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EXTREMAL PROBLEMS OF DISTANCE GEOMETRY
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RALPH ALEXANDER AND KENNETH B. STOLARSKY(1)

ABSTRACT. Let K be a compact set, X a prescribed family of (possibly
signed) Borel measures of total mass one supported by K, and f a continuous
real-valued function on K X K. We study the problem of determining for which x
€X (if any) the energy integral I(K, 1) = [ [, f(%, y)didx)dLy) is maximal, and
what this maximum is. The more symmetry K has, the more we can say; our re-
sults are best when K is a sphere. In particular, when X is atomic we obtain
good upper bounds for the sums of powers of all ('2') distances determined by n
points on the surface of a sphere. We make use of results from Schoenberg’s
theory of metric embedding, and of techniques devised by Pdlya and Szegé for
the calculation of transfinite diameters.

1. Background and summary of results. In this paper we will investigate a
number of extremal problems in distance geometry. Our work is in many ways
analogous to the study of energy integrals in classical potential theory.

Let K be a compact set in a Euclidean space and Jl be a prescribed family
of Borel measures (possibly signed) of total mass one supported by K. Suppose
f is a continuous real-valued function on K x K. We consider the family of inte-
grals having the form

(1.1) 1K, ) = [ [ 1 du(=)duy), g e,

A number of interesting questions naturally arise concerning I(K), the supre-
mum of the numbers I(K, p) with g in M:
(i) What is the numerical value of I(K)?
(ii) Does there exista p; in M such that I(K, By = 1(K)?
(iii) If p, exists, is this measure unique?
(iv) Can an extremal measure g, be explicitly produced?
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Let us give an example. Suppose K is a unit Euclidean m-sphere and M is
the collection of all atomic measures on K consisting of n atoms of weight 1/n.
Let f(x, y)=|x - y|. It is easily seen that n%I(K) is the supremum of all sums
zi,j |p; - b; |, where p,+, p, are variable points on the sphere. We remark
that if m > 1 and » > m + 2, no methods exist for answering completely questions
(i), (iii), and (iv). If in this example f(x, y) is changed to be the great circle dis-
tance from x to y, Kelly [17], Nielson [23] and Sperling [31]1 have shown that I(K)
=u/4 (n even).

When (as above) M consists of the positive measures containing » atoms of
weight 1/n, we call )l the n-discrete family.

G. Bjorck [2], by using the elegant methods of potential theory, has investi-
gated the case where K is a compact set in a Euclidean space, Nl consists of the
positive Borel measures of mass one supported by K, and f(x, y)=|x-y |A
where 0 <A. He showed that if 0 <A< 2, then p exists and is unique. His
paper also contains a nice discussion of the cases A =2 and A > 2.

The classical paper of I. Schur [30] treats the case where K is an interval,
f(x, y)=1log|x—y|,and M is the n-discrete family. It brilliantly answers all
four of our questions.

L. Fejes Téth (71 points out that if K is a circle and if f has strong con-
vexity properties, one can employ a winding number argument to produce an ex-
tremal n-discrete measure p,. Since we are very interested in Euclidean spheres,
we wish to know as much as possible about the circle. However, even here, there
are unanswered questions.

One must also mention the important work of Pdlya and Szegs [24]. By ex-
panding |x -y I)‘ in spherical harmonics they were able to obtain much informa-
tion about the case where K is a 2-sphere. We find their technique extremely in-
teresting and worthy of further investigation.

We now give a brief summary of our present work.

In §2 we take a close look at Fejes Tdth’s method for the circle and identify
a rather general class of functions for which the method is effective. As a non-
trivial example, we prove that any elementary symmetric function of the (3) dis-
tances determined by 7 points on a circle is uniquely maximized when the points
are the distinct vertices of a regular n-gon. Analogous results for non-Euclidean
circles are indicated.

In $3 we show that the results of I. J. Schoenberg ([251-[28]) on metric em-
bedding are powerful tools for investigating our problems. For example, if K is
a finite set in a Euclidean space, f(x, y) = |x - y|* with 0<A< 2, and J1 con-
sists of all signed Borel measures of mass one supported by K, we show that g,
is unique and can be computed directly. In this case we show that I(K) has a
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nice geometrical interpretation in terms of the radius of a certain sphere. This al-
lows application of our results to certain problems which, by their statements, do
not seem closely related to extremal problems.

For example, Grinbaum and Kelly [9] call a set of points { Ppocees pn} in E™
strictly metrically homogeneous if the set (counting multiplicities) of distances
H1p,-bylse++s]p,- b, is independent of i. (The vertex sets of regular poly-
gons and Platonic solids give examples of such sets.) Their characterization of
such planar sets shows that when m = 2, the points p,,-++,p_ lie ona circle
centered at their centroid. We generalize this to arbitrary m by showing that the
set must lie on a sphere centered at the centroid.

Also in $ 3, it is shown that if Kis a compact set in E™, f(x,y)=|x~-y I)‘
with 0< A< 1, and M is the family of signed Borel measures of total mass one
supported by K, then I(K)< c¢ - Diameter K where ¢ depends only on m. The
number [(K) is interpreted in terms of the radius of a certain Hilbert sphere asso-
ciated with a metric embedding.

In $4 we assume that K is a Euclidean sphere, [ satisfies a certain definite-
ness condition, and J is the n-discrete family. We show that c(1 - 1/a) < I(K) <
c where the constant ¢ depends only on f. We also show that the great circle
metric, as well as the Euclidean metric, satisfies the definiteness condition.
This generalizes the previously cited work of Nielson and Sperling.

In §5 we expand upon the method of Pdlya and Szegé in the situation where
K is a Euclidean m-sphere, f(x, y)= |x -y |* with 0<A <2, and W is the #-
discrete family. We show for m > 2 that 22I(K)< clm, An? = blm, A)n=7 (m:N),
Here c(m,A) is the “‘constant of uniform distribution,”” b(m,A)> 0, and y(m,A) =
(@A + 1Y/ m. The previously cited work of Bjérck shows that I(K)< c(m,A). To
obtain our inequality, the method of Pdlya and Szegd is extended to ultraspherical
harmonics, and further refined. For A =1 very good estimates of I(K) are avail-
able ([1], [33]); for 0<A <1 see also [32].

In $6 various constants (which do not seem to appear in the literature) re-
lated to transfinite diameter and curvature are computed. Hille [12] shows that
the transfinite diameter of the Hilbert sphere is V2; we show by explicit formulae
that the transfinite diameter of the m-sphere is V2 + O(1/m). Also, a new metric
curvature is introduced. We remark that Hille’s recent book [13] contains a wealth
of material on transfinite diameters.

Throughout the paper we often use notations of convenience, rather than I, K,
and M. For example, in $4 the expression n2I(K) becomes S(f, n).

2. Extensions of Fejes Téth’s work on the circle. In this section we extend
Fejes Téth’s results for the unit circle to a more general class of functions. In
order to reserve the letters i, j, k for integers we write exp () instead of
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exp (i). To obtain an appropriate level of generality, we shall study functions
defined on angle tuples (0, 0,,:++,0,) rather than on point tuples (exp(fy),---,
exp(0,)); angle tuples determine unique point tuples, but not vice versa. Thus
we define star polygons in terms of angle tuples. This causes a certain amount
of difficulty in defining the natural family of star polygons associated with a
given finite set of points on the unit circle; we believe that our definition is
about as simple as one can expect.

An ordered (r + 1)-tuple of real numbers (6, 0,,-++,0,) will be called a
star polygon provided 6,< 60, <.--<0, and 0, -0, =27d where d is a non-
negative integer. We call d the winding number. 1f 0, -0, | = 2nd/r for each i,
the polygon is called regular. The r points (not necessarily distinct) on the unit
circle given by exp(0,), where i = 0,-++, 7~ 1, are called the vertices of the
polygon, and the r undxrected chords 4.9, +1
exp (01) for i = 0,+++,r, are called the edges of the polygon.

