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A GENERALIZATION OF THE cos np THEOREM
BY

ALBERT BAERNSTEIN II(1)

ABSTRACT. Let f be an entire function, and let 8 and XA be positive numbers
with B<7 and SA<7. Let E(r) = {6: 1og |f(re )| > cos BA log M(r)}. It is proved
that either there exist arbitrarily large values of r for which E(r) contains an in-

terval of length at least 2, or else limr_.w r’)‘log M(r, f) exists and is positive

or infinite. For 8= this is Kjellberg’s refinement of the cos 7p theorem.

1. Introduction. Let { be an entire function. The classical cos 7p theorem
(see [4, Chapter 3] for its history) asserts that if { has order p, with 0 <p <1,
then

1 lim sup —

=—— > cos 7
ra? log M(7) P

where M(r) and m(r) denote sup |f(2)| and inf |f(2)| on |z| =7, respectively.
Kjellberg [11] proved a striking improvement of this theorem. He showed that,
for any number A€ (0, 1), either log m(r) > cos 7A log M(r) holds for certain arbi-

trarily large values of r or else lim_ r'xlog M(r) exists and is positive or in-

—00
finite. (The case A = % had been proved earlier by Heins [7].) A consequence of
Kjellberg’s theorem is that if { has lower order p*€ (0, 1) then the lim sup in
(1) is > cos mp*. We remark that in this theorem it is not necessary to make any
assumption about the order of f.

In this note I shall prove the following result:

Theorem 1. Let [ be a nonconstant entire function. Let B and A be numbers
with 0 <A <o, 0<B<m BALn. Then either

(a) there exist arbitrarily large values of r for which the set of O such that
log |[(rei6)| > cos BA log M(r) contains an interval of length at least 283, or else

(b) lim, =M log M(r) exists, and is positive or infinite.

—00

For B = this is Kjellberg’s theorem. For 8 = #/2\ the theorem provides
a sharpening of results of Arima [1] and Heins [8, p. 121].

The possibility that there might be a result like the one in Theorem 1 was
suggested to me by A. Weitsman. I would also like to acknowledge some very
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helpful discussions with R. R. Coifman, Guido Weiss, and W. B. Jurkat.

Drasin and Shea [5], [6] have characterized functions extremal for the cos mp
theorem, that is, those entire functions f of order p € (0, 1) for which equality
holds in (1). It would be interesting to determine what sort of functions are ex-
tremal, in a similar sense, for Theorem 1.

Theorem 1 suggests an analogous problem for meromorphic functions. For a
given number a, what can we say about the size of the set

E () =10: log |/(re%€)| > aT(r, N},

where T(r, f) denotes the Nevanlinna characteristic of f? For a=0 the author has
proved [2], [3] the *‘spread relation’’:

lim sup meas E(r) > min{27, 4p~ Lsin=1(5/2)1/ 3},

7—00
where p is the lower order of f and & = &(w, /) is the Nevanlinna deficiency of
[ at o. It is also known ([12], [13], [14], [15]) that certain hypotheses on a, &,
and p insure that lim sup,_ E (r) = 27.

The proof of Theorem 1 depends on two key inequalities involving an auxili-
ary function p(r). In §2 we state the inequalities and then show how the conclu-
sion of the theorem follows from them. In §§3, 4 we obtain some results about
harmonic functions which are needed to prove the inequalities, and in K5, 6 we
prove the inequalities themselves.

2. The auxiliary functions and key inequalities. Let f be entire and noncon-
stant. Consider the function # defined by

1, 6, ) = J‘_&e log|f(re!®@* ®)| do

where 0 <7<, 0 <0 <m, and ¢ is any real number. This function was intro-
duced by the author in [2], where it was shown (Statements (3.9) and (3.10)) that

for each fixed ¢, r, 6, ¢) is a subbarmonic function of re'® in

) 0<0<m and, for each fixed 0 €[0, nl, r, 0, ) is a subbarmonic

function of rei® in the whole plane.

