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ABSTRACT. For n > 2, let G(n) denote the two-fold covering group of
50,(1, n). Incase n > 3, G(n) is isomorphic to Spin(1, n) and is simply con-
nected. In a previous paper we determined all the irreducible quasi-simple repre-
sentations of these groups, up to infinitesimal equivalence. The main purpose of
the present paper is to determine which of these representations are unitarizable.
Thus, with the aid of some results of Harish-Chandra and Nelson we determine all
the irreducible unitary representations of G(n), up to unitary equivalence. One
by-product of our analysis is the explicit construction of the infinitesimal equiva-
lences, which are known to exist from our previous work, between the various sub-
quotient representations and certain subrepresentations in the nonirreducible cases
of the nonunitary principal series representations of G(n).

1. Introduction. For n =2, let G(n) denote a two-fold covering group
of SO,(1, n). The latter group is the identity component of the orthogonal group
of a real nondegenerate quadratic form of signature (+,—----) and of di-
mension n+ 1. Incase n=3, G(n) isisomorphic to Spin(1, n) and is simply
connected. For n =2, G(n) is isomorphic to SL(2, R). In a previous paper we
determined, up to infinitesimal equivalence, all the irreducible quasi-simple repre-
sentations of G(n). The main purpose of the present paper is to determine which
of these representations are unitarizable. Thus, with the aid of some results of
Harish-Chandra [3a, b] and Nélson [6], we determine all the unitary representa-
tions of G(n), up to unitary equivalence.

Before explaining the results and methods of this paper in more detail, we
make some remarks concerning the notation. For any unexplained notation we
refer the reader to [10]. One major change, however, is that G(n) refers here to
the group Spin(1, n), rather than to the group SO,(1, n). A similar change in
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notation applies to the various subgroups of Spin(1, #n) under consideration. In
dealing with the nonunitary principal series representations here, it will be more
convenient to use the so-called compact picture, rather than the induced picture
extensively used in [10]. Thus, let [H, u] be an irreducible finite-dimensional
representation of the subgroup M(n), and let A be a complex character of the
subgroup S(n). Then Au is a finite-dimensional irreducible representation of
the parabolic subgroup S(n)M(n). Let pg denote the restriction-to-K(n) map
which takes functions in the space C, ,(G(n), H) onto their restrictions to K(n).
Then py is a linear isomorphism, and a K(n)-module isomorphism from the
K(n)-module [C,,(G(n), H), R] to the K(n)-module [C w(K(n), H), R]. Hence
px extends to an isometry Py from the Hilbert space completion L2 Au(G(n), H)
to the Hilbert space completlon L? 4+(K(n), H). Asin [10, §8] we denote by I A
the action of G(n) on L2 K@), H) defined by I, (g) = px(2)R(g)Px! for all
g € G(n). Asin [10],let [dC, w(K(n), H),dIl,] denote the U(G(n))-module of
K(n)-finite vectors of [L“(K(n) H), M, ]. (Of course, this U(G(n))-module is
also the U(G(n))-module of K(n)-finite vectors for the Banach space representa-
tion [C,(K(n), H), 11,].)

By using some results of [10], in particular Theorem 1 of that paper, we
construct the possible U(G(n))-module homomorphisms (intertwining maps) from
the U(G(n))-module [dC, W(K(n), H),dI1,] to the U(G(n))-module [dCK®), H),
dll], where [ is the irreducible representation of M(n) corresponding to
the character of M(n) which is complex conjugate to the character of u. A s
the Weyl conjugate character of S(n) defined by A’ = A~'P?, where we recall
that P? is the character of S(n) defined by P3(s) = det Adlg(,y6), for s€
S(n). Equivalently, P* is determined by the condition dP2(H) = 2dP(H) =
(n — 1). Note also that u is the representation of M(n) which is conjugate to
p by the automorphism of M(n) determmed by the nontrivial element of the
Weyl group of G(n)/K(n). Similarly, A’ is the conjugate of A determined by
this Weyl group element in the usual way. In more detail, we use the formula in
Theorem 1 of [10] to obtain a recursion relation for the Fourier components of
the intertwining operators. These recursion relations can be solved completely in
terms of certain rational functions of dA(H) (essentially ratios of I'-functions).
It follows, incidentally, from our main result that the U(G(n))-module homomor-
phisms constructed here must be proportional to the restrictions to the space of
K(n)-finite vectors of the integral operators of Knapp and Stein [5], or of those
of Schiffmann [8], in the cases where these integral operators are defined. We
point out however that our methods yield intertwining operators for all characters
A, even for those which correspond to the poles of the meromorphically continued
Knapp and Stein operators. For these “singular” characters A our intertwining
homomorphisms have nontrivial kernels. Thus one by-product of our analysis is to
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construct explicitly the isomorphisms which exist between quotient representations
and certain subrepresentations in the nonirreducible cases of the nonunitary
principal series. The existence of these isomorphisms was pointed out by us in
[10] by using some results on characters of Harish-Chandra.

Because of the explicit form of the U(G(rn))-module homomorphisms con-
structed here, it is relatively easy to determine which of these homomorphisms
lead to positive definite inner products. By using these results, we get a complete
classification of the infinitesimally unitary representations. By using a result of
Nelson [6], one can then get a complete classification of the irreducible unitary
representations of G(n). However, in the case of the complementary series that
Knapp and Stein get for G(n), we can construct such a globalization explicitly.

Although the details of the results on unitary representations appear in §7,
let us make some general remarks on these results. For the purposes of discussing
unitary representations, it is convenient to use the complex parameter v de-
fined by v = dA(H) + (n — 1)/2. Then the principal series correspond to imagin-
ary v». In addition, there are certain complementary series corresponding to cer-
tain overlapping intervals on the real »-axis. These have been constructed by
Knapp and Stein in [5] for the groups under consideration here, as well as for
the other split-rank one classical groups. In addition to the complementary series
there are also unitary representations corresponding to the right end points of the
Knapp and Stein complementary series intervals, as well as unitary representations
corresponding to certain isolated points on the real p-axis. These end point and
isolated point representations correspond to some of the nonirreducible cases of
the nonunitary principal series. For the latter unitary representations the inter-
twining operators define positive (indefinite) inner products on the spaces of K{(n)-
finite vectors. The radicals of these forms are just the kernels of the correspond-
ing intertwining homomorphisms, and the corresponding unitary representations
can be defined on the Hilbert space completions of the quotients of the induced
representations modulo these kernels. It is known that in the special case of
SL(2, R), the discrete series representations arise in this manner. This fact can
easily be established for this group by the computations of Bargmann [1]. In
the general case, however, the kernels are not finite dimensional, in general. For
n = 4, the square integrable representations of Dixmier can also be obtained in
this way. A formal analogy with the Dixmier representations allows us to guess
which of these isolated point representations correspond to square integrable re-
presentations in the case of general even n. However, we do not prove square
integrability of these representations in this paper.

The following is an outline of the paper. In the next section we derive the
recursion relations for the Fourier components of the intertwining operators. In
§3 we construct the various candidates for these intertwining operators and state
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the main result for them (Theorem 1). In §4 this theorem is proved, along with
some lemmas which are also needed for the remaining results of the paper. We
remark incidentally that the form of these Fourier components of the intertwining
operators reduce in the case of class 1 representations, to some formulas for
Fourier components of intertwining operators announced by Johnson and Wallach
in [4]. However, Wallach’s formulas are valid for more general real-rank 1
groups. (See also [11].) In §5 we apply the results on the intertwining
maps to obtain an explicit construction of the isomorphisms between the sub-
quotient representations in the nonirreducible cases of the nonunitary principal
series, and certain subrepresentations. These isomorphisms were already known
to exist from our work in [10], but there we based our argument on some results
of Harish-Chandra’s character theory. In §6 we discuss infinitesimally pseudo-
unitary representations as a preliminary step in the discussion of the unitary re-
presentations. The unitary representations are classified in §7, and the results of
the arguments in that section are summarized in Theorem 3. In §8 we compare
our results with some known results and offer some conjectures.

We gratefully acknowledge some encouraging comments made by N. Wallach
concerning the methods and the problems under consideration in this paper.

2. Basic recursion relations for the Fourier components of the intertwining
operators. We make some preliminary remarks and recall some notation from
[10]. If L denotes a compact group, then $(L) denotes the set of equivalence
classes of finite-dimensional irreducible representations of L. Of course, this set
is equal to the set of equivalence classes of irreducible unitary representations of
L. If [u] € QM(n)), we denote by £,(K(n)) the set of classes in Q(K(n))
whose restrictions to the subgroup M(n) contain the class [u], under complete
reduction. The elements of the subset Q,(K(n)) are called the u-admissible
classes in Q(K(n)). Asin [10, §3], we define an Hermitian inner product on
G(n)c, given by (X, Y) =-cB(X, ©Y), for X and Y € G(n), and where B
is the Killing form on G(n)c, and © is the Cartan involution corresponding to
the Cartan decomposition G(n) = K(n) + P(n), and ¢ = %(n — 1). Then let H
denote the element of P(n) given in matrix units by H=7Y,, = E,, + E,,;
so that we may, and do, take A(n) = RH. Then also a(H) =1, where a is
the unique restricted positive root with respect to some Weyl chamber in A(n).
We let H(n) be some Cartan subalgebra of K(n), such that the intersection
H(n) N M(n) is a Cartan subalgebra of the subgroup M(n). Let p be the rank
of K(n), and let (ie,, - -, ie,) be an ordered orthonormal basis of H(n)c;
so that €, 1<i<p, are real forms on iH(n). (We identify H(n)c with its
dual via the form (, ).) Then, for each class [w] € Q(K(n)), the highest
weight A, can be expressed in the form A, = Z8A e;, where the components
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A,; are all integers or half odd integers which satisfy the inequalities: A, =
Ay = 2IA,pl incase n=12p, and Ay, 2 A, =" 2A,,>0,
in case n=2p + 1. When n = 2p >4, we chose the basis (ie;," -, iep)
such that (fe;,- -, i€, ;) is an ordered basis of H(n) N M(n). (In case n =
2p + 1, rank (M(n)) = p; so that M(n) D H(n).) When it is convenient to do
so, we identify the elements of (K(n)) with their highest weights.

Let us realize the Weyl group of G(n)/K(n) as the factor group
Ny (Mn))/Mn), where Ng(M(n)) is the normalizer of M(n) in K(n). Then there exists
an element w in the coset other than M(n) such that Ad (We; = ¢;, for i#
p, and Ad(W)e, = —¢,. It follows easily that if n=2p andif [u] € QM(n)),
then the Weyl conjugate representation: m —> u"(m) = u(Ad (w)m) is equal to
M, while for n=2p + 1, and [u] € Q(M(n)), the Weyl conjugate representa-
tion u" has highest weight A whose components are A w; =A,; for
i#p, and A = A Tﬁ‘us this Weyl conjugate is equafi to the representa-
tion u whose clfaracter is the complex conjugate of the character of u. We note
finally that Ad(W)H = —H.

As in [10] we define for each Y € P(n) the function ®, on the sub-
group K(n) by k— ®y(k) = (Ad(k)Y, H), and let S denote the pointwise
algebra of functions generated over C by these functions. Then S is the point-
wise algebra generated by the polynomial functions on the sphere (Ad KA.

