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ABSTRACT. Let C(X) denote the set of closed operators with dense domain
on a Banach space X, and L(X) the set of all bounded linear operators on X.
Let #(X) denote the set of all Fredholm operators on X, and Cg(A4) the set of
all complex numbers A such that (A — A) ¢ & X). In this paper we establish
conditions under which og(4 +B) C 0g(4) + op(B), op(BA) C cp(A) + og(B),
and Og(AB) C op(A)og(B). )

In this paper we will use the operational calculus developed in [3] to establish
a property of the Fredholm spectrum of the sum and product of two operators.

Definition 1. A closed operator A from a Banach space X to a Banach space
Y is called a Fredholm operator if:

(1) the domain of A, D(A), is dense in X.

(2) a(A) = dim [N(4)] < e.

(3) R(A), the range of A, is closed in Y.

(4) B(A), the codimension of R(A) in Y, is finite.

It is shown in [1, Lemma 332] that condition (4) implies condition (3). A dis-
cussion of Fredholm operators can be found in [2].

We denote the set of Fredholm operators from X to Y by ®(X).

Definition 2. A € ®, if and only if (A - A) € ®(X).

Definition 3. A € 04(A) if and only if A ¢ @,.

Definition 4. A bounded operator B will be called a quasi-inverse of the
closed operator A if:

(1) R(B) CD(A) and AB =1+K,, K, € K(X).

(2) BA=I+K, K, eXX).

K(X) denotes the set of all compact operators on X.
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By [2, Theorem 2.9], ®, is open and is thus the union of a disjoint collection
of connected open sets. Each such set, ® (A}, will be called a component of ®,.

Let C(X) denote the set of closed operators on X with dense domain.

Suppose A € C(X) with ®, not empty, andlet A € @ . In[3], a quasi-
inverse of A = A, R)(A), was constructed in the following way. In each @ (4),

a fixed point, A, is chosen in a prescribed manner. There exist subspaces, X;
and Y, such that X = N()ti ~A)® X;, X, isclosed, and X =7, ® R()ti -A),
dim Y, = B(A; - A).

Let F, be the projection of X onto N(Ai - A) along X, and let F,. be the
projection of X onto Y, along R()\i -A). F 1; and F,, are bounded finite rank
operators. (A, - A)lD(A)nXi has a bounded inverse, A ; A;: R\, - A) 25p@)n X;.

Let the operator T, be defined by: T;x s A{l - F, )x. T, is a quasi-inverse
of ()Li - A).

R\(A) is then defined by Ry(4) = TJ(A = A)T,+ 117! when A € ®(A) and
-1/A-A) € p(Tl.). In [3, Theorems 2 and 5, $2], Ry(4) is shown to be a quasi-
inverse of (A - A) defined and analytic for all A € ®, except for at most an iso-
lated set, ®%A), having no accumulation point in @ A

Lemma L1 Let n be a positive integer and A € C(X) such that @, is not
empty, Then for each A € {@A\\(PO(A)}, there exists a subspace V), dense in X
and depending on A, such that ¥x € V), R,(Ax € D(A™).

Proof. Let A € {‘I)A\QO(A)}. By [2, Theorem 2.5], D(A™) = D[(A - A)"] is
dense in X for all n. Therefore, T] ID(AM] NR(A) = D(A"~ 1) A R(A) is dense
in R(A). By T 1[D(4™)] we mean {x|T,x € D(A™)}. Let Y, be the complement
of R(A) used in the construction of T, Since T;:7, —0¢€ D(A™) and X =
R(4) + Y, we'have T; '[D(A™]={T'[D(AM] NR(A)} @Y, is dense in X.
Therefore, V) = [ - )\i )Ti + I]{T;.' IID(A™1} is dense in X because [(A - )ti)Ti +1]
is invertible. Q.E.D.

We denote the set of all bounded operators on X by L(X).

Lemma 1.2, Let A € ®(X), B € L(X), and K € X(X). Suppose ABIV = K|V
where V is a dense subspace of X. Then B € X(X).

Proof. There exists A € L(X) such that AjA =1 - Ky, K, € Xx).

AABly, = AKl,, (1= KDB|, =Ky, Bl,=(KB+K)|,

Since g and (KB + K,) are bounded, and V is dense, we have B =K B + K,
by continuity. Q.E.D.

Lemma 1.3, Let B € L(X), 4 € C(X), p € {®,\0°(B)} and A € {®,\D°(4)}.
Let there exist a positive integer n and a compact operator K, such that
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B: D(A™) — D(A) and ABx = BAx + K x, Vx € D(A™). Then there exists a com-
pact operator K, depending analytically on A and p, such that

- R\AR,(B) = R}(BIR)(A) + K.

Proof. By Lemma 1.1 there exists a subspace V,, dense in X, such that
Vx € V), Ry(A)x € D(A™). Let x € V,.

