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ABSTRACT. This paper studies isolated invariant sets for linear flows on
the projective bundle associated to a vector bundle, e.g., the projective tangent
flow to a smooth flow on a manifold. It is shown that such invariant sets meet
each fiber, roughly in a disjoint union of linear subspaces. Isolated invariant sets
which are intersections of attractors and repellers (Morse sets) are discussed. We
show that, over a connected chain recurrent set in the base space, a Morse filtra-
tion gives a splitting of the projective bundle into a direct sum of invariant sub-
bundles. To each factor in this splitting there corresponds an interval of real num-
bers (disjoint from those for other factors) which measures the exponential rate of
growth of the orbits in that factor. We use these results to see that, over a con-
nected chain recurrent set, the zero section of the vector bundle is isolated if and
only if the flow is hyperbolic. From this, it follows that if no equation in the
hull of a linear, almost periodic differential equation has a nontrivial bounded solu-
tion then the solution space of each equation has a hyperbolic splitting.

1. Introduction. In analyzing solutions to an autonomous system of differ-
ential equations, a useful technique is to study the linearized equations. The glo-
balization of this approach is studying a flow f on a manifold by analyzing its
tangent flow Tf on the tangent bundle to the manifold. (“T” denotes the tan-
gent functor—here applied to the map f, for each ¢ € R.) Our analysis concen-
trates on the isolated invariant sets of the flow which Tf induces on the projec-
tive bundle associated to the tangent bundle (each fiber is the projective space ob-
tained from the tangent space). Certain isolated invariant sets are central to the
study of f, for example, those corresponding to the tangent spaces to the stable
and unstable manifolds of a hyperbolic critical point of f are a repeller and an
attractor, respectively, of the projective tangent flow.

While our investigation has been motivated by the desire to study flows on
smooth manifolds in terms of isolated invariant sets of the projective tangent flow,
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we have not proved any theorems specific to tangent flows. Our results do in-
clude several basic theorems relating the linear aspects of vector bundle flows to
the notion of isolated invariant sets.

We consider a flow F on a vector bundle over a compact metric space
which, for each ¢ € R, is a vector bundle morphism (takes fibers to fibers, lin-
early). A flow on the base space lying under F is denoted by f; and the pair
(F, f) is called a linear flow. Because of linearity, F induces a flow PF on
the projective bundle associated with the vector bundle. The compactness of the
projective bundle allows the use of techniques not available for the vector bundle.

8§82, 3 and 4 develop the necessary background and introduce some con-
cepts useful in proving the main result treated in §§5, 6 and 7. This result asserts
that an isolated invariant set of PF intersects each fiber in a disjoint union of
linear subspaces together with closed arcs of 1-dimensional linear subspaces
(Theorem 7.1). Also, in each fiber, there are only a finite number of distinct sub-
spaces which can be traces of isolated invariant sets on that fiber (Theorem 7.4).

§8 contains a brief summary of some recent work of Charles Conley on
chain recurrence and Morse sets [6]. A Morse set means the intersection of an
attractor and a repeller; so Morse sets are isolated. To each filtration of a flow
there corresponds an ordered collection of Morse sets, and any collection arising
in this way is called a Morse decomposition of the flow. The existence of filtra-
tions of a flow depends on a weak recurrence relation defined in §8. A theorem
in [6] states that a flow is “chain recurrent” if and only if there are no nontrivial
filtrations.

In §9, we prove that a Morse set of PF meets each fiber in one linear sub-
space (without exception). Furthermore, if the base is connected and the flow
f is chain recurrent on it, then each Morse decomposition of PF corresponds to
a splitting of the projective bundle into a direct sum of invariant subbundles. (An
example shows that chain recurrence in the base is necessary.) In §10, we use
these results to see that, if f is chain recurrent on a connected base, then the
zero section of the vector bundle is an isolated invariant set of F if and only if
F is hyperbolic. Also, to each Morse set in a Morse decomposition over a chain
recurrent, connected base, there corresponds an interval of real numbers which
measures the exponential rate of growth of the orbits in that set. The intervals
corresponding to different Morse sets are disjoint. This implies that there is a
unique finest Morse decomposition and that PF restricted to each of the Morse
sets in this decomposition is chain recurrent. If the base space is a rest point or
a periodic orbit, the growth rate intervals corresponding to Morse sets in the
finest decomposition are points. This is not generally the case.