Now let T be a U(G(n))-module homomorphism from the U(G(n))-
module [dC,(K(n), H), dI1,] to the U(G(n))-module [AC(K(n), H), dTl ],
where for each complex character A(S(n)), A’ denotes the character A~!P2,
We also write » = dA(H) — dP(H) = A — (n — 1)/2. Then we have for the param-
eter v, defined by v = dA'(H) — dP(H), v = —v. We remark that u = g, if
andonly if n=2p or n=2p + 1 and the component Ayp is equal to zero.
More generally, let U be any intertwining map from the U(G(n))-module
[dC (K (n), H), dT1,] to the U(G(n))-module [dC,(K(n), H"),dl,~], where
[H", u"] is not necessarily equal to [H, u], and A" is not necessarily equal to
A. Let E, denote, for each class [w] € Q(K(n)), the Hermitian projection on
the Hilbert space direct sum: @ {LX(K(n), H,): [1] € UM(n))} which projects
onto the subspace of elements which transform under [w]. (For any class [7],
Lf(K(n), H,) is identified with its canonical projection in this direct sum.) Since
U intertwines the action of right translations by elements of K(n), it follows
from a standard argument that U commutes with the operator E, for each
class [w] € Q(K(n)). We denote by U, the operator U, =E_ U= UE,,,
which maps L2(K(n), ) into L2+(K(n), H"). For each class [w] € QK(n)),
U,, is called the Fourier component of U belonging to the class [w]. Clearly,
by the Frobenius reciprocity theorem for compact groups, U, =0, if [w] is
not p-admissible.
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Now, let us assume that [H", u"] =[H, u]. Then U must intertwine the
action of K(n) on dC,(K(n), H), which is the action of right translations. It
follows easily from Schur’s lemma, and from the fact that each class in Q(K(n))
occurs with multiplicity at most one in the complete reduction of the K(n)-
module L2(K(rn), H), that U, =u,(u, v, w)E,,, where u,(u, v, w) is a com-
plex number which is different from zero only if [w] is w-admigsible. If u =
u, then we can similarly write for the Fourier components of T, T, =
t,(u, v, WE,, where t,(u, v, w) is a complex number, which is different from
zero only if [w] is a w-admissible class.

The first lemma applies to the situation when u = u. We write »" =

dAH) - (n - 1)/2.

LEMMA 1 (BASIC RECURSION RELATION). Assume that for some index i
with 1 <i<p, that A, and A + ¢; are both highest weights of u-admis-
sible classes in SU(K(n)). Then the following statements are true.

(1) The numbers u,(u, v, A,), and u,(u, v, A, + €) must satisfy the
pair of equations (here we identify the elements of SUK(n)) with their highest
weights):

¢+ Ay =i+ + D)2Du, v, AL~ @+ Ay =i+ + 1) u, (v, Ay, +€)=0,
W= Ay Hi—@+ D2, v, A)— @ — Ay +i— @+ 1)/2u,@ v, A, +¢)=0.

(2) The map U is nonzero only if either v" =-v, or v" =v. In the
latter case U is a scalar map.

(3) Let T be an intertwining map from [dC,(K(n), H),dn,] 1
[dC,(K(n). H), dT1,']. Then the complex coefficients t,(u,v, A, + €;) must
satisfy the recursion relations

Ayi—i+@+D2-v),@mv,A,)
M
=Agi—it @+ D2 +0),u, v, A, +¢).
PROOF. Let [w'] denote the classin Q(K(n)) corresponding to the high-
est weight A, + €. It follows from Theorem 1 in [10], and from the explicit

calculation in the proof of Theorem 2 in [10], that for all elements Y € P(n),
and fE€EL2(K(n), H) we have

(a) E,dy(Nf=QA+A,;+1-DE_ Py f
where A = dA(H). From the same results we also have for f' € Ew:Lf‘(K(n), H),
(b) E dl,(Y)Y' =QA-A,;—n+DE Oy f.

Now set X' =dA"(H), apply U to equation (a) and use the intertwining prop-
erty of U. We then obtain:
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u,(m, v, A, + €A+ A, +1-DE , Pyf=E  Udll,(Y)f = Edll, (Y)Uf

=u, (4, V', ALE , dll v (V)f = u,(u, V', A" + Ay, + 1 =DE, Dy f,
where in the last step, formula (a) is used again with A replaced by A" = dA"(H).

Now, if f+# 0, then for some element Y € P(n) we must have E_,®,f
# 0. Assume indirectly that E ,®,f=0 for all Y €P(n). By taking linear
combinations of right translates by elements of K(n), it follows that E _,®yF, =
0, where F,, is the subspace given by F, =E sz(K(n), H), which by hypoth-
esis is different from zero. Let D denote the projection given by D =E , +
E,. This projection satisfies the hypothesis of Lemma 5 in [10]. Hence by that
lemma we have DLi(K(n), H) = DSF,, = SpF,_,, where Sy, is the operator
algebra generated by the operators D®y,with Y € P(n). On the other hand, by
the indirect hypothesis we have D®yF , = F . It follows by an induction argu-
ment based on the filtration of S, that SpF , = F_. This result leads to a
contradiction, since by hypothesis of the lemma, DF , # F . Thus the assertion
is proved.

The first equation of the lemma now follows immediately by the substitu-
tion: »=A—(n—1)/2, and »" =\" — (n — 1)/2. By applying an argument
similar to the above one to equation (b), we obtain the second equation. Thus
statement 1 is proved.

The conditions » =»", or » =—-p" in statement 2 result from the usual
determinant condition for the existence of nontrivial solutions of a linear system.
First, assume that »” = p. Then both of these equations of statement 1 result in
the equation u,(u, v, A,) = u,(u, v, A, + €;). Assume that U # 0. Then
u,(u, v, A,) # 0 for some class [w] € §,(K(n)). Now, apply induction in each
of the p-directions ¢;, with 1<i<p. Thus, we find that u,(u, », w) =
U, (4, v, 7) for all classes [r] € §2,(K(n)). Hence the second statement follows.

Statement 3 follows by the substitution »” = —p in either of the two
equations in statement 1. Q.E.D.

Next, we assume that the character of u is not real, so that u # u. As
pointed out above, this situation only occurs when n = 2p + 1, and the com-
ponent A, is different from zero. In order to deal with this situation we must
modify the considerations connected with Lemma 1. For this case the unitary
induced representation theory of semidirect product groups is helpful.

LEMMA 2. (1) For n =2, there exists an isometry 1 from the Hilbert
space Lﬁ(K(n), H) to the Hilbert space Lﬁ(K(n), H) such that 1 intertwines
multiplication by ®y, for all Y € P(n) as follows. Let f€ dC,(K(n), H).

Then
10y f =2y 1If
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Moreover, 1 intertwines the action of right translations by elements of K(n).

(2) Assume that n#2p + 1 and that u#u. Let T bea U(G(n))-
module homomorphism from [dC, (K(n), H), dl1,] into [dCy(K(n), H), dI1,'].
Assume that A, and A, + €;, for some i, with 1<i<p, are both high-
est weights of p-admissible classes in SUK(n)). Then if 1 denotes an isometry
whose existence is assured by statement 1 and which has the properties stated
there, then the Fourier components T, and TAw+€1 are given by

Tw= n(l"v’Aw)EwI’ and TAw+ei=wn(l"V’Aw+ei)EAw+eI’

where w,(u, v, A,) and w,(u, v, A, + €;) are complex numbers which satisfy
the equation:

Ay =i+ @+ D2=-vw, v, A,)
= -y —i+t@+D2+vw, v, A, +e).

PrROOF. Let G, denote the motion group associated with the Cartan de-
composition G(n) = P(n) + K(n). Thus G, is isomorphic to a semidirect prod-
uct of K(n) and the vector addition group of P(n). Accordingly, the multi-
plication on G, can be given by:

(X, 5, X', k) — (X + Ad(K)X', kK)

with X, X' €P(n), and k, k' € K(n). For each element Y € P(n) let 74 de-
note the character of P(n) defined by 74(Y")=¢e'¥"¥), Since P(n) isa
normal subgroup of G, G, acts on these characters in the usual way. In partic-
ular, if &k € K(n), 1’,‘, = Tad-1)y" Then (P(n), M(n)), is the stabilizer sub-
group of the character 7;; under this action. Moreover, the characters 75 and
7_p are conjugate under the Weyl group element w. Let Ty denote the
finite-dimensional irreducible representation of this stabilizer subgroup defined by
()Y’ m) = 14(Y'Wu(m), with Y' €P(n), and m € M(n). Similarlly 7_u
denotes the finite-dimensional irreducible representation of this stabilizer subgroup
defined by (1_)(Y', m) = 7_g(Y)u(m), for Y' €P(n), and m € M(n).
These two representations are therefore conjugate under the action of the element
w. It follows from a celebrated theorem of Mackey |7, Theorem 14.1], that the
unitary induced representations U'H* and UT-H* are unitarily equivalent.
Now, the representations U™H* ang UT-H" may be considered as acting on the
Hilbert spaces L2(K(n), H) and LZ(K(n), H), respectively. Let I denote an
isometry from the first to the second of these Hilbert spaces. The restriction to
K(n) of each of these two induced representations is the action of right translations
by elements of K(n), while the action of P(n) is given by

UHA (k) = 14(Ad()Y)Ak) and  U'-H*(V)g(k) = r_p(Ad(K)V)g(k),

(1b)



REPRESENTATIONS OF LORENTZ GROUPS 335

for almost all k € K(n), f€ L2(K(n), H), g € LYK(n), H), and Y E P(n). By
Mackey’s theorem, we may assume that the isometry T intertwines these actions.
Hence,

(Trg(Ad( - YNNK) = 7_ (AR YY(IAXE),

for almost all k¥ € K(n). Now restrict f to lie in the linear subspace
dC,(K(n), H). The latter subspace consists of differentiable, even real-analytic
functions. Hence, by differentiating along the one-parameter subgroup of G,
given by ¢t — (tY, e), statement 1 follows.

Now we make the assumptions of statement 2 in the lemma. Let T, de-
note, for each class [0] € Q(K(n)), the Fourier component of I; thatis, I, =
E,1=1E,. If [o] isa up-admissible class, then I, is a one-to-one map from
E,L2(K(n), H) to the subspace E,Ly(K(n), H). Let I;' denote the inverse
map of I,. Thenboth I, and I;' are K(n)-module isomorphisms. Hence
the map 1;'T,T, is a linear transformation on the finite-dimensional space
EaLﬁ(K(n), H) which commutes with the action of K(n). Since this action is
irreducible, it follows from Schur’s lemma that 1;'T T, = t,(u, v, 0)1,, where
1, is the identity map on EoLf‘(K(n), H) and where ¢,(u, v, 0) is a complex
number. The remainder of the proof now follows the pattern of proof as Lemma
1, with the exception of some obvious modifications, by applying the intertwining
map T to each of the equations (a) and (b) in the proof of Lemma 1. The de-
tails are left to the reader. Q.E.D.

Statement 1 of the last lemma has a useful corollary which we state as
Lemma 3 below. This corollary has some implications for the theory of spherical
functions on the (n — 1)-sphere. For n = 3, it is known, and “explains” the
fact that these functions obey three-term recursion relations, rather than four-term
recursion relations.

LEMMA 3. Let Y €P(n), [w] € QUK(n)), and fE E LK), H). If
p=p, then E dyf=0.

ProoF. If [w] isnota w-admissible class, the result is immediate. Assume
that [w] is p-admissible. Since u = m, the isometry in statement 1 of Lemma
2 must be a scalar. This fact follows, either from the irreducibility of the unitary
representation U H* (another celebrated theorem of Mackey) or from the density
of the linear subspace SE wLﬁ(K(n), H) (Lemma 5 of [10]). It follows that for
some scalar ¢ with Ic| =1, we have

CE,®yf = IE Oy f=—E, y1f=—cE, Py,
forall Y E€Pn). Q.E.D.
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3. The infinitesimal intertwining maps. Fix a finite-dimensional irreducible
representation [H, ] of the subgroup M(n). We will now construct all the
intertwining maps from the U(G(n))-module [dC,(K(n), H),dll,] to the
U(G(n))-module [dCy(K(n), H), dIl,]. Let T denote such a map. The Fourier
components of T can then be computed from the recursion relations in Lemma
1. In order to facilitate this computation, we define some auxiliary rational func-
tions, depending on the class [u] and some integer parameters.

