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ON TOTALLY REAL SUBMANIFOLDS
BY

BANG-YEN CHEN(!1) AND KOICHI OGIUE(2)

ABSTRACT. Complex analytic submanifolds and totally real submanifolds
are two typical classes among all submanifolds of an almost Hermitian mani-
fold. In this paper, some characterizations of totally real submanifolds are
given. Moreover some classifications of totally real submanifolds in complex
space forms are obtained.

1. Introduction. Among all submanifolds of an almost Hermitian manifold,
there are two typical classes: one is the class of holomorphic submanifolds and
the other is the clasz of totally real submanifolds. A submanifold M of an almost
Hermitian manifold M is called holomorphic (resp. totally real) if each tangent
space of M 1'5 mapped into itself (resp. the normal space) by the almost complex
structure of M. There have been many results in the theory of holomorphic sub-
manifolds; on the other hand, there have been only a few results in the theory of
totally real submanifolds.

The purpose of this paper is to study some fundamental properties of totally
real submanifolds.

In §2, we investigate the general properties of totally real submanifolds.

In $§3 and 4 we consider totally real submanifolds of a complex space form.

In the last section, we first give a characterization for totally real surfaces
in a complex space form, later we prove some results for totally real or holomor-
phic surfaces by using analytic function theory.

2. Totally real submanifolds. Let M be an n-dimensional Riemannian mani-
fold and M be a Kaehler manifold of dimension 2(n + p) £20. Let ] be the
almost complex structure of M and let g (resp.g) be the Riemannian metric of M
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(cesp. M) We call M an totally real submanifold of M if M admits an isometric
immersion into M such that for all x, T(T M) Cv > Where T (M) denotes the
tangent space of M at x and v_ the normal space at x.

By a plane section we mean a 2-dimensional linear '3ubspace of a tangent
space. A plane section 7 is called antibolomorphic if Jr is perpendicular to r.

Proposmon 2.1. Let M be a submanifold zmmersed in an almost Hermitian
manifold M. Then M is a totally real submanifold of M if and only if every plane
section of M is antibholomorpbhic.

Proof. Let X be an arbitrary vectorin T (M), andlet e; =X, e,, -+5 €,
be a basis of T (M). We denote by 7,; the plane section spanned by e; and e,.

Assume that every plane section 1s antiholomorphic. Then ] r); are petpen-
dicular to 7y, for j=2, ..., n. Therefore | X is perpendicular to e, €2 %5 ey
so that /X € v . This implies that M is a totally real submanifold of M. The
converse is clear. Q.E.D.

Assume that M is a totally real submanifold immersed in M We denote by
V (resp. V) the covariant differentiation with respect to g (resp. 2). Then the
second fundamental form o of the immersion is given by o(X, ¥) =V, Y - VY.
For a normal vector field € on M, we write fo= - Af X+ Dxf, where
- AgX (resp. D, &) denotes the tangential (resp. normal) component of vxf. Then
we have

glolX, v), &) = gA, X, ).

A normal vector field £ on M is said to be parallel if D xf =0 for any tangent
vector X. The mean curvature vector H is defined by H = (1/n) trace 0. A sub-
manifold M is said to be minimal if H = 0 identically. For the second funda-
mental form 0, we define the covariant differentiation V' with respect to the
connection in (tangent bundle) @ (normal bundle) by

(Vo) (Y, Z) = Dylo(Y, 2)) - oVyY, 2) - olY, VyZ)

for all tangent vector fields X, Y, and Z on M.
Let R denote the curvature tensor field of M Then the equation of Codazzi
is given by

(R(X, N2* =(Vyo) (¥, 2) + (V}0) (X, 2),

~
where (R(X, Y)Z)! denotes the normal component of R(X, Y)Z.
We choose a local field of orthonormal frames

~ ~
€11t € Cpud "0t e €1 = ]el’ TTt o e =]e", €(n+1)*

=Jep 100t s Cuipyr = ey
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~
in M in such a way that, t?\'stricted to M, e, .., e, are tangent to M. VWith
respect to this frame field, ] has the component(3)

2.1)

ioe R
where I . denotes the identity matrix of degree n + p. Ifweset A, =A, e,
a
o(X, Y) = 2 g(A X, Y)e, then the A ’s are local fields of symmetric linear

transformations. ~
With respect to the frame field of M chosen above, let

3 *
©l, e, 0% "L e, @M, @l¥ coe | @ DR Lo o)

~
be the field of dual frames. Then the structure equations of M are given by

(2.2) do? = -F o AoB,
wg + mﬁ =0;

m;: +w) =0, (o;: = (o'::, w;:* = (oé*.
(2.3)

w/’i +aly =0, oA = w/’::, wz* = w’{',

w," + wzf= o, w;; = wL:, m{‘ = mr;

~ ~ ~
(2.4) do’ = —Zwé A wg + 04, Qg =Y% ZRSCD“’C A P.
Restricting these forms to M, we have the structure equations of the immersion:

(2.5) a)a = 0,
(2.6) dot = - Z“’Ik A oF,
2.7) dof=-F o Ao+ Qs Qi=Y F R 0* A,
(2.8) Q; = Q; - Zw'a A w;’ (the equation of Gauss).