As a corollary, we prove a strengthened version of a result due to Robert
Sacker and George Sell [18] concerning almost periodic differential equations.
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Their result states that if no equation in the hull of the almost periodic system,
X = A(f)x, has a nontrivial bounded solution, then the solution space of each
equation in the hull splits into a direct sum of a subspace with exponential growth
and a subspace with exponential decay. Our theorem on finest Morse decomposi-
tions over a chain recurrent base generalizes and refines this statement; in particu-
lar, the chain recurrence of PF restricted to each Morse set is a novel feature.
The results presented here are taken from the author’s doctoral thesis written
under the direction of Charles Conley. The author wishes to thank Professor Con-
ley for his invaluable assistance.

2. Flows on vector bundles and projective bundles. Let (M, d) be a com-
pact metric space. Let (E, M, m, M) denote a vector bundle over M as defined
in [1]. E is the total space, m is the projection from E onto M, and M is
the maximal atlas of charts. Charts, subbundles, quotient bundles, Whitney sums,
and Riemannian metrics have their usual meaning [1], [13]. Unless otherwise
stated, we will assume all vector bundle structures are continuous; and we will de-
note a bundle by its total space.

REMARK. Let E be an n + 1-dimensional bundle over M. For b €M,
let RR*! denote the fiber over b, i.e., RE*! =a"!(3). Then R}*! hasa
unique vector space structure.

PROPOSITION 2.1. If E' isa closed subset of E and E' intersects each
fiber in a k-dimensional subspace (1 <k <n+ 1), then E' is a k-dimensional
subbundle of E.

Consider the subspace £ —Z of E where Z is the zero section of the
vector bundle E. On E — Z perform the identification corresponding to the fol-
lowing equivalence relation: For b €M and vy, w, ERI*! -0, v, ~w, if
and only if there isan a # 0 €R so that v, = ow,. The equivalence class of
v, will be denoted [v,]. Let PE denote the identification space with the quo-
tient topology and Pnm, the induced projection from PE onto M. With this
topology, (PE, M, Pr) becomes a fiber bundle with fiber P", real n-dimensional
projective space, and is called the projective bundle associated with (E, M, m, M).
Because of the linearity of the charts for E, they induce charts for PE which
will be referred to as linear bundle charts for PE.

DEFINITION. For b €M, let P} denote the fiber of PE over b. For
0<k<n, a kdimensional linear subspace of Py is the image under identifica-
tion of a k + 1-dimensional subspace of RZ*1.

DEFINITION. A subset H of PE isa k-dimensional subbundle of PE if
its pull-back to E by the identification map is a k + 1-dimensional subbundle
of E.
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DEFINITION. PE is said to be the direct sum of its subbundles {PE,, **-, PE;}
if E is the Whitney sum of {E,, ***, E;}. I

A flow on M will be denoted by f:M x R — M and sometimes by {f,},
fe:M— M foreach t€R. A flow on the total space E will be denoted by F
or {F,}. If Y isasubset of M (orof E) and J is a subset of R, then
Y- J=f(Y x J) (tespectively, Y -J=F(Y x J)). (F, f) is a linear flow on the
bundle E if:

(1) F and f are flowson E and M, respectively,

(@) fem=moF, forall tER, and

(3) F,:R}*! — R}:('b‘) is a linear isomorphism for each b € M.
Because of the linearity, F induces a flow on the total space PE defined by
PF(([v,], 1) = [F((vy, 1))] forall b €M, [v,] €EPE, and t €R. The advan-
tage in studying PF instead of F is that PF is a flow on a compact metric
space which lends itself to the study of isolated invariant sets [2], [7], [15], [26].
The canonical example of a linear flow on a vector bundle is a C"-flow (r = 1)
on a compact manifold and its tangent flow.