Let A, be the highest weight of a class [w] € Q(K(n)), and if n >3,
let A, be the highest weight of a class [u] € Q(M(n)). We will assume that the
class [w] € Q(K(n)) is p-admissible. Then it follows from the branching rule
that A, = A6, where the components A_,; can be expressed in the fol-
lowing form:

If n=2p+1, then A, =2fA, e, where the components A, are all
integers or half odd integers which satisfy the inequalities:

(2a) Ay A3 > A,

Then we may write A,; =m; + [Ay,l, for 1<i<p, where m; isa nonnega-
tive integer which satisfies one of the inequalities:

Ga) m >0, 0<m<WAyl-A,_, @<i<p)

If n=2p, with p>2, then A, =257 'A e, where, for 1<i<p-1,
the components A,; are all integers or half odd integers which satisfy the in-
equalities:

(2b) A"1>A“2 >.“>A}lp—l >0.

In this case we may write for the components of A, A,,; =m; + A,; for 1<
i<p-1, and A, =m, = A,,_,;, where m; is for each index i a non-
negative integer which satisfies one of the conditions:

(3b) 0<m;, 0<m<A,=-A,_,, 2<i<p-1, 0<m, <2A,,_,.

Now assume that n = 2p, for p > 1. For each class [u] € QM(n)),
index i, 1 <i<p, and integer m; satisfying (3b), we define a rational function
T, -, m;) on C as follows:

I GWES EIE R ES)

@ Tl n, 0 =1, T"’(“’V’m’)__-g,(Ap1+p-i+%+i+v)

if 1<i<p-1 and m;>0, and

mp—l (-Aup-l
6)) Tup(hs V) Mp) = -no (G

,=

Aup-1

+%+j-v)
+%+j+p)°

if mp>0.



REPRESENTATIONS OF LORENTZ GROUPS 337

In case » is a pole for one of the meromorphic functions defined above,
we define additional complex numbers as follows.

For some index i with 1 <i<p assume that there exists a nonnegative
integer n; which satisfies condition (3b) and such that n; + 1 also satisfies con-
dition .(3b). Assume also that » is given by » = - Am' +p-i+%+n). Then
v is a pole for all 7,,(u, ", m;) with m; =>n; + 1. For this value of v we set

Tailts v, m) =0, for 0<m;<n
o, v, n; + 1) =1,

i’

micl Ay +p-i+h+j-v
) 7,1, v, m) = L - .
il ) ;=,£IHA p—it¥h+j+y

= m—n,— 1 , if ;;+2<m

Now, suppose A“p 1 #0, and there exists a positive integer n, such that
0<nm,<2A,,_,, and such that v =n, —A,,_, —%. In this case there

must also exist a positive integer n, such that 0 <m, <2A,,_; and such that

P
v= A“p__ + % - n . We must distinguish between two cases
l
Case 1. n, <nlp
Case 2. n, > Ny

In Case 1 we have » = (n, — n;,)/2 < 0. We define two functions on the
set of integers m,, which satisfy the inequality 0 < m, < 2AM,_l

Tup(Hs Vs 0)=1
Tap(s U Mp) = Tpp (4, ¥, Mp)

(72) mp—1
G+1-n) ,
= I'=Io-(-]—:—l—-—n—-)— for 0<mp<np,
=0, for my<m, <2A,, ,
Th,(, v, mp) =0, for 0<m, <n,,
2A -1 /s ’
pp—1 +1-n
(7b) = I Gr17mp) for n, <m_ <2A

A G+1-m) p P up—1
P

np(#’ v, 20 up— =1

In Case 2 we have v = (np - n;,)/2 >0, and we define one function on
the set of integers which satisfy the inequality 0 < m, <205
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ho( v, my) =0, for 0<m, <np-1,

‘rfp(p, v, mp) =1,

®

s (M ) i’nf(i_"”) for nl) <m, <2A
T ’ V’ m = . ’ 9 or n m —1e
np P j=n 10— n) P P up—1

Now suppose that n = 2; so that p = 1. Then for all [w] € QK(2)),
A, = Ay €, where A, is either an integer or a half odd integer, depending
on whether p is the trivial or the nontrivial representation of M(2), respectively.
In the latter case, we writt u=—,and A, =% +m, with m € Z, while in the
former case we write u =+ and A, =m € Z. For each integer m we de-
fine a rational function 7,,(+,», m) on C as follows.

T:(+9,0) =1,
©) Iml—1

mChnm= ] L2

pas G+% ¥’ for m #0.

For each m € Z we also define a rational function on C by

T, v, 0)=1,

5 _mol GG+ 1-v) )

(10) T (-0, m) = ;I=Io iFivy if m>o0,
_ = (g)) .

75, v, m) i1=]0 e if m<o.

We now consider the poles of these functions. If u = +, a zero for
751(+, », m) occurs for some m if there exists an integer n such that » =
n + %. In this case there exists an integer n' such that v =—(n' + %). This
value of v is a pole for some 7,,(+,» m). Thenalso n+n' +1=0. We
must distinguish between two cases:

Case 1. —(n+ 1)=n">2n Then v=m-n")2<0.

Case 2. -(n+1)=n"<n-1. Then v=n-n)2>%.

In Case 1 we define two functions on Z as follows.

T(Hvm)=0, if n+1<m,
1n ‘r;l(+, y,n)=1,
i
)

-2n _ —n—m—l) <n—1-
1 —( , for m<n-1;

n-m-—1
i nn= ] n—m
j=0
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G y,m=0, if m <n'=-(n+1),
12 hhn-m=1,

n+m-1 (j —2n —_—p -
e my= ] —(’(j+l)) =<mn:ml

), for m=2-n+1.
=0

In Case 2, we define only one function on Z:
E(+,nm)=0, for m>n+1 and m<-n-1,

Tfl(+, v,—n)=1,

(13)
n+m—l(j — zn) . n
them= Il S57—-=C¢ ()
l=
for —n+1<m<n.
Similarly, if u = -, a zero occurs for some 7,,(~, ", m) when there exists

an integer n such that » =n + 1. In that case one must also have v =—(n' +1)
for some integer n'. We again distinguish between two cases:

Case 1. (n+2)=n"2n Then v=n-n')[2<0.

Case2. -n+2)=n"<n-1. Then v=n-n)2>%.

In Case 1 we define two functions on Z, as before.

75 vm)=0, for m=2n+1,

g9 26wm=1,

n-m-—1;— -
_ j—2n-1 (—n-m—Z) P
— = i - = , m<n-1.
7215 v m) jI=I° T+1 nem or n
5 (v,m=0, for m<n' =-(n+2),
21

(15) T;l(—’ V,—n-— l) = l,

m+n—lj_2n m-n-1
T;;(‘,P.m)-‘ /—IIO ;‘—--l-—2-=(m+n+l)’ for m=2-n

In Case 2 we define one function on Z:
B nm=0, f m<n'=-@+2) ot m>n+1,

(16) 1'12?1(-’ V,—n-— 1) = 19

m+n—1;—9pn
F (_ = = _  ym+n 2n
enm="1 53=c ()

-n<m<n.
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Now,let n=2p + 1. Let i be an index with 1 <i<p, and let m; be
an integer satisfying condition 3a. Then we define a rational function » —
7,:{1, v, m)) on C as follows. (The absolute value sign is needed only in the
case when i=p.)

Tn](l“', v’ 0)= l’
an Ml A l—itp+1+j-v

Tl 0, M) = ;I=Io Ay l—i+tp+1+j+v

if m;>0.

Suppose there exists an index i and a nonnegative integer n; which satis-
fies condition 3a, and such that v =—(|A,l + 1—i+p +n;). Assume also that
n; + 1 also satisfies condition 3a. Then » is a pole for some function 7,4k, v, m,).
For these values of » we define the function 7,;(u, v, m;) as follows.

T, v, m) =0, if 0<m;<n,
T, v, np+1)=1,

(18) U A l-itp+ 14—
i 14 j—v
mnm)= I sy
j=ng1 Vi p ;T
- mi_ni_l ’

if m; satisfies condition 3a and m; =>n; + 2.

We now write down some candidates for intertwining operators from the
U(G(n))-module [dC,(K(n), H), dT,] to [dCK(n), H), dTI A—IPZ] . First, if
n = 2p we impose the following condition:

©) If n=2p and n>4, and if AM,_l # 0, then v=;&—A“p_l +
m + % for all integers m such that 0 <m < 2A“p_l. If n=2, and u=-,
then v€Z+%. If n=2, andif u=+, then v &Z.

For each p-admissible class [w] we define a linear map T, (u, », ) as follows:

Ty, v, @) = ty(, ¥, AL)E,,, if p=4p,
= w1, v, AL, if u#u,

where the complex numbers ¢,(u, v, A,)) and w,(u, », A,)) are given by

19

tn(ﬂa V, Aw) = Ip-I Tni(“} V, mi);
(20) i=pl m
Wallt, v, Ay) =TI 1) 1y, v, my)
i=1

with the integers m; defined in terms of [w)] at the beginning of this section.
REMARK. For each class [w] € Q,(K(n)), v — t,(u, », A,,) is a uniquely



REPRESENTATIONS OF LORENTZ GROUPS 341

defined complex valued function on C. In fact, if » is not a pole for any of the
rational functions 7,,(u, », m;), then these functions are defined by formulas (4),
(5), (9), (10), or (17). On the other hand, if » is a pole of one of these functions,
then the number 7,,(u, v, m;) is defined by one of the formulas (6) or (18).
Condition C precludes the possibility that » is a pole of the rational functions
7,,p(;1, v, mp), when n = 2p.

We may now write the formal sum:

@1) Ta(, ¥) = 2 AT, (1, v, w): [w] € Q,(K(n)}.
Note that, for each element f € dC,(K(n), H), T,(u, v)f is a finite sum.
Hence, T,(u, v) defines a linear map from dC,(K(n), H) to dC,(K(n), H).
Now let n = 2p. Assume that AM,_l # 0, if p>1, and that condition
C is violated. Then there exists a pair of integers n, and n;, such that

P
vEn, =N, —h=A,  t%on, if p>1,

=n +%=-n]-% if u=+ and p=1,
=n +1=-n,-1 if u=— and p=1.

We again distinguish two cases:

Case 1. my >n,. Then v = (n, —n,)/2<0.

Case 2. n, <n,. Then v = (n, —n,)/2>0.

In Case 1 we define for each class [w] € §,(K(n)), two linear operators
T}y, v, w) and T,(u, », w) by the formula

(22) T, v, @) = tp (1, v, W),
where £5(u, ¥, w) is defined by the product:

p-1
(e, v, W) = 1r, (1, v, my) 1 7,40, 0, m), if p>1,
) =1

= 15,1, v, m,), if p=1.

Again, we define the formal sums T, (u, v) = Z{T(u, », w): [u] € Q,(K(n))},
and note as before that this sum defines a linear map on dC,(K(n), #!). In Case
2 we define the linear operator Tf(u, v, w) by
F = +F

(24) Tn (ll’ v, w) - tn(“9 v, w)Ew’
where tF(u, v, w) is given by the product:

p—1

th, v, @) =15 e, v, m) T v, v, mp), if p>1,

=1

25 '

=T§l(“, v, ml), if D= 1.
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Again, we write the formal sum TE(u, ») = Z{Th(u, », w): [w] € Q,K®))},
and point out that this sum defines a linear map on dC,(K(n), H).

THEOREM 1. Let [H, u] be an irreducible finite-dimensional representation
of the subgroup M(n). Let A be a complex character of the subgroup S(n).
We write v =dAH) — (n — 1)/2; so that —v = dA'(H) — (n — 1)/2, where A
is the Weyl conjugate character A' = A~'P2,

(1) If condition C holds, then the space of intertwining maps:

V = HOMy (g (n))([dC,(K(n), H), dT1 ], [dC (K(m), H), dll 1)

has complex dimension 1, and is spanned by the linear map T,(u, v).

(2) Assume n=2p, and thatif n>4, A,,_, #0. Assume also that
condition C does not hold. Then in Case 1, the complex dimension of V is equal
to 2, and is given by the span:

V = spang {T} (u, v), T;; (1, v)}.

In Case 2 the space of intertwining maps has complex dimension equal to 1 and is
given by V = CTE(u, v).

4. Proof of Theorem 1. We state and prove some simple lemmas which will
be needed in the proof of Theorem 1, as well as in the subsequent discussion.
Again, [H, ] is a finite-dimensional irreducible representation of the subgroup
M(n), and v is the parameter defined in terms of the character A in the last
section.

