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A HOMOTOPY THEORY OF PRO-SPACES
BY

JERROLD W. GROSSMAN

ABSTRACT. The category of towers of spaces, ... = s+1 ™ X [ Sud
.. =* X, viewed as pro-spaces, appears to be useful in the study of the re-
lation between homology and homotopy of nonsimply connected spaces. We
show that this category admits the structure of a closed model category, in
the sense of Quillen; notions of fibration, cofibration, and weak equivalence
are defined and shown to satisfy fundamental properties that the corresponding
notions satisfy in the category of spaces. This enables one to develop a ‘“homo-
topy theory” for pro-spaces.

1. Introduction. Recent work on the relation between homology and
homotopy of nonsimply connected spaces (e.g. [2], [3], and unpublished re-
sults of E. Dror and W. Dwyer) involves towers of spaces, -+ —> X ; —

X, — -+ —X,, viewed as pro-spaces. It would be helpful to be able to
treat the category of such towers, which we denote by tow-S, like the cate-
gory of spaces. In this paper we show that notions of fibration, cofibration,
and weak equivalence can be defined for tow-S which give the category the
structure of a closed model category, in the sense of Quillen [5]; thus one can
“do homotopy theory” in tow-S.

In §2 we define the category tow-S, which is just a subcategory of the
category of pro-spaces, and elucidate the maps in the category. Next (§3) we
recall the definition of a closed model category, listing the axioms that fibra-
tions, cofibrations, and weak equivalences must satisfy; topological spaces and
simplicial sets are familiar examples of closed model categories. The definitions
of fibration, cofibration, and weak equivalence for tow-S are given in §4, and
the proof that tow-S is a closed model category with these definitions occupies
§§5-8.

We work over the category S of simplicial sets [4], but the definitions
and proofs are not combinatorial.
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research and writing of this paper, and William Dwyer for many helpful con-
versations.

2. Pro-spaces. In this section we introduce the category tow-S.
2.1. DEFINITION. The category tow-S is the category whose objects
are towers in S (the category of simplicial sets),
= X4
written {X;}, and whose maps are given by

Hom,  ({X},{¥})= 1.5& l’im Homg(X,, Y).

_>XS_>...__)X0’

The reader familiar with Artin-Mazur [1] will recognize that tow-S is
the full subcategory of pro-S with the index restricted to the nonnegative
integers.

Amap {X;} — {Y;} in tow-S @ best thought of as a compatible
system of maps {X, — Y}, modulo the relation that X, — Y, and
X, — Y, are equivalent if for some large w the maps X,, — X, — Y,
and X, — X, — Y are the same. In particular any level map, i.e. tower

of maps
see— X X e X

r-l-l l‘ lo
=YY Y
in S, represents a map {X;} — {Y;} in tow-S . Not every map {X;} —
{Y,} can be so presented, however. Instead we have

2.2. DeriNiTION. Let ¢: {X;} — {Y,} be a map'mn tow-S. We say
that the level map {f,: X; — Y.} is a level representative of ¥ if there
are equivalences in tow-S, {X,} ~ {X.} and {Y,} = {Y.} such that the
following diagram in tow-S commutes:

{X;} = {X_',}

o[ Ju
{r} ~ (v}
Thus for example the identity level map {id: X; — X} is a level
representative of any equivalence {X,} ~ {Y,}. Clearly any map in tow-S
has a level representative, obtained simply by taking a subtower of the domain.

We shall see in §4, however, that the full generality of Definition 2.2 is use-
ful.

3. Model categories. In this section we recall Quillen’s definition of
closed model category and observe that simplicial sets and topological spaces
form closed model categories.

3.1. DerFINITION [6]. A closed model category isa category C to-
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gether with three classes of maps in C, called fibrations, cofibrations, and
weak equivalences, satisfying the following axioms:

CMI. C is closed under finite direct and inverse limits.

CM2. If f and g are maps in C such that gf is defined, and two
of f, g and gf are weak equivalences, so is the third.