Ve now show that » points pgys<++,p,_; on the unit circle determine a
natural family of star polygons. There is a unique angle 6, in [0, 27) such that

, where i=0,-++,r-1 and ¢;=

exp (Gi) = p,. By reindexing the p, we may assume that 0,< 0, <---<0, _|. It
is convenient to think of the indices as least nonnegative residues modulo n. If
k is an integer which satisfies 1 < k< [n/2] (actually the construction of this
paragraph only requires 1 < k< n - 1), each cycle of the permutation i — i + &
(mod n) determines a star polygon as follows. Let ao be the least tesidue oc-
curring in the cycle. Form the ordered tuple (0 al’ e )= (0

0, _iia?
0;, f?’ ° ; Zﬁ 7 where B counts the number of i < j such that a, , <a;, we
obtain a star polygon.

For example, if k=1 we obtain the single polygon (6, 0,,+++,0, _,6,+
27). If k=2 and n is odd we obtain a single polygon (64, 0,,-++,6, _,, 0, +
27,000, 0, + 4m). If n=10 and k = 4 we obtain the two polygons (00, 04,- cey
6, +2m,...,0,+4n) and (6,0, +-,0; +27,.++,0, + 47). In general there

will be s = (k, n) polygons, each having winding number &/s.

ao RTITE
0, ) This set is not a star polygon; however, if we replace 0,. by
7

If pys+«+sp,_, are points on the unit circle, generate the star polygons
corresponding to all integers k& with 1< k< [2/2]. Then there is a one-to-one
correspondence between the edges of the star polygons they determine and the
(3) chords 7. For example, if n= 10 the chord f,p4 is an edge of the poly-
gon determined by the single cycle of the permutation i —i + 3. By studying cer-
tain functions defined on star polygons (the sum or product of edge lengths, for
example) we obtain information about related functions defined on all () chords.

The proof of our first lemma is straightforward; we omit it. We remark that
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if a star polygon obtained from a cycle of the permutation i — i + k& (mod n) has
r vertices, then (r, d)= 1,

Lemma 2.1. Suppose 20,=0,_,+0, , for i=1,+e,r=1 and 6 -0, =
2nd. Then the star polygon (0, 0,,-++,0) is regular and its vertices lie on the
vertices of a regular r/s-gon where s = (r, d).

Let f=[(0y,-++,0,) be a real function defined on all star polygons with r
vertices. Let b(r, d) be the value assumed by f on the regular star polygon for
which 0, = 27kd/r where k=0,---,r.

Definition 2.1. Let F be the class of all those f, described above, which
satisfy the following three conditions:

() fOy+cgreees0,+¢)=[0,-,0) if c,= ¢ (mod 27) for all i, j,
and both arguments are star polygons.

(i) b(r, 0)< h(r, 1)< +++ < bz, [z/2]).

(iii) If f is restricted to polygons with fixed winding number then f achieves
a maximum, and this maximum can occur only if 6, =14(0,_, + 90, ;) (mod 7) for
0<i<r

We obtain the class F' by reversing the inequalities in (ii) and replacing

i+l

“maximum’’ by “‘minimum’’ in (iii).

In practice, (i) and (ii) are usually simple to verify. The functions
I7_, lexp(0,) - exp(0,_,)| and 2I_, |exp(6,) - exp(f,_,)| are quickly seen to
satisfy them. Easy compactness and convexity arguments show that (iii) is also

satisfied by these functions.

Theorem 2.1. Suppose f belongs to F (F'), and is restricted to those poly-
gons with winding number d < /21 Then b(r, d) is the maximum (minimum)
value of | on this class; f assumes the value b(r, d) only if the polygon is
regular.

Proof. Suppose d= 0. Condition (i) implies that f(6,6,,-+,6,)=
/€0, 0,..., 0)= b(r, 0). Since any star polygon of winding number 0 is trivially
regular, the theorem is true when 4 = 0. Suppose the theorem is true for all 4’ <
d< /2] Let B---, 6. ) be a polygon of winding number d on which { € ¥
achieves its maximum. For each i with 1< i< r, condition (iii) gives

0i+1 —0i=(9i—t9l..l + 21;‘"

where [; is an integer. If /; # 0, one of the differences, say 0i+l - Oi, is at
least 27. By (i),

/(00, soey Gi,0i+l—217, ceey 0'—277)=/(00, ceey er)sb(f, d—l).
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This contradicts the fact that f(0y,++, 6,)> b(r, d) > b(r,d = 1). Thus I,=0
for each i,and 0, , - 0, = 27d/r for each i by Lemma 2.1. This completes the
proof.

The importance of condition (ii) on the members of F should not be over-
looked. Suppose f is the real function defined on all star polygons with r ver-
tices by f(6y,--,0)=1if 0,= 9’. (mod 27) for each i, j and f(By,+++,6,)=0
otherwise. Conditions (i) and (iii) are satisfied, but the conclusion of Theorem
2.1 does not hold.

It follows by way of the cyclic decomposition described earlier that if n
points lie on the citrcumference of the unit circle, then both the product and sum
of the lengths of the (}) chords they determine are maximal when the points are
the vertices of a regular n-gon. To prove this, apply Theorem 2.1 to the two dis-
tance functions mentioned earlier.

To put this result in the language of the introduction, let K be the unit
circle, f(x,y)=|x~y| or log|x - y|,and let M be the n-discrete measures on
K. Then I(K)=n"lcot(@/2n) or (2n)~log n respectively (see Fejes Tdth [7]
and Schur [30] respectively).

The following corollary generalizes the results on the sum and product of
chord lengths. Since there are no new ideas involved, aside from elementary
technical details, we omit the proof.

Corollary 2.1. Let glx) = e~%*x*(log x)°, and

(-1)° for a>0,b<0, c apositive integer,
da, b, c)=1{1 for a>0,6<0, c=0, a%+b%£0,
-1 for a=0,0<b<1, c=0.

Let s, =|exp(0) - exp(6)|. Then I, gUhs ) is maximal (minimal) if and
only if the points p, = exp(0,) are the distinct vertices of a regular n-gon, pro-
vided 1=-1 (+1).

We remark that the result on the product of chord lengths comes by setting
a=b=0,and c=1. Also, if 0<A< 1, wemayset a=c=0, b=A to see that
Si’isi"j maximizes for the regular n-gon. If A > 1, the methods of this section
fail because we no longer have the required convexity. Condition (iii) is not
satisfied. Later on, we will deal with 1 <A< 2, The case A =2 is easily
treated as follows. N

Suppose p,, p,s++ b, are unit vectors in an inner product space. We note
the identity
(2.1) 2lp;-p|2=n?-

i<j

2
.

2o,
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The identity shows that if n points lie on a unit sphere, the sum of the squares of
the various distances they determine is at most n?, and will be n? if and only if
the centroid of the points is the origin. Thus a regular n-gon represents a maxi-
mal configuration which will not be unique for n > 3. For A > 2, the sum Esl%’.
does not generally maximize on a regular n-gon. The paper of Bjérck [2] gives a
nice treatment of this problem when A > 2,

In the final theorem of this section we give another generalization of the re-
sults about sums and products of chord lengths.

Theorem 2.2. Let 0 be an elementary symmetric function on (}) real vari-
ables. Let {sil.} be the lengths of the chords determined by n points on the cir-
cumference of the unit circle. Then © (sii) is maximal if and only if the n points
are the distinct vertices of a regular n-gon.

We will need the following lemma.

Lemma 2.2. Let p be an elementary symmetric function on r real variables.
Let s,,+++ s, denote the lengths of the edges of a star polygon T = (Bys+++, Or).
Then fiBys+++,0,) = pls s+, s,) belongs to the class 3.