LeMMA 4. If n=2p + 1, let i beanindex with 1 <i<p. If n=2p,
and n =4, let i be an index with 1 <i<p.

(a) Assume that for all integers n; such that n; and n; + 1 both satisfy
condition 3a or 3b, we have v #—(Ay; —i+ (n + 1)/2 + ny). (In order for such
integers n; to exist, we must have i=1, or Ay;_, > A,;) Then for any com-
plex number a, the sequence:

{z(m)) = ot (u, v, m;): m; satisfies 3a, b}

is the unique solution sequence of the difference equations 1a such that z(0) = a.

(b) Assume the hypotheses of (a). Assume moreover, that there does exist
an integer n; such that both n; and n; + 1 satisfy the conditions 3a, b. Then
the solution 7,1, v, m;) is equal to zero for all m;=>n, + 1, where m; sat-
isfies 3a, b, and this solution is different from zero for all 0 <m; <n,.

(c) Assume that there exists an integer n; such that both n; and n; + 1
satisfy conditions 3a, b, and such that v =—(A,;—i+ (n + 1)/2 + n,). Then
for any complex number a, Z(*) = art,(u, v, ) is the unique solution of the
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difference equation 1a such that Z(n; + 1) = . In this case 7,,(u, v, m;)) =0
for all m; such that 0 <m; <n,.

ProoF. If i>1, and A,;=A,;_,, then O is the only integer which
satisfies conditions 3a,b. Then by the definition in equations (4) and (18),
a7, (4, v, 0) = @, and there is nothing to prove.

The equations (1) can be written in the following form, if m; is an integer

such that m; and m; + 1 both satisfy conditions 3a, b:
Ay +m=i+ @+ 1D/2=vEm) = Ay +m=i+ @+ 1)/2+v)z(m +1).

The condition of statement (a) guarantees that the coefficient on the right-hand
side of this equation is never equal to zero. Hence statement (a) follows by a
simple induction argument. Statement (b) is obvious from the explicit formula
for 7,,(u, v, m;). If the hypothesis of statement (c) holds, then the coefficient
of the left-hand side of the above equation is never equal to zero. Hence, the last
sentence follows by downward recursion, while the remaining conclusion follows
by upward recursion, and substitution of the value of ». Q.E.D.

LEMMA 5. Assume that n =2 3. Let i be an index with 1 <i<p.
Suppose n; is an integer such that n; and n; + 1 both satisfy conditions 3a, b,
and such that

v=2tA,tm-it@+1)/2), or v=%A,,_,

+n, +%)
in case n=2p and i =p. Then this index is unique.

PrROOF. The proof of this lemma is contained in the proofs of Theorems
3,4,and 5 of [10]. Q.E.D.

LEMMA 6. Suppose n = 2p =2 4. Assume that Ayp_1 #0, and assume
that there exists an integer n, such that 0<n, <2A,,_,, and such that

v=n, = Ayp_y = %. Then there exists an integer n,, such that v=A,, , +
’ ’
%—n, InCasel, n,> np, and every sequence {z(mp): 0 < m, < 2A,p-11}

which satisfies the difference equation:

(_Aup—l + mp +%- V)z(mp) = (—A“p_l + my, + %+ v)z(mp +1)
lies in the two-dimensional sequence space

+ - .
{orrnp(/.t, v, my) + B (1, v, mp). 0<m, <2A

up—1> % BECL

In Case 2, n;, <n,, and every sequence {z(m,): 0 <m, <2A,,_ .} which
satisfies the above difference equation must be proportional to the sequence
{rrp(, v, mp): 0<m, <2A,,_,}
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In Case 1, 7,,(u, v, mp) =0 for all integers m, such that n, <m, <

2M,,-y and 'r,’,*p(u, v, mp) =0 forall m, such that 0<m, <n,

In Case 2, Tfp(u, v, mp) = 0 for all integers m, such that 0 < m, < n;,
and n, < m, < 2Ny

Finally, suppose n = 2p 2 2, and condition C holds; then for i =p, vE€C,
the sequence {z(m,)} = {ar,,(u, v, m,)} is the unique solution sequence of
(1a) with m,, satisfying 3b, and z(0) = c.

p

PrROOF. The first remark of the lemma was already indicated in the discus-
sion preceding equation (7), and is trivial. Next note that by eliminating the param-
eter v, one can write the equation of the lemma in the form:

*) Cny, +1+2G) =G+ 1-ny)zG + 1).

Let {z(): 0<j< 2A“p_l} be a solution sequence to this equation. In Case 1
we write @ = z(0), and § =z(2A,,_,). By upward recursion one can solve
equation («) for all integers m, such that 0 <m, < n;,, since for those integers
the coefficient of the right-hand side of (*) is never equal to zero. For those
integers we get z(mp) = ar,, (i, v, m,). By downward recursion, one can solve
equation (*) for all integers my, such that n, <m, <2A,,_,, since for those
integers the left-hand side of (+) is never zero. In this case we have z(m,) =
ﬁr,‘:p(p, v, mp). Now it is obvious from the explicit formulas in equation (7), that
r;','p(u, v, mp) =0 for m, < n;,, and that 7,,(u,», m,) =0 for all m, such
that n, <m, <2A,,_,. Hence,

z2(my,) = ar,, (1, v, mp) + Bra (1, v, m,)

for all integers m,, such that 0 <m, <2A,, ;. We have also proved, by the
last remark, the last statement of the lemma concerning the function T,*,p(p, v,*).

In Case 2, let a = z(n;,). Since the right-hand side of equation (*) is equal
to zero when j = n; = 1, it follows by downward recursion, that z(m,) = 0 for
all integers m,, such that 0 <m, < n;, — 1. On the other hand, m, — n'p +
1#0 forall m, such that n;, < m, < 2A“p_l. Hence, by upward recursion,
we must have z(m,) = orrfp(u, v, mp,) for all integers m, such that n; <
m, <2A,,_,. Hence, by the definition in equation (8), the last equation is true
for all integers m, which satisfy the inequality 0 < m, < 2A,p_1- The last
statement of the lemma concerning the function ffp(u, v, ) is now obvious
from the explicit formula in equation (8).

The proof of the last statement is similar to the proof of statement 1 of
Lemma 4. The details are left to the reader. Q.E.D.

The singular cases for n = 2 are treated in the following lemma.
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LEMMA 7. Suppose u=+ and v€Z or u=- and v&Z + %. Then
for any complex number o, the sequence {z(m)=1,,(,v, m): m € Z} is the
unique solution of the recursion relation (1a), with i=p =1, and A, =
if u=+ or A, =m+% if u=- andsuch that z(0) = a.

Suppose that v—%EZ If uy=+, set " =-n—1. If u=-, set n' =
-n—2. InCase 1, v=(n—n")/2<0. In this case every sequence {z(m):

m € Z} which satisfies the difference equation

(26) (m+Y%—vem=mMm+%+vzim+1)

must be in the two-dimensional sequence space:
{ar'z"l(+, v,m) +pry,(+,v,m)meZ a BEC]
and every sequence {z(m): m € Z} which satisfies the difference equation

27 m+1-vm=m+1+vim+1)
lies in the two-dimensional sequence space:

{ar3 (= v, m) + Br3, (-, v, m): mE Z, o, B E C}.

In Case 2 we have v = (n —n')[2> 0. In this case, every sequence {z(m)}
which satisfies equation (19) must be proportional to the sequence {T’; (v, —n)l,
and every sequence which satisfies equation (20) must be proportiondl to the se-
quence {T’; N )

Finally, in Case 1, the factors 13,(%, v, m), 75,(£, v, m) are zero on the
following sets of integers m:

ik nm)=0 for m<~(n+1), i (v,m=0 for m<—(n+2),

(v, m)y=0 for m>@n + 1), T (v, m)=0 for m>=n+ 1.

In Case 2 the factors T, l(i, v, m) are zero for the following integers m:

Tgl(+,v,m)=0 for m=zn+1 or m<-n-1,

‘rF( vmy=0 for m<—-(n+2) or m=2n+1.

PROOF. The proof of this lemma is similat to the proof of Lemma 6, with
some obvious simplifications. The details are left to the reader. Q.E.D.

We now turn to the proof of the theorem in the case when n = 2p.

The following result is known from Theorem 1 in [10]. Let Y € P(n), [w],
[w]€Q,(K(®) and fE dC,(K(n), H). Then E,dll,(Y)E,f=0, unless
0=A, —A, isaweight in the K(n)c-module [P(n)c,ad]. If o issucha
weight, then we have ¢ = t¢;, with 1 <i<p, and
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E dly(DE f=[Ay; +v+ @+ D2—iE,®yE,f, if 0=¢,
E dI,(NE f=[-Ayitv—(n—D2+ilE  PyE f, if 0="¢.

Now suppose condition C is true. Then the operator T, (u, v) is defined.
Assume now that f lies in the subspace E,dC,(K(n), H). We then have from
equations (19) and (21), the following expression for T,(u, »)dII, (Y)f, with
Y € P(n):

T (u, v)A\ (V)f

28)

2 p
N ;1 T VIEA e AN + ; T, IEp e AIA(N)f
(29)
= zp: tn(l‘l’ v, Aw +€i)(Awi+(n + 1)/2"i+V)EA +G‘CI)Yf
i=1 w' i

)4
+ Z t(u, v, Aw - ei)(Awi -(mn-D2+i+ V)EAw—ei(pr.
i=1

If [w'] isaclassin Q(K(n)) which is not u-admissible, then by the
Frobenius reciprocity theorem, E,«dC,(K(n), H) = 0. On the other hand, if
[w]=[A, 2] € Q,(K(n)), then by equation (20) and the last statement of
Lemma 6, if i =p, or Lemma 4 if i <p, we have

@+@+ D2-i + A Y, Ay + €)= Ay =i +(n+ D2 0,0, A,
-+ D2+i=A,)t,M v A, )= Ay, Hit @@= D2-v), v, A).
Hence for all Y € P(n), and f€ E, L2(K(n), H),

P
T, (u, v), (Y)f = t, (1, v, A) 2 (EAw+ei(Aw,. —it+(n+ 1)2-v)dyf
i=1

FEp e Ay Hi= (= D/2=0)Dy ).
By equation (28) and the definition of the Fourier component T,(u, v, w),

TG, VAN = Ly 5 (V)T (o, v

Hence T,(u, ») is an intertwining operator, that is, a U(G(n))-module homo-
morphism. The statement concerning the dimension of the space of homomor-
phisms follows immediately from the dimensionality of the sequence of factors
Tqi(, v, m;) as stated in Lemmas 4 and 6.

Now suppose n = 2p, and that condition C is violated. In Case 1 the two
operators Ty(u, v) are defined. An argument formally identical to the above
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argument shows that these operators have the intertwining property. If 1 <i <p,
then the sequence of factors {r,;(u, », m;)} is unique up to a constant, by Lem-
ma 4, while by Lemma 6, the sequence spaces spanned by the factor sequences:
{rpp(, v, mp)} has dimension 2. (Incase n =2, Lemma 6 in the last state-
ment must be replaced by Lemma 7.) It follows that for each u-admissible class
[w], the space spanned by T,(u, v, w) has dimension 2. Hence, the space
spanned by the operators T,(u, v) also has dimension 2.

In Case 2, the operator Tf(u, v) is defined. An obvious modification of
the above argument shows that this operator is unique up to a complex constant
multiple. Hence the theorem follows for the groups with even n.