We remark that the statements (3.9) and (3.10) of [2] do not cover the cases
when 0 is fixed and has the value zero or 7. However, for 6 =0 we have « =0
and for @ = 7 we have

ur, m, P) = 2a[N(r, 0, ) + k log 7+ log|c,|]
where N has its usual meaning and c, is the first nonvanishing coefficient in
the Maclaurin series of f. The function in the brackets is ‘a convex function of
log r, hence is a subharmonic function of re'®. Thus (2) still holds when 6 =0
and 0 =m.
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Now consider the function v(z) defined in the upper half plane by

3) Aret®) = sup r, 6, ¢)  (0<O< ).
¢
Alternatively,
4) Areif) = sup fl log |/(rei“’)| dw
1

where the sup is taken over all w-intervals I of length exactly 20. This (2) is
the same, except for a factor of 27, as the functions ml(z) and Tl(z) considered
by the author in [2].

Proposition 1. (a) For each fixed re'? there exists an interval 1 of length
20 for which the sup in (3) is attained.

(b) v(2) is subbarmonic in Im z > 0 and continuous on Im z > 0, except per-
baps at z = 0.

(c) For each fixed B e (0, nl, v(re’P) is a nondecreasing convex function of
logr, 0<r<ec.

(d) Define

vg(n = lim 6 Ulrei) - Al = lim 6~ 'ufre').
6—0+ 6—0+

Then vy(r) = 2 log M(r, ) (0 <7 <o),

Proof. (a) For re’® fixed, u(r, 6, ¢) is a continuous periodic function of @.
Take a ¢ for which u(r, 6, @) is maximal, and let I be the interval of length 26
centered at ¢.

(b) The continuity statement follows from a routine argument. The definition
(3), together with (2), shows that v(re'®) is the supremum of a family of subhar-
monic functions of re?’. Such a function is always subharmonic, provided it is
upper semicontinuous, and this is certainly the case here.

(c) The definition (3), together with (2), allows us to interpret vl(re’P) as the
maximum modulus of a function of re’® which is subharmonic in the whole plane.
This implies the conclusion (c).

(d) For any interval I of length 20 we have [ log|f (re’®)| do <
20 log M(r). This implies
) lim sup 6~ 1u(rei?) < 2 log M().

6—0+
On the other hand, let re'?0 be a point such that log|f (rei¢°)| = log M(r). Then
v(re'%) > f_a_glog |/ expli(¢, + ©)})| dw. Dividing by 6 and letting 6 — 0 we
obtain

lim inf 6 1(re’®) > 2 log M(r),
8—0+
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which with (5), proves (d). This completes the proof of Proposition 1.
Fix B€ (0, nl. Let I(r) be an interval of length 28 such that v(reiP) =
J1(»log |/ (re*®)| do. Define

(7 = inf{log|/(re'®)|: w € KN}
Then conclusion (a) of Theorem 1 will hold if

(6) u(9) > (cos BA) log M(9)

for arbitrarily large values of .

In the inequalities below it is assumed that B8 and A satisfy the hypotheses
of Theorem 1.

Key inequality I. There exist positive constants C, C,, depending only on
B and A, such that whenever [(0) = 1, we have

s u(2) = (cos BA) log M(2) &> C log M(7) —c log M(2s)

2
r (142 L sA

@) (0<r< s<00).

Key inequality II. Let
Olr, 0 =20~ A2 = A~ g ™Y, y=p/m

Then, if lim sup r~Mog M(r) < =, we have

r—00

(8 log M(r”) < f;o [(£7) + log M(NIQ(r, Hdt (0 < r< o).

Once we have these inequalities the proof of Theorem 1 is completed by
exactly the same reasoning as that used by Kjellberg in [10] and [11]. Let

A = lim inf r~Mog M(), B = lim sup r™*log M().

r—00 7 —00

If A =B = o then conclusion (b) of Theorem 1 holds. If B = e and A <o we
can find arbitrarily large values of 7 and s, with 7 <, such that the right-hand
side of (7) is positive. So, if f(0) = 1, then (6) holds for some ¢ >r and we are
done. If B =0 and f(0) = 1 then r~*log M(r) >0 for r > 0. For each fixed r the
right-hand side of (7) is positive for all sufficiently large s, and again we are
done.