CM3. If a map f is a retract of a map g (i.e. if the diagram

f
N
d£/Gf G\£d

commutes), and g is a fibration, cofibration, or weak equivalence, then so
is f.
CM4. Given the following solid arrow diagram in C
A —-——)
i lp

Y
in which i is a cofibration and p is a ﬁbratlon, the dotted arrow exists if
either

@) p is a weak equivalence, or

@) i is a weak equivalence.

CMS5. Any map in C can be factored in two ways:

(i) as a cofibration followed by a fibration which is also a weak equiv-
alence;

(ii) as a cofibration which is also a weak equivalence followed by a fi-
bration.

If the dotted arrow exists in the diagram of CM4, we say that i has
the left lifting property with respect to p, and p has the right lifting prop-
erty with respect to i. A map which is both a fibration [resp. cofibration]
and a weak equivalence is called a trivial fibration [resp. trivial cofibration].

3.2. ExampLEs. (See [5], [6, p. 259], and [2, Chapter VIII].) We
use the fact that the category S of simplicial sets is a closed model category,
where fibrations are Kan fibrations (see [4, p. 25]), cofibrations are injective
maps, and weak equivalences are weak homotopy equivalences, i.e. maps X
— Y such that myX — m,Y is an isomorphism of sets and m,(X, ») —
m,(Y, *) is an isomorphism of groups for n = 1 and every choice of base-
point in X. (Here and throughout this paper, we denote the image of a base-
point » also by «.) Similarly the category T of topological spaces is a
closed model category, with Serre fibrations as fibrations, weak homotopy
equivalences as weak equivalences, and retracts of sequences of relative CW complexes [7,
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p- 401] as cofibrations. In both of these examples, the associated homotopy
category (obtained by localizing at, i.e. formally inverting, weak equivalences)
is just the familiar homotopy category of Kan complexes, or, equivalently, of
CW complexes.

4. Statement of results. Our main result is that fibrations, cofibrations,
and weak equivalences can be defined in tow-S to satisfy the axioms CMI1-—
CMS5 for a closed model category (3.1).

We begin with cofibration, which has the most natural definition.

4.1. DEFINITION. A map in tow-S is a cofibration if it has a level
representative {f;: X; — Y} such that each f; is a cofibration in S, ie.
an injective map of simplicial sets.

4.2. REMARK. The need for the generality in the definition of level
representative (2.2) can be seen from the following example. Consider the
tower {I;} which has a 1-simplex at each level and I, projected to the
left endpoint of I,. The map from {I;} to {«}, a tower of single points,
is clearly an equivalence in tow-S, and hence must be [6, p. 234] a cofi-
bration. But no level representative of {I;} — {*} using subtowers of the
domain and range is a tower of cofibrations.

The definition of weak equivalence is complicated by the fact that the
spaces X, inan object {X;} of tow-S need not be connected or even non-
empty.

4.3. DEFINITION. A map in tow-S is a weak equivalence if it has a
level representative {f;: X; — Y,} such that

(i) {myf} is an equivalence of pro-sets, i.e. for each s = 0 there is a
t>s and a map m,Y, — myX, making the following diagram (of sets)

commute:
ﬂ(iX T2, Y,
ToXs MY
(ii) for each n=>1 and each s > 0 thereisa ¢ = s such that for
each choice of basepoint in X, there is a map m,(Y,, ») — m,(X,, *)
making the following diagram (of groups) commute:
T (X, ¥)——m (Y, *)

T,Xp ) —— 1, (Y, *)

It is routine to check that if one level representative of a map satisfies
conditions (i) and (ii), so does any other. In the case that all the spaces X
and Y, are connected and {X,} has a compatible basepoint, the definition
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becomes simply: a map {X;} — {Y,} is a weak equivalence if the induced
maps {m,X;} — {m,Y} are pro-isomorphisms for n = 0. This is the usual
definition ([1], [2]).

Before defining fibration, it is convenient to introduce the following (partly
standard [7, p. 404]) terminology for maps of simplicial sets.

44. DEFINITION. Let N be a nonnegative integer and let f: X — Y be
amapin S. Then f is an N-equivalence (for X not empty) if for every choice
of basepoint in X, m,(X, *) — m,(Y, ) is an isomorphism for 0 <n <N
and an epimorphism for n = N. (If X is empty, then X — Y is an N-equiv-
alence if Y is also empty.) On the other hand, f is a co-N-equivalence if for
every choice of basepoint in X, m,(X, x) — m,(Y, %) is an isomorphism for
n>N and a monomorphism for n = N.

