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A RELATION BETWEEN K-THEORY AND COHOMOLOGY
BY

ALAN THOMAS

ABSTRACT. It is well known that for X a CW-complex, K(X) and H®V(X)
are isomorphic modulo finite groups, although the *‘isomorphism’’ is not natural.
The purpose of this paper is to improve this result for X a finite CW-complex.

1. Preliminaries. For the basic definitions and theory (1) of A-rings, we refer
to [2], [12). The ring Z of integers has a A-ring structure with A”: Z — Z the
function

A™(n) = (:;) =n(n-1)-~(n—m+l).

m!

Definition. An augmented A-ring is a A-ring R together with A-ring homomor-
phisms it Z — R and € R — Z such that ei = 1.

Since the Definition implies that i: Z — R is a monomorphism, we think of
Z C R as the multiples of the identity. Let B denote the category of augmented
A-rings and A-ring homomorphisms which commute with the augmentation. If B €
0Ob B, we write BZ for the nth term of the y-filtration on B, and I'(B) for the
associated graded ring. We note that F(B)o =Z. 'I\.‘et @ be the category of com-
mutative graded rings A with A = Z. We define A: A— B as follows: If A €
Ob @, then as a set Q)= 0,04, fa € A(4), we denote the component in
A_ by a, and for convenience of notation define @, =1 € A, and write a as
either of the formal expressions

1+a1+a2+---+an+-u or igai.
If a, b eK(A), we define their sum, a @ b, componentwise:
(cob), = “,Z;n ab;

so that ‘®’ is analogous with multiplication of formal power series. This opera-
tion makes A{A) into an Abelian group, and we denote the inverse of a by © a.
In particular if @ is an element with @, = 0 for n> 2, then
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(1) We are indebted to Atiyah and Tall [2] for explicit proofs, in particular those
based on ‘formal algebra’.
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— - 2- 3 LN ) — n LN
Oa=1-a +af-al+ +(al)+ .

Amap f: A— B in @ induces a function A(/): A(A) — A(B) componentwise:
A @), = 1(a,)-

Since '@’ is. Seﬁned in terms of the ring structure and [ preserves the ring struc-
ture, clearly A(f) is a homorphism.

Define A(4) = Z ® A(A) as a abelian group, and write [m, al for the element
m ® a.

Proposition 1 (Grothendieck). (a) There is a unique multiplication on A,
denoted by ®, which is associative, commutative and distributive over addition
such that

(i) for each integer n there is a polynomial P (X, <+ X, Yyyeee,Y,)
with integer coefficients such that

(a®b)n= Pn(al’.“’an’ bl"“’bn);

(i) if @), by €Ay, then (1 +a)® (L +b)=(1+a;+5)O(1+4)O
(1+5))

(b) If we give A(A) the ring structure obtained from A by adjoining a unit
(i.e. define lm, al ® [n, bl = [mn, mb + na + a @ b)), then A(A) admits a unique
A-ring structure such that

(i) for each pair of integers m, n, there is a polynomial Qmm(X LELY Xn)
with integer coefficients such that
a0, al = [0, b] where b, =Q,, (a;,:++5a);

Gi) A"[0,1+4a)=(1""0,1+a])if a €A, and m> 1.

The existence and uniqueness depend on formal algebra.

Ve define afnctor D: @ — @ as follows:

If A €0Ob @ let x denote its multiplication. Define,D(A) = A as a graded
abelian group but with multiplication (denoted by °) defined as follows: if x €
A, and x, €A then

(m + n)t
x 0 X = e——X
m n

X X o
mpt ™ °

If f: A— B in (@ define D() = f: D(A) — D(B).
Let N, = Nn(C'l s+++50) be the polynomial defined inductively for » > r by
Nl(a yeeey 0,) = 0, and the formula
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N,-0N, 1 +0,N, e+ +(~1)"no, =0,

Define o: A(A) — D(A) by
(a{m9 a])o = My (a[m, a])" = Nn(al’. oy a") fOt n Z 1,

where N, is evaluated in A, not in D(A).
Proposition 2. o: A(A) — D(A) is a ring homomorphism.

Proof. That o is additive depends on certain identities satisfied by the poly-
nomials N,» and is omitted.

To show 0 preserves multiplication, by virtue of the universality of the defini-
tion of multiplication, it suffices to examine o(x ® y) where x = [1, 1 + a] and
y=1[1,1+b] with 4, b €b,.

In this case x ® y = [1, 1 + a + b] so that (olx ®y)), = (a + b)". But

Gy, = 5 TN s (a s o,

rts=n 7-3!

So olx ® y) = olx) - aly).