(3) We use the following convention on the range of indices unless otherwise stated:
A,B,C,D=1,cce,nsp, 1% e, aep*s byipjobybmel,cee,ns @ Ban 4], e,
nap 1% cee(n 4P Ay = 4l 00, n 4p.
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From (2.2) and (2.5) we have X w:.” A ' =0. By Cartan’s lemma we may write

(2.9) m?: Zb?’.(o', ba' e

We can easily see

]l

(2.10) b= glAge;, e

The equation of Gauss is written as

2.8) Rl = R jert Dbkl — b bs).

3. Totally real submanifolds immersed in a complex space form. A Kaehler
manifold of constant holomorphic sectional curvature is called a complex space
form. Let M ('\) be an (7 + p)-dxmensxonal complex space form of constant holo-

morphic secnonal curvature ¢, Then we have
~a o ~ o~ ~A Ao~
(3.1) Rpcp =% c@ucdpp - 8apdpc +Jaclsp - Jan)sc + 2] aBl cp)-

~ ~ ~
Let R be the curvature tensor field of M n+p(?) so that RgCD =§J(R(ec, eD)eB, eA).
Then (3.1) is equivalent to
-~ RKX, VZ = uS3(Y, DX- 53X, DY + 20Y, DI X

° NN ~, ~N AN AU
30X DIY + 258X TV Z,

where X Y and Z are vector fields on M (c)

A submanifold M of M (c) is called an invariant submamfold if each

tangent space is invariant undet the curvature transformation: (R(X Y))T ()X
T, (M) for all vector fields X and Y on M (cf. [4D).

Proposition 3.1. Let M be an n-dimensional submanifold immersed in
() with ¢ #£0. Then M is a holomorphic or a totally real submanifold of

+p(2') if and only if M is an invariant submanifold.

!g eSge
+

Proof. Let X and Y be two vector fieldson M and Z € Tx(M). From
(3.1)' we have

RX, NZ=Ylely, DX -gX DY+ 2y, 2] x - 37X, D] Y

+ 23X, TNz
If M is a holomorphic or a totally real submanifold, then R(X, Y)Z € T (M)

is clear. -
Conversely, assume that R(X, Y)Z € T _(M) for arbitrary X, Y and Z.

Putting Z = X, we have
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RX, V)X = 4 2telY, XX - gX, XY + 33X, TV] X}

Since R(X. Y)X € T (M), we have gx, ]Y)]X € T (M) so that elther ]X € T (M)
or g(X, ]Y) 0. Thxs implies that either ](T (M)) CT (M) or ](T M) cCv,,
i.e., either M is holomorphic or totally real. Q E.D.

Let M be an n-dimensional totally real submanifold immersed in M p(?).
From (2.1), (2.8)' and (3.1) we have

(3.2) u =%c6,3 %1 = 8i13jk) + Z(b&bﬁ - bglb;‘;e)‘

Let R be the curvature tensor field of M so that R;:k  =8Re,, e I)ej, e;). Then
we have
&R(X, V)Z, W) = Y% Sle(X, WglY, Z) - g(X, Z)glY, W)}
+ 2lo(x, W), oY, 2)) - glo(X, 2), olY, W)
= % Tlelx, WglY, 2) - g(X, 2)gY, W

3.2

+ 2 1glA X, WglA Y, Z) - glA X, Z)g(ALY, W

This implies that the sectional curvature K of M determined by orthonormal
vectors X and Y is given by

KX, V) = %< + glo(X, X), oY, Y)) = [lo(X, V)||?
SUT+ Tl X X)gALY, V) - dA X, V)L

(3.3)

Therefore we have

Proposmon 3.2, Let M be an n-dlmenszonal totally real submanifold immersed
in M (c) If M is totally geodesic in M nip (c), then M is a space of con-
stant curvature (K=Y c)

Let S be the Ricci tensor of M. Then we have
(3.4) S(X, Y)=Y%(n-1)TeX, )+ 2l AJgALX, V) - T A X, ALY,
Let p be the scalar curvature of M. Then we have
(3.5) p=Y%nn -1+ Xler Ao‘)2 - ol %,

where |lo|| is the length of the second fundamental form 0 of the immersion so that

(3.6) loll? = e A% = Zohihy-
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If M is a minimal submanifold so that tr A, =0 for all a, then we have

(3.4 CS(X, V) = Y%= 1DEEX, V) - T dALX, ALY,

3.5) p="Yinln -1)¢ - ||o|| 2.

