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AN ALGEBRAIC PROPERTY OF THE CECH COHOMOLOGY GROUPS
WHICH PREVENTS LOCAL CONNECTIVITY AND MOVABILITY(1)
BY
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ABSTRACT. Let C denote the category of compact Hausdorff spaces and H:
C — HC be the homotopy functor. Let S: C — SC be the functor of shape in the
sense of Holsztydski for the projection functor H. Let X be a continuum and
H™X) denote n-dimensional Cech cohomology with integer coefficients. Let
Ax = char HI(X) be the character group of Hl(X) considering HI(X) as a dis-
crete group. In this paper it is shown that there is a shape morphism F €
MorSC(X, Ax) such that F*: HI(AX) —oHl(X) is an isomorphism. It follows
from the results of a previous paper by the author that there is a continuous map-
ping f: X — Ay such that S(f) = F and thus that f*: H'(4,) — H}(X) is an
isomorphism. This result is applied to show that if X is locally connected, then
Hl(X) has property L. Examples are given to show that X may be locally con-
nected and H™(X) not have property L for n > 1. The result is also applied to
compact connected topological groups.

In the last section of the paper it is shown that if X is compact and mov-
able, then for every integer n, H"(X)/Tor H™(X) has property L. This result
allows us to construct peano continua which are nonmovable. An example is
given to show that H™(X) itself may not have property L even if X is a finite-
dimensional movable continuum,

Introduction. Let C denote the category of compact Hausdorff spaces and H: C — HC
be the homotopy functor. Let S: C — SC be the functor of shape in the sense of Holsztyf-
ski [3] for the projection functor H. Let X be a continuum and let H(X) denote n-dimen-
sional Cech cohomology with integer coefficients. Let A be the character group of H 1x)
considering H(X) as a discrete group, Note that HY(X) is torsion free and thus 4, is a
compact connected abelian topological group. In this paper we show that if B is a compact
connected abelian topological group and b: H'(B) — H!(X) is a homomorphism,
then there is a shape morphism F € Morg (X, B) such that F* = h. By the results
in [6], there is a continuous function f: X — B with S(f) = F and thus with f*=5
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also. In particular, there is an /: X — A, such that f*: HI(AX) — HY(X) is an
isomorphism. If g: X — B is any continuous map, then there 1s a continuous
homomorphism 7: Ay — B such that 7 ©f is homotopic to g.

In the second section of the paper we apply the results of the first section to
show that if X is a locally connected continuum, then H 1(X) must have property L.
We construct examples of peano continua such that H"(X) is torsion free and does
not have property L for » > 1. This construction is used to construct the nonmov-
able peano continua in the last section of the paper.

In the third section of the paper, it is shown that, for G a compact connected
topological group and D the commutator subgroup of G, the map f: G — G/D
induces an isomorphism /*: H}(G/D) — H'(G).

In the last section of the paper movability of compact spaces is studied. It
is shown that if X is compact and movable, then H™(X)/Tor H*(X) has property L
for all n. This allows us to construct peano continua which are not movable. In
particular we construct 2 nonhomeomorphic nonmovable n-dimensional peano
continua for each n > 1. This generalizes a result of Borsuk [1]. This construction
does not work for 7 = 1, since a one-dimensional peano continuum is movable [9].
These results show that if X is an n-dimensional LC"~! peano continuum, then
H*(X)/Tor H*(X) has property L for all .

An example is given to show that H"(X) may not have property L even if X is
a finite-dimensional movable continuum.

Notation. We assume the notation of [5] and [6]. It is expected that the reader
is familiar with the approaches to shape theory by Holsztydski [3] and Mardesi&
and Segal [8].

Some knowledge of topological groups is assumed as contained in [10]. If X
is a compact space, H*(X) denotes n-dimensional Cech cohomology with integer
coefficients.

1. Homomorphisms of Cech cohomology groups which induce shape mor-
phisms. Let B be a compact connected abelian topological group and
b: HY(B) — HY(X) be a homomorphism where X is a continuum. In this sec-
tion of the paper it is shown that there is a unique shape morphism F from X to B
such that F* = b: H'(B) — H'(X). Some immediate corollaries are derived in this
section also. The next two sections of the paper then give further applications of
these results. The basic theorem is the following.