Proof. It is clear that i satisfies conditions (i) and (ii). Suppose T has
winding number d < [/2). A standard compactness argument shows that a con-

figuration exists for which fi(f,+++,0,) is maximal. Let s, be the length of the
edge p._1P;. Ve may write
[7(00, ceey 0r)=s.s. A +(si +si+1)B +C

i+l

where A, B and C are numbers which are independent of s; and s; Ry If Gi #
%0;_,+6,,,) (mod ), then the point p; may be moved to increase both s;5,,
and s; +s, ), while leaving the winding number unchanged. This shows that # satisfies
condition (iii).

From Lemma 2.1 and Theorem 2.1 it follows that [i, when restricted to star
polygons with winding number d, is maximal when 6, 41~ 0;=2nd/r.

Proof of Theorem 2.2. Suppose ¢ is the Ith symmetric function; 0(51.’.) will
be the sum of all I-fold products of chord lengths determined by the points p,
*+*sp,_ 1. Let Ty,+e+, T, be all of the star polygons obtained by the decompo-
sition described at the beginning of this section. Each /-fold product 8 can be
written uniquely as 8 = 9,9, * 4, where ¢, is a product of lengths of edges oc-
curring in T;. (If there are no edges from T, set g, =1.) Associated with each
product B is a set of occupancy numbers k,, k,se+, k, with ziki = I, where k;
is the number of edge lengths from T, which occur in the product g;.

We group together all I-fold products which have exactly the same set of
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occupancy numbers k,,++-,k,. The sum of this collection of products can be

written as
H(kl’ seey k‘) = ”l(kl)ﬂz(kz) L Fl(kl)

where p.(k,) is the k.th symmetric function on the set of edge lengths determined
by T;. We define p,(0)= 1.

Since each yi(ki) is maximal when T, is a regular star polygon, we imme-
diately deduce that II(k,,+ -, k,) is maximal when the points {p.} are the dis-
tinct vertices of a regular n-gon. If T, is the star polygon with #n sides and
winding number 1, (k) is maximal only when the {p,} determine a regular n-gon.
It follows that ofs i].) is maximal only for this configuration by summing over all
the various sets of occupancy numbers. This completes the proof.

We can now sketch results for the non-Euclidean case. Say two points p,, b;
on a non-Euclidean circle C, of radius p determine a central angle of 6, 0< ¢
<@ Let 0<r< R. Then the distance between them is

) 2 (sin} 0) R b 7/R
. p.) =R arc tanh ’ = R arc tanh 7/R,
d(P, b = R (1= 22R"2 cos 0 + r*R~4H)V2 P
_ . (2 sinY 6)(R? - r2 cos2Y 6) V2 _arc tanh /R
are ran (R2-r2cos 6) ’ arctanh 1/R’

=2rsink60, p=n
= 2R arc sin(*R~1 sin %46), p=R arc sin r/R.

depending upon whether the circle is Lobatchevskian (in the conformal model),
Lobatchevskian with curvature arc tanh 1/R, Euclidean, or Riemannian with
curvature 1/R. ,

In each case elementary calculus shows that () = d(p,, b; ) is positive,
strictly increasing for 0< 0 < 7, and concave in 6. It follows that dMp,, b; ) and
log d(p b; ) are also concave in 6. Thus the same ideas as before yield

Theorem 2.2'. Let Pgs***sP,_, be n points on a non-Euclidean circle and
let d(p b; ) be the non-Euclidean distance between p; and b Let 0 be an ele-
mentary symmetric function on (") real variables. Then for 0< AL,

4 (d*(p b; ) is maximal only on a regular n-gon.

Handy references for distance formulas in non-Euclidean spaces are [4,
pp. 16-21] and [11, pp. 237-241],
It is a consequence of Theorem 2.2’ that for points bgseccsb,_ o0 Cp,
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lim L ax > dp,, p].)

n—oe 2 Osisjsn=1

2p 1 (tanh(pK)arc sin t dt, Kk =arc tanh 1/R
. — ’ - ’
T (pK) 0 (1 - tz)

=2P/779 K=0,

_ 2p 1 [sin(ex) arc tanh t r, k=1/R,

for the last three geometries, where K is the curvature of the corresponding
space. Since the maximum occurs at the regular n-gon, we simply use the fact
that the Riemann sums of a continuous function tend to its integral. The details
are omitted.

If (k)3 is negligible then the values are respectively

Z?P [1+ %(PK)Z]9 'i—py 2P [l"—( )2]

In fact these expressions are the same aside from + signs, since
—i arc sin (7 tan x) = arc tanh (sin x). The integrals can be expressed in terms of
Lobatchevsky’s function L(x)=~[% log cos ¢ dt.

We close this section with two unanswered questions. Let K be the unit
circle, f(x,y)=|x - y|* with 1<A< 2, and M the n-discrete measures. Is the
extremal measure p, given by the vertices of the regular n-gon, as is the case
for 0<A<1? Let K be the unit circle, f(x, y)= |x = y|,and M those measures
consisting of n positive atoms aj,-++, @ . Is the n-discrete measure deter-
mined by the vertices of a regular n-gon extremal?

3. Application of metric embedding theory. Let K consist of n distinct
points py,+++, p, in a Euclidean space and M consist of all signed measures of
total mass one supported by K. In this section we will investigate and interpret
the number I(K) when the kernel function f(x,y) is |x~y|*,and 0<A< 2. We
will apply our results to several related problems.

For each p in N, we have I(K, p) = Eijlp b; l)‘x %; Where Zx,=1 and
p(p,.) = x;. The following two theorems of L. J. Schoenberg [26] give us the in-

formation we need.

Theorem 3.1 (Schoenberg). Let p,,---,p, be n distinct points in a Eu-
clidean space. Let s;; be the distance between p; and b The quadratic form
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Ei].s?].xixi is nonsingular, and is negative definite on the hyperplane 3 *:=0,
provided 0< A< 2,

The following corollary follows at once from simple considerations of con-
tinuity.

Corollary 3.1. Let p,,-++,p, be n points, not necessarily distinct, in a
Euclidean space. Then the quadratic form Eﬁs,?‘,.xix’. is negative semidefinite on
the byperplane Sxi =0, provided 0< A< 2.

Theorem 3.2 (Schoenberg). The symmetric (n+ 1) x (n + 1) matrix

. (0 ; )
= A
1 si’.

is nonsingular for 0 < A < 2 provided that py,e+-, b, are distinct points in a
Euclidean space.

We can now easily prove the following theorem.

Theorem 3.3. Let p,,--+,p, be distinct points in a Euclidean space. The
quadratic form ziis?j"i"j achieves a unique absolute maximum on the byperplane
Exi = 1, provided 0< A< 2. The maximum point will be determined by the unique

solution of the following system of (n + 1) equations in (n + 1) unknowns:
n

(3.1) 2 ox=1, xp+ 2 si.‘ixi=0, i=1,20c05m
i=1

The unknown x is a Lagrange multiplier.

Proof. By Theorem 3.1 the form is negative definite on the hyperplane in =
0, and hence will achieve a maximum on any parallel hyperplane such as 3x; = 1.
We apply the method of Lagrange to

n
A
/(xo, coey xn) = xo(z xi +Zsilxix’-o
i=1 ij
We see that at a maximum, the system of equations (3.1) must be satisfied. The
matrix of the system is precisely the M of Theorem 3.2. Since M is nonsingular,
the system possesses a unique solution. This completes the proof.

Corollary 3.2. If x, = m/m, where m, is a nonnegative integer for i =1, 2,
+se s m,is a solution of the system (3.1), then x;=m / m must give the solution to
the problem of finding an extremal m-discrete measure on K.
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Lemma 3.1. Let K be a compact convex polytope in Euclidean space. Let
n variable points py,-+-,p, lie in K. Then if A>1, Es?’. will achieve a maxi-
mal value for a configuration in which each p; is a vertex of K. Thus an extremal
n-discrete measure on K is supported by the vertices.