(A = ABR\(A)x = [BA - 4) - K|IR)(A)x
=[B(I- K,) + K,]x
= Bx + K, x;

(A - ARN(A)Bx = (I - K,)Bx = Bx - K%
Therefore, (A - A)BR)(A) - R)(4)Blx = K(x. Since this equality holds for all
x € Vy, we have by Lemma 1.2, that BR,(4) - R\(4)B, = K', and BR\(4) =
RAB +K', K', K, € K(X) for i=1,2,...,6.

(u - BIR(B)R\(A) = RY(AR,(B)] = (I - K)R\(A) - (u~ BYR\(AIR,(B)
= R)(A) + Kg = RY(ANI - K;) + K = Ky

Therefore, R (B)RA(A) R,‘(A)R (B) =K, and R (B)R,\(A) RA(A)R (B) + K,
K, K € X(X) for i =7, 8, 9, 10. The analyticity of K in A and p follows from
the analyncxty of R“(B) and R,(4).

Theorem 1. Let B € L(X) and A € C(X). Suppose there exist a positive
integer n and a compact operator K such that B: D(A") — D(A) and BAx = ABx
+ Kx for all x € D(A™). Then 0g(A + B) C04{A) + ay(B). If 0g(4) is empty, we
interpret 0g(A) + 04(B) to be the empty set.

Proof. If 04(A) + 04(B) is the entire complex plane, then the theorem is
trivially ture. We therefore assume that 0.(A) + 0.(3) is not the entire plane.

Let y be a fixed point not contained in 04(A) + g,(B). We shall show that
Y€Paipy e a’(B), then (y-A) € ®,. Since UQ(A) is closed and g (B)
is compact, there exists an open set U D g,(B) such that B(U), the boundary of
U, is bounded, and when A€ U, (y-A) €®,, Let A, =y-A, (y-N €, if
and only if A € ® Ay Therefore, 04(B) CUC®, . There exists a bounded
Cauchy domain D such that o (B) CDCU. See [‘4 Theorem 3.3]. Since ®%4 )
does not accumulate in ¢ A and ®%(B) does not accumulate-in (DB’ D can be
chosen so that R,(4,) and R(B) are analytic on B(D), the boundary of D.

Define the operators S, and §, by

-1

-1 ' ]
1~ 271 J+8(D) Ry(4)R\(B) d),
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and
-1

2= 57 Jis oy, RABIRYAD dA.

RY{A)) is of the form TC(A), where C(A) is bounded operator valued analytic func-
tion of A and T is a fixed bounded operator such that T: X — D(4 ) = D(4).
Therefore, S,: X — D(A).

We will now show that there exist compact operators K, and K, such that
(y-B=-A4),=1+K, and S,(y =B -A)=U+K,)pa

y—B—A=(y-h—A)+(?t—B)=-(A—A1)+(A—B).

-1 , .
(y-B-AS, =5 |,00,” @~ ADRUADRY(B) A
-1 ' ,
=5 +B(D)(A- B)R)(AR'\(B) dA.

Since (A=A )R,(4,) is of the form I + F(A) where F(}) is a bounded finite rank
operator dependmg analytxcally on A and (2m)~!f,5py Ry(B)d\ is of the form
I +K;, see [3, Theorem 13, § 2], the first integral is of the form I + K 4

K, K 4 € XK&X).

By Lemma 1.3, there exists a compact operator K(A), depending analytically
on A, such that Ry(4 )R,(B) = R(B)R,(4,) + K()). Therefore, the second integral
is equal to

-1

2ni J+B(D)
The first of these two integrals equals [, p) RA(A Dar+ K, K€ X(x). Asin
(3, proof of Theorem 10, §2], JiBD) R)(A)d\ is compact. Since
(2m)~! J+s(p) A = BIX(\)dA is also compact, we have that (y-B-4),=1+K,
K, € XX).

By a similar argument we have that S,(y - B -A4) =1 +K,, K, € XK(X). There-
fore, by [2, Lemma 2.4], (y - B - A) € Q(X) and, thus, y € ®A+B‘ Therefore,
04(A + B) C 04(A) + 04(B). This completes the proof of the theorem.

(A~ BIR\(BIRNA ) dA = 5= | . | (A - BYKQN) dA.

Theorem 2. Let A € C(X) and B € L(X) N ®(X). Let B: D(A) — D(A) and
let there exist a compact operator K such that BAx = ABx + Kx, V¥x € D(A). Then
BA is preclosed and

(1) 04(BA) C 04(A)oy(B), and

(2) 0g(AB) C 04(A)ay(B),

Proof. Since (AB)|p 4, is preclosed and K is bounded, we have that BA is
preclosed.
Let C denote the set of all complex numbers. Since 0 ¢ 0‘(3) and o’(B)
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is not empty, we have that if ,(4) = C then 04(B)og(A) = C, and the lemma is
established. We therefore assume that 04(4) # C.

Suppose y is a fixed point not in 04(B)o,(A). We proceed to show that
y € ®BA).

Since 0g(A) is closed, 04,(3) is compact, and 0 ¢ 0¢(B), there exists an
open set U D gy(B) such that 0 ¢ U, B(U), the boundary of U, is bounded, and
(y - uA) € ®(X) Vy € U. Let D be a bounded Cauchy domain such that g, (B) C
D CU. (y-pA)=pAl/p - (1/NA) = /N = (1/y)A), whete A= 1/p.