We define fibrations in two stages.

4.5. DEFINITION. A map in tow-S is a level-fibration if it has a level repre-
sentative {X; —> Y} such that for each s

(i) there exists an integer N(s) such that X, — Y, is a co-N(s)-equiv-
alence; :
(i) X; — Y, is a fibration in S; and
(iii) the induced map Xg,, — X; xy, Y, isa fibrationin S.

Induction and diagram chasing show that condition (iii) implies that for each
k>1 the induced map X, — X xy, Y, isa fibration. In particular a
subtower of a level representative satisfying Definition 4.5 also satisfies Defini-
tion 4.5.

4.6. DEFINITION. A map in tow-S is a fibration if it is a retract (3.1,
Axiom CM3) of a level-fibration (4.5).

In particular a level-fibration is a fibration.

47. THEOREM . The category tow-S, with fibrations, cofibrations, and
weak equivalences defined above, is a closed model category.

ORGANIZATION OF PROOF. Axiom CMI is proved by Artin-Mazur [1, Prop-
osition A4.2]. In §5 we prove CM2 and CM3. In §6 we reduce CM4 and CMS
to more concrete lifting and factoring statements, which are then proved in §8
and §7, respectively.

4.8. REMARK. Everything can just as easily be done for tow-S,, where
S, is the category of pointed, but not necessarily connected, simplicial sets. The
fixed basepoint would play no role in the definitions or proofs, except to exclude
the case of empty simplicial sets.

5. Proofs of CM2 and CM3.
ProoF oF CM2. The proof consists of setting up the right level diagram.
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Suppose {X } —{Y,} — {Z,} are maps in tow-S. It is easy to see that by
taking level representatives (2.2) we can assume that we have a tower {X; —
Y, — Z.}. We shall consider the case in which {X;} — {Z;} and {X,} —
{Y,} are weak equivalences; the other two cases are similar but easier. We want
to show that {Y } — {Z,} is a weak equivalence, i.e. (4.3) for each n>1 and
s 20 there is a £ =>s such that for each choice of basepoint * in Y, there is
amap m,(Z,, *) — m,(Y, ) making the following diagram commute
MYy ) = 1,Z,, *)

PR
-

T (Y, Y —— 1., ")

and a similar statement for m,. The case of m, is easy,so fix n=>1,s=>0.
Since {X,} — {Z,} is a weak equivalence, we can choose w =>s so that the
dotted arrow exists in the following diagram for every choice of basepoint in X,,:

7Tn(Xw’ *) —_)”n(xv’ *) _’),”n(zv’ *)

-
-
-

-
X, ) — Y, —rC,*

Next, since {X,;} — {Y,} is a weak equivalence, we can choose u =>w so that
the dotted arrow exists in the following diagram for every choice of basepoint
in X,:

ﬂn(Xu’ *) - ﬂn(,yu’ *)

VLt
"n(Xw’ N ﬂn(Yw’ *)
Finally we choose ¢ = u so that the dotted arrow exists in the following diagram:

—_
ToX, .Y,

rd
7
,\J—-»/ l
V3
Lt u ﬂOYu

0

Now let * be any basepoint in Y,. Because of the last diagram, the image of -«
in Y, isin a (path) component which is in the image of X,, — Y. Choose a
basepoint + in X, such that (the images of) + and ° are in the same (path)
component in Y,, and let a be a path between them. Then « induces an iso-
morphism

oy ﬂn(A, +)— ﬂn(A, )

for A=Y,,2,Y,.Z2,, Y,Z; and ay and o' commute with the ap-
propriate maps. Define the desired map as the composite
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!
m Z‘, ) — nn(Zu, )— Zu, +)

Ay
— nn(Zw, +)— nn(Xs, +)— ﬂn(}’s, +)—> ﬂn(Ys, °)-

A diagram chase gives the desired commutativity relations.
ProOF OF CM3FOR WEAK EQUIVALENCE. We are given the following com-
mutative diagram in tow-S:

{F} > {F}
idl G} — (G} l id
Y S,
{F} > {Fg

Taking appropriate subtowers we get the following “level” representative of the
diagram:

N N\ N

Fs+l |G§ = ‘Fs
N
\Fs "és—l l 'Fs—l
N N N\
N N b
F;+1 Gs\rl/é" F-;
\F‘;/ G;_l > F:-l
X N N\

By diagram chasing one can verify that the definition of weak equivalence is sat-
isfied by {F, — Fg} if it is satisfied by {G, — G.}.