Proof. The proof is a straightforward application of standard compactness
and convexity arguments. We remark that except when A = 1, and K is a line seg-
ment, the maximal value can occur only if each p, is a vertex of K.

Definition 3.1. A set of points p;,+++, p, in a Euclidean space will be
called A-homogeneous if for each j, the sum 2:.'31 s}i is a constant independent of
j. A convex polytope will be called A-homogeneous if its vertices form a A-homo-
geneous set.

Regular polygons, the Platonic solids, rectangles of all dimensions, etc., are
A-homogeneous for all A. The term *‘strictly metrically homogeneous’’ has been
used by Griinbaum and Kelly [9] to denote a set of points for which the set (count=
ing multiplicities) of distances {sy;,+++,s,} is independent of j. Clearly,
“*strictly homogeneous’’ is equivalent to ‘‘A-homogeneous for all A’’. However,
it is easy to find l-homogeneous sets which are not strictly homogeneous, etc.

Theorem 3.4. Suppose 1< A< 2. Let K be a convex A-homogeneous poly-
tope with n vertices and let f(x,y)= |x~y|). Then the unique extremal n-

discrete measure is obtained by placing an atom at each vertex.

Proof. By Lemma 3.1 an extremal measure will occur only when each atom is
at some vertex of K. We observe that x, = 1/n,i=1,004,n, and Xy =
i s}) is a solution of the system (3.1). Hence this must be the unique
solution. If the atoms are constrained to lie on vertices of K, then the result is
true for A in the range 0<A< 2,

For example, if twelve points are placed in an icosahedron, the sum of the
sixty-six distances they determine will be uniquely maximal when each point is a
distinct vertex, Moreover, if K is any polytope with a nontrivial symmetry group, it is
clear that whenever two vertices belong to the same orbit, then the corresponding
%, in the solution vector of (3.1) are equal.

If K is a regular n-gon, f(x,y)=|x=y|* with 1<A<2, and M consists of
measures made of » nonnegative atoms, then the method of Theorem 3.4 shows
that the extremal measure is obtained by placing an atom of weight 1/n at each
vertex. (Compare with the second question at the end of §2.)

If K is not A-homogeneous, it generally happens that the solution vector of
(3.1) contains x; which are negative. We now give a geometrical interpretation of
the solution vector of (3.1) which sheds considerable light. The following theorem
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follows from the paper of Schoenberg [26]. We let R denote the set of real num-
bers.

Theorem 3.5 (Schoenberg). If d is the Euclidean metric, then the metric
space (R™,d%), 0< 0< 1, can be isometrically embedded in the sequence space
l,. Moreover, if 0<1 and pg, pys++,p, are distinct points in E™ = (R™, d),
their images pg,+++ 5 p) in (R™,d°) considered as a subset of 1, form the ver-
tices of a nondegenerate n-simplex.

Lemma 3.2. Let py,+++,p, form the vertices of a nondegenerate n-simplex
in E®. Then the maximum value assumed on the byperplane E‘xi =1 by the form
Eiq. sz?ixixi is p?, where p is the radius of the circumsphere of bgseces b,

Proof. Let the origin be the center of the circumsphere. Now

<;s xx> Z[(p p) (0, - p)lx ;

=X e+ 1) 2= 2, - )5 x;

ili

=2 [,;2 (g_‘, xi>2 - g}(xipi . x,.p].)].

2
PIEF AP

Thus

(3.2) Z‘,s xx=p7-

There will be a unique choice of x,+++, %, for which Eixipi =0.

Ve also see that the x; are all nonnegative only if the center of the circum-
sphere lies in the convex hull of the p,. In general, the solution vector is given
by the affine (barycentric) coordinates of the center of the circumsphere.

Theorem 3.6. Let po,o cey p be points in E™ which form a A-homogeneous
set. Then the points po,- TR p in (R™, dMHc 1, bave their centroid at the
center of their circumsphere. Moreover, if the set is strictly homogeneous, then
Pgre++ b, lie on a sphere in E™ with their centroid as its center.

Proof. Introduce variables x; as in Lemma 3.2. The equations correspond-
ing to (3.1) are

n
in=l, x-l+Zo$?i‘xi=O’ i=o, l’no.,n’
1 i=
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where x_, is the Lagrange multiplier. If pg,+++, p, are A-homogeneous, where
0< A< 2, then the solution to this system. of equations is

X, mo——my i=0y coe,m; x_y1=-

i (n+1)

Formula (3.2) implies that if pg,««+, p:l are the images in E” C /, given by Theo-
rem 3.5, then their centroid is the center of their circumsphere. If the set is

strictly homogeneous, we may use a continuity argument as A — 2. Let us as-
sume that E™ is the Euclidean space of least dimension containing bore* s by,
thus E™ C E". Let pg,+++,p, lie on a sphere of radius p, centered at the ori-
gin of E™. As A — 2, these spheres converge to a sphere of radius p =
(n+ D=1 (5, s2)1/2
Dor o Oy

When m = 2, this result on strictly homogeneous sets follows from their char-
acterization by Griinbaum and Kelly [9). Perhaps Theorem 3.6 is a step towards

which (by continuity) will contain an isometric copy of

deciding whether or not a strictly homogeneous set does possess a nontrivial
symmetry group.

The questioh has a negative answer if there exists a Latin square with the
following properties: the square is constant down the main diagonal, is symmetric
with respect to this main diagonal, and has a trivial group of automorphisms. By
**‘automorphism’’ we mean a symmetric row and column permutation which gives a
square identical with the original. If the square is (n + 1) x (z + 1), replace the
diagonal letter by zero and the other letters by 1,+++,n to obtain a matrix (a..).
For A > 0 sufficiently small, the work of Schoenberg assures us that (a l?‘].) represents
the distance matrix for a set of points in E”. The symmetry group would be
trivial.

Next let K be a compact set in a Euclidean space, and let y be a signed
Borel measure on K with total mass one. As usual let I(K,p)=
[0 - q|du(p)dplq) and I(K) = sup,ul(l(, ). Bjérck [2] has made a thorough study
of I(K,ut) in the case where p is a positive Borel measure. Let I *(K) be the
supremum of I(K, i) taken over positive p.

Theorem 3.7 (Bjérck). Let K be a compact set in E™. Then there is a
unique positive Borel measure p such that 1(K, p) = I*(k).

We will prove the following result about I(K).

Theorem 3.8. Let K be a compact set in E™. The metric space (K, d'/?)
may be isometrically embedded on the surface of a Hilbert sphere of radius p <
a(m) - Diameter (K). Moreover, I(K) = 25% < o« where § is the least such p.

The proof will use Lemmas 3.3—3.5; we abbreviate Diameter (K) by D(K).
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Lemma 3.3. We have I(K) = sup I(K, pt) where p is concentrated on finitely
many atoms.

Proof. The kernel function |p— q| is uniformly continuous on K x K. De-
compose K into disjoint Borel sets K;,+++, K such that for all 7,j the products
K, x Ki have diameters so small that the variation of |p - g | is less than € on
K;x K. Let p;be in K, and define 7ip,) = p(K;). Since I(K,})=
[J8(0s 9)dp(p)dpulq) where g(p, ¢)=|p, - p;| for (p, q) in K; x K, we see that
[ 1K, p) = IKK, B)| < € |px p] (K x K)

Lemma 3.4 (Menger). A separable metric space (M, 8) can be isometrically
embedded on the surface of a Hilbert sphere of radius p if each finite collection
of points in (M, 8) can be embedded on a Euclidean sphere of radius not exceed-
ing p.

We suppress the standard argument. Chapters IV and V of Blumenthal’s book
[4] thoroughly discuss results of this nature.