1.1. Theorem. Let X be a continuum and B a compact connected abelian
topological group. Suppose that b: H'(B) — HY(X) is a homomorpbism. Then there
is a unique shape morphism F € Morg (X, B) such that F* = b: HYB) — HY(X).

Before we can prove Theorem 1.1, we will need to quote some theorems.
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1.2. Theorem (Huber [4]). Let X be compact. Then H™(X) is naturally iso-
morphic to Mory ~ (X, K(Z, n)).

In particular, H'(X) is naturally isomorphic to Moty (X, T) where T is the
circle.

1.3. Theorem (Scheffer [11]). Let G be a compact connected topological
group and A a compact connected abelian topological group. Then if f: G — A is
continuous with f(e) = 0, then { is homotopic to a unique continuous homomorphism.

The next theorem follows from Theorems 1.2 and 1.3 and is due to N. Steenrod.

1.4. Theorem (Steenrod [13]). Let A be a compact connected abelian topolog-
ical group. Then char A is naturally isomorphic to H'(A).

Proof. By Theorem 1.2, H!(A) is naturally isomorphic to Mor,, (4, T). By
Theorem 1.3, Mor,_,C (A, T) is naturally isomorphic to Hom (A, T) = char A. Thus
HY(A) is naturally isomorphic to char A.

Proof of Theorem 1.1. Using the natural isomorphism given by Theorems 1.2
and 1.4, we assume that b is a homomorphism from char B to MorHC(X, T). Now
B is the inverse limit of tori {T:a; Togs @ < B € A} where rraﬁ(T;;’3 )= ThA is
a continuous homomorphism. Let the projections making B the inverse limit be
7(B) = T;* for a €A. We need to define the morphism F € Morg (X, B). We
view the shape morphisms as functors from Hy to Hy as described in §4 of [3].
To be a shape morphism F must be the identity on the morphisms of H g to the
morphisms of Hy. First we define F on objects in Hy of the form H(w) where
m: B— T" is a continuous homomorphism. Then we w1ll use the inverse system
{T.%} to extend the definition of F to all of the objects of Hp

Let #: B — T” be a continuous homomorphism. Then let T" =Ty x:exT,
be a factorization of T" into circle subgroups and let e,: T — T™ and b2 T"—
T be the injection and projection homomorphisms for i = 1,+++, n. Now p,om €
char B and we let f=(f;,++,f): X = T" =T, x+++x T, where H(f) = b(p on).
Then define F(H(x)) = H(f). Since factonzatxons of T" are not umque, we need
to show that F(H(7)) is well defined. So, let T” = T XoooX T be anothet
factorization of T” into circle subgroups with injection homomorphlsms e :T—>
T" and projection homomo:ptusms p T™ — T. Then there are integers 7, ij for
1<i, j<n such that 2131 n"p =p, for each i. Then if 1 ™ is the identity
map on T", then 1 ot T Xeeex T, — Ty xeeex T, can be represented as 1 =

a3 e l’p Nowletf ‘(/1""’/) X—T, x+eex T, where H(f) =

b(p o m). Since h: char B — Mor C(X » T) is a homomorphism, b(pi o=
b(Em1 n; p o) = 2;."1 n; b(p; om). Thus H(f) = 2?:1 n; H(/; ). Therefore
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27 37 n HYD) =37 HG) = H(). That is, H(1_ ) o H(f") = H(f). Thus H(f)
= H(f') and F(H(7)) is well defined. Similarly one can verify that if #: B — T"
and 7': B— T™ are continuous homomorphisms with 7' = g om, then F(H(z")) =
H(g) o F(H(x)).

Now suppose that p: B — P is continuous with P an H-object of C. Then
leta € A and p,: T:a — P be such that H(p,) © H(z ) = H(p). Then define
F(H(p)) = H(p,) © F(H(w,)). We need to show that F(H(p)) is well defined. Suppose
that B €4 and pg: TP — P with H(pg) o Hlmg) = H(p). Thenlety>a and B,
and let 8>y be such that H(pg o mg, © 7, 5) = H(p, © 7, ©m, ¢) using the
fact that H(pB °mg,, © ﬂy) =H(p, ° Toy © 177). Then we have

H(pgom,5) © F(H(rg) = H(p,) © F(H(x_))

and
H(pﬁ °1rﬁs) o F(H(my)) = H(pﬁ) ° F(H(ﬂﬁ».