As an immediate consequence of (3.4), and (3.5),, we have

Proposmon 3.3. Let M be an n-dimensional totally real minimal submanifold
immersed in M (c). Then

(a) S-% (n - 1)Cg is negative semidefinite,

(b) p < Ynln - 1)c.

The following is also clear.

Proposmon 3.4, Let M be an n-dimensional totally real minimal submanifold
immersed in M (c) Then M is totally geodesic if and only if M satisfies one
of the /ollowmg conditions:

(a) K = Yc,

b) S =¥%n- l)?g,

(c) p = Yinln - 1)c.

The second fundamental form o of the immersion satisfies a differential
equation:

Proposmon 3.5. Let M be an n-dimensional totally real minimal submanifold
immersed in M (c) Then

BAlol|2=|V'ol|?+ Z“(AaAﬁ‘ Agh, )2 =2 (A, /3)2 +Ynclol|2 + % e A%

IV ol|2 + 25k (492 - 26 (T 42 )
- X er Aa.A,B)Z +Ynclo]|2+ %< Xt Aiz*.
Proof. Since M is a minimal submanifold of M . p('c\"), the following holds [1]:
BA|ol|2= Vo2 + X (A4 aAg - Agha )2-2(r A g )2

8
+ LRS bobB, - Rp g, h2h0 + 2R

ij i jk)bzlbkl + ZRykl

b3

17y

Smce M np ©) 1s a complex space form of constant holomorphic sectional curva-

ture ¢ so that R BcD 1S ngen by (3.1), the last term of the right-hand side of the
above equation is equal to Y%nc < llof| +YUcS e A ‘. Q.E.D.
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Corollary 3.6. Let M be an n-dimensional totally real minimal submanifold
immersed in M (c) Then

YAlol|2= Vo] 2+ Xt (A A - Aj*Ai*) 2_ 3 (er Al.,.gAj,')2 + Yln + Do) 2
= IV'0]12 + 28er (444,07 - 305 (TAZ )"+ Ul + DEol|2

=IV'0ll2 + 2 er (A4 4,02 = 33 (er AuA.0)% + % (m + 1)C ]| 2

Proof. The first equality is an immediate consequence of Proposition 3.5.

The second and the thitd equalities follow from Proposition 3.5 and Lemma 3.7
(1. Q.E.D.

Lemma 3 7. Let M be an n-dimensional totally real minimal submanifold
immersed in M (c) Then

) @ Aj.)z S (A4
(2) tr Ai* Aj* =|of 28!.]./11 pr]ovided that M is Einstein.

% *
Proof. (1) From (2.3) we obtain b'. = b’. . Therefore we have
2
tr <2A§*> =t ALAZ A = hibE m,,

= TR BB < Tl AglA )2

-]

(2) Since M is Einstein so that S = pg/n from (3.4), we have

T AL == 1)~ p/n)l = ||o||21/n, or Zb;k ki = llol|28;,/n.
By the same argument as in (1), this is equivalent to
2 H bk = o%8,,/n or tr A Aps = |l0l|%8;,/n. QE.D.
4. Some results on totally real minimal submanifolds in a complex space form.

Theorem 4.1. Let M be an n-dimensional compact totally real minimal sub-
manifold immersed in M (c ), c>o0. If

2 n(n+1)~ ivalent! >n(n 2)
floll <—4(2n-1) ¢ orequivalently p> -mr—vc

then M is totally geodesic.

Proof. An algebraic lemma of Chern, do Carmo and Kobayashi (Lemma 1 in

[1]) implies tr (A, A o A A D2>-2t A2 tr A “+. Therefore, from Corollary
3.6, we have :
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BAllo|2> -2 2 e Aer AL - Tler Aud 2+ %+ )¢ o] 2

iy

=01 (e Al* —-tr A,.z*)z-(Z—n‘l) (Ztt Aiz‘ 2 + Y+ 1)2:"0"2

i<j

>= @-n"Yo| 4+ %(n + )T)o)2

2n -1y 12 (n(n +1) ~ )
Jol? (Zre D3 _ o

Hence, by a well-known theorem of E. Hopf, Al|o]|? =0 so that ||o|| = 0. This
implies that M is totally geodesic. Q.E.D.
As a special case of Theorem 4.1, we have [5]

Corollary 4.2, Let M be a compact totally real minimal surface immersed in
M (c ), € > 0. If the Gauss curvature of M is positive, then M is totally geodisic.
The following theorem is a generalization of Houh’s result [3].