Now we turn to the case with n = 2p + 1. In this case, 0 =0 is also a
weight in the K(n)o-module [P(n)c, ad], in addition to the weights o = ¢,
with 1 <i<p. Then by Theorem 1 of [10], there is in addition to the pair of
equations (28), also the equation

(282) E dN,(Y)Ef = vE_®yE,f,

for f€dC,(K(n), H), and Y € P(n).
Again, let f€ E,dC,(K(n), H), and let Y € P(n). First assume that u =
p. Then by Lemma 3, and by equation (28a) we have EdIl,(Y)E, = 0. As
before, we compute T, (u, v)dII,(Y)f, and obtain a sequence of equations iden-
tical to (29). Hence the intertwining property of T,(u, v) follows as before.
Next, assume u # u. Then we have by the second formulas in (19) and
(20),

p
To( AN = 3 Wkt 0, Agy + €)My + (8 + D28 + 0)E,,,  Jyf
i=1

W v, Ay, €Ay~ (= D2+ i+ 0EL 13 f

+w,, v, W)E  I®yf.

Now apply Lemmas 2 and 4, as before. It follows that w,(u, v, A,,) and
wo(u, v, A, + ¢€) satisfy equation (1b). We also use, in particular, statement 1
of Lemma 2, and obtain:

Tn(ﬂ’ VWA(Y)f P
= w, (1, ¥, Aw)( Y Bp_reBui=i+ 1+ D2 = 0)DyIf
i=1

p
+ -21 Ep e Awiti=(n=DJ2- v)<I>YIf-va<I>YI/>
i=

= dHA'(Y)Tn(lJ’ V)fs
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where again we apply equations (28) and (28a).
The theorem now follows in this case also.

S. Subrepresentations and subquotients. In this section we point out how
the results of [10] can be interpreted in terms of the kernels and images of the
intertwining maps constructed here. One by-product of this analysis is the result
that every subquotient U(G(n))-module in the induced representation modules
considered here is equivalent to a submodule of an induced representation module.

As before, let [H, u] be a fixed finite-dimensional irreducible representation
of the subgroup M(n). Let A denote a complex character of the subgroup S(n),
and let A’ denote the Weyl reflected character \' = dA'(H) = —dAH) + n —

1 =-XN+n-—1. The parameter v is defined in terms of A by the formula

v = \—(n— 1)/2. Expressed in terms of the parameter », a necessary and suf-
ficient condition for the irreducibility of the U(G(n))-module [dC,(K(n), H),
dIl,] is the following one (see [10, Theorem 6]): :

(D) If 7 isanindex such that 1 <i<p, then v+ A _;+ (n + 1)/2 -
i#0, forall [w]'€Q,(K(n)) such that [A,, +¢] isalsoin Q,(K(n)), and

wi— (M =1)/2+i#0 forall [w]€Q,(K(n) such that [A, —¢€] is
also in §2,(K(n)).

We remark that this condition implies the condition C stated in §3. The
following theorem “‘explains™ this irreducibility criterion in terms of intertwining
homomorphisms.

THEOREM 2. (1) Assume that n = 3, and that i is an integer index with
1<i<p. Assume also, that if n = 2p, then i+ p. Assume that there exists
a p-admissible class [w'] € Q,(K(n)) such that 0 =X— A, —n+i, and
such that [A, + ¢ isalso a p-admissible class. Let s = A ;. Then, with
v=2A—(n—1)/2, we have ker(T,(u, v)) = D¥dC,(K(n), H), where D} is the
projection defined as in [10] by the sum:

Df = 2H{E,,: [w] € Q,(KM), Ay, > sh.
We recall from [10] the definition of the projection Dy by
Dy = 2{E,: [w] € QKMm), A,; < s}.
Then we have Dy = 1 - DY, Then also,
range (T, (4, v)) = Dy dCx(K(n), H),
Ker (T, (, = »)) = DydC,(K(n), H),
range (T, (4, — ¥)) = DydCy(K(n), H).
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(2) Now assume that n = 2p. Assume also that there exists a u-admissible
class [W]€E Q,(K(n)) such that [A, + €,] isalso p-admissible, and such
that A+ Ay, —p+1=0, orequivalently, v+ A, +%=0. Set s=
Ayp. We distinguish two cases:

Case 1': =s>s. Then v=~s—%>0.

Case 2': —=s<s. Then v=-s-%<0.

As in Theorem 5 of [10] we define the following projections:

D}, = ZAE,: [w] € QKM A, > s},

Dy, = ZAE,: [w] € Q,K@), A,,, <s,

DY, =1-Dy,, and Dy, =1-D¥,. In addition, in Case 1' we define as in
(0], 0§, = ,D;.pD{.p = D¥',Dxp, and in Case 2', DY, = Dy, DY, = Di,Dx,.
Then in Case 1' the linear map Ti(u, —v) is defined, and we have:

ker (T, (4, = v)) = Dy, dC,(K(n), H),
range (T, (u, = v)) = D} ,dC,(K(n), H),
ker (T, (i, — »)) = D', dC,(K(n), 1),
range (T,; (1, = »)) = Dy, dC,(K(n), H).
In Case 2' the linear map TE(u, —v) is defined, and we have:
ker (T, (i, = 1) = (D, + Dy, C, (K(n), H),
range (77, (u, = »)) = D5, dC, (K (), H).

(3) The map T,(u,v) is a linear isomorphism from dC,(K(n), ) onto
dCy(K(n), H) if and only if condition D holds.

REMARKS. Under the Weyl reflection: A — A’ = A~!P? the equation
A+ s-p+1 goesover into the equation X' +s —p + 1 =0, where s is
given by §' =—s— 1. Hence the equalities between the projections: Dip =1-
Dy, follow from the definitions of the projections Dj, by replacing X by X
and s by s’ in those definitions. A similar remark applies to the projections
defined in statement 1.

Next we remark that in case p = 2, the condition in statement 2 implies
that the component A,,_, is positive.

Finally, we remark that the above theorem may be deduced from Theorem
6 of [10]. However, we shall now show that this theorem follows easily from the
results established in the last section.

PrROOF OF THE THEOREM. First, we note that if there does exist an index
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i, with 1 <i<p, and such that condition D is violated, then by Lemma 5 this
index is unique. Assume now that the condition of statement 1 holds; so that we
have v=s+ (n + 1)/2—1i for a unique index i Write s =A,; +n; Then
n; is a nonnegative integer, and by the condition of statement 1, both »; and
n; + 1 satisfy conditions 3a, b. From the definition of the functions 7,(u, », m;)
in equations (4) or (17), it follows that 7,;(u, v, m;) = 0 for precisely those
integers m; which satisfy the conditions 3a, b and the condition m; > n; + 1.
Moreover, the factors Tnj(p, v, mj) which occur in the definition of T, (u, v),
are different from zero when j #i. The last fact follows from the explicit form-
ulas for these factors and from the uniqueness of the index i. Hence the kernel
of T,(u, v) is spanned by those subspaces E,dC,(K(n), H) such that A,; >
n;+ 1+ A,;. Since such classes exist, this kernel is nontrivial. Since the map
T,(u, v) commutes with the projections E,, the range of this map is spanned
by the complementary set of subspaces: {E,dC,(K(n), H): [w] € Q,(K(n)),
A,; <s}. Hence, the first conclusion of the statement follows.

By the last remark of statement ¢ in Lemma 4, the factor 7,,(u, —», m;) is
equal to zero for precisely those m; which satisfy 3a, b and the condition m; <
n;. Hence by reasoning in a manner similar to the above argument, we have

ker (T, (4, = ¥)) = span {E,dC,(K(n), H): Ay <ny + Ay} = DydCo(K(n),H),

and this kernel is nontrivial. The statement concerning the range of the map
T, (u, —v) follows in a similar manner as the statement concerning the range of
the map T,(u, »). Hence, statement 1 is proved.

Under the assumptions of statement 2 of the theorem, condition C of §3 is
violated. Hence, condition D is violated for the unique index i = p. First, let us
assume that p > 2. Then 7,(u, v, m;) # 0 for all indices j such that 1<
j <p, and integers m; which satisfy conditions 3b. Hence the kernel of the
map T,(u, —v) may be read off from Lemma 6. First assume Case 1’ of state-
ment 2. This case corresponds to Case 1 of Lemma 6 with the parameter in that
lemma replaced by the parameter v’ =-—p. Write A’ = Np=Nyp_1 —¥o=s+%
Thus, in terms of 7, and n, of Lemma 6, we have s =-A,, ; +n, -1,
and —s=-A,, , + n;,. Then the factor 'rf,p(;.t, v, my,) is defined for all in-
tegers m,, which satisfy the inequality: 0 < m, < 2Aup—1- If n=>4, it follows
from Lemma 6 that 7,,(u, V', m,) =0 if and only if —A,,_; <—A,,_ +
m, <—s— 1. Hence, the map T,(u, V') is defined, and its kernel is correctly
indicated in the conclusion of statement 2. It also follows from Lemma 6 that
Tops ¥, mp) =0, ifandonly if s+ 1=-A,,_; +n, <-A,,_, +m, <
Ayp—y- Tt follows that the kernel of themap T, (4, ') is the range of the pro-
jection D{'p. The statements concerning the ranges of the maps T5(u, —v) again
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follow from the fact that these maps commute with the projections E,, [w] €
Q,(K(n)), as before.

Assume Case 2’ holds. This case corresponds to the Case 2 of Lemma 6,
when the parameter » in that lemma is replaced by the parameter »' = —.
Hence the factor rfp(u, -, mp) is defined for all m, which satisfy the in-
equalities in 3b. Hence the map Tf(;l, —v) is defined. By arguing as above, it
follows from Lemma 6 that the kernel of this map consists of the span of
EdC,(K(n), H) with =A,,_; SA,p,<—s—1 orwith s+ 1<A,, <
A Hence, the kernel of Tf(u, V') consists of the subspace

(D + D3, MO, (K@), H).

wp—1°

The statement concerning the range of the map Tf(u, V') follows from
an argument similar to one used above.

Incase n =2, and p =1, statement 2 follows from Lemma 7, by mod-
ifying the above argument in an obvious manner.

By the proof of statement 1 the map T,(u, v) has a nontrivial kernel, if
and only if statement D is false. Hence, if statement D is true, the map T,(u, »)
exists and is one to one. Moreover, since this map is onto each of the subspaces
E ,dCy(K(n), *!), in this case, T,(u, v) maps dC,(K(n), H) onto dCy(K(n), H).
Q.E.D.

The following facts are known from [10, Theorem 6].

If the assumptions of statement 1 of the last theorem hold, then the
U(G(n))-modules [D{dCM(K(n), H),dll,] and [Dy.dC,(K(n), H), dll,'] are
proper irreducible submodules of the U(G(n))-modules [dC,(K(n), H), dTl, ],
and [dC,(K(n), H), dIl, /] respectively. If the assumptions of statement 2 in the
above theorem hold, then [DipdC“(K(n), H), dIl,] are both U(G(n))-submod-
ules. These submodules are both irreducible if condition 1’ holds. If Case 2'
applies, then the submodule [D’,fpdC”(K(n), H), dll, ] is irreducible. Similarly,
under the assumptions of statement 2, the subspaces D‘,t:pdCu(K(n), H) are sub-
modules under the action dIl,, and are irreducible in Case 2'. In Case 1',
[D{"pdC"(K(n), H), dIl1, ] is irreducible. Finally, if condition D holds, then the
U(G(n))-modules [dC,(K(n), H), dl1;] and [dC,(K(n), H), dIl,'] are both
irreducible.

Now, let T be an intertwining map from the UG(n))-module [dC,(K(n), H),
dn,] into the U(G(n))-module [dC(K(n), H),dll,']. From a standard
theorem on homomorphisms of modules, we may identify the quotient module
[dC, (K(n), H), dT1,]/[ker (T),dll,] with the submodule of [dC;(K(n), H),

dll, '] given by range (7). Hence, by combining the above results with Theorem
2, we obtain with a slight abuse of terminology, the following result.

COROLLARY 1. If condition D holds, then T,(u, v) is an isomorphism
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from the U(G(n))-module [dC,(K(n), H),dll\] onto the U(G(n))-module
[dCz(K(n), H), a1, ¢].