But since the left-hand sides of the above equalities are equal we have
H(p,) o F(H(m))) = H(pﬁ) o F(H(n ,B)) and F(H(p)) is well defined. We define
F(H(f)) = H(f) for H(f) a morphism in Hy and then F will be a shape morphism
from Hy to Hy.

Now we need to show that F* = b: char B — Morsc(x, T). If x €char 4,
then b(x) = F(H(x)) by the way F was defined. Thus F* = b. Now if F, G €
Mor ¢ C(X, B) with F* = G* = b, then for m: B — T" a continuous homomorphism
F(H(m)) = G(H(x)) by repeating the first part of the proof for G. Thus, F(H(r,)) =
G(H(w,)) for all @ €A and thus F = G by Lemma 4.1 of [3, p. 162].

1.5. Corollary. Let X be a continuum and A, = char HX(X). Then there is a
shape morphism F € Motg (X, Ay) such that F*: HI(AX) — HY(X) is an isomor-
phism.

1.6. Corollary. Let X be a continuum and x € X. Let B be a compact con-
nected abelian topological group and let b: H'(B) — H'(X) be a homomorphism.
Then there is a continuous map f- X — B with {(x) = 0 such that [* = b: H'(B)
— HY(X). In particular, there is a continuous f: X — Ay such that [(x) =0 and
f*: Hx(Ax) — HY(X) is an isomorphism.

. Proof. By Theorem 1.1, there is an F € Morg (X, B) with F* = h. By
Theorem 1.1 of [6] there is a continuous f: X — B with f(x) =0 and S(f) = F.
Thus f* = F* = b. The last part of the theorem follows from Corollary 1.5 and the
fact that H'(X) is torsion free and thus that A x is a compact connected abelian
topological group.
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1.7. Corollary. Let X be a continuum with x € X and B be a compact con-
nected abelian topological group. Let Ay = char HYX). Let f: X — Ay bea
continuous function with f(x) =0 and {*: H'(A x)—H Y(X) an isomorphism. Then
if g:-X — B is continuous with g(x) =0, then there is a continuous homomorphism
m: Ay — B such that m o [ is homotopic to g.

Proof: Let g*: H!(B) — HX(X) and define b = {*~! og*. Then b: H'(B) —
Hl(Ax) induces a homomorphism 7: Ay, — B such that #* = b. Then (m o f)*=
[*om*=f*o(f*"! o g*) = g* Thus S(z © f) = S(g) by Theorem 1.1. But 7 ©
f{(x) = g{x) = 0 and by Theorem 1.2 of [6], 7 © f is homotopic to g.

2. Local connectivity and H!(X). In this section of the paper we show that if
X is a locally connected continuum, then H 1(X) has property L. Property L arises
in the study of compact abelian topological groups A where it is well known [10,
Theorem 48, p. 260] that A is locally connected if and only if char A has property
L. If A is connected, then this theorem together with Theorem 1.4 of the previous
section shows that A is locally connected if and only if H 1(A) has property L.

2.1. Definition. Let G be an abelian group and H a subgroup of G. Then H
is said to admit division if whenever g € G and n is a positive integer, then ng € H
implies that g € H. This is equivalent to saying that G/H is torsion free. The
group G is said to have property L if every finite subset of G is contained in a
finitely generated subgroup that admits division.

2.2. Theorem. Let X be a continuum. Then if X is locally connected, then
HY(X) bas property L.

Before proceeding to the proof of Theorem 2.2 we will make some preliminary
remarks to make the proof clearer. We summarize these remarks in four claims for
easy reference in the proof of Theorem 2.2. First of all, suppose that G is an abel-
ian group that does not have property L. Then there is a finite subset {gl, ceey gnf
C G such that for every finitely generated subgroup H with | 827 gn¥ CHCG,
G/H is not torsion free. This implies that if H = {g € G: for some integer n, ng is
in the subgroup generated by {g,,- -+, g 1}, then H cannot be finitely generated
since G/H is torsion free. Note that H has finite rank and that H does not have
property L. That is, if G does not have property L, then there is a subgroup H of G
such that H admits division in G, H is of finite rank, and H does not have prop-
erty L. Thus we have shown the following.