Let K' be a finite collection of points in K. Theorem 3.5 and Lemma 3.2
tell us that I(K') = 2p'? where p’ is the radius of the circumsphere of (K',d!/2)
Cl,. Thus if I(K") < 2p? for all such K’, Lemma 3.4 allows us to say that
(K', d*/?) lies on a sphere of radius p in I,. Since I(K)> I(K'), the least such
p is (4K 2,

The results of the above paragraph would be of little interest if I(K) = +oo.
We show this is not the situation.

Lemma 3.5. The metric space ([0, 1], d'/?) can be embedded on the Hilbert
sphere of radius 1/2. Since this radius is clearly minimal, 1([0, 1]) = 1/2.

Proof. Let 0=p,<p,<.-.<p, =1. Consider the mapping given by plf =
(\/p_l, \/(172-- ..ﬁl)’. ooy \/(;i-:.;:l), 0,-++ ). The points p; lie on a sphere of
radius 1/2 in I,. The center of the sphere is %(\/p_l , \/(pz - pi),- coy
\/(pn - pn_'l), 0,-++ ). Hence the result follows from Lemma 3.4. By a dilation
we also obtain ([, b]) = %(b - a). Placing atoms of weight 1/2 at a and b
gives the extremal measure. A direct proof can be given, but we know of no neat
one.

To complete the proof of Theorem 3.8 let K'={p,,-++,p,} be a finite set of

points in K. Then
Z |P,‘ - pj‘x,-"j = Z (b(m) f l(Pi"P’.) . t|da(t)>xlxi
i,j i,j

63)
- bl <): o, ~2) - tlxlxi) o).
ij
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The right side of (3.3) comes from noting that if p, g are points in E™, then
|p=q|=0bm)[|(@®~q)-t|do(t) where the integral is over the surface of the
unit m-ball. The sum inside the integral may be viewed as the one dimensional
case by projecting the points onto a line having the direction ¢t. Hence by Lemma
3.5, the inner sum is at most %4D(K) if Z;x;=1; thus the left side of (3.3) is at
most %b(m)oD(K) on this hyperplane. Hence I(K)< a(m)D(K).

Several interesting questions remain. First, does there always exista p
such that I(K) = I(K, p)? The method used here can be extended to the kernel
|p-q|* if 0<KA< 1, What about 1<A<2?

We remark that we can give a geometric interpretation to I*; we have I*(K)=
2(p? - s?) where I(K)=2p? and s is the distance to the convex hull of (K, d'/2)
from the center of the Hilbert sphere of radius p on which it is embedded by
Theorem 3.8.

4. Definite semimetrics on Euclidean spheres. To define semimetric one
drops the requirement that the triangle inequality be satisfied. We will be con-
cerned only with continuous semimetrics which are invariant under Euclidean mo-
tions.

Definition 4.1. A semimetric b will be called definite if the quadratic form
2, pb;s b)x;x; is negative definite on the hyperplane 2x;= 0 whenever p,, p,,
+++, p, are distinct points. (If the form is allowed to be negative semidefinite,
we call b semidefinite.)

Lemma 4.1. Let b be definite, and suppose p,+, b, and qys-++,q, are
two sets of points. We bhave

(4.1) Z b(Pi’ P’) + E b(q," q,') < Z h(pi' q,').
i<j i,j

i<j
Equality can occur only if the sets are identical.

Proof. We consider the form

2 bpy p)xx + Z g a)yy;+ Z;b(pi. qj)xiyi
i<j i<y 1]
which is negative semidefinite if Exi + 3y, = 0. If we set each x; =1 and each
y; =—1, the inequality is immediate. Let 0;,-++, 0, be the distinct points
among the p; and ¢;. Let 0; occur with multiplicity 2],z among the p,, q;,
respectively. If z; = z; - 2, then Z,_.5(0,, 0,)z;z; is negative unless z; =z}
for each i.

If b is a definite semimetric on a unit m-sphere, put S(b, n) =
maxiiidb(pi, pj)} as Py, p, vary over the sphere.
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Lemma 4.2. We bave S(b, 2n) > 4S(b, n).
Proof. Let Pl,'-- N p” be such that3, 'b(pi’ PI) = S(}), n), Let ERRR qn be

i<]
a nonidentical isometric copy of p;s+++,p,. We have

(b, 2n) > L bp,p)+ Z hg, q)+ Z bp, q)
1<y i<y i,7

By Lemma 4.1 the third sum exceeds the sum of the first and second. The resule

follows.

Theorem 4.1. Let p, be a fixed point on the m-sphere and define c(b) to be
@Qo)-! [ b(po, p)do(p) where o is the surface content of the m-sphere. Then

(4.2) c(b)nln — 1) < S(b, 1) < c(B)n?.
Proof. Let p,,:++,p, be n points such that X, h(p,, pj)= S(byn). Let

i<j
9ys*** s 4y, be kn variable points. We always have

(4.3) k2S(b, n) + 3 blg, q) <k T blp, p).

i<j ij
The inequality (4.3) is obtained by setting x; = k and y, =~1 in the proof of
Lemma 4.1. For’convenience write (4.3) in the form 3, + 3, < 23. We note that
() o~* f... [2 do(q,)--- dolg, )= k2S(h, n),
(i) o™k f... [3,da(g,). . dolg, )= kn(kn -1)x(b), and
(iii) o7k ... [S.dolg,) .. dolg,,) = 2k*n?c(h).
The inequality (4.3) implies that k2S(b, n) + kn(kn — 1)c(b) < 2k%n2%c(h); thus

(4.4) S(b, n) < (% + n/k)c(b).

Letting k tend to infinity gives S(b, n) < n’c(b). If equality were to hold, Lemma
3.2 would give S(b, 2n) > c(b)(27)?, a contradiction.
If pys+++sp, are variable points on the m-sphere, then

(4.5) St m)> 0™ [oon [ Thlp, p)dolp,) ++ dolp).

i<j

The left inequality in (4.2) follows.

Fejes Téth [7] conjectured that if n points pys++*» D, are distributed on the
2-sphere then 2i< i (pi, p,.) < 2n%/3. The previously cited work of Schoenberg
assures us that d is definite, and an easy computation shows c(d) = 2/3 for the
2-sphere. Actually, this result is implicit in the paper of Bjérck (2], and the po-
tential theoretic methods he uses can certainly be developed to obtain the right

inequality in (4.2). However, refinements of the methods used here are proving
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useful in obtaining error estimates for the interesting n-discrete situation; see
(1], 32}, and B33,

Next we wish to show that the great circle metric d' is semidefinite. Let
[ ZVR ZYRREEY SURTIEERY PO L points on a unit circle, indexed in counterclock-
wise order, such that p; and p, P antipodal. On the hyperplane Eixi =0 we
have

- z d'(Pi" p’.)x,.xj = sl(:c2 +oees X )2
(4.6) <t

n+l

2 2
+sz(x3+--o+x"+2) +'°""s,.(",.+1+""""2n) .

Hete s;=d"(p;s0,,,)=3d"(; 0 0101
and the other variables equal to zero. Professor Richard Bishop has pointed out

). To verify (4.6), set x=l,x=-1

the following ‘‘differentiable’’ analogue of (4.6); if f has period 27 then
w w
@8y [ T e ey = [T T1) - fy - My

The mass distribution is given by ['. Equations (4.6) and (4.6') are special
cases of a general Stieltjes integral formula.

We note that the right side of (4.6) is zero if and only if X=X for each i.
Any finite collection of points on the circle may be treated by first adding all
antipodal points, and then diagonalizing as in (4.6). The additional points may
be suppressed by setting the corresponding *; equal to zero. We have proved the
following lemma.