PROOF OFCM3 FOR COFIBRATION. It is clear from the above diagram that
the following tower

T Fyy

b

s 4 —_ e
—Fy, — G, —F,

—-)Gs__)Fs——)”.

is a level representative for {1—3;} — {F, +}. Hence so is the subtower consisting
only of the G, — G;. Now if {G;} — {G.} is a cofibration, we could have
chosen the level representative in such a way (4.1) that each G, — G; is a co-
fibration in S; hence {Fs} — {F-;} is also a cofibration.

The proof of CM3 for fibration is immediate from Definitions 4.5 and 4.6.

6. Proofs of CM4 and CMS. In this section we reduce CM5 and CM4 to
more concrete factoring and lifting axioms, which are proved in § §7-8.
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First we show that it suffices to prove the factoring and lifting axioms for
level-fibrations (4.5), namely
Any map in tow-S can be factored as a cofibration followed
F() by a trivial level-fibration (i.e. a level-fibration which is also a
weak equivalence).

Any map in tow-S can be factored as a trivial cofibration

Fi) followed by a level-fibration.
. Cofibrations have the left lifting property with respect to
L(@i) . .
trivial level-fibrations.
L(ii) Trivial cofibrations have the left lifting property with respect

to level-fibrations.

Indeed, CMS follows from F(i) and F{(ii), while CM4(ii) is a straightforward
application of Definition 4.6 and L(ii). Then to prove CM4(i), we take the given

lifting problem in tow-S
A—F

P
/
d
s
s

X—B
(using Roman letters for objects of tow-S in this proof only), in which 4 — X
is a cofibration and E — B is a trivial fibration, and factor £ — B by F(i)
into E—> Y — B, where Y — B is a trivial level-fibrationand £ — Y isa
cofibration, which is trivial by CM2. Then in the following diagram
E—=——>FE

/ 1 ,x’/l

- B

4 Y
7
7
s -—
l/ l/
X B

pd
—_

the dotted arrow X — Y exists by L(i), and the dotted arrow Y — E exists
by CM4(ii). Their composite is the desired lifting X — E.
Next, to make the proofs easier, we will modify F(ii) and L(ii) slightly.
6.1. DEFINITION. A map in tow-S is a level-trivial cofibration if it has a
level representative {X; —> Y.} such that foreach s, X; — Y, is a cofibration
and an s-equivalence.
Clearly a level-trivial cofibration is a trivial cofibration
We now replace F{(ii) and L(ii) by the following statements
Any map in tow-S can be factored as a level-trivial
cofibration followed by a level-fibration
Level-trivial cofibrations have the left lifting property
with respect to level-fibrations.

i)

L(ii)’
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and observe that it suffices to prove F(i), F(ii), L(i), and L(ii)’. For it is clear
that F(ii)’ implies F(ii); and L(ii) follows from L(ii)’, F(ii)’, L(i), and CM2
(the proof is similar to the proof of CM4(i), above). The factoring properties
F(i) and F(ii)’ are proved in §7, while the lifting properties L(i) and L(ii)’ are
proved in §8.

7. Proof of factoring properties F(i) and F(ii)’. In this section we prove
that any map in tow-S, {X;} — {Y,}, can be factored
as {X;} —{Z;}— {¥;} with {X;} — {Z,} a cofibration
and {Z;} — {Y} a trivial level-fibration (4.5); and
as {X;} — {Z;} — {Y;} with {X;} — {Z} alevel-trivial
cofibration (6.1) and {Z;} — {Y,} a level-fibration.
The proof consists of factoring in an appropriate way each level of a level repre-
sentative of {X;} — {Y,} and then modifying the result to fit Definition 4.5.