The restriction [(0) = 1 can be removed in the usual way. Let g be the en-
tire function with g(0) =1 and [(2) = cz*g(z) (c #0). Then

)] log M(r, g) = log M(r, f) - log|c| - k log r,

and p(r, g) can be chosen so that (9) holds with g in place of log M. Using (7)
with g in place of [ we easily deduce
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+ 1t, ) = cos A log M(z,
f (e, f) = cos BX log M(t /)dz>clr"‘(log M(r, f) - log|c| - & log 7)

r (1A
- czs'*(log M(2s, f) - log|c| - & log 2s)

-()\rx)'l(l--cosB/\)log|¢:'|"l (1<r<s<ed)

Arguing as above, with obvious modifications, we find that if B = o and A < oo,
orif B=0 and { is not a polynomial, then (6) holds for arbitrarily large values
of t. (For { a polynomial (6) holds for all sufficiently large values of t.)

Now consider the case 0 < B < =, so that (8) holds. If (6) is false for all
sufficiently large ¢ then

(10) u(2) <(cos BA) log M()  (¢> to).

Dividing f by a large positive constant, if necessary, we can assume that (10)
holds for all ¢ > 0. (See the argument on p. 6 of [11].) Putting (10) in (8) we ob-
tain

log M(r”) < f:' (1 + cos BA) log M(¢”) A, 1) dt.
Proceeding as in $4 of [11], with yA in place of A, we arrive at

. log M(r7)
im ———— =
r—00 f‘yx

so that (b) of Theorem 1 holds.

B>0

3. A class of harmonic functions. In this section B(¢) will always stand for
a nondecreasing convex function of log ¢ on (0, «) satisfying

B(0) = B(0+) =0, B()=0(t°) (t —>o)

for some p€ (0, 1).

The function B() is absolutely continuous. Let B (¢) denote its logarithmic
derivative, B l(t) = tB'(¢). Then Bl exists a.e., and is a nonnegative nonde-
creasing function of 1.

Since B(20) > [2'B l(.s)s'lds > B,(1) log 2 it follows that

(11) B\()=0(t") (t —e).

Similarly, B(t”) - B(+) > B (¢) (log ¥ ~ log 1), so
: 1
(12) lim (log ?>Bl(t) =0.

t—0
The Poisson integral
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Kreif) = 1 foo B() r sin 0 &
mJo 2+ 1%+ 2trcos 0
is harmonic in the slit plane |arg z| <=, is zero on the positive axis and tends to
B(r) as @ — 7 — , the convergence being uniform on bounded subsets of (0, ).
The purpose of this section is to obtain-some results about bg = dh/30. These
results generalize known properties of entire functions. Let

=10 ()

where 0<a, <a,  , and nl/P - O(a,). Then B(t) =N, 0,/) =2 log+(t/a )
satisfies our hypotheses, and B,(t) = n(t 0, /). In this case the Poisson integral
b has a representation blrei%) = 17' 1 fo log IF(re'd’)l d¢, since the right-hand side
is a function harmonic in the upper half plane which has the same boundary values
as b. Thus b a(reie) = 7~ llog F(re'®). In particular,

by(n = 7~ llog M(r, F), be(fei") = n~llog nlr, F).
The reader might find it helpful to keep this special case in mind in what follows.
Proposition 2.
ioy_ 1=
(13) be(re ) = - fo log

1+ ;e"f’ B ()  (|6] <.

This generalizes the well-known formula log |F(reie)| =[5 log|l + =1 eiel dn(t).

Proof. We differentiate the Poisson integral with respect to 0; use

[¢] rsin 0 J re'?
By == Re ——
00\s2 4 ¢2 + 2tr cos 0 at  (t+re'?)

and integrate by parts. The result is

i6
b (re’e) = -fw B (t) Re(;.(_f—le—)) dt.

t+re
Using

reit a
Re ———=-—1o
9t 8

e+ reif)

7619
+ —
1 t

?

doing another integration by parts, and observing (11), (12), we obtain (13).

Proposition 3.

(14)  lim B() = Hre'®) _ lim b (re'9)=;l-rI: log

O—m- 7-0 O—m—~

4
1- ?‘ dB l(t)'
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The above integral is always well defined, but it may be - oo for some values of .

Proof. Fix r € (0, ). Since log |1 + r¢‘%/¢| is a decreasing function of 6 on
(0, ), and since log|1 + reie/tl <log(l +7/t) (0 <6< 7) with
S5 log(1 +7/t)dB (¢) = bylr) < =, the monotone convergence theorem shows that
. 1 poo reie
elf;_ ;fo log |1+ ——
Because of (13), this proves the second equality in (14).