Claim 1. If G is an abelian group which does not have property L, then there
is a subgroup H of G which admits division in G such that H is of finite rank
and H does not have property L.

We now review some properties of Pontryagin duality. If A is a compact abel-
ian topological group, then dim A = rank char A. Also, if A is a compact abelian
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topological group, then A is metrizable if and only if char A is countable. In par-
ticular, this last remark implies that if H is an abelian group which is torsion free
and of finite rank, then A = char H must be metrizable since H must be countable
under these circumstances.

Claim 2. If H is a torsion free abelian group which is of finite rank, then
char H = A is a compact connected abelian topological group with dim A = rank H
and A metrizable.

Another point to be made has to do with the results in [2]. Let G be a compact
connected topological group which is finite-dimensional. Then if Gy C G is the
arc component of the identity e in G, then the locally arcwise connected topology
on G, makes G, into a Lie group L. Now G, is dense in G and thus by [2] we
can say that there is a Lie group L and a one-to-one continuous homomorphism ¢b:
L — G such that ¢(L) is precisely the arc component of e in G and is dense in
G. If G is abelian, then L must obviously also be abelian and thus be of the form
R*® x T™. The first part of the next claim summarizes this.

Claim 3. Let A be a compact connected abelian topological group which is
finite-dimensional. Then there is a one-to-one continuous homomorphism ¢: R* x
T™ — A such that ¢(R*x T™) is precisely the arc component of 0 in A and is
dense in A. If Q C $(R® x T™) is a peano continuum, then ¢~1|Q is continuous.

The last part of Claim 3 comes from [2, Theorem 3.2] and the fact that R® x T™
is just the arc component of 0 in A with the associated locally arcwise connected
topology described in [2].

We will need one other result in the proof of Theorem 2.2 which is proved in a
claim in the proof of Theorem 1.2 in [6].

Claim 4. Let A be a compact connected abelian topological group and let T™
be a subgroup of A. Then A ™ B x T™ for some compact connected abelian topo-
logical group B.

We also use the fact that H l(X) is torsion free for all X.

Proof of Theorem 2.2. Assume that X is a locally connected continuum and
that H!(X) does not have property L. Then by Claim 1, there is a subgroup M of
HY(X) of finite rank which admits division in H'(X) and does not have property L.
Let b: M — H'(X) be the inclusion homomorphism. Let B = char M and let [ X—B
be a continuous map given by Corollary 1.6 such that f* = b: H'(B) — H!(X) with
0 € f(X) in B. Observe that H l(X) is torsion free and thus M is also torsion free.
Thus by Claim 2, B = char M is metrizable. By Claim 3, there is a one-to-one con-
tinuous ¢: R® x T™ — B with ¢(R" x T™) the arc component of 0 in B and dense
in B. Since X is locally connected, so is f(X) C B. Since B is metrizable, so is
f(X). Thus f(X) is a peano continuum and thus f(X) C #(R* x T™). By Claim 3,
é~1/(X) is continuous and thus there is a continuous g: X — R¥ x T™ such that
g° ¢ =/[. Clearly g is homotopic to a map g': X — {0} x T™. Now {0} x T™) =~ T™
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is a subgroup of B and thus by Claim 4, B2 A x T™ for some compact connected
abelian topological group A. Thus [ is homotopic to an f': X — {0} x T™ C A x
T™ = B. However, this implies that f*: H'(B) — H!(X) factors through the group
Z™ = HY(T™), H'(B) — Z™ — H(X). This implies that M = {*(H!(B)) is a quo-
tient of a subgroup of Z™ and thus a free abelian group Z? of rank p < m. This
is a contradiction since M did not have property L and Z? has property L. This
contradiction shows that if X is locally connected, then H 1(X) has property L. O

Now we show that there are peano continua X for which H"(X) does not have
property L for > 1 so that Theorem 2.2 does not generalize to the higher-dimen-
sional groups. In the next section, however, we will show that if X is a movable
compactum, then H"(X)/Tor H"(X) has property L for every n.