For each b € M, we define a topological metric on P} which depends on
a given Riemannian metric g on E. We introduce this metric to facilitate the
use of the “‘cross ratio” discussed in the next section.

Given two nonzero vectors, x, y € RE*!, let y' denote the unique vector
(up to sign) of the subspace determined by x and y such that g(, ') =0
and g(yi, y') =g(@, y). Define pp on Pj x Pp by

lg &, yHI
g(x, x)% g, y)"

where |-| denotes the absolute value of a real number. p, is a bounded metric
(by 1) on P} giving the same topology which P} inherits as a subspace of PE.

PE is metrizable; let d denote a metric on PE giving its topology. Then
d and p are related in the following way:

pp([x], 1) =

PROPOSITION 2.2. For each € >0, the number 5(d, €) = inf {p,(z, w)|
bEM and z, wE Py and d(z, w) > €} is greater than zero. And, for each
8 >0, the number e(p,8)=inf{d(z, w)| IbEMD 2z, wE P, and p,(z, w)
=8} is greater than zero.

ProOOF. Use the compactness of M and PE and the fact that p is con-
tinuous as a function of its three arguments, b, z, and w.

COROLLARY 2.3. Let bEM and z, w € P;. Then lim,,.p,.,z-t, w+t)
=0 ifand only if lim,, . d(z-t, w-£)=0.

A statement analogous to Corollary 2.3 for £ — — < also holds. Corollary
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2.3 asserts that if two orbits of the flow PF, starting in the same fiber, come
together in the p metric as ¢ —> oo then they come together in the d metric,
and vice versa. Henceforth, the terminology “z goes to w as t—> %" will
mean the orbits of z and w come together as ¢ — o as in Corollary 2.3.

3. Cross ratio on P' and PE. In order to exploit the linearity of PF,
we will introduce a tool which, in local coordinates, is the cross ratio of four
points in a projective line. First, consider the Euclidean plane R? and the asso-
ciated projective line P!.

Take a basis for R? and let x denote the column vector representation of
a point in R? with respect to this basis. Let {x, y} denote the 2 x 2 matrix
with columns the vectors x and y.

DEFINITION. Given [x], [¥], [v], [w] distinct points in P!, define the
cross ratio of [x], [v], [v], [w] by

C(x1, 1, [v], WD = det{x, y} det{v, w}

det{x, w} det{v,y}

REMARK. The cross ratio is independent of the basis used to define it, be-
cause if two vector representations by different bases differ by a nonsingular ma-
trix A, then

det{x, y} _ detd det{x,y} _det{d-{x, y}} det{Ax, Ay}
det{x, w} detA  det {x,w} det{d-{x, w}} det{dx, Aw}

PROPOSITION 3.1. Let T be a linear transformation on R*> and PT be
the induced map on P'. Then the cross ratio is invariant under PT, ie., for
distinct points [x], [¥], [v], [w] €P!

C(x1, D1, [v], WD) = C([Tx], [Ty], [Tv], [TW]).

ProOF. Use the preceding computation where A is the matrix of T.
Given an inner product ¢-,+) on R? and representing vectors in terms of
an orthonormal basis, we see that the cross ratio can be written as (suppressing

(-1 x ) (v, Jw)

Clx, y,uw= (x, Jw) (v, Jy) ’

where J isthe 2 x 2 matrix (_? }). For each positive definite, symmetric,
bilinear map g on R?2, there is a matrix G so that g(x, y) =(x, Gy) for all
X,y € R%. The following two results say that we can express the cross ratio in
terms of g.

