1: (28 vectors)

=1
unconnected =0

Class 2: (28 vectors)

—_—=1
\ unconnected = —2

Class 3: (56 vectors)

-2
@ Q unconnected = 1

Class '4: (35 vectors)

=2

unconnected =1




THE DIAGONAL N-REPRESENTABILITY PROBLEM

Class 5: (3,360 vectors)

unconnected = — 1

=1
______ =]
P unconnected = 0
P -~
<
~
~
~
\\
Class 7: (56 vectors)
=]

______ =]
—_—— e ——— unconnected = 0

Class 8: (840 vectors)
=]

______ =1
unconnected =0
Class 9: (5,040 vectors)
=4

—_—————=2

unconnected = —1

IR
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Class 10: (420 vectors)

7
/// / i =-1
/
P A D N — =1
é‘—‘"(\ ‘ —————ee— = 2
\\\ \\ unconnected =0
\\\\ |

unconnected = 0

Class 12: (280 vectors)

S, ——  ——=—-- -1
L,>\‘:’;\ ————— =-2

—
-~
unconnected =0

Class 13: (3,360 vectors)

unconnected =0

unconnected = 0
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Class 15: (10,080 vectors)

——— e e
=2
—— e e 22 -]

b aanaaaae oo P01

unconnected = —1

In addition to these, the double description algorithm applied to a face of
C: produced 23,240 vectors, none of whose collapsings are extreme in C’;. These
vectors fall into four classes, namely:

Class 1: (560 vectors)

——— . — unconnected =0

==2
—_————— =4
e —as

unconnected =1

unconnected = -2
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Class 4: (10,080 vectors)

AAAASSPPrr It B — 3

senvosesee s ]

unconnected =0

3. A probabilistic interpretation. An interpretation of the vectors L can be
given in terms of particles filling spin orbitals. From this point of view, for a p
matrix, there are N particles and M positions, each of which can hold one particle.
Then, Lil_ ..i, is viewed as the product of the total number of p-tuples of par-
ticles and the probability that the spin orbitals i}, +«., i p are all filled by a
particular p-tuple of particles. More simply, Li;- ..i, is just the expected number
of p-tuples of particles which lie in the p-tuple of spin orbitals i TRLEE) ip. The
Pauli principle states that this value lies between zero and one.

As an example of the form that the diagonal N-representability conditions
take, in terms of this interpretation, we consider the 2-matrix case (i.e. p = 2),
when M = N + p. Then, from (27a),

> L, =(N),
lsij<i sN+2 12 \2

which simply states that the sum, over all pairs of spin orbitals, of the expected
number of pairs of particles lying in a pair of spin orbitals is equal to the total

~ number of pairs of particles.

By applying (27a) and (iii) of §L1.a (equation (4)), condition (27b) may be
written as Liu'z > Lil + Li2 -1, for all il' iy That is, the expected number of
pairs of particles lying in a pair of spin orbitals is greater than or equal to the
sum of the expected number of particles in each separate spin orbital minus one.
This condition means that if both members of a pair have a large expectation of
being filled by individual particles, then the pair of spin orbitals has a large
expectation of being filled by a pair of particles. Similar interpretations in terms
of expected occupancy can be derived for all p matrices.
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