If the assumptions of statement 1 hold, then T,(u,v) is a U(G(n))-mod-
ule isomorphism from the quotient module

[dC, (K(n), H), dT1, 1/ [DFdC,(K(n), H), dTI,]

onto the submodule [Dx dCy(K(n), H), dl1,+]. Under the same assumptions,
T, (4, —v) is a U(G(n))-module isomorphism from the quotient module

[dC“(K(n)’ H)’ dHA'] /[D;:'dcy.(K(n)’ H)’ dn/\']
onto the submodule [DxdCy(K(n), H), dl1,].

As in [10], the subquotient theorem of Harish-Chandra [3b], Theorem 4,
leads immediately to the following corollary.

COROLLARY 2. Every irreducible quasi-simple representation of G(n) is
infinitesimally equivalent to a subrepresentation of a nonunitary principal series
representation.

6. Infinitesimally pseudo-unitary representations. A preliminary step in the
classification of the irreducible unitary representations is the study of the infinites-
imally pseudo-unitary U(G(n))-representations. This study, which is undertaken
in this section, involves some remarks on linear algebra.

We continue the notation of the last section. Let [H, dll,] be a nonzero
U(G(n))-submodule of the U(G(n))-module [dC, (K(n), H),dll,]. Let A4 be
an Hermitian (not necessarily positive definite) bilinear form on H; so that
A(x, y) = A, x), forall x and y € H. The U(G(n))-module [H, dM,] will
be called infinitesimally pseudo-unitary with respect to the Hermitian form A,
or if A is understood, infinitesimally pseudo-unitary, provided the following re-
lation holds for all Y € G(n), and x, y €E H:

A(dnA(Y)x’ y) =—Alx, dHA(Y)y)

In other words, for each Y € G(n), the linear transformation dIl,(Y) is skew-
Hermitian with respect to the form A.

Following Harish-Chandra, we call the U(G(n))-module infinitesimally uni-
tary, if it is infinitesimally pseudo-unitary with respect to some positive definite
Hermitian form.

Asin [10], we let (,) denote the standard inner product on LZ(K(n), H)
defined by means of the Haar integral

£9= [ 00, 200D dk,

forall f, and g€ Lﬁ(K(n), H), where (,) is an inner product on # with
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respect to which [H, u] is a unitary representation of M(n).

Note that the restriction of the form ¢,) to the linear subspace H is non-
degenerate since (,) is positive definite.

Finally, as in [10], we denote complex conjugations on Lﬁ(K(n), H) by
¢— ¢

Let H* denote the linear dual space of H, and let Hyg denote the sub-
set of H* defined by Hp = {f € H*: (E_H) =0 for all but a finite number
of classes [w] € Q,(K(n))}. It is clear that Hp is a linear subspace of H*,
The next lemma will justify calling this subspace the subspace of K{(n)-finite
vectors in H*. If f€ H*, let f denote the conjugate linear functional defined
by fix) =f(x). Thenlet Hy denote the linear space of conjugate linear func-
tionals defined by the expression: Hp= {f: f€ Hy}.

LEMMA 8. If f€ Hp, then there exists an element x, € H such that
) =<, xf) forall y€EH. If fE€ FF, then there exists an element x, € H
such that f(y) = (xf, ), forall y €H. The map f—> Xf, fE€Hg, isacon-
jugate linear isomorphism from Hp onto H. The map f — X fE€HE isa
linear isomorphism from Hg onto H.

PrOOF. Let f€ Hy, and let SBf denote the linear span:
B, = span {E H: fIE,H) # 0, [w] € Q,(K(n)}.

Then QSI. has finite dimension and is a Hilbert space under the restriction of the
Hermitian form (,). Consequently, by the standard Riesz representation theorem,
there exists an element x,€ B, C H, such that f{y) =<y, xp forall y € %f.
However, for all y €8, CH we have f(y) =0 =y, xp). Hence f(y) =y, xp)
for all y € H. The fact that the map f—> Xy is conjugate linear and one to
one follows from a standard calculation. The fact that this map is onto follows
in a standard way from the nondegeneracy of the Hermitian form (,).

The second half of the lemma follows by an analogous argument. Q.E.D.

COROLLARY 3. The spaces H, Hp, and ﬁF are all linearly isomorphic.

LEMMA 9. Let A be an Hermitian form on H. Then there exists a linear
map T: H— H such that A(x, y) =(Tx, y), forall y and x € H.

Suppose moreover, that [H, dl1,] is an infinitesimally pseudo-unitary
U(G(n))-module with respect to A. Then T is an intertwining map from this
U(G(n))-module into [dC,(K(n), H), dll K—Ip2] .

REMARK. Note, that the character A~'P? is equal to the Weyl-conjugate
character of A only if A is real.

PROOF OF THE LEMMA. Fix x € H. Then the map f,:y — A(x, ) is
conjugate linear. It is obviously K()-finite, and hence in Hg. Therefore, we
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may apply Lemma 8. Accordingly, the map f, — Xy is linear, and writing
x — Tx for the composition of the linear maps x — A(x, -) =f, with f, —
xfx, we get a linear map T: H — H. Thus from Lemma 8 we have

A(x» y) =fx(y) = <xfx’ y> = <Txv }’),

for all x, y €EH.
Next, we prove the second statement of the lemma. By Theorem 8 of [10],
we have for all x, y €H and g € G(n),

Moy 2@, ») = (x, IR

Let Y € G(n). Then by differentiating the above equation along the one param-
eter subgroup t — exp tY, we obtain:

<d“1—\_ 1P2(Y)x’ »w=-A, dﬂA(Y)y),

forall x and y € H.
Now assume that [H, dIl,] is infinitesimally pseudo-unitary with respect
to A. Then we have for all x,y €H and Y € G(n),

(TdTl, (Y)x, y) = A, (Y)x, ) = —A(x, dIL, (YY)
= ~(Tx, I\ (YD) = @Il __, ,(")Tx, .

By the nondegeneracy of the form (,), we have forall x €H, TdIl,(Y)x =
dis_, p2(N)Tx. QED.

COROLLARY 4. In order that [H, dll,] be infinitesimally pseudo-unitary
it is necessary that either A"'P? = A, or that A=A and p = u. In the first
case v is imaginary, and in the second case v is real.

PROOF. The proof is immediate from the definitions, the above lemma,
and Lemma 3.

It now becomes a routine matter to list all the pseudo-unitary representations
by making use of Theorem 1. We will not do this here, but turn now to the
classification of the unitary representations.

7. The unitary representations. Let 4 be an Hermitian form on H. Sup-
pose that the U(G(n))-module [H, dIl,] is infinitesimally pseudo-unitary with
respect to A. A key point in our argument is the following simple observation.

LEMMA 10. Under the above assumptions, A is positive definite, if and
only if A s positive definite on each nontrivial subspace E H, [w] € Q,(K(n)).

PROOF. The “only if” part is obvious. The “if” part follows immediately
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from the following observation. If x €EE_H, and y €EE H, and if [w]#
[w'], then A(x, y) = 0. However, this observation follows from the fact that
the K(n)-representation kK — R(k) =II,(k) on H is unitary with respect to
A, and the following computation:

Let xEE_H, and y EE +H with [w]# [w']. Then

A(x, y) = AE % E,») = |

Ky ®ARER, E,9)

= J g ny o ®ACx REY) = A(x, EE,9) = 0. QED.

We call an infinitesimal intertwining map T positive definite, if the corre-
sponding Hermitian form: (x, y) — (T, y) is positive definite. It is clear from
the above lemma that an infinitesimal intertwining map is positive definite, if and
only if the coefficient in each of its Fourier components is positive.

The next lemma is basic and concerns the positivity of the factors which
occur in the definition of the maps T, (u, v, w). In accordance with Corollary 4,
we need only consider the case of v real. Hence we now assume that v is real.

LEMMA 11. Let i be an integer index with 1 <i<p.

(1) First, assume that n > 3, and that if n = 2p, then i #p. Then the
Jactor 1, (u, v, my) is positive for all positive integers m; which satisfy condi-
tions 3a, b, if and only if

0<WI <A+ @+ 1)2-i

(Recall that the integer m; satisfies conditions 3a, b if and only if m; + Aui is
the ith component of a p-admissible highest weight of K(n).) Suppose n; and
n; + 1 satisfy condition 3a, b, and suppose that v =—(A,; + (n + 1)/2 =i+ n)).
Then 7,1, v, m)) >0, forall m; which satisfy 3a, b.

(2) Let n=2p, and i=p. Assume condition C of §3 is satisfied. Then
the factor 7, p(u, v, mp) is never zero for any integer my, satisfying condition
3b. Moreover, this factor is positive for all m,, satisfying 3b, if and only if
2A”p~ 1 s an even integer, and 0 < |v| <%, when n >4, and if and only if
u=+ and 0< |p|<¥%, when n=2.

(3) Let n=2p and i=p. Assume condition C is violated. Then as
usual, we consider two cases:

Case 1. v=(n, - n;,)/z < 0. (We use the notation of §3.) Then the fac-
tors 'rf, p(/.t, v, mp) are defined, and are positive or zero for all m, satisfying 3b.
(The zeros are given by Lemma 6, or Lemma 7 in case p = 1.)

Case 2. v = (n, —n,)/2> 0. Then the factor rfp(u, v, m,) is defined
for all m, satisfying 3b. It is positive or zero for all such m,, if and only if
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n, = n,+1; hence v="% and A, , isaninteger. Incase n=2, the last

condition must be replaced by the condition that u =+, and v = %.

PROOF OF STATEMENT 1. If i>1, and if AM,_l =Aui’ then every p-admis-
sible class [w] must have the property that A,; = A,;. Consequently, in this
case m; =0 is the only integer for which 7,,(u, », m;) is defined. This factor
is by definition equal to 1. Now, if i=1, orif A,;# Ay;_;, then there is
more than one integer m; which satisfies the conditions 3a, b. It follows from

equation (17) that for all these integers, 7,,(u, », m;) > 0, if and only if

Ayl + @+ D2-i+m—v

(*) -
Wyl +(m+D2-i+m+v

>0,

for all integers m; which satisfy the conditions 3a, b. (We remark again, that
the absolute value sign is needed only in the case where n =2p + 1 and i=p.)
The condition (*) is equivalent to the condition that

(*%) (Al + @+ D/2=i+m)? >

The left-hand side of the last inequality attains its minimum for m; = 0. Similar-
ly, the condition that 7,,(u, », m;) =0 for all m; > n;, and satisfying 3a, b is
equivalent to the condition that

A+ e+ 120+ m)? =02,

which under the second hypothesis of statement 1 is satisfied automatically for
m;2n; + 1. For m; <n;, 7,{(u, v, m;) =0, by Lemma 4. The statement
follows.

PROOF OF STATEMENT 2. Let n=2p and i =p. First suppose that
n=4. If Ayp_q1 =0, then m, =0 is the only integer for which the factor
Tap(l, ¥, mp) is defined, and by definition, this factor is equal to 1. Now suppose
that A,,_; > 0. Then it follows from equation (5) that Tup(ts v, my) >0,
for all m,, for which this factor is defined (inequality 3b) if

(*+x) - A”p_l + %+ mp)2 > p?

for all integers m, which satisfy the inequalities 3b. Now if 2Ayp-y isanodd
integer, then one possibility for m, is m, = AM,_l — %. For this integer we
have 0> 2, which is impossible. Hence, 2A“p_‘l must be an even integer.
In this case the minimum of the left-hand side of inequality (*##) is attained
when m, = A, ,_,. Hence statement 2 follows for this case.

Next assume that n = 2. If yu=-, we find from equation 10 that
751 v, 1) =(v)/lv=-1, forall v+ 0. Hence, we must have u=+. On
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the other hand, we see that 7,,(+, 4, m) >0 forall m € Z, if and only if
G+ %)>-v?*>0 forall j € Z. Hence, the statement follows in this case as
well.

Statement 3 follows easily from the explicit formulas given in equations (7)
and (8), in case n =4, and from equations (12), (13), (14), and (15), in the
case when n = 2,

From our point of view the irreducible unitary representations fall into two
broad classes I and II:

I. The principal series. These representations are the representations on
Lf‘(K(n), H) with [H, u] an arbitrary irreducible finite-dimensional representa-
tion of M(n), and v pure imaginary or zero. Note that it follows from the
irreducibility conditions of [10, Theorem 6], or in §5, that the only nonirreduc-
ible case of the principal series occurs if » = 0,n = 2p = 4, and the component
AM,_l is a half odd integer, or in case n =2,» =0, and u is the nontrivial
representation of M(2). In these cases the principal series splits into two irre-
ducible components.