LEMMA 3.2. Given a positive definite, symmetric, bilinear map g on R?
and an orthonormal basis with respect to {-,-), let G be the matrix for g in
this basis. Then there are only two 2 x 2 matrices J, =+ Vdet G G~ so that



364 J. F. SELGRADE

(1) (Jgx, GJgy) =(x, Gy) forall x,y €R?, and
(2) (x,GJgx)=0 forall x €R>.

ProOF. (1) implies JZGJ; = G and, after taking det of both sides, we
see that det J; = % 1. (2) implies that GJ; is antisymmetric. Since the dimen-
sion of 2 x 2 antisymmetric matrices is 1, GJ; = AJ for some A€ R. Since
det G > 0, it follows that det J; > 0. Thus A% = det G.

Henceforth, J; will denote the matrix +/det G G~'J. Let x' =Jgx for
all x € R2. Lemma 3.2 implies that for all x, y, w € R?:

(x, Jy) _{x,Glgy)  g(x, y")
(x, Jw) ~ (x, GIgw)  g(x, w')’

ProPOSITION 3.3. Let g be any positive definite, symmetric, bilinear map
on R2. Then for distinct points [x], [¥], [v], [w] € P!,
£x, ¥) g, W)
gx, w') g, ¥)’
REMARK. Since x' =+x! forall x €R
lgCx, yH1 1g(, wh)
lgCx, w1 g, ¥
Define the subset APE of PE x PE x PE x PE by

APE = {(x, y, v, W) EPEYIBEM Dx, y, v, w are distinct points
in the same 1-dimensional subspace of Py}.

DEFINITION. Let (x, ¥, v, w) € APE with Pan(x)=b €M and let (¢, U)

be a linear bundle chart for PE with b € U. Then the cross ratio of (x, y, v, w)
is defined by

Cx, y,u,w)=

ICCe, v, v, W)=

C(x, y, v, w) = C(¢x, ¢y, ¢, ¢w).

REMARK. C is independent of the chart because if (¥, V) is another lin-
ear bundle chart with b € V then C defined in terms of ¢ differs from C
defined in terms of ¢ by a linear map on P! (Proposition 3.1).

PROPOSITION 3.4. Let T be a bundle morphism from E to E (T maps
fibers to fibers, linearly) and PT be the induced map on PE. Then C is in-
variant under PT.

The following relates C to the p metric discussed in §2:

PROPOSITION 3.5. Let g be a Riemannian metric on E and let p, be
the induced metric on P; for b € M. Then for (x, y, v, w) € APE where
Pa(x) = b,
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pp(x, ¥) pp(v, W)
pp(% W) pp(v, ¥)

PrRoOOF. Use the remark after Proposition 3.3.

[Cx, y, v, W)=

4. Notation. Unless stated otherwise, we will deal with one linear flow
(F, f) and one vector bundle E over M and its projective bundle PE.

The symbol A4, Il 4, denotes the disjoint union of the disjoint sets 4,
and A4,. Foraset 4, let Int 4, Ext 4, 34, Cl A, and Comp A denote the
topological interior, exterior, boundary, closure, and the complement of A, re-
spectively. Let g be a fixed Riemannian metric on E with fiber distance p,
and let d be the distance in the total space PE. If x, y € P", then seg [x, ¥]
will denote a closed arc from x to y contained in the unique P' determined
by x and y; there are two such arcs. Open arcs will be denoted by seg (x, »);
and half-open arcs will be denoted as usual. For compact subsets A and C of
E, let d(4, C)=inf{d(a, c)la€E A and c € C}; for compact A contained in
one fiber, let diam 4 = sup {p(q, ¢)la, c € A}.

An isolated invariant set S is a compact invariant set (S+R = S) which
is the maximal invariant set within a closed neighborhood of itself. Maximality
implies that isolated invariant sets are closed. An isolating block B for § is
a closed set containing S in its interior such that for each point p € 0B there
isan €> 0 so that either p+(0,€) CExtB or p.(-¢€,0) C Ext B. This def-
inition appears different from Churchill’s [2] but it is essentially the same. Every
neighborhood of S contains some isolating block for § [2], [7], [26]. The
intersection of isolated invariant sets is said to be quasi-isolated.