The proof of the other equality seems to require a slightly more elaborate
argument. Take 0 € (0, 7). From Proposition 2 we deduce

1 poo
dB (1) = ;fo log

T
1- 7| aB (9.

i0 6 i 1 [oo ] rei®
Hret%) = [y botre® dp = 2 [T dB,(0 [ Log1 +‘z—| %
Now
= (* 10t 1 7 LARL

B(») = fo log*7dB (A = fo dB () fo log|1+ 7 ¢'® | dg.
So, setting A(r, 6) =7~ ! [Tlog|1 + re’®|d¢ we see that
(15) B() - Mre®®) = [ At~ 0)dB (.
A calculation shows

a3 Alr, 0) i0 1 w i
alm - 0)6_07'——_0_=—l08|1 +1e'%| +;T9f9 log|1 + re'® | dgp.

The monotonicity of log |1 + rei¢| thus implies
9 Alr, 0)
09 -6
Hence, for r and ¢ fixed, (m - )~ 1A(r/t, ) \ as 6 /' m. In particular,

;’%—e A(%, o) < 1-1r A(%, o) = log* .
Now [7 log*(r/t)aB () = B(r) < e, so, when we divide (15) by # — 6 and let
0 / 7 the monotone convergence theorem is again applicable. Since
limg_,,_ (7w - 6)~ 1A(r/t, 6) = 2~ llog |1 - r/1|, the other equality in (14) is thus
established.
From now on we will denote the quantity appearing in (14) by bg(-7).

<0 (0<0<n).

Proposition 4. Let o € (0, 1). There exist positive constants ky, k,, depend-
ing only on o, such that

hy(-1) - h by(n)
a9 f7 o0~ (eos g o oh 200 g K

(0<r< s< ).
tl+a' 1

r sv
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This generalizes the inequality (23) in Kjellberg’s paper [10].

Proof. Let ] be the integral in (16). Using Propositions 3 and 2, with § =0,
we deduce

(17) J= f ;° dB () f $ =1+ N1og|1 - t/4| - cos no log(1 + t/u)] dt.
Kjellberg has shown [9], [10, p. 192] that
f: t=1*Nlog|1 - /4| - cos no log(1 + t/u)] dt
> k;r™%log(1+ 7/u) - ks~ log(1 + s/u)  (0<u<w),

where k,, k, are positive and depend only on 0. Putting this in (17), and using
Proposition 2, with 0 = 0, we obtain (16).

Proposition 5.

(18) be(® = 7 Ubg(d + byl=D10kr, A d.

Here Q is as in the statement of key inequality II. This generalizes the
identity (15) in Kjellberg’s paper [11].

Proof. The function b, is harmonic in the half plane |6| <7/2 and is con-
tinuous on the closure (we define b40) = 0). From (13) it follows easily that 0 <
bo(reie) <hgr) =0(P)(|6] < /2, r — ). Thus b, can be represented in the
half plane by the Poisson integral of its boundary values. Since bgliy) = bg( - iy)
for real y, we have
(19) byl = 2—']3" byliy)

w

dy

r2+y

(0 <7< o).

Now we show that b4 is also the Poisson integral of its boundary values on
the real axis. Take 8¢ (0, %4 n) and consider be(rei(e" %)) as a function of rei®
in the upper half plane. It follows easily from (13) that sup ¢ g<,|b e(rei(e‘ 8))| =
O(r®) (r — o) for each fixed 8. Since b e(rei(e’ %) is continuous in the closed
half plane, we have

boliye™1®) = [ Uhy(te=%) + b(rei(m- 3] 2

2y
Let 8 | 0. Then bg(te’is) 1 h4(t) and be(tei("’ | byl - t), with
b(te’™= ) < be(t). Since b(t) is integrable with respect to (¢2 + y?)~1dt, we
can apply the monotone convergence theorem and conclude
N _Y [ _ dt
(20) boliy) =2 [ [hg(d + byl(=1]

iy

Putting (20) in (19) and changing the order of integration, we get (18). (To

(0<y<oo).