II. Representations with a redefined inner product on dC“(K(n), H). In
this case one defines an inner product on dC,(K(n), H) such that for some
character A on S(n) the representation [dC,(K(n), H), dI1,] is infinitesimally
unitary with respect to this inner product. Then the unitary representation of
G(n) is supposed to act on the Hilbert space completion, with respect to the
norm defined by this inner product, of the quotient space dC, (K(n), H)/(radical (4)),
where A is the inner product. This second class of representations splits up into
two subclasses:

IIA. Irreducible complementary series. In this case the radical of the inner
product A4 is equal to the zero space.

IIB. Nonirreducible case; the end point and isolated point representations.
In this case the radical of A is nontrivial.

First, we discuss the class IIA in more detail. For this class there is no sub-
stantial difference between the case n = 2p and the case n =2p + 1. By
Corollary 4, we must have g = u, and v a real number, where v = dAH) -
(n - 1)/2. By Lemma 9, the inner product A which makes [dC,(K(n), H), dll,]
infinitesimally unitary can be given as follows:

(x, ¥) = A, (1, v; x, ¥) =T, (1, v)x, Y).

By Lemma 10, this Hermitian form is positive definite provided that the scalar
t,(u, v, w) is positive for each p-admissible class [w]. By formula (20) in §3,
this last condition is equivalent to the condition that each of the factors

T, v, m;) is positive for 1 <i<p, and m; givenby m; = A, ;- A,,, if
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1<i<p, and m, = Ay, ~ Al if n=2p+1, or mp=A,,~A,p_y,
if n=2p.

Now assume first that n = 2p + 1. Then the condition that u = u im-
plies that the component A, = 0. Suppose that there is an index j such that
1<j<p, andsuch that A, =0. Then 0=Ay;=Ay ;. =" " =47y,
Then only the integers M =:""=m,= 0 are possible. In this case, the
factors 7, ,(u,»,0)="---=7,(u,»,0) = 1. Let j be the first integer such
that Ay; = 0. Then by statement 1 of Lemma 11 we find that the positivity

N
condition becomes

i
(29) vl € nlo, Ay +t@+12=-9=1[0,(n+ 1)/2-)).
i=1

This condition is both necessary and sufficient for the component ¢, (u, v, w). to
be positive for each p-admissible class [w] € 2, (K(n)).

Now let n=2p. If App_1 = 0, then as before, we let j be the smallest
integer such that Aui =0, and we have as before, the positivity condition:

j
WIEN [0, Ay + @+ D2-0)=[0,(n + 1)/2-)).
i=1

That is, the above condition is both necessary and sufficient for the Hermitian
form A,(u, v;*,") to be positive definite. Now assume that AM,_l # 0. Then

by statement 2 of Lemma 11 and the above reasoning we must have that 2A,,_,
is an even integer and that Iv] € [0, %). Now this interval is contained in the

interval

p-1
:Dl [0, Ay + (n + D)/2-1).

Hence, the condition that [v| € [0, %) and A,,_, €Z is both necessary and
sufficient for the positiveness of A,(u, v;*,* ), when App_1#0.

REMARK 1. If n = 2p, then the above analysis implies that one cannot
have a complementary series if [H, u] is a faithful representation of M(n).

Now assume that the above conditions for positive definiteness are satisfied.
Thus we assume that A4, (u, v;* ,*) is a positive definite inner product on the
space dC,(K(n), H). Let H,, denote the Hilbert space completion of this space
with respect to the Hilbert space norm defined by this inner product. We wish to
argue that there exists a globally defined unitary representation of G(n) whose
differential is the infinitesimally unitary representation [dC,(K(n), H), dll,]. For
this purpose, we may invoke a theorem of Nelson (see the discussion below). How-
ever, we shall give a simpler argument which is valid in the case of the complemen-
tary series, and which generalizes an argument due to Bargmann [1, p. 619].
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PROPOSITION 1. Let v =0, and assume that v satisfies one of the above
conditions for the positive definiteness of the form A,(u,v;* ,*). The T,(u,v)
may be extended to a bounded positive operator on Lf‘(K(n), H) with operator
norm \T,(u, v)I < 1. The last inequality is strict unless v = 0. Hence,
Lz(K(n), H) may be embedded as a dense subspace of H,,

PROOF. An examination of the formulas (17), or the formulas (4) and (5)
shows that 7,(u, », w) <1 forall [w]€ Q,(K(n)). The inequality is strict un-
less v=0. Now {E: [w] € Q,(K(n))} is a complete orthogonal family of
projections on the Hilbert space LZ(K(n), H). Hence, the proposition follows
directly from the definition of the operator T,(u, »). Q.E.D.

Now since the action of G(n) is already globally defined on the space
Lﬁ(K(n), H), by II,, this action extends, by continuity, to an action of G(n)
on the Hilbert space completion H,,,,.

If the conditions for positive definiteness of the form A4,(u, v) are satisfied,
but now » <0, then we note that [Lz(K(n), H), 1,1 is infinitesimally equiva-
lent to the representation [Li(K(n), H), 1, ]. Hence, by the above argument,
this case is unitarizable as well.

Next, we turn to a discussion of the case IIB. Again, by Lemma 9, we may
assume that the inner product A4 is given by:

(x’ y) - All(l“t’ Vs X, y) = <Tn(l‘l’ V)x, y),

where now the radical of A4,(u, v;-,*), which is the same as the kernel of

T,(u, v), is assumed to be nontrivial. (In case n = 2p, and in case the operators
Ti(u, v) of TE(u,v) are defined, we use the notation A%(w, ;" ,*) or

AF(u, v;+ ,+) to denote the corresponding inner products.) By the discussion of
Theorem 2 in §5, and by the fact that pu = u, we have that T,(u, ») is one to
one on its range. Hence, if T,(u, v) is positive semidefinite, then A,(u, »;-,")
is positive definite on range (T, (u, v)). Now, by Theorem 2, condition D of §5
must be violated. Accordingly, we first assume that

v=AN,;+@+1)2-i+ny),

for some index i such that 1 <i<p, and we first assume that if n = 2p,

then i # p. (The case with n = 2p and i =p will be handled separately.)

Here n; is a nonnegative integer such that A,; =n; + A,; for some u-admis-

sible class [w], and 1 +n;+ A,; is also assumed to be the ith component

of some u-admissible class. By Lemma 11, statement 1, if j > i, then the factors
Tni(/“’ +y, m;) cannot all be positive, unless there is only one, namely ‘r,,i(p, p,0).
Thus, 0=A,; = A4y =" . On the other hand, if i # 1, then we must

U
have A,; #0, for j<i. (Otherwise, we would have A,; =0 for all y-admissible
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classes [w].) For such indices j, the condition of statement 1 in Lemma 11 is
satisfied automatically. Hence, the positivity of f,(u, v, w) hinges upon the
positivity of the factor 7,,(u, ¥», m;) for each integer m; for which this factor
is defined.

Now by Lemma 11, statement 2, and Lemma 4c, we have 7,,(u, —», m;) =
0, for 0<m; <n;, while 7,,(u,—v, m;) >0, for n; <m;. On the other hand,
assume that n; > 0. Then we have 7,,(u,», 0) = 1. However, 7,,(u,v, 1) =
-n;/(n +1-2i +n;) <O, as can be established by substitution into the formula
(4) or the formula (17). Hence, T,(u, v) is not positive unless n; = 0. By
Theorem 2, ker (T, (4, —v)) = range (Dy'), while ker (T, (k, v)) = range (D).
Thus we have established the following result.

If v=(+1)/2—i+n;, and the above stated conditions on the index i
and the integer n; hold, then the quotient U(G(r))-module

[dC, (K(n), H), dTl\ ) /[D5 dC, (K (), H), Tl ']

is infinitesimally unitary with respect to the inner product (x, y) — A4,(u, —; x, )
=(T,(u, —v)x, y)>. While the “supplementary” quotient module

[dCy(K(n)a H)3 dnA] /[D{dC"(K(n), H)’ dnA]

is infinitesimally unitary with respect to the inner product (x, y) — 4,(u, v; x, )
=(T,(u, v)x, ), if and only if n; =0.

REMARK 2. The quotient module [dC,(K(n), H), dl,']/[DydC,(K(n), H), dll,']
is infinitesimally equivalent to the submodule [D{' dC,(K(n), H), dI1, ] (see [10,
Theorem 6]). This infinitesimal equivalence can be implemented directly with the
map T,(u, —v) (see Theorem 2). This submodule can be made infinitesimally
unitary directly with the inner product defined by (x, y) — B, (4, —»; X, y) =
(T,(u, —v)"'x, ), where x, y € range(D*), and T,(u,—»)~! is the inverse of
T,(u, —v) defined only on this range. It is clear that B,(u,—v;- , ) is positive
definite. Moreover, it follows from the intertwining property of T,(u,—v) that
forall Y € G(n), and x € range (DY),

T,(u, — v)~1dI, (Y)x = dll, (Y)T,,(u, — )" 'x, modulo(1 - D} = D}).

The skew-symmetry of the representation follows as in the calculation in the proof
of Lemma 9.

Similarly, if n; =0, the U(G(n))-module [range(D;’),dIl, ] can be
made infinitesimally unitary directly by defining on the range of D}’ an inner
product B,(u, v;*, ) by the formula

B, (1, v; x, y) = (T, (1, )" x, »),
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for all x, y € range (Dy'). Again, the map T,(u, v)~! is the inverse of T,(4,v)
defined only on the range of T,(u, »), namely Dj'.

REMARK 3. In the nonsingular cases, namely when ker (T, (1, v)) = {0},
we have the following simple formula for the inverse of T, (u, v): T, (u, =
T, (u, —v). This formula can be established easily from the definition in formulas
(19) and (20), and from the definitions of the factors 7,,(u, v, m;).

REMARK 4. In case n; =0 we have explicitly:

Dy = {E,: [w] € Q,(K()), A,; = 0}.

Now, if i =1, then A, =0. Hence, [H,u] is the trivial representation of the
subgroup M(r) on C. In this special case, D+ reduces to the projection onto
the subspace of constant functions, and the corresponding unitary representation
is the trivial unitary representation of G(n).

Now we turn to the case when n = 2p, and i = p. The discussion is sim-
ilar to the above one, except now we must use statement 3 of Lemma 11 to deter-
mine the positivity conditions for the factors 7,,,(u, », m,) which occur in the
definition of the intertwining maps.

First, we assume that Case 1’ of Theorem 2 holds. This case is equivalent to
the Case 1 in Lemma 11 for the parameter —v. Thus, we have v =—s—% >0,
and —s >s. If n>4, then all the factors 7,,(u, », m;) for j<p are positive
because of statement 1 of Lemma 11, and because of the estimate:

0< ol =1Is+ %I <Ay,_,

+t(r-1D2-j<A,;+@+ 1)/2 —-j.

+%

<Aup-1

It follows from Lemma 11 and from Theorem 2 that T(u, —v) are positive
operators with kernels given by range (D,fr p)- Hence, these operators are positive
definite on the ranges of the projections Dip. Hence, in particular, the inverses
Ty(u,—v)"! are defined on the ranges of the projections D3,. Now, from The-
orem 2, the quotient modules [dC,(K(n), H), dll, ] /[range (D3,), dT,] are
isomorphic, via the maps Tr(u, —v), to the submodules [range (Dip), di,j.
(Throughout this discussion the upper signs go with upper signs, and the lower
signs go with the lower signs.) By an argument similar to the above one, the above
quotient modules are infinitesimally unitary with respect to the inner products
x, ) — A, (u, —v) =T, (4, —v)x, ). Then it follows from an argument similar
to the one in Remark 2, that the above subrepresentations are infinitesimally uni-
tary with respect to the inner product (x, y) — B, (u, —; X, y) =(T,, (4, —v)~ 1x, .
Now let us assume that Case 2’ of Theorem 2 holds. Equivalently, Case 2
with » replaced by —» holds. Then, by the above discussion and by statement
3 of Lemma 11, TF(u,—v) is a positive operator if and only if there is precisely
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one factor 1fp(1.t, -v, m,) different from zero. This situation can only occur if
v=-Y%, and n, = n;, +1 (see §3). We must then have A, , = n;,, in case
n=>4. Thus A,,_, must be a nonnegative integer. If n=2, this last condi-
tion must be replaced by the condition that u is the trivial representation of
M(Q2).