Let X be a metric compactum and D be the standard Cantor set in the unit
interval I=[0, 1]. Then there is a continuous function f(D) = X and we can form
the space X, =1 U, X. Then X, is a peano continuum containing X as a closed
subspace. One can think of X ;as being obtained from X by adjoining countably
many arcs to X with their endpoints attached to points of X and with their diameters
going to zero. Let f': I — X ¢ be the map of I onto X f induced by f and let I — D
=U7.; O; where {0} is a disjoint collection of open arcs in I. If V is an open

set in X, containing X, then there are a finite number of the 0/s, Onl,- ooy Onk,
such that /(0 "i) ¢ V. This is because '~ (V) is an open set in I containing D.

2.3. Theorem. Let X be a metric continuum and n> 1. Then H™(X) = H"(X ).

Proof. By Theorem 1.2 we may assume that H™(X ) = Mory (X K(Z, n)) and
H™X) = Mory, - (X, K(Z, n)). Since Z is countable, K(Z, n) has the homompy type
of a locally finite connected polyhedron and thus has the homotopy type of an ANR.
Thus we may assume that it is an ANR. Define b: Mor C(X K(zZ, n)) —

Mor, (X, K(Z, n)) by b(H(f)) = H(f|X). Certainly b is well defined and a homo-
morphism. We will now show that it is one-to-one and onto.

Suppose that h(H(f,)) = b(H({,)). We will show that this implies that H(f)) =
H(f,) and thus that b is one-to-one. By the definition of 4, f,1X is homotopic to
f,1X. Let H: X x I — K(Z, n) be a homotopy from f,|X to f,|X. Let A C X, x1I
be the subset consisting of X x I UX, x {0} U X, x {1} and let H': A — K(Z, n)
be defined by H'|X x I = H, H'|X, x {0} = f, and H'|X; x {1}= . Then H' is well
defined and continuous. Since K(Z, n) is an ANR, there is an extension of H' to
H": U — K(Z, n) where U is an open set in X / x I containing A. Now U contains
an open set of the form V x I where V is open in X, and contains X. Let O, ,
<e+, 0, be the open complementary arcs in I — D such that f (0 )¢ V. Let I,

s Iy be closed arcs in 0"1, cee5 0 ¥ respectively, such that f (l - U 1)cv.
Lee V'=V—f (le I.). Let a;<b, be the endpoints of I.. Then the complement
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of V' x1 in X x I is just U* el [ ‘a ) x | which is a finite collection of disjoint
squares I 1? and the boundary of V' xl in X/xl is )ust U 1 {a b, le Consider
H'|V x1 uX, x 10,11 = H". We will now extend H" to all of x, x I. Now H"
is defined on the boundary of f'(I ) x I which is homeomorphic to a circle. Since
n>1, K(Z, n) is simply connected and thus H"|Bd(f'(I ) x 1) can be extended to
all of f'(I ) x I for each i. This gives the extension of H toan H: X,x | —
K(Z, n). Then H is a homotopy of f; to {, and H(f,) = H({,). Thus we have
shown b to be one-to-one.

To show that b is onto let H(g) € MorHC(X , K(Z, n)). Then there is an
extension g’ of g to a neighborhood V of X in X, Let ! 12°° s I, be afinite
number of closed arcs in I — D having property that ['(I — l ) CV. Let
a,<b, be the endpoints of I, in I. Let V' = X, U,=1 /'(1) Then the exten-
sion g’ of g given above is onto V'. Then extend g'|V’ along the arcs f'(1) in
any manner using the fact that K(Z, n) is arcwise connected. This gives an
extension g’ of g to all of X, Then h(H(g")) = H(g"|X) = H(g) and b is onto.
Theorem 2.3 is now proved.

2.4. Corollary. Let H be an arbitrary countable abelian group which is tor-
sion free and n > 1. Then there is a peano continuum X such that H(X) >~ H

Proof. Let A = char H. Then A is a compact connected abelian topological
group with H 1(A) > H. Note that A is metrizable since the weight of A is count-
able, w(A) = card H. Let B=3""1A, the (n — 1)-fold suspension of A. Then
H™B) ~H. Let X=B ;+ Then H™X) =~ H with X a peano continuum.

This construction will be used in a later section of the paper to construct
nonmovable peano continua.

3. Cech cohomology and topological groups. Let G be a compact connected
topological group. We show here as an easy consequence of the results in $1 that
HY(G) is determined by the commutator subgroup of G in a manner made precise
by the next theorem.