We shall use the following generalizations of the factoring and lifting prop-
erties for simplicial sets.

F()

F(ii)'

7.1. LEMMA. Givenaninteger N=0 andamap X — Y in S, then
there is a factoring X — Z — Y such that X — Z is a cofibration and
N-equivalence, and Z —> Y is a fibration and co-N-equivalence (4.4).

7.2. LEMMA. Given an integer N = 0 and a solid arrow diagram in S
A—F

x
r'd
|
X——38B
where A — X is a cofibration and N-equivalence, and E — B is a fibration
and co-N-equivalence (4.4), then the dotted arrow exists.

We now prove F(ii)’; the proof of F(i) is similar, using the ordinary
factoring and lifting axioms for S instead of Lemmas 7.1 and 7.2. Let {X}
— {Y,} be the given map in tow-S, which we can assume (2.2) has a level
representative {X; — Y,}. By Lemma 7.1 factor each level into X, — A, —
Y,, with X; — A, a cofibration and s-equivalence, and 4; — Y, a fibration
and co-s-equivalence. By Lemma 7.2 the arrow Ag,, — A exists in the fol-
lowing diagram:

X,,—/m—A4 Y

s+1 s+1 s+ 1

! ! !

X > A > Y

s s s
The problem now is that {4} — {Y;} need not be a level-fibration because
Agyy — Ay Xy, Yy isnot in general a fibration, so we must modify the

middle terms. Let Z, = A,, and assume by induction that Z,, ---, Z;_,




170 J. W. GROSSMAN

have been defined to replace A4, * -, A;_,, so that the pull-back condition is
satisfied through level s —2. Let B, =Z;_, XYe s Y, and by Lemma 7.1 factor
A;— B into A;— Z, — B, where A, — Z is an s-equivalence and cofi-
bration, and Z; — B, is a co-s-equivalence and fibration:

X, > A2 > Y

=

—_— —
s—1 Zs— 1 Ys 1

Then {Z; — Y} is a level map satisfying Definition 4.5, and {X; — Z} is
a level map satisfying Definition 6.1, as desired.

ProoF OF 7.1. Essentially we just apply the well-known Moore-Postnikov
factorization of a map. In detail, factor X — Y into X — A4 — Y, with
X—>A atrivial cofibration and 4 —> Y a fibration. Then factor A—Y into 4 —B—>
Y where B is the (V— 1)st Moore-Postnikov “part” of the fibration 4 —Y (see [4, p. 34],
which contains the unneeded hypothesis that 4 and Y are connected Kan
complexes). Thus A — B is a (fibration and) N-equivalence, and B — Y is
a fibration and co-N-equivalence. Finally, factor 4 — B into A —Z — B
with 4 — Z a cofibration and Z — B a trivial fibration. Clearly X — Z
—> Y has the desired properties.

PrROOF OF 7.2. Because 4 — X is an N-equivalence, there is no obstruc-
tion to lifting the N-skeleton, 4 U XV. Because £ — B isa co-N-equivalence,
there is then no obstruction to lifting the rest of X

8. Proof of lifting properties L(i) and L(ii)’. In this section we prove that

LG) cofibrations have the left lifting property with
respect to trivial level-fibrations (4.5),

and

LGy level-trivial cofibrations (6.1) have the left lifting

property with respect to level-fibrations.

The proofs are similar, although L(i) is more technical. In both cases the plan
is to construct the lifting level by level. Given a level diagram representing the
lifting problem
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we want to find a monotonic function p and maps X,y — E such that
{ Xois) ™ E} defines a level map from a subtower of {X,} to {E}, i.. the
following diagram commutes

X

() > E,

Xp (s—-1) s—1

and the map is a lifting, i.e. the following diagram commutes:

AP (S)/' 1;3
X > B,

We first do the easier L(ii). Given the following diagram in tow-S
A} — {E}

{X,} — (B}
with {4;} — {X,} a level-trivial cofibration and {E;} — {B,} a level-fibra-
tion, it is not hard to see that we can assume that we have a level diagram

A S ES

|

XS —_)BS

such that for each s, 4, — X, is a cofibration and s-equivalence (6.1), and
E, — B, is a fibration and co-N(s)-equivalence (4.5) for some integer N(s).