Theorem 4 3. Let M be an n-dimensional totally real minimal submanifold
immersed in M (c) If the sectional curvature of M is constant, say c, then
either ¢ =Y%<¢ (z e., M is totally geodesic) or ¢ <0.

Proof. Since K = ¢ so that p =n(n - 1)c, from (3.5)  we have c <4<,
Moreover, since R a1 = (0,8 i1-9; ,‘o‘ ) from (3. 2), we have

ZRRY - BB = (- U658, - 5,8,

Multiplying = b:."l b;.”k on both sides of this equation and summing with respect
to i, j, k and /, we have

2 tr (A},*Am*)z - Z(ﬂ' Ab*Am*)z = (C - .4'\‘

This, together with Corollary 3.6 and Lemma 3.7, implies [V'o]|? ~ n(n? - De(c - %),
from which we deduce that either ¢ =%¢ or ¢ < 0. Q.E.D.

The following result is an immediate consequence of Theorem 4.3.

Theorem 4.4. Let M be an n-dimensional totally real minimal submanifold
immersed in M (c) If

(1) the sectzonal curvature K of M is constant,

(2) the second fundamental form of the immersion is parallel,
then M is either totally geodesic (K = %), or flat.

5. Totally real surfaces. Let M be a surface (i.e., 2-dimensional Rieman-

©).

nian manifold) immersed in a (1 + p)-dimensional complex space form M l1+p
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By considering the two-fold covering if necessary, we can assume that M is
orientable. It is well known that M can be covered by a family of local isothermal

coordinate systems. Let (x, x ) be a local isothermal coordinate system such
that g = E(dx? +dx2). Put X, -a/ax and 0, = 0(X;, X)) for i, j=1,2. Then
the equation of Codazzi gives

~
(R(X}, X)X\ = Dy (01, —0)/2 = Dy 0y, + EDx H,
(5.1)
B L
(R(X}, X)X))" = Dy (o, -09)/2 + Dy 0y, - EDx H.
This, combined with Proposition 3.1, implies the following.

Proposition 5.1. Let M be a surface immersed in M (c) with ¢ £0. Then
M is a bolomorphic or a totally real surface in Ml,,p(c) z/ and only if the second
fundamental form of the immersion satisfies the differential equations

Dx2(¢711 -022)/2 - Dxlolz + EDX2H =0,

Dxl("n -0,)/2+ Dy 01~ EDy H =0.

A unit normal vector field € is called

(1) isoperimetric if tr Af is constant,

(2) umbilical if Ay is proportional to I,

(3) umbilic-free if A £ is not proportional to I everywhere,
(4) geodesic if A§ =0,

Proposition 5.2. Let M be a holomorphic or totally real surface immersed in
M, p(N) If € is parallel and isoperimetric, then the function

be = %8011 -0, O -V=Tglo5 &)
is analytic in z = x | +\= 1x,, where (x,, x,) is a local isothermal coordinate

system.

Proof. Taking the scalar product of the both sides of (5.1) with £, we can
see that ¢, satisfies the Cauchy-Riemann equation so that ®¢ is analytic.

Proposition 5.3. Let M be a topological sphere which is a totally real
surface immérsed in MHp(c) If a unit normal vector field £ is parallel and iso-

perimetric, then & is umbilical.

Proof. Using the holomorphic function ¢ ¢ given in Proposition 5.2, we can
define a (global) quadratic differential ® on M which is given locally by
=0 fdzz. By Riemann-Roch theorem, we have ® = 0. This implies that £ is

umbilical.
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Remark. Let M’ be a totally umbilical (resp. totally geodesic) real hypersur-
face of Ml+ (¢) and M be a surface in M'. Then a unit normal vector field of
M’ in Ml + p(c ), restricted to M, is parallel and umbilical as a normal vector
field of M in M, ().

(o)

Theorem 5.4, Let M be a compact totally real surface immersed in M 14p

If

(i) the Gauss curvature does not change sign,

(ii) there exists a parallel umbilic-free isoperimetric unit normal vector field,
then M is flat.

Proof. Proposition 5.2 implies that the function ¢, is analytic. Therefore
log |¢ |? is harmonic, i .e., Alog |¢, |2 =0, where A denotes the Laplacian
formed with g. Since |¢ §| = E%Y% (tr A 5)2 - det Az} and £ is umbilic-free,

we have
Alog E? = - Alog{ (er Ag)? -det Agl.

Since the Gauss curvature K of M is given by K =~ (A log E?)/4E, we have

K =(1/4E) A log % (ec A )2 — det A, 4.

Therefore a theorem of E. Hopf, together with the assumption that K >0 or
K <0, implies K =0,
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