3.1. Theorem. Let G be a compact connected topological group and let D be
its commutator subgroup. Then H'(G) = HY(G/D).

Proof. Let A = char HYG) and let f: G — A be continuous with f(e) =0
such that f*: H (A g HY(G) is an isomorphism by Corollary 1.5. By Theorem 1.3,
[ may be taken to be a continuous homomorphism. Note that D C ker f. Now
G/D = B is a compact connected abelian topological group and g: G — B is con-
tinuous. Thus by Corollary 1.7 there is a continuous homomorphism n: A, —B
such that 7 © f is homotopic to g. But by Theorem 1.3, # © f=g. Thus D =
ker g D ker f and D = ker [. Note that since [* is an isomorphism, f must be onto,
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otherwise {(G) would be a proper closed subgroup of A and f* could not be an
isomorphism. Thus A, = G/ker [ = G/D = B.

3.2.Remark. In this case the map f: G — A which induces an isomorphism
f*: HY(A G) — HY(G) is onto. However, if X is a continuum, then the continuous
map given in Corollary 1.6 may not be onto even in the case that f: X — A, with
f*: Hl(Ax) — HY(X) an isomorphism. For example let X = T V T where T is the
circle. Then H!(X) =~ Z? and we could let f: X — T2 = char H}(X) map X onto
two generating circles in T2. Since {(X) may not be all of A, one can see the
necessity of using the techniques in the proof of Theorem 2.2.

4. Movability of compacta. In this section we show that if X is movable, then
H™X)/Tor H™(X) has property L. This allows us to construct a variety of non-
movable peano continua. For convenience of notation in this section if G is an
abelian group, then we let G=G/TorG. I h: G—H is a homomorphism, then
h:G—His the naturally induced homomorphism.

4.1. Lemma. Let G be an abelian group which is the direct limit of the direct
system of abelian groups {G; mags & < B €A} Then G is the direct limit of the
direct system {G ; # Togs @ <P €AL

Proof. Let the homomorphisms 7,: G — G, make G the direct limit of the
direct system {G; g a<Be A} and let 77: G — G be the naturally induced
homomorphisms for a € A. We will show that the homomotphnsms {7 .} make G
the direct limit of the direct system {G,}. Clearly fig 0 figg =7 forall a<BeA.
Also if [] € G, then there is an & €A and b, €G, such that # (b o = b. Thus
(b, = [6]. Thus U,., 7,(G,) = G. All that needs to be shown is that if
#{led) = 75([64)), then there is a y > a, B such that 7, ([5,]) = g, lbg). To
show this, note that d=m,(b;) - 7p(bg) € Tor G. Let 6> a, B and c=m5b,) -

s(bﬁ) Then mg(c) = d. Since d € Tor G, there is an n> 1 such that nd = 0.
Then there is a y > & such that 75, (nc) = nmg, (c) = 0. But thenn ayla) =
75,\bg) = w5, (7, 5(5,) - mgslbg)) =75, (c) € Tor G. Thus 7, ([b,)) = 74, ((55])
for this y € A.

4.2. Lemma. Let X be a compact space and X be the inverse limit of the
inverse system {X; Tags @ < B € A}. Then H™X) is the direct limit of the direct
system {H"(X); 7% 55 a < B € Al

Proof. By the continuity of Cech cohomology, H*(X) is the direct limit of the
direct system {H™(X,); m* o5 @ <P €Al By Lemma 4.1, H™X) is the direct limit
of the direct system H™X AR ity a<B €Al

Now we recall the definition of movability as given in [7] and then state and
prove the main theorem of this section. We assume familiarity with the ANR-sys-
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tem approach to shape in [8] and the equivalence of the approaches in [3] and (8]
as shown in [5].

4.3. Definition. An ANR-system X = {X;; 7,4; a < B € A} is said to be mov-
able provided that for each a € A, there is a 8> a such that for every y> 8
there is a map r87: Xg — X,, such that Hm,, orf”) H(naﬁ). A compactum X
is said to be movable if an ANR-system associated with X is movable. As is
shown in [7], if one ANR-system associated with X is movable, then every one is
and movability is a shape invariant.

4.4, Theorem. If X is @ movable compactum, then H™X) has property L for
every n > 0.