2. The main theorem. Let I, be the category of finite based connected CW-
complexes and based maps. If X €, then H®V(X)= $n20 H*(X, Z) is a graded
commutative ring and, since H(X, Z) = Z, belongs to (. Thus H®%: B,— @ is
a functor, and we define

G =Kuev: 0, — rings,
G= AHCV: m*—_' %9
H=DH": B, — Q.
The internal multiplication G(X) ® G(X) — G(X) induces an external multi-
plication G(X) ® G(Y) — G(X x Y) in the usual way. This in turn induces a multi-
plication G(X) ® &(Y) — &(X A Y).

If E — X is a complex vector bundle, let cl.(E) € H*¥(X, Z) denote its ith
Chern class and define

CE)=1+c,(B) + c (E)+... € G(X),
c( E) = [rank E, T(E)] € G(X).

Lemma 1. If E, F are vector bundles over X and G over Y then
(1) S(E ® F)=c(E)® S(F) and c(E ® F)=c(E) ® c(F).
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) (E ® G) = c(E) ® c(G) where E ® G is the exterior tensor product bun-
dle over X x Y.
(3) c(\E) = Mc(E).

Proof. The formulae are the standard ones—see Hirzebruch [3].
~ ~ ~ ~
Hence ¢ defines a ring homomorphism c: K(X) — G(X) and c¢ defines a A-

ring homomorphism c¢: K(X) = G(X). Let s: K(X) — H(X) be the composite K(X)
—¢ G(x) =7 H(X).

The purpose of this section is to prove the following theorem. If 7 is a posi-
tive integer let [ be the set of primes less than n.

Theorem 1. If X is a finite CW-complex of dimension < 2n + 1, then
(i) € K(X) = G(X) and c: K(X) = G(X) are isomorphisms modulo | -torsion.
(i) s: K(X) — H(X) is an isomorphism modulo I’H_l-torsion.

The proof of Theorem 1 is an easy consequence of the following mod C ver-
sion of a well-known theorem on half-exact functors.

Proposition 4. Let C be a Serre class of abelian groups, and let p: t, =t
be a map of balf-exact functors, where t;: B, — Abelian groups, such that p:
t,(8") — 1,(S") is an isomorphism mod C for n<m. Then p: t,(X) = 1,(X) is
an isomorphism mod C when X is finite and dim X < m.

Thus in order to prove the theorem, we examine the maps on spheres.

Lemma 2. (i) K(s27+1) =S G(s27+1) is an isomorphism.

~ ~ v
(ii) K($27)—¢€ G(S527") is a monomorphism with cokemnel Zi 1y
(iii) G(52") —% H(S?") is a monomorphism with cokernel Z .

Proof. (i) Trivial, since both groups are zero.

(ii) The map K(5§2") — G(5?") = H2"($2") is given by the nth Chern class,
and by theorems of Borel-Hirzebruch the nth Chern class of a complex vector
bundle on $?7 is a multiple of (n - 1)! times the generator, and every such multi-
ple arises.

(iii) The map G($?7) =7 H(S?") & H?"(5?") is easily seen by calculation
to be multiplication by n.

Let @n be the class of abelian groups whose order is a product of primes in
l,. By Lemma 2

T: K(S™ — G(S™) is an isomorphism mod C for m<2m+1,
st K(S™ — H(S™) is an isomorphism mod C_,, for m<2n + 1,

whence the theorem follows.
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3. Finite CW-complexes of dimension < 5. In the case n = 2, Theorem 1
says that if dim X <5, c: K(X) = G(X) is an isomorphism of A-rings, i.e. K(X)
& AH(X) [in particular, if dim X < 4, we see that K!(X) & H!(X) ® H3(X)], so
that the graded ring structure of H®V(X) determines the A-ring structure of K(X).
In this section we show that in these low dimensions the converse is true, namely
H®¥(X) & T'K(X). Since we already know that K(X) & G(X) as A-rings, it suffices
to show that I'G(X) = H*V(X).

Let a: G(X) = H(X) be the projection a(l + a, +a,)=a, andlet
H‘(X) — G(X) be the inclusion Bla,)=1+(-a ,)- The sequence 0 — Hi(x) =~
G(X) —%HA(X)— 0 is clearly exact.

Lemma 3. (i) Im B =G(X)}. (i) G(X)) =0 for n>2. (iii) The product
in TG(X) from (G(X)]/G(X)Y) x G(X)]/G(X)) — G(X), is (isomorphic to) the
cup product H2(X) x HA(X) — HA(X).