Lemma 4.3. Let p,,-+-, p, be points on a unit circle. Then the quadratic
form Eiq.d'(pi, p].)xixi is negative semidefinite on the byperplane Z.x. =0,

Theorem 4.2. The great circle metric is semidefinite. The form
2i<jd'(pi, b j)"i",’ will be negative definite on 2%, = 0 unless there are two pairs
of antipodal points among the p,.

Proof (for the 2-sphere). Let I' be an arc of a great circle on the sphere,
and let p be a point which is neither an endpoint of I" nor antipodal to an end-
point. Let I‘p be the projection of I' via great circles onto the equator of p. We
note that || = %»~![| I',|do(p). The integral is clearly invariant. To see that
1/4z is the correct constant, choose I' to be a great circle.

Let p,5+++, p, be distinct points on the sphere and let '/ be a minimal
great arc joining p; and p.. We note that

4.7) > d'(pi. pj)xlx,. = Zl; I Z II";"lex,.da(p).

i<j i<j



18 RALPH ALEXANDER AND K. B. STOLARSKY

The right side of (4.7) is nonpositive by Lemma 4.3. It is clear from an examina-
tion of (4.6) that the form can be zero in a nontrivial way if and only if two pairs
of antipodal points are among the p.

If in Theorem 4.1 we allow b to be semidefinite, the right inequality of (4.2)
can become equality. Two important examples are given by d? and d'. See (2.1)
for d%; if p,,+++s p,, are such that p, and p, +n 2r€ antipodal, then %, d'(;,p,)
=Y%n(2n)? and c(d') = Y. The papers of Sperling [31] and Nielson [23] concem d'. The
latter paper uses the integral formula for arc length and is closely related to our work.
Kelly obtains results of the same type inter alia in [17]; see also his papers [15] and
[16] for results concerning the quadratic form I(K, pt) of $3 and the Schoenberg
embedding theorems.

Ve remark that if b is semidefinite, then b” is definite for 0< y < 1,

5. A proof using spherical harmonics. In this section we give a proof (which
uses the ideas of [24]) of the upper bound of Theorem 4.1 in the special case
where b(p, q) is the Euclidean distance from p to 4. In fact, we ultimately ob-
tain the stronger inequalities (5.33) and (5.34).

The notation in this section is changed to conform to that of Chapters X and
XI of [6]. We let gystees gy denote points on the unit sphere in E P42 5> 0,
and set t = ¥%p. For 0<A< 2 we define

S(N, p, A) = max Z dix].
i<j

where dij =lq;- q; |. The upper bound of Theorem 4.1 now becomes

(5.1) SN, p, N/N? <221+ Yp) D% (p + 1 + A)/a%T(p + 1 + %),

For the moment we assume p > 1; the modifications required when p = 0 will be
given later.

The ultraspherical (or Gegenbauer) polynomials are defined by the generating
function

(-]
U =-2xr+)"t= X C:n(x)r'", t#£0.
=0

For example Cf(x)=1, C’(x)= 2tx, etc.; they are orthogonal on [-1, 1] with
weight w(x) = (1 - x?¥~1/2, ¥e shall write (@) =T'(a+m)/T(a), and frequently
make use of

(5.2) o+ m/T(m) ~ m%, m — oo,

and

(5.3) Val(Q2z) = 22%~ 11Nz + ).
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Lemma 5.1. For 0<A<2, 0<r<1,and ~1<x< 1 let

(5.4) )= +7%- 2)M2 o, Z‘B am(r)C:n(x), am(r) = am(r, A

m=
be the formal expansion of f(x) in terms of ultraspberical polynomials. Then (i)
the series converges to f(x) in -1, 1), and (ii) for 1< 1 we bave ay(r)> 0 but
am(r)< 0, m> 1. Hence ay(1)>0 and a,(1)<0, m>1.

Proof. If r# 1, then f(x) is analytic on [~1, 1] and hence by Theorem 9.1.1,
p- 243 of [34] the series converges to [(x) in the interior of the ellipse |x- 1|+
|2+ 1| =+ r*Y/r (consider x as a complex variable). For r=1, f(x) is con-
tinuous and (1 - x2¥=1/2| f(x)| is integrable, so by [18, p. 779] and [19, p. 168]
the series on the right of (5.4) is Cesaro (C, k) summable to f(x) in the closed
interval [-1, 1] for & sufficiently large. Hence to show (i) it suffices to show
that the series converges. We do this directly forany r, 0<r< 1.

By [6, p. 175 (iii) (11)] we have the Rodrigues’ formula

27ml(e + %) (1 = )% CE () = (- D™20) D™ - x?)mH=%],
We obtain from orthogonality and repeated integration by parts,
bam(r) = J-ix (1 + 72 =2e)™2(1 = x2)t% C:n(x) dx

©-9) (-1)2m(21)
- t

———m 1 (1 - x2)ym+t=Y% pm(1 4+ 42 - 2r)M 2 dx

27mi(¢ + %)m -1

where b is the orthonormalization constant (see [6, p. 236 (26)] or [34, p. 82])

I(m + 20

=1 —xD)=%B(Ct (x)2 dx = 2172t -2 M .
.6 b=l (=P () dx = 21 2aT () o TeD

Since

, my w2 =2 _ (o2 Dim=A/2) (1472 \M2-m
(5.7) D™(1 + 7% = 2m)*=2 = (29 ) %
(ii) is immediate. By [6, p. 207 (7)]

(5.8) max |C;(x)| = C:n(l) = (Zt)m/m!, t>0.

-lsxg1

So for m > 1 the facts that (1 — x)< (1 + r2)/2r - x) and
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G.9) J1, @4 9971 - 09 Ve = 244 DTG /T + )
yield
@0 @M Mm - M/2224M 24 4 A2 + Y m + £ + %)

(5.10) ba () <
2"mit +14) D-A/2)(m + 2t + M/2 + 1)

with equality only when r=1. Now by (5.2) b >>mP~2, so by (5.2), (5.8), and
(5.10),

la,(NC! (x| < explllog m)2—-p+p-14+p-1-t-Y5-M2+2+%-p-N2-1)

= m-l-A,

and Sm~1-2 converges, so the proof is complete.

Lemma 5.2.

2e4 ) D(m - A2 + M2 + %)
5.11 e (=222 + .
61D “m Vr 2 T + 2 L1 - A/2)0m + 2¢ + A/2 + 1)

Proof. This follows from (5.10) and (5.3).

Definition. Let §, (0<6,<m, i=1,-+,p) and 0Ml (0< 0“1 < 27) be
called the generalized latitudes and longitude of a point ¢4 on the unit sphere in
E?*? where

gg=(cos 0, sin 8, cos 0, sin 6, sin 6, cos 0,
cee,sin 6, sin @, +++sinf, cos 0, ;,
sin 0, sin 0, «++ sin 0, sin 6, ).
Define [0, ¢1=10,--+,6,), (¢},-+-, ¢,)] inductively by
[©,), ()] =cos (0, - ¢,),
1@, 0. (byseees ¢'k)] =cos 0, cos ¢, + (sin 0, sin qSl)
[y -1 0, B1seer B

Let ¢/, be the angle made by g4 and 94 at the center of the sphere. Then
cos Yy =10,000,6, ) (500, ¢p+1)]° In general, set

(5.13) cos ¢’= [(0’, ey 0p+l)’ (¢'9 ceey, ¢p+l)];
the right side of (5.13) is clearly in [-1, 1] since it equals

(/2 oy m/2, 0,0 00050, 1) (@/2y0eesm/2, 50000

(5.12)

I

In what follows we often write j(i) for j;,. Recall the addition formulae for

p+l)
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Legendre polynomials P"(x) = Ci/ 2(x) [6, p. 183] and for uleraspherical poly-
nomials C’(x) [6, p. 178 (the 2™ should be 22™)}:

Pn(cos 0 cos ¢ + sin 0 sin ¢ cos Y)

(5.14) ( Y
= P _(cos O)P (cos ) +2 Z (n : i P7(cos 6)P™(cos ¢) cos ny.
n
C!(cos 0 cos ¢ + sin 0 sin ¢ cos ¥)
no X v [(t)m]2
(5.15) =m2=:02 Qt+2m-1 n-m.m

« (sin O)MC;tm'Scos 0)(sin ¢)”'C::_'"m(cos $)Ct- %(cos ¥).