Proof. Let X = {X; 7,5; a<B €A} be an ANR-system associated with X
with each X, a finite polyhedron. Let 7,: X — X, be the projection maps making
X the inverse limit of the system X. Note that HX,) and H™(X_) are finitely
generated for all a € A. By Lemma 4.2, H*(X) is the direct limit of the direct sys-
tem {H™(X); i fags @ < B €Al Now we will show that H™X) has property L if X
is movable. Let {al, -+, a,} be an arbitrary finite subset of H™(X). There is an
a €A such that ﬂ*(H”(X )) contains {al,- -+, a,}. Since X is movable, let 8> a
be such that for y > 8 there is an A7, XB — X such that H(ﬂ o rB7)
H(m,g). Now let L be the subgroup of HY(X) defmed by g €L if and only if mg €

*(H"(X )) for some positive integer m. We will now show that L C ﬂ*(H"(X )
and thus that L is finitely generated. By the definition of L, L will admxt dxvxsxon
in A™(X) and thus A™(X) will have property L.

Let mg € #*(H™X_,)) for some m > 1. Then there is a 8> 8 such that g €
ﬁ’g(H"(X §). Let e€ H"(X ) be such that #*(e) = mg and let f € a™(X s) be such
that ﬂ*(/ ) = g. Then 7 }(e) = #§(mf) = mg. Thus there is a y > & such that

(e = #%, (mf). Let rl3 LD ¢ g — X,, be as in the definition of movability and
let b (rﬁy*) Then b o 7%, cn*ﬁ Now b(mf) = mb([) and thus b(f) is an
mth root of b(mf) in H"(X ). However, #% (e) b o#* (e) b(mf). Thus b(f)
is an mth root of 7%(e) in o} (XB) Now mﬁz(b(/)) = nz(mb(/)) = n*(nalg(e)) =
mg. Thus mﬂz(b(/ )) = mg. But H™X) is torsion free. Thus mth roots in H"™(X)
are unique. Thus 7%(h(f)) = g. Thus g € WE(H"(XB» and L C ﬁz(H”(Xﬁ)) as
asserted and H™(X) has property L.

4.5. Corollary. If X is movable and H™(X) is torsion free, then H™(X) has
property L.

It may have occurred to the reader to question whether Theorem 4.4 might not
be true for H™(X) rather than H™(X) in the statement of the theorem. The following
example shows that this is not the case.
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4.6. Example. It is well known that H*(RP3) = Z, where RP3 is a 3dimensional
real projective space. Let X = \/7 RP3 and for n < m, define 7 _: X —X_

to be the map which collapses \/7., R RP3 toa point and is the identity on

Vi, RP3. Let X be the inverse limit of {X ). Then X is a 3-dimensional metric
continuum which is clearly movable. However, H3(X) = @7, Z, and this group
does not have property L.

We are now able to construct a variety of nonmovable peano continua using
these results and the construction described in $2.

e X
4.7. Theorem. For every positive integer n > 1, there are 2 0 nonbomeomor-
phic n-dimensional peano continua which are nonmovable.

Proof. There are 2*0 torsion free abelian groups of rank 1 {H : o € A} no
two of which are isomorphic and none of which have property L. Let 2, = char H,
and then let X, =371 3 be the (n — 1)-fold suspension of 3, Then X, isa
metric continuum and H"(X ) = H™(X ) = H,. Clearly X, is n-dxmensxonal Let Z,
be the peano continuum (X,), as descnbed in $2. Then H™Z,)) = H,. Clearly
dim Z = n and in fact Sd(Z o) =n since H(Z,) £ 0. Since H™Z ) does not have
property L, Z  cannot be movable. If Z , were homeomorphic to Z,, then H o Would
be isomorphic to Hg which would imply that a = B. Thus {Z,: a € A} is the
desired collection of peano continua.

In (1] Borsuk constructed a nonmovable peano continuum which was two-dimen-
sional. Note that the construction given in Theorem 4.7 will fail if n =1, since a
one-dimensional peano continuum is movable. In [9] Overton and Segal give a short
proof of a theorem of Mardesi& that an n-dimensional LC?~1! peano continuum is
movable. That theorem gives us the following corollary to Theorem 4.4.

4.8. Corollary. Let X be an n-dimensional peano continuum. Then if X is
LC™ !, then H¥(X) bas property L for all k.
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