Now assume that these conditions hold. Then Tf(/.t, -v) is positive, and
is positive definite on range (Dfp). Moreover, by Theorem 2, we have
ker (Tf(u, —v)) = range (D{:p + Dy'p). Then by arguments similar to the above
ones, we have that [dC,(K(n), H), dll, '] /(range (D, + Dy,), dll ] is infin-
itesimally unitary with respect to the inner product (x, y) — Af W, —v;x, ) =
(T, (u, —v)x, ). Then the subrepresentation [range (D’,fp), dll,], which is
equivalent to the above quotient module, is infinitesimally unitary with respect to
the inner product (x, y) — B, (4, =v; x, y) = (T, (4, —¥) " 'x, »).

In order to prove that there exist globally defined unitary group representa-
tions for each of the infinitesimally unitary representations listed above for Case
IIB, one could argue as with Proposition 1 above. A modification of this argument
is valid for the above representations in the subrepresentation picture rather than
in the quotient picture. However we shall instead apply a theorem of Nelson [6,
Theorem 5]. According to the hypotheses of that theorem it will be sufficient to
show that for each of the representations listed above, the differential operator
dll, (V), with

n n—1 n
V=Y YL+H+ Y Y XE=Q+Q,
i=2 i=1 j=2

is essentially selfadjoint. Here § and Qg are the Casimir operators of G(n)
and K(n), respectively, in the normalization of [10, Lemma 6]. However, this
fact follows immediately from the fact that this operator is symmetric for any
infinitesimally unitary representation, and from the fact that the ranges of the
projections E,, [w] € £,,(K(n)), are eigenspaces of this operator.

By Theorem 8 of Harish-Chandra [3a], every infinitesimal equivalence class
of quasi-simple representations contains at most one unitary equivalence class of
unitary representations. Second, every irreducible unitary representation is quasi-
simple. Third, every irreducible quasi-simple representation is infinitesimally
equivalent to a subrepresentation of a principal series representation (possibly non-
unitary), by Corollary 2. If we combine the above analysis with the computation
of the eigenvalues of the Casimir operator in [10, Lemma 6], we have proved the
following result.

THEOREM 3. Every irreducible unitary representation of G(n) is unitarily
equivalent to one of the following unitary representations.
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1. The irreducible principal series. Let [H, u] be an irreducible finite-
dimensional representation of the subgroup M(n). Let v = dAH) — (n — 1)/2.
The representations in this class are the representations [Lf\(K(n), H), M\] with
v pure imaginary, with v # 0, in case n = 2p, and u is a faithful representa-
tion of M(n). (The last condition is equivalent to the condition that WNp_q I8
odd, if n=4, and p is nontrivial if n = 2.) We also have

s i n=2p3>4,

- 1\2 p-1 .
dﬂA(ﬂ)=V2 _£’1_4_1L+ Z (A“i-l-n—z’—l)A
i=1
=2 -y, if n=2,
— 1\2 D
=p2—L4lL+Z(Am+n—2i—l)Am, if n=2p+1.
i=1

HA. The irreducible complementary series. Again, set v=dNH)—(n- 1)/2.
Let [H, u] be an irreducible finite-dimensional representation of the subgroup
Mn). If n=2p + 1 then we must have A,, =0. Let j be the smallest
integer such that A,;=0. Then v isrealand v € (~(n + 1)/2+j, (n + 1)/2 -
J). Similarly, if n=2p =4, and if Am;,_l =0, let j be the smallest integer
such that A,; = 0. Then v must be realand v € (<(n + 1)/2 +j, (n +1)/2-)).
If A”p_ 1 ¥0, then this component must be an integer, and v is real and in
the interval (— %, %). If n =2, then u must be the trivial representation of
M(2) and v is real and in the interval (- %, %). With the above conditions the
form (x, y) = A, (4, v;x, y) =T, (u, v)x, y) is positive definite on dC,(K(r), H).
Let H,, denote the Hilbert space completion of dC,(K(n), H), with respect to
the above form. There exists a unique unitary representation U on this com-
pletion, and dU = dIl,. Moreover,

p—-1
di\(@)=v*-(m-1D*4+ Y (A, +n—-2-DA,, if n>3,
i=1

=v2—1, if n=3,

=p -1, if n=2.

The representations corresponding to the pairs (u,v) and (4, —v) are uni-
tarily equivalent. Moreover, the complementary series as defined here overlaps with
the principal series in case v = 0. Here, the operator T,(u, 0) reduces to the
identity, and H,o = L3(K(n), H).

IIB. Nonirreducible cases; end point and isolated point representations.

(1) Suppose n=2p + 1, and the irreducible representation [H, u] has highest
weight components 0 = Ayj=Ayjp =" =A,, orsuppose n=2p =>4,
and the representation [H, u] has highest weight components 0 = Ay=- =
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A”p_l. Assume that j is the smallest integer such that Ani = 0. Let n; be a
nonnegative integer such that Ay 2 n;, in case j # 1. Then the inner prod-

uct (x, ) — B,(u, —v;x, y) =<T,(u, )" 'x, ) is positive definite, with v =
dAH) - (n—1)[2=(n+ 1)/2—] +n;, on the space:

DYdC,(K(n), H) = span {E,,L,(K(n), H): A,,; > n;}.

Let HI,, denote the Hilbert space completion of the above space with respect to
the norm defined by this inner product. Then there exists a uniquely defined
unitary action of G(n) on this space, and dU = dIl,. The eigenvalue of Q is

i
dil,(Q) =@+ 1-))n; +n—-j)+ ZI(A“, +n-2- DA,
=

(2) Make the assumptions in 1 above. In addition, assume that n; = 0.
Let H,, be the Hilbert space completion of the space

DydC,(K(n), H) = span {E,LZ(K(n), H): A,; = O},

with respect to the norm defined by the inner product B,(u,v;* ,*). The latter
is positive definite, and is given by (x, y) — B, (1, v; x, ) = (T, (1, v)~ Ix, y)
The unitary action is uniquely defined, and for this action U we have dU =
dll,:, where A' is determined by dN'(H)=-v+ (n—1)/2=j— 1. The eigen-
value of S is obtained by substituting n; = 0 into the last formula for this
eigenvalue. We remark that in case j =1, then u is the trivial representation
of M(n), and U is a one-dimensional representation on the space of constant
functions.

(3) Now assume that n=2p and v=—%. If n=>4 assume that A, ,
is a nonnegative integer. If n =2 assume that u is the trivial representation of
M(2). (Thus, in both cases, [H, u] is not a faithful representation of the sub-
group M(n).) Let ny, be the Hilbert space completion of the space

DE_, ,dC,(K(n), H) = span {E,L2(K(n), H): A, = 0}

with respect to the norm defined by the inner product B, (u, %; " ,* ). The latter
is positive definite, and is defined by (x, y) — B, (1, v; x, y) =¢ Tf,’(y, %)~ 1x, y).
Then there is a uniquely defined unitary action U on this space with dU =
dil,, with dNH)=-%+n—-1)2=n/2-1, and

-1

14
dli, () =¥%n(hn—1)+ 3 AN, +n—2-1), if n=2p>4,
i=1

=0, if n=2.
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We remark that in case n = 2, this representation is the one-dimensional repre-
sentation of G(2) on the space of constant functions.

(@) If n=2p, let [H, u] be an irreducible representation of M(n) such
that, in case n = 4, A“p_ 1 0. Write v=-s—1% Assume v=0, and that
§ is a number such that —A,, | SS<Ay,_y, and s—=A,, €Z if n=
4, and if n =2, 2s is an even (odd) integer if u is trivial (nontrivial). Then
let H fw be the Hilbert space completions of the spaces
DY,dC,(K(n), H) = span {E,L,(K(n), H): A, > - s},

Dy ,dC,(K(n), H) = span {E,L,(K(n), H): A, <s}

with respect to the norm defined by the inner products Bf,(;,t, -v;*,*). The
latter is positive definite on space DipdC#(K(n), H), and is defined by (x, y) —
Bi(u, —v;x, y) = (T, (u, -v)~!x, y). There is a unitary action U defined on
each of these spaces which is unique and has the property that dU = dll,, with
dA(H) = v + (n — 1)/2. Moreover,

-1
dll,(Q)=(¢+n/2)s—n/2+1)+ pz AyAy +n=2-1), if n>4,
i=1

=(s + 1)s, if n=2.

8. Concluding remarks. As indicated in the introduction, the irreducible
complementary series were first given completely by Knapp and Stein [S]. A
different parameter is used in [5], amounting to a change in the logarithmic base,
and is given in terms of ours by the formula (7 — 1)z/2 = ». The existence of
the isolated point and end point representations in the general case seems to be a
new result. There are of course some known special cases which we now point out.

For n =4, the class of representations given in IIB(3) correspond to the
representations II,,q, in Dixmier [2], where m = A,,. Also, the representations
in IIB(4), namely [Dide“(K(4), H),dIl ], correspond to the representations
I;, _, in Dixmier’s notation, where m = A, ;- These facts were already pointed
out in [10], although we did not prove unitarizability there for the case of gen-
eral n.

We remark next that the one case of the reducible principal series is contain-
ed in the cases IIB(4). This situation occurs when v =0, and u is a faithful
representation of M(n). In this case we have s = —%; so that the projections
D{'p and Dy, have the property that D{p + D;, = 1. The inner products
Bf,(p, 0;-,) reduce to the restrictions of the inner product ¢:,-) to the
ranges of these projections. Hence, we have for this case: L;‘;(K(n), H= H:',, ®
H,,. This is a precise generalization of what happens in the case of SL(2, R).
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Because of the last remark and because of the formal analogy of the cases
IIB(4) to the known cases of n =4, and n = 2, we conjecture that IIB(4) com-
prises the square integrable representations for Spin(1, 2p). These square inte-
grable representations are known to exist, because of Theorem 16 in [3c]. We
hope to present a proof of this conjecture in a later paper. Knapp and Okamoto
[5] have discovered generalizations of the split principal series in the case of the
isometry groups of the Hermitian symmetric spaces. IIB(4) provides such a general-
ization in the direction of the Lorentz groups. A proof of the above conjecture
would also provide a similar generalization of the limits of the holomorphic dis-
crete series of Knapp and Okamoto.

For general n, the existence of the representations in IIB(1) were pointed
out in Takahashi [9], for the special case when j =1, and A, =0. In the
quotient realization of these representations, (Remark 2, of the last section) these
representations are the quotient representations of nonunitary principal series by
the finite-dimensional representations having Ki(rn)-fixed vectors. Takahashi noted
in [9] that for n = 3, these representations are equivalent to certain principal
series representations. More precisely, if j = 1,n = 3, the representation in IIB(1)
is unitarily equivalent to the irreducible principal series representation [Lﬁ(K(3), H),
M\l with » =0, dA@H) = -1, and A,, =n; + 1. This result can also be
verified by computing the eigenvalues of an element in the center of U(G(3))
algebraically independent of £, and noting that the K(3)-module structures of
the two representations are the same.

The last observation of Takahashi brings us to the question of coincidence
of the unitary representations listed in Theorem 3. An examination of the K(n)-
module structure and the eigenvalues of £ shows that if there are any coincidences
other than those indicated in the statement of Theorem 3, they must occur in the
Takahashi representations cited above. It should be possible to settle the question
of coincidence then by computing the center of U(G(n)) in this case. However,
we have not done this yet.
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