Proof. By formal algebra it follows that
M Y'l0,al= 00,1+ (1" a-1ta_ +.--],

@ [0,1+ a_ + higher terms] ®[0,1 + & + hi gher terms]

=[0,1+¢ man + higher terms].

From (1), (2), it follows that G(X)Z' =0 for n> 2 and since y2[0, 1+ a2] =
fo,1- “2]’ we see that Im B C G(X)'zy. But G(X)Z in this case is generated by
elements of the form y2[0, 1.+ a + a2] or [0,1+ al][O, 1+ bI], i.e. by ele-
ments of the form [0, 1 + @,], whence Im B = G(X)). Finally a simple calcula-

tion shows

0,1+a,+2,]®[0,1+5,+5,]1=00,1+(-25))]
which completes the proof of the lemma.

4. A real version. We would like to prove a theorem analogous to Theorem 1
for KO-theory using the corresponding characteristic classes. Since Stiefel-Whit-
ney classes do not carry enough information even on spheres, we try Pontryagit
classes. However, there is a technical difficulty to overcome, namely that Pontry-
agin classes do not obey a Whitney-sum formula. However, if E, F are real vec-
tor bundles over X and if p,(E) € H*(X, Z) denotes the ith Pontryagin class then
?, (E®F)- 2 i4j=n Di (E)p](F) is an element of order 2 in H**(X, Z). Let
H4’(X) @ H4”(X Z). H*": B, — graded rings, so we can define

(Go)“'(x)=KH W), Go(X)=AHY (), HY(x) = DH**(x).
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"
(Alternatively, we can define (GO) (X) as the subring of G(X) consisting of ele-
ments with zero components in odd degrees:

(GOY(X) ={a € G(X): a = 0 if n is odd].
Letg: (KO)“(X) = &(X) be the composite

complexification c

W2
K(X) G(X) G(Xx)

q: KO(X)

where {2 is the Adams operation.

Clearly ¢ is a ring homorphism.

Lemma 4. If F — X is a real vector bundle, then
- (4"
(¢(E)),,,, =0,  (G(E)), =4 (E).

Proof. If F is the complexification of E, with Chern classes CpsteesCpy
then p; (E) = (- 1)} ¢,;+ If F were a sum of line bundles F = L®-.-®L, w1th
c (L )= a; then

1/ c(F)=c§/l2(F)=c(Lf Do GL:)
=[1,1+2a]®[1,l+2a2]$---®[1,1+2an]
= [n, 1+2c1+22c2+23c 4 oees]

so by the splitting principle for complex vector bundles, we see that (g(E)), =
W2e(F), = 2" (F).
If i is odd, then 2c¢(F)= 0, so (g(E)); = 0. If i= 2n, then (4(E)),,
22, (E)= 227 1¥p ().
Thus the image of ¢ is contained in GO(X). By naturality it induces a map
7'+ (K0 (X) = (GOY ™ ().

Theorem 2. If X is a finite CW-complex of dimension < 4n + 3, then

(i) 7: (KOY™(X) = (GOY™(X) is an isomorphism modulo (0, vi2D)-torsion.
(ii) g: KO(X) = GO(X) is an isomorphism modulo , Y {2})-torszon.
(iii) og: KO(X) — DH*XX) is an isomorphism modulo (l 2me1 Y {2-torsion.

Proof. As before it suffices to examine the maps on spheres. On S§*, where
t#0 mod 4, (KO)™(S*) is either Z, or 0, but (GO)™(S*) and H*"(S) are zero.
The map from (KO)" (547) — (GO) (54") H*™($%", Z) is 4" times the nth Pontryagin
class and again by theorems of Borel-Hirzebruch the nth Pontryagin class is a
multiple of (27— 1)! GCD(n + 1, 2), and moreover every such multiple arises.
Thus this map from Z to Z is multiplication by some power of 2 times (27 - 1)!
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whose cokernel is thus a (I, U{2})-torsion group. The result now follows.
We briefly state two corollaries of Theorems 1 and 2.

Corollary 1. (1) If X is a finite CW-complex of dimension < 2n + 1 and
He¥(X) bas no 1, -torsion then

K(X) @ H®V(X) as abelian groups.
(2) If X is a finite CW-complex of dimension < 4n + 3 and H4*(X) bas no

12’“’1 torsion then

*
KO(X) 2 H* (X) modulo 2 torsion, as abelian groups.

Proof. (1) K(X) and H®¥(X) have the same ranks and the same p-torsion for
p i I.. From [6] by a simple spectral sequence argument we see that if HSV(X)
has no p-torsion then K(X) has no p-torsion.

(2) Proof similar.