In (5.14) the P are the associated Legendre polynomials of order m. Note that
all coefficients in (5.14) and (5.15) are nonnegative. By (5.12) and repeated ap-
plications of (5.15),

(0)([(019 seey 0p+1) (¢1’ ttty ¢p+l)])

(0) i(6=2)
G160 .Y . X s, 4, 9

i(1)=0 j(p=1)=0

o b(jln = 3), jln=2), t =% (p-2))1(0)f (&) - g
where b(j(i), ji + 1), t = %(i - 1)) 2 0,

1(6) = (sin 01)’“) «oo (sin 6,. )’("I)C“’(l) (cos 0 )

-%(p=2)4j(p=1)
C;(p_.f’)_,(;’ 2= (cos 0 l)’

and (by (5.14))

g= C:(;A(I‘;’l)(cos l,lrp) = Pj(p_l)(cos 0', cos qu + sin 0? sin qu cos(GMl _¢p+1»

(cos 6 )P (cos ¢ p)

(p 1) i(o=-1)

12D (i(p - 1) - i

+2 i1 Glp=-1) 4+

ai(oﬂ, 0P+1)ai(¢p, ¢p*1)

102D (i(p 1) - i)

*+2 =1 (p-1)+i)

b{60,,0,,)0 (8, b,,1)
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where a,(0,,0, )= P::(p_l)(cos 0,)cos j(p-1)0, , and b,(6,,6, )=
P;:(p_l)(cos 6,)sin j(p-1)6, ;. Hence

1
G617 Ci [0y oe2 8, ) (Byseeengp, D = Ejl cb (00 ()

for appropriate b, with c; > 0.

Lemma 5.3. Let ¢, = (0(1"),. ooy 02’21-), v=1,...,N, be N points on the

unit p+ 2 sphere and let Yuv be the smallest angle between 9 and q,, Then

(5.18) 2 Ct(cos y,,) 2 - 4N@d), /m!.

pe<v

Proof. This follows from (5.8) and

N. N 1 N 2
> 3_1:1 C:n(cos Y = > ci[z bi(G(P‘))] > 0.

=l izl Lu=1
‘Lemma 5.4. If the real part of ¢ — a—- b is positive,

'(e) — D(m + a)(m + b) _ NI c-a-b)
IaI'®) 71 mTm+eo  Ie-allc-d)

Proof. See [35, pp. 281-2821.
We can now begin the proof of the theorem. By Lemmas (5.1) and (5.3),

- (IZV)-1 2 g, - 2" = (I;I)" 2, (201 - cos y,w)]x/z

p<v p<v

2F1[“' bic;11=1+

-1 &
= ao(l) + (Q’) mz_‘ lam(l)l - (-1) ;El C:n(cos yw)

(5.19) nr
<a4(})7" T o 0%NCA,/mi

2 m=1

<ol - = T 0,10, /mt=U.

-1 m=1
By Lemma 5.2,

22t4d) Tt +A/2 +1/2) | —iT(=)/2) . v
V=" 2 TTa-AD TGrsAz+ D) (N-DI@)

where
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V= i (m+ OT(m + 26)0(m - 1/2)
mal Dim+ D0(m + 2t +A/2 + 1)

X Tm=-1+1+201(m=-1+1-=)/2)
m=1 D(m)(m =1 +2¢t +A/2 +2)

A r@or-a/2) . Fr@ar-a/2) & m+ 200m = A/2)
T2t +M2+1) D2t+A2+ D m=1 mD(m + 2t + A/2 + 1)]

I'Q + 20001 - A/2TQ)  TQAT(A/2) TEAT(=A/2)T(\ + 1)
T2+ DFQe+A+1) TQi+A2 +1) * V2 +DI2t+A+ 1)

_ tF20)IN(-A/2)

2= 2/2)

TQt+A2 +1)
Hence by (5.3)

22t (DA (e + A/2 +1/2)  T(1 =A/2) N
U= N (1 - 22 FQt+A/2+1) N-1

204x T(p/2 + DI(p/2 +2/2+1/2) N
= T+ 1+ A/2) N-1

Now (5.1) will follow as soon as we show that the inequality in (5.19) is strict.
Equality holds only if for every m > 1

(5.20) 2 Cilcos y,,)==Y%N21), /ml.

B<v
Think of g,,..., gy as defining a linear operator L; i.e.,

L(f(x)) = Z f(cos y,_w).

u<y
Lemma 5.5. Let k> 1 be an integer. Then

k TQk-m+1) Tk + 9
21) _1)m+l =
© mz=l D mT-m+ Dk-m+1+8) Th+DNE+1+2)

for all complex t.

Proof. Both sides are polynomials in ¢ of degree k - 1, so it suffices to
show the inequality for k distinct integral values of ¢. But for ¢t a positive in-
teger, (5.21) is a special case of the well-known formula

23
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s
Z (—-l)m S u-m - Uu-—-3Ss .
m=0 m t u=t)’

see for example [22, p. 252 (27)].

Lemma 5.6. Let the linear operator L be defined by L(1)= (’;’) and L(C:.(x))
==YiN(2t),/n\. Then for integers k > 0,

(5.22) L(x?%) = {TQRTQA + /22 TRk + 1 + 8)IN? - 4N;
the right side of (5.22) is to be replaced by its limit (= %4) when k=0,

Proof. The lemma is clearly true for k = 0; assume it is true for all integers
k' with 0< k' < k. By [6, p. 175 (18)]

k TQE-m+ 1)

.23 Cy =3 D"

2 Zk-Zm.
m=0 T(OT(m + D2k - 2m + 1) @)

Thus
F(Zk“'t) 2k 2k k mel F(Zk-—m-!-t) 22k-2m 2(k=m)
e e ,,,Z,:l O™ ROt s DTGk —2m s D L)

T2t + 2%)

-1 ———————
AN SGaGR

By the induction hypothesis, (5.8), and Lemma 5.5 the result is established.
It follows from Lemma 5.6 that lim k__wL(xu) =-Y%N < 0 if (5.20) is valid
form> 1, But

(5.24) L(x2%) = Y cos?* Vv 2.0

pev
Thus the theorem is proved when p > 1. For p = 0 the details are quite similar.
Let 9,= el¢"". Then

N\-1 ib, ib,n (N1 L Bu— B
(2) /Z:vle Foe ¥ =(2) £2s1n 3
) N\-1
=ay+2 ng:l(z) a, Ecosm(¢n-¢v)

00
2

<a, - Za =U

=70 N"lmzl m
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since [24, p. 32, Lemma IV]

(5.25) 3> cos m((ﬁ#— $,)>-%N.

B<v
Also by [24), a; = T'(1 + AYT2(1 + M/2) and
a, =-sin zzé T+ MN0(n = A/2)/a0(1 + M2 + m)

= (=1D"Q + A)/TA + M2 = m)TA + A2 + m).