(0<y<oo).

see that Fubini’'s theorem is applicable here, consider, for fixed r,
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F(t, 3) = [hy(d) + hyl- )] —L—
4 6
(2 + yD(e2 + y?)

=2 ——F (5D - byl )] —— L
(P+yDe2eyd 0 I N y?)
= Fl(t' y) - Fz(tl y).
Then F, >0, F, >0, and it is easy to verify that [dt [T'F (¢, y)dy <c.)

4. More results on harmonic functions.
Proposition 6. Let b be harmonic and bounded in |z| <R. Let a€ (0, 1). Then
15g(a) < Ka) sup KRS (| S o)
where k(a) depends only on a.
Proof. We have
RZ _ 7‘2

R%?+r? - 2Rrcos(0 - @)
Differentiation with respect to 6 and simple estimates show

R2 - )2:R

HKre'®) = %7 02" KRe'?) dep.

by(rei?)| < KRe'?) ¢ (0<7<R).
|bg(re’)]| s;pl e?)| TRy r
If r<aR then (R -7)3>(1-a)’R3, so
(RZ-r)2rR _(R+ 2R 4R? T
(R-9* (R-73 "(1-0)3R3 R

and we are done.
The next result is a local version of Proposition 4 in which no assumption
is made about the growth of the boundary function B(t).

Proposition 7. Let B(t) be a nondecreasing convex function of log t on
(0, o) with B(0) = B(0+) = 0. Let g(¢) be bounded and measurable on (0, n). Let
b be the function which is bounded and barmonic in the half disk {z: |z| <R,
Im z > 0} and bas the following boundary values:

KRe'®) = gl#), HN=0, K-D=B(H (0<r<R).
Let 0€(0, 1), a€(0, 1). Suppose 0 <r<s = aR. Then

bg(=12) —(cos m)hy(9) . hy(n) Bla~!R) + M,
t P —

'S
@ 5% > by~ M o) ——

where k, is as in Proposition 4, k(a, 0) is a positive constant depending only
on a and o, and M| = supy_4 . |8(@)|.
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Proof. Define B*(¢) by

B*(#) = B(2) (0<t<R)
= B,(R) log(#/R) + B(R) (R<t<w)

where B,(t) = tB'(¢). Then B* satisfies the hypotheses of the B in §3. Define
b, in the slit plane |arg z| <# by

. 1 oo % rsin @
b (reff) == B7() dt.
1 ”fo t2+ 1%+ 2rcos 0

Define b, in the half disk by b, =h - b,. Then b,(x) =0 for -R <x <R,
so b, has a harmonic extension to the full disk |z| <R.

Let ] be the integral in (21), and let J,, ], be the corresponding integrals
with b replaced by b, and b,. Proposition 4 can be used to estimate J,, so we
have

(bl)a(’) (bl)e(s)
-k +

IJ=1,+1]> kj— I P
r S
@ (0 (5.) (0 (b)) 5(s)
bef 0" es
= 1 a.—kl 20 -kz lx +-’2'
r r s

Let M, =sup; o _,|P 2(Rei‘?s)|, By Proposition 6 we have

@3 7915 5(| < Ka)rR™1r=M, < Ka)M,R=°.
Another application of Proposition 6 gives

105,050 ] + 105,) 400
L

< 2Ka)M,R™! f" =7 dt < 2Ka)(1 - 0)~ MR- 1s1=7

(24)

<2Ka)1-0)"1M,R7°,
Using Proposition 2 with @ = 0, and integrating by parts twice, we find

_l 00 S *
(Bl = |7 YL (9 dt

1 (R s

1 roo s
3 W B(2) dt+;fR [B(R) + B (R) log(~t/R)](t+ s)zd:.

Since B(t) < B(R) for 0 <t <R and s = aR, we have
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(b)gls) <~ 1pR) fo = dt+ = B (R f’” (log(¢/R)) dt

(t+9) (t+s)

dt.

= —B(R) += B (R log t
f (t+ a)

Now (log ) a/(t + a)? < /(1 + )2 (1<t <o, 0<a<1), so the last integral is

< 2. Hence

(25) () g(s) <=~ Y(B(R) + 2B (R)).
Using (23), (24), (25) in (22) and remembering s = aR, we obtain
(26) J>kybg(n/r7 = k(a, 0)s™(B(R) + 2B (R) + M,)

where k (a 0) is a positive constant depending on a and o.