Corollary 2. If X is a finite CW-complex of dim < 2n and H**(X) bas no
I,-torsion then c: K(X) = G(X) is an isomorphism on non-1 -torsion and a mono-
morphism on I -torsion.

Proof. By Corollary 1, it suffices to show that Cisa monomorphism.
Suppose ¢(x)=0. Then since dim X < 2n, we can represent x by E - n for some
n-dimensional complex vector bundle E. Then ¢(E)= 0, so by a theorem of
Peterson [7] E is trivial whence ¢ is a monomorphism.

5. Bott periodicity and an exact sequence. By Brown’s theorem, K and &
are representable functors. Let K( ) [ El and G=1[, Bl where E, B are H-
spaces with multiplication m. Then S: K =G defines a map p: E — B which
we can assume without loss of generality to be a fibration, and which is an H-map,
since ¢ is a homomorphism.

Let i: F — E be the fibre of p: E — B. The composite F x F —XIExE
—™ E —? B is homotopic to the composite F x F —, . Ex E —xpBxB—, B
which is the constant map. Let H: * arpm(i x i).

14

Ee——oo QB
'\\\
m(i x i) N G H
N\,

N
Fx FE—Fx Fx1

There exists amap G: F x F x I — E making the diagram commute. Let m = G,:
Fx F — F. Thus m defines an H-space structure on F such that i: F— E is
an H-map.

Define U= , Fl: @* — Abelian groups. The Puppe sequence
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"

n .
e QE 8 grp 8P g ... ,0B—F_>E BB

induces a long exact sequence
cee — [X, QnF] - [X, QnE] nd [X’ QnB] P e

— [X, QB] — [x, F]1 = [X, E] — [X, B]
which can be rewritten as
© cee = UE™X) — R(E™X) M G(E™X) — +e
— W00 — Koo <2 H),

A simple calculation when X = §* gives the following lemma.

Lemma 5. (i) U(s2") = 0.

Gi) Us+)y=2z .

(iii) If X is a/zmte CW-complex of dimension < 2n+ 1 with v, r-cells then
|U(X)| divides 11 _ (r')uz""l

The purpose of this section is to obtain an exact sequence

© T(E2X) — K(X) —— H(X) — UEX) — K1(X)

—> HYM (X) — T(X) — K(X) > G(X)

where ¢ is defined as follows: If E — SX is an n-dimensional vector bundle,
then it is determined by a map X —! U(n). The cohomology of U(n) is an ex-
terior algebra on generators x; € H 2i-1(y(n)) where 1< i< n. Define #(E)=
([*xl, [Fxyseee, /*x ).

First we observe that since cup products vanish on suspensions the natural
bijection H®V(2X)— G(EX) is an isomorphism of abelian groups, so that G(2X)
— H°44(X), and G(S2X) & H°¥(X), so we can insert these groups into the se-

quence (S). That the map

r: K1) = REX) S EEX) = HY4(x)

is given by the above construction we leave to the reader. Essentially it remains
to prove the following lemma.

Lemma 6. The following diagram commutes:
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Kx)

B .
?<‘(22x)~/ \k(x)

~
c S

G(s2x) -+ HX)

~
=

~ ~
where B is Bott periodicity and *: K(X) — K(X) is conjugation.

Proof. Let L — X be a line bundle with ¢,(L)=1¢€ H?(X) and let H — S?
be the Hopf bundle with ¢,(H) = b. From the commutative diagram

K(X) ® K(52) e G(X) ® G(52)
c®c

K(£2X) ——— G(52X)

we see that

SBL-1)=c(L-1)Q@(H-1)
=1+0)®1+h
=1+5+DOU+HOQ+D

where b I are the i images of b, ! in HZ(S2 x X). That is, cB(L D=QW+b+D
OU-»)OU-I+2-DB+...) since 5"=0 for n> 1, ie.cpL-1)=

(1 +7-hD@ W ~T+12~...). The component indimension n, that is in H2*(s2 x X),
is

(-1 )n -1 in -12‘_ (Z‘I‘) (-1)" -Z‘I‘n-z .

The term (- 1)*~1/" lies in H?*(5%yX) and so contributes nothing in H2"(32X)
and the term (- 115171 on desuspending maps to (- 1)?~1 /=1 ¢ gy2n=2(x),
so that

CBL -1)= (-1, 1%, -0 ) = s(L - 1)

and so by the splitting principle and the universal definition of s, we see that

cﬁ * =
The exact sequence (E) is now obtained from (S) by replacing K(ZZX) =
G(s2x) by K(X)—* H®V(X) which is isomorphic to K(S2x) ® z @1 G(32x)

® Z and so preserves exactness.
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