The sum U is again evaluated by Lemma 5.4 and by the aid of (5.3) we find that
(5.1) is also valid for p = 0, provided strict inequality holds for some m > 1 in
(5.25). But unless this is the case, we can use the identity

M

Zl cosmx==Y%+% [sin(ZM + 1)%x]/[sin %x] =-%+ B(M, x)
to show
(5.26) - ’Z-V M= [-%+BM, (¢#- )]

j7234
which is false for M sufficiently large. This completes the proof of the theorem.
The proof of this section appears more complicated than the earlier proof,
but a more careful estimation of the hyperspherical sum 2 of (5.19) will now
yield a stronger result than (5.1).
First assume p > 1. Let L be a linear operator on polynomials with L(1)=
() and write

L(C, (=) = 1= %NQD) /nl} + €.
We shall show that if L is the operator defined by 4,,+++, gy then
(5.27) le, | < co(PINZ2=1)/(p4D), 1<n< e, (pIN2/(2+1))

is false. Here the ci(p) will denote certain positive constants depending only on
b which can be written down explicitly; similarly for c,(p,A) and c ().
Assume (5.27) is true and write

(5.28) L(x*¥) = RN, &, 1) + 6,

where R(N, k, t) is the expression on the right of (5.22). Recall that ¢ = %p.

Then &

2k +1)
m4ly=2 - ——
(5:29) 60y, = 2 (1™H27ime, g, 4272k Tk+ 0 2k

m=1
where
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2% + 1) TQk-m+ 1)
c = . .
km = TQk+1) TQk+1-2m(m+1)

Lemma 5.7. If 6, =0 and

a =vz:1 (~1)¥+13-2v, e V+2‘2"3

then

where
2z +1) M2 +t+1)
" Ta-v+D2v+l) Do+vee+l)
Proof. This is clear for n = 0. Assume true for all integers less than .

Then

b

E (~1)¥#2=27  2=2(n=7) Z by B +277",

v=1 j=1
- -2n _1)¥ -2
Ez b‘é(l)cnv",,JZ "s,
n=j
-2 -2
_Z:i 27?5 - 2 2725, uz-% “1D%,.b,_, -

The vanishing of the sum on v is proved in the same way as in Lemma 5.5, and

by the same identity.
It follows immediately from Lemma 5.7 that

E Tv+1)
630 10241 < 2,(0) mex 1 o
From (5.22) and estimates of the Stirling type,
(5.31) RN, &, D <~
whenever
(5.32) k> c,(INY/PD g

Now if k= [K0]+ 1 and cl(p)z 4c3(p),
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L(x*®) <~ YN+ c4(p)co(p)N(2p’l)/(p"'l)(Nz/(p*l))l-'
<=%N+c (p)cy (N
and we have L(x2*) < 0 for co(p)c 4(#)<%. But this is a contradiction. Hence

(5.27) is false for an appropriate ¢ (p) and the estimate in (5.19) holds with U
decreased by

() 0= ta, Iy pnze- 070

for some m satisfying 1 <m< cf.(p)Nz/(""'l ). Since by (5.10)
la,, (1] > cc(ps M2 - Nm=A=?

we have

(5.33) SN, b, A < clp + 1; MN? = ¢, (p, DA(2 = AN~ (ZA+1)/ (24D,

When p = 0 we use a different technique.

Lemma 5.8. Given real numbers 01,~ e, 0 ; and an integer T > 0, there is
an integer m with 1 <m< 27! such that

lm <T=Y,  i=1,..e,1,
where || x| denotes the distance from x to the nearest integer.

Proof. This is an easy consequence of the pigeonhole principle. A proof is
given, e.g., in Volume 2 of [20, p. 1331,

Lemma 5.9. Under the above hypothesis there is an integer m satisfying
15m52~81 such that

i cos mf, > 2-V2),
i=1
Proof. Choose m so that | m0,/2n|| < 1/8 for i=1,.+-,1

Now let /= () and let 6,,-+, 6, be the I numbers ¢, - ¢, where p<v.
Choose m as in Lemma 5.8. Then U can be decreased by

N\~1 -1/2 N
2] el 2)

where m < 2.8, 1t follows that

(5.34) S(N, 0, 2) < e(1, MN? = c ;M2 = A) exp(~cy(WN?).
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6. Calculation of transfinite diameters and curvature. Let the points by lie
in a compact set K. If for A> 0 we define d{M(K) = 413” by

-1
6.1) WP = (2’) max 2 |p, - p,*

K<V

then it is well known [24] that d{V>dM> ... > 0. Hence 4V =limy_, dV exists,
and by letting A — 0 we get déo) > ng) >+++>0. Hence d_ = limN_wd,f,o) also
exists. We write dy = dlflo) and call do(c"), d_, the Ath transfinite diameter of K

and the (usual) transfinite diameter of K respectively.

Theorem 6.1. If S, C E" is the surface of the n-dimensional unit sphere,
n=p+2>2, then

d,(s,)
= ex l+£+l+ + ! —-1 l+l+l+ + l)] n
2 R A n-3"3\"2%3 =2 even,

1 1 1 1 1 1 1
=2€XP[5+Z+"'+;:?—7(1+5+§+'°'+”~2>]’ n odd,

with the convention that an empty sum is 0.

Proof. It is not hard to use the ‘‘uniform distribution technique’’ of [24] to
show that the expressions of (6.2) are lower bounds for 4_,(S,). The real problem
is to show that they are upper bounds. Let 0(A) be the expression on the right of
(5.1). Then

. . 1
(6.3) () = Jim dy(s ) < lim oW?/a
where

dy(s,) = lim SN, p, N)/NTV/A,

Now expansion of the I' functions yields o(A) =

F(ﬁ)z%""l ] (m=3+Nm=5+1 .. 1+ +A)
2 (n=2+M2)n=3+1/2) «o (1 +2/2TX1 + 1/2)

or

2%(n=1) Na/2) 2=3+m-5+A) -2+ 2A
Va2 A3 A D) 04 AD T2

depending upon whether 7 is even or odd. We can use the factors independent
of A to put every factor involving A in the form (1 + aA). Then (6.3) can be

easily computed since
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lim (1 + a2 = e® and lim [TQ +A)/T2(1 + A2 -1,
A—0 A—0

The result follows.

Theorem 6.2. d, (S )= V2 + (1/n) and (as this suggests) d_(U)= v2
where U is the surface of the unit sphere in Hilbert space.

Proof. The first statement follows readily from Theorem 6.1. For the second,
V2 < dy(U) is a consequence of the existence of N unit orthonormal vectors in
U for any N. On the other hand, if we use (6.2) and (6.3) to calculate lim,_,,
in (5.1) (note that the left side is nondecreasing in p) we find that for A > 0

S(N, o, N)/N2 < 2M2-1,

SO
(6.4) d,, <dP <dMW) <VZIN/AN = DIV,

By taking A = N~1/2 and letting N — o, the result follows.

A related fact (proof omitted) is that the side of the regular simplex inscribed
in §, tends to V2 as n — . That d_(U) = V2 has already been proved by
Hille [12].
~ Next, we propose a new purely metric definition of curvature (see [4, pp. 74—
89, [21, pp. 124-125] for a discussion of various such definitions). Let M be a
metric space with metric d(x, y) and § o the sphere of radius p about some P €
M. Let 0< A< 2 and set

dNp; P) = 4V [(;’)"sup T Mo, p,.)]""

l<i<j<N

where the supremum is over all p, € § 0 1<i<N. Then dl\(i)‘) is nonincreasing,
so limN_mdlf,") = d™ exists.
Definition. If for some n > 2
6(2n =2+ A) | dM(p; P)
py (A, n)

+ k= lim >
p=0  (n=1)p

where

S n) [ T\ + n - D(n/2) ]m
s n) = ’

%W+ ) -1+A/2)

we say that as a space of dimension 7, M has a A-curvature of « at P, the cur-
vature being positive or negative according to the + sign.
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We conjecture that k = k(P) lies between the minimal and maximal values of
VK where K = K(P; (&, 7)) is the Riemannian curvature of M at P in the two
dimensional direction (£, 7) [21, pp. 125-127; pp. 136-137); here it is assumed
that M is a sufficiently smooth manifold of dimension » > 2. This can be shown
for n > 2, M Euclidean (i.e., k = 0) by the methods of this section and for M of
constant curvature, n = 2, and 0<A <1 by the methods of S2.
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