Now hy=h-bhy, s0o My<M, +supge 5, (Re! 9.

Using the Poisson mtegral representation of b, and the definition of B*,
one can easily deduce Ibl(Reie)l <B,(R) + B(R) (0 <6 <m). Hence

@7) M, <M +B (R + BR).
Putting (27) in (26), and using

B(R) < Bla~'R), B(R) <—— B(0%< <Ba”R
¢ ! (log a~l) IR ! " (loga~ l)
we obtain (21).

5. Proof of key inequality I. We are assuming f(0) = 1. This implies that
v(2), defined by (3), is continuous in the closed upper half plane, with v(0) = 0.
Fix R > 0. Define D by D ={z: 0 < |z| <R, 0 <arg z < B}. Let H be the
bounded harmonic function in D which has the following boundary values:
HA =0, H(re'P)=ure'f) (0<r<R),
, 2n log M(R, ) (0<6<%P),
H(Rele) _ { 4 ZB

47 log MR, /) (4B <O<P).
Let y = B/n, and define h(z) in the upper half disk of radius R'/” by b(z) =
H(z”) (0<|z| <R'7,0 <arg z <m). Then b is the function considered in Prop-
osition 7, with B(z) = v(¢”e'P), the R there replaced by R!/”, and

&) =2mlog MR, f) (0< ¢ <u/2),

=4mlog M(R, ) (@/2<¢<n).
The function B(t) satisfies the hypothesis of Proposition 7, by virtue of
Proposition 1.
Let s =2"%R and let 0 <r <s. Using (21), with 0= yA (= B\ <1) and
a= 2'%7, we obtain
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177 bg(-1 - cos aAby(2)

(28)

by(r'/?) _i B(2¥ YRY7) 4 4n log M(R)
2 2 sA ’
where k, k, depend on B and A. Now hy(t) = yH(t?), byl-1) = yH St7eP),
Changing variables in (28), and using B(2% YR7) = ({7 RetP) = A 2se?B), we

obtain

i8 R —
fs Hg(te'”) - cos n)tHe(t)d»k yHo(1) s A2s€'P) + 4n log M(y2 s).

r RE 1 2 sA

>k

r
Since v(2se’?) < 2B log M(2s), log M(yZ s) < log M(2s), we have
By _
(29) J_s Hy(te'P) - cos ﬂAHe(t) s> C He(r) e log M(2s)
r REX) LY z a7

N -

where C,, C, are positive constants depending on 8 and A.

By Proposition 1, v is subharmonic in D. The harmonic function H majorizes
v on the boundary of D (since v(r) = 0 for >0 and v(Re’%) < 2m log M(R)). It
follows that

(30) z) < H(z) for all z € D.
Since v(r) = H(r) = 0 for r >0, it follows from (30) and Proposition 1 that
(31) Ho(n > vp(d=21log M) (0<r<R).

Here, and in what follows, H(r) and H 9(""iﬁ ) are understood to be one-sided
derivatives computed from inside D.
I claim that the following inequality also holds:

(32) Hg(te'P) + Hy(d) < 2u() + log M)  (0< t<R).

Let us assume (32). Using it together with (31), we find

Hg(1e'P) = cos BAH (1) = [H(2e'P) + Hg(0] = (1 + cos BN H()
(33) < 2Ap(d) + log M(9)) - 21 + cos BA) log M(2)

= 2Au(2) - cos BA log M(2).

Using (33) and (31) in (29), we obtain key inequality I
To prove (32) we introduce another auxiliary function w(2). It is defined in

the angle 0 <0 <% B by
(34) wre'®) = sup [ log|/(re') do  (0<r<o, 0O <KUP)
E
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where the sup is taken over all sets E of the following form:
(35) E=la},, 5] U [a,, b)]Ula,, b,
with
@) $b <a;<by<a;<hy,
b,-a,=20, (b -a)+(b,-a,)=20,
az—bl=a3—b2=,3-20.
Note that for 6 = 8/2 the sets E are simply intervals of length 28. Thus
wlreP/?) = v(reiB).
Lemma. (a) w is subbarmonic in 0 < arg z <% 3 and continuous on 0 <
arg z < % B.
wre''?) - ufre')

(b) ;iin %s;;: /7= < 2u() + log M(7))  (0< 7<)

Once the Lemma is proved, we obtain (32) as follows. Let D, = {z: 0 <|z| <
R, 0 <arg z < B/2} and define H (z) on D, by

Hl(reia) = Kr exp{i(B/Z + 0 - Hr eXP{i(B/Z— o).