Let D' be the image of D under the map A= 1/p. Let A, = (1/y)A. Since
VeeD, 1/ped a,» and since Ry(A)) is analytic in A throughout ®, |» except
for at most an isolated set having no accomulation point in ®, , we can assume
that R,(4 ) is analytic in A on B(D'). Note. R\A ) is of the form TC(})
where C(A) is an analytic operator valued function of A and T is a bounded oper-
ator such that R(T) C D(A 1) =D(A). Let

1
R LB(D 7% AR, (B dA

and
1

$2= 571 Jssony A R} ,\(B)Ry(A)) d).

Since R(S,) CD(A), (y - BA)S, is defined, and (y - BA)S | = (y - BA)S .
}'*BA:y- ByAl=y([_BAI)

=yB(A - A)) - yAB + yl = yB(A - A+ Al - AB).
Therefore,

(y- BA)S, = “Lpr- ADRY(A)R' ,,(B) dx

2m LB(D nx /N

1
=5 Jinor, (WA~ BRYADR] \(B)dA

2mi

- L
=57 Jison ~ 2B+ K {WIRY,,(B) dA

-1
2mi J+B(D")
-1 -1
i J+B(D')Y N

1
27 J+B(D")

1
—ZTiLB(D)p

(1/x - B)RY , \(B)R)(A)) + K,(N)] dA
BR],,(B)dA + K,
7+ KNIR\(A) d) + K

BR (B)dy + K, Ry(A)d\+ K.

277 LB(D')
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Since 0 ¢ D, we have

1
2mi fm(o)u

by [3, Theorems 14, 9 and 13, §21.

Since R,(4 ) is analytic in D' except for at most a finite number of points,
we have that (2m)~ lf,.B(D-)R;(A @A =Ky by [3, Lemma 7.4, §2]. Therefore,
(y-BAS, =1+K', K', K, KN € K(X) for i = 1, 2,-, 8.

Claim. D(BA) C D(AB) and BAx = ABx + Kx Vx € D(BA).

Proof. Let x € D(BA). Then there exists a sequence, {xn|:°=1, such that

1

BR, (B)d” BZm f+B(D)u

AB)du =1+ K,

x, € D(4), x, —x as n — o, and BAx, — BAx as n — oo. Therefore
lim, ., ABx, = lim _ BAx, - lim _, Kx_ =BAx - Kx. Therefore, Bx € D(4)
and ABx = limn_.” Aan = BAx - Kx.

y—a=yl~3(—/\——_A—1—)+y(l—)\B)=y()&—AI)B+y(l—)tB)+ K-

S,y - BA) = 2”1 LB(D,M LABIRYA ) Ny = 4)B + {1 - AB) + K]
1
-5 LB(DI) - R/ \(BII + K (W]B A
e )‘[R (4R’ ,\(B) = K,WIAI - AB) + K] dA
1
= [—2-77—z f+B(D) p R (B) du]B + K,
+ 50 fon oy © DRAADRY \(BXI/A = B ah+ K,
1 '
=1+ Ky 5 [0 on CDRYAU+ Ky W14
=I+K
K., K €Xx) for i =9, 10, -+, 14.

Tuetefore (y -BA) € CI)(X) by [2 Lemma 2.4). This completes the proof that
04(BA) C 04(Blo(4).

To show that 0y(AB) C 0(B)og(4) we proceed to show that (y - AB) € ®(X).
Let S, and S, be as above. Since R(S, ) CD(A) and ABx = BAx - Kx, Vx € D(A),
we have that (y AB)S | =(y-BA)S, +K g=l+K' + K s=T+K.

s,(y - AB) = S,[y(A - A))B + AI-AB)]
=1+ Ky, Ko Ko Ky, €KX

Therefore, by [2, Lemma 2.4], (y AB) € ®(X). This completes the proof that

04(AB) C 04(B)a(A).
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Corollary 2.1. Let A € C(X) and B € L(X). Assume 0 ¢ o(B). Let B: D(A)
— D(A) and let there exist a compact operator, K, such that BAx = ABx + Kx,
Vx € D(A). Then BA and AB'o(A) are closed and

(1) 04{AB| ) = 04(BA) C 04(B)o (A), and

(2) 0,(AB) C 0, (Blog(A).

Proof. Since B is invertible and A is closed, BA is closed. We proceed to
show that AB|p 4, is closed.

Let x, € D(A), x, — % and ABx_ —y. Since B is bounded and A is closed,
we have y = ABx. We have only to show that x € D(A). BAx, =(ABx, + Kx,)
converges to some vector, z. Therefore, Axn — B~ g, and, since A is closed,

x € D(A). This shows that AB|p 4 is closed.

Since BA = AB|p 4y + K, we have by [2, Theorem 2.8] that 0(AB|p 4y =

04(BA). The remainder of the corollary follows from Theorem 2.
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