To construct the lifting to E,, let p(0) = N(0). Then by Lemma 7.2
the dotted arrow exists in the following diagram:

Ap(o) /E°

"4

X0 5

For the inductive step, assume that the map X, (,_;) — E;_, has been
defined. Let p(s) = max(p(s — 1) + 1, N(s — 1), N(s)). Define E; =B, xg,_,
E,_,; from Definition 4.5 we know that E, — E is a fibration. By universal-
ity the map X, — E; exists in the following diagram:
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Ap ) P €S
e E
7 \
P By
7 >
Xp (s) B

N

Xp(s— 1) s—1

Now since the fibration E;_, — B,_, isa co-N(s — 1)-equivalence, so is
E, — B; and hence, since E; —> B, is a co-N/s)-equivalence, E, — E, is a
co-p(s)equivalence. Thus the dotted arrow in the above diagram exists by
Lemma 7.2. Note that it was necessary to lift X, first to E; in order that
Xp(s) — E; be compatible with X, ;) —> E;_;.

For L(i) we must construct the maps X),;) — E; by skeleta X’;(:),
i.e. we will find compatible maps A, (s U X35y = Egim» Ap(s) Y Xp(s) =
Egim—1>"""» Aps) Y Xp(s) — E and finally extend to X, ) — E;. To
insure, moreover, that X,y — E is compatible with X, _,)— E;_, we
must, for each skeleton, first lift to an appropriate pull-back as in the proof of
L(ii)', above.

We will need two lemmas. The first establishes sufficient conditions for

lifting skeleta, while the second shows how to choose a nice enough level repre-

sentative of a trivial level-fibration.

8.1. LEMMA. Let N be a nonnegative integer, and consider the following
solid arrow diagram in S, where A — X is a cofibration, and E — B and
E' — B’ are fibrations (we use X' to denote the r skeleton of X, with
X~ the empty space):

AuxN-! — s F——F

/”
//

AuxN +B—>B'
Then the dotted arrow exists if
(i) N =0 and the image of myB in moB' is contained in the image of
mE' in m,B';
(ii) N> 1 and for each choice of basepoint in E, the map my_,(F, *)
—> my_(F', %) is the zero map, where F and F " are the fibers of E— B
and E' — B' over the basepoint.

ProoF. For N =0 the construction of the lifting is straightforward.
For N> 1 condition (ii) implies that there is no obstruction to lifting to E'.
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8.2. LEMMA. A trivial level-fibration in tow-S has a level representative
{E; — B} which satisfies Definition 4.5 and the following conditions:

@) 7m,(Fgyq,> *) — m,(F;, %) is the zero map for each n, s =0 and
every choice of basepoint in Eg,, (where F; is the fiber of E;—> B, over
the basepoint), and the image of myB,,  in myB, is contained in the image of
moE; in myB.

(i) Let E,=By xp E, and Egyy =By, g, E,yy, for r>0,
s=r + 2. Choose a basepoint in E,,, and let G, be the fiber of E; — E,.
Then m,(G,.q, *) — m,(Gs, *) is the zero map for each n >0, and the
image of myE,,, in wyE; is contained in the image of myE, in wE..

The proof is postponed until the end of the section.
We can now prove the lifting property L(i). where we are given a diagram
in tow-S
{4} —(E}

{X,}—> {B)}
in which {A4;} — {X,} is a cofibration and {E,} — {B,} is a trivial level-fi-

bration. As before, we can assume that in fact we have a level diagram
AS ES

|

X,— B,
in which each 4, —> X is a cofibration and E; —> B; satisfies Lemma 8.2.
To simplify notation, we write X{" for 4, U X". For this proof let N(s) be
an integer greater than N(s — 1) + 2, such that E; —> B, is a co-N(s)-equiva-
lence; N(—1)=0. Let p(s)=s + N(s) + 1.
First, for s =0, we construct X 2(0) — E, in stages X},"(
for k=0,1,-++, p(0) — 1 =N(0). Consider the following diagram:

A0y T B0y T By T B,

1 ||

X T Bp0) T Bpy-1 T T B 0
By Lemmas 8.1 and 8.2 (i) the desired liftings Xf,%) — Ep0)—k—1 eXist.
Further, by Lemma 7.2 and the choice of N(0), we can extend X‘(,%?)) —
Ey to Xp0) — Eop.
Now assume by induction on s that we have compatible liftings
X80 _ 1) = Epe_1y—x—y for k=0,1,*++, p(s — 1) —s=N(s — 1) and

Xp(s—1) — Es_,. We wish to construct maps X‘(,'g) — Ep(s)-k—1 fOr

2= Epoy—k-1
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k=0,1,-+-, p(s) —s — 1=N(s) and X, ;) — E;, compatible with each
other and with the skeleta liftings for s — 1. Define El',(s)_ , by the following
rules:

Ep(-v)—r = Bp(S)—r xBP(S—l)-—r—l Ep(s—l)-r—l’

E;(s)-r = Bp(s)-r st—l Es_p pGs — 1) —s<r<p() —s.

o<r<p(s—1)-s,

Then there are natural liftings Xg&.) — E;,(s)_ , for 0<r<p(s—1)-s
and X, (5) —> Ep5y—p for p(s — 1) —s <r<p(s) —s, since Xﬁ’?@ maps
to Ep(s_1)—r—1 through XI(,'()s_l), and X, mapsto E,_, through

X, (s—1)- We wish to construct the dotted arrow in the following diagram
X;f-?—)l) Ej(:)—k 7—? Eps)—k—1
X Epwy-k T Epy-ks
™~/ l
Byo)-k Bp(s)-k—1

where we are assuming by induction on & that X;,"(_';)l) — E,(5)—x has already
been constructed (there being nothing to prove for k¥ =—1). There are two
cases. If 0 <k <p(s — 1) —s, we have the situation of Lemma 8.2 (ii) and
the lifting exists by Lemma 8.1. Suppose therefore that p(s — 1) —s <k <
p(s) — s. In order to apply Lemma 8.1 we want, for every choice of basepoint
in Ej > that me_1(Gpsy—s *) = Me_1(Gp(s)—k—1> *) be zero, where
G, is the fiber of E; —> E;. First note that the fiber H of Ejy_x_; —
By(s)—k—1 is the same as the fiber of E;_; — By_, and in particular

me(H, *) =0 since k> N(s — 1). Now since m_,(Fy—k> *) —
ﬂk_l(Fp (s)—k—1> x) is zero by Lemma 8.2, it suffices to show that
Te1Gp(s)—k—15*) = M1 (Fp(5)—k 1, *) is monomorphic. For this we
apply the Five Lemma to the following diagram (* and subscripts p(s) — &k — 1
are suppressed):

ﬂk]il =0
mE > m E' > _,G 7, _,E >, _ E
mE > m B > _Jf——mn_E——m_.B

Having constructed the skeleton lifting Xﬁg";)"‘ D — E,, the dotted arrow
finally exists in the following diagram by Lemma 7.2 and the choice of p(s):
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X®©-s-1) — F . E

p(s) Pt s—-1
Xl //// l'/

p(S)/ Es

\l

Bs Bs- 1

PrOOF OF 8.2. We start with any level representative {E; —> B} of the
trivial level-fibration which satisfies Definition 4.5. By the definition of weak
equivalence (4.3) and level-fibration (4.5) we can, by taking a subtower, assume
that for each s = 0 the dotted arrow exists in the following diagram

—_—
LAY /"oBs+ 1

||

—_—
WOE s nOB s

and for each n =1 and each choice of basepoint in Eg,, the dotted arrow
exists in the following diagram: «

T (Egyys %) 1, Byy 1o %)
— 1

e

1, (E,, x) —> m (B, *)

A diagram chase in the long exact sequence of homotopy groups of the fibra-

tions E; — B, shows that m,(F,,,, *) — m,(F,, *) is the zero map for

each s> 0, n >0, and basepoint in E,,,. The subtower {E,; — B,}

then satisfies condition (i). A lengthy diagram chase now shows that condition

(ii) will be satisfied as well if one takes the subtower {E,; — B, }. By the

comment following Definition 4.5, the final subtower still satisfies Definition 4.5.
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