Then H, is harmonic in D, and has the following boundary values:

H(D)=0, HreP)=Href) (0<r<R),

Hl(Reia) =2mlog Mr, ) (0<0<57).
A look at the definition of w shows

wretP'?) = Ure'P) = H(re'P) = H (D) (0<7<R),
(36)

W) =0 (0<r<R), uwRe'®) < 27 log M(r, f).
Thus H, majorizes w on the boundary of D, hence it also majorizes w inside
D . Using this, together with (36), we obtain
wre'#/2) - ulre')
6~p/2 p/2-6
which, together with part (b) of the Lemma, proves (32).

> (Hl)e(rei'B/z) = He(reiﬁ) +Hg(n (0<r<R),

Proof of the Lemma. The continuity statement follows from a routine argu-
ment which we leave to the reader.

For >0, 0<p<r, -7 <y <m, define r(y)) >0 and a(y) € (-n/2, n/2) by
r+ pei¢= () e ¥, With this notation, a function s defined on an open set D
is subharmonic in D if and only if it is upper semicontinuous and, if for each
re’® € D, there exists py >0 such thar s(re’®) <Ma= ! [T sty expli (6 + aly)Ddy
holds whenever 0 <p < p,.



194 ALBERT BAERNSTEIN II

For fixed re% with 0<r <, 0<0< YB it is easily shown that there exists
a set E of the form (35) for which the supremum in (34) is attained. Let a, b’. be
the endpoints of the intervals defining one such extremal E and set

01=}/2(bl"a1)’ 0'2=V2(b3‘a3)s

$,=Yla +8),  b,=Yla,+b), &,=Y%a,+5)).
In terms of the function u introduced in §2 we have
G7) wre'®) = i, 0, b))+ dr 6, $) + hr oy b))

Assume 0, >0, Choose p, € (0, r) such that whenever 0 <p <p, we have
0<06+ aly) <¥%B, 0<o, +a(y) <¥B (- 7w <y <m). Define

EY) = [a, - a(y), b, + aly)]

Ula, - ay), b, + o)l U [a, - aly), by - a(y)].
Then E(Y) satisfies (35), with 6 replaced by 6 + a(i)). Hence

(38) wiy)explif + oD 2 [ log| [(Ap)expliol)] do.

Now

Je, Bl do = ), o, + D), )

+ dly), 0 + aly), ¢,) + hy), 0,, &5~ aly)).
Substitute (39) in (38), divide by 27, and integrate from Yy = —m to Y =m.
The subharmonicity properties of # mentioned in (2) yield

) L [T g exp 1O +alyDD dp 2 oy, b))+, 0, B+ ihry oy 6.

(39

(Ve used here the fact that [*"u(r{y)),0,, 5 — AN dfr = [2u(r(Y), 0, b, +
a(y)) dy).)

Comparing (40) with (37) we see that w satisfies the criterion for subharmoni -
city at re’ 9 (We were assuming 0, >0, If 0, =0 then 0,=0-0,>0, and we
repeat the above argument with the roles of la, b,], [a;, b,] mterchanged ) Thus
part (a) of the Lemma is proved.

Recall that I(r) was chosen to be an interval of length 28 such that
v(reiP) = Jity losl f(re’®)|dw, and p(r) is the inf of logl/(re’w)l over I(r). Fix
r, and let w;, be a point of I(r) suck that u(r) = log| fre*®)|. (It may happen
that pu(r) = - o, but this does not affect the argument.)

Write I(r) = [a, b). Note b — a = 28. We have

(41) whreiB/?) = f: log | /(re'®)| duo.



A GENERALIZATION OF THE cos mp THEOREM 195

Let ¢ = ¥(a + b). For the proof of (b) we consider five cases.

Case I. wy=a.

Case II. o, € (a, c).

Case IIl. w, =c.

CaselV. o, € (c, b).

Case V. w, =b.

Assume Case I. For 0< 0 <Y%B define E(6) =[a, alU [a + B-26,a + BlU
[a + 2B - 26, b]. Then E(6) has the form (35). Thus

42) re'®) > |

E0) log |/(re'®)| do.

Using this and (41) we see that

WreP'2) — ufre'%) < fa+ﬁ-26 + fa+2,3.-26 log | /(re*®)| dew.

a a+f
Divide by B - 20 and let 6 — Y%8. The result is
o wlreP?) - ufret)
lim sup
6—%p8- B-20
Since log|f(r¢'?)| = u(r), the inequality above is equivalent to (b).
Now assume Case II. Let I,(6) be the interval with center w, and length
B - 20, and let 1,(0) be the interval of length B - 20 whose left endpoint lies
20 units to the right of the right endpoint of I,. For @ sufficiently close to %
we have [, U 1, Cla, b]. Let E(6) be the complement of I, U I, in [a, b]. Then
E(0) has the form (35). Thus (42) holds, and we have, for 6 sufficiently close
to %8,

< log|/(re*®)| + log M().

wre'F?) - ulre'®) < fz o f: o o8l (re™)] do.
1 2

Divide by 8 - 20 and let § — %B. The first term on the right tends to pu(r)
and the second one is dominated by log M(r). This proves (b) for Case II.

For Case III we let E(6) consist of two intervals of length 20 and one degen-
erate interval. The right endpoint of the first interval is Y - 0 units to the left
of ¢, and the left endpoint of the second interval is % - 0 units of the right of
c. Then E(f) has the form (35), and we deduce this time

iB/2y _ i6 ct(BB-6)  ratlh(B-6) b iy
w(re’ %) - u(re )Sjc-(xﬁ-ﬁ) + fa + fb-%(ﬁ-e) log|/(re’®)} dw.

Divide by B - 20 and let 6 — 8. The first term on the right tends to p(r)
and the sum of the other two is dominated by log M(r). This proves (b) for Case
IIL
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Cases IV and V are handled in a fashion similar to II and I, respectively,
This completes the proof of the Lemma.

6. Proof of key inequality II. We established (18) under the hypothesis that
the function B(t) whose Poisson integral is b satisfies B(0) = 0. However, the
formula is still valid if we only assume

(43) B()=B*()+ A logt+ A,

where B* satisfies all the hypotheses of the B in §$3, and A,, A, are constants.
To see this, simply observe that in this case, with obvious notation, b(reig) =
b*(reie) +a- 1A 10 logr+n~ 1A 20, and (18) can be established for each of the
harmonic functions on the right.

As in §5 we set B(t) = v(t”e?P), where y = B/n. We are assuming log M(r) =
0(™). Since vlte’f) < 27 log M(2), it follows that B(t) = 0(PM7) (¢ — ). Since
BA/m <1, B(t) satisfies the growth condition of $3. We can write

(44) log |/(2)| = log|f,(2)| + A log|2| + A,

with [, entire and {,(0) = 1. It follows. from this that B(t) can be written in the
form (43). Let b be the Poisson integral of B(t), as in §2, and define H(z) by
H(z) = b(z}/”) (0 < arg z < B). Using (18), we obtain

Ho(r?) = [ 2 1Hg(e) + Ho(t” P01, 1) .

To prove our key inequality (8) all we need to do is show that (31) and (32)
are true for the H being considered in this section. (In this case these inequal-
ities are to hold for 0 <7 <w.)

Consider first (31). The function H and v are harmonic and subharmonic,
respectively, in the angle 0 <arg z < 8, and they are equal on the boundary, with
the possible exception of z = 0, where well-defined boundary values need not
exist. However, by considering the decomposition (43) one can easily deduce
that in fact H(re'?) - v(re?%) tends to zero uniformly in 6 as r — 0, Since v
and H are both O(r" in the angle as r — o, and since BA <7, we once again
can conclude that v(z) < H(z) inside the angle. This is exactly what we needed
to prove (31).

To prove (32) we define H, just as before, except now its domain is the full
angle 0 < arg z < }43. Arguing as above, we conclude that H, majorizes the
function w inside this angle, and the deduction of (32) proceeds as in §s.
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