Except in §§10, 11, and 12, all isolated invariant sets are those of the
flow PF.

S. How S meets a 1-dimensional subspace of the fiber. Fix b € M and
a 1-dimensional subspace P} contained in PJ. (SN P}) denotes the bound-
ary of S NP} relative to P}. For Lemma 5.1 through Corollary 5.5, S is a
fixed isolated invariant set and B a block for S.

LEMMA S5.1. Suppose Y is a connected subset of Int B and YT C
Int B forsome T>0. If YNS+#Z, then Y- [0,T] C Int B.

PrROOF. Let A={z€Y|z-[0,T] CIntB}. A+ since YNS§ # &,
and A is open by the continuity of the flow. 4 is closed: Suppose z;, — z
as i—> o where z;€EA4 but z¢ A. Thereisa £,0<¢<T, sothat z.¢
¢IntB. If z-7€ Ext B then continuity implies z;-¢ € Ext B for large i
This is a contradiction. If z.¢#€ 3B then forsome 5, 0<t+s<T, z.(t+5)
€ Ext B. Thus z;-(t +s) € Ext B for large i
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Thus A =Y since Y is connected.

DEFINITION. Let y beanarcin P, and z€ESN . Then v is expand-
ing positively (negatively) at z relative to B if given any connected neighbor-
hood 7' of z relative to 7y, thereisa T sothatforall t=T (¢t <T), v -t
¢ IntB

LEMMA 5.2. Let z € 3(S N P}). Then thereisanarc y in P} so that
z is a boundary point of S N vy relative to . Furthermore, any such v is
either expanding positively or negatively at z relative to B.

ProoF. For the first assertion any open arc in P; containing z will do.

If the second assertion is false, there are two connected neighborhoods, 7,
and 7,, of z and sequences f; — > and s; —> —° so that 7, ¢, CInt B
and 7y, -s5; CInt B forall i Applying Lemma 5.1, we see that (y, N 7,)+ R
CIntB. So v, N7, iscontained in S, which contradicts z being a bound-
ary point of S Ny relative to ¥.

DEFINITION. z € P,; is a positive (negative) expansion point if for every
compact subset K of P} —z, diam (K-9)—> 0 as t—> o (= ).

REMARK. Consequently, if z € P{, is a positive expansion point then x
goesto y as t—>o forall x, yEP} and x,y #z.

LEMMA 5.3. P}, contains at most one positive (negative) expansion point.

PROOF. Suppose P,‘, contains two positive expansion points; then there
is a cover of P}, by two compact sets K; and K, so that diam (K;-#)—0
as t—> o, i=1,2. Thus diam (P}-7)— 0 as ¢ —> %, which is a contra-
diction.

COROLLARY 54. In P},, there are five possible arrangements for expansion
points. Either there is:

(1) two distinct expansion points, one positive and the other negative, or

(2) a point which is both a positive and a negative expansion point, or

(3) a positive expansion point, or

(4) a negative expansion point, or

(5) no expansion points.

LEMMA 5.5. Let v beanarcin P; and z€S Ny If v is expanding
positively (negatively) at z relative to B, then z is a positive (negative) expan-
sion point.

PROOF. Take K to be a compact subset of P} —z. Define 22 = p(K, z)
and ¢ =d(0B, S). Let6 =8(d, ¢) as in Proposition 2.2; so, if y ¢ Int B, then
p(x, ¥y)=6 forany x in S and in the fiber of y.
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Given € >0 we will show thereisa T >0 so that forall t =T,
Pyt zy-)<e forall z,,z, €K Consider a connected neighborhood v
of z relative to vy so that:

(1) p(z y)<a®se forall y €4, and

@ oC7,K)>a
Since 7y is expanding at z, thereisa T >0 so that y'-¢ ¢ Int B for all
t>T. Thus, for each #=>T there is some x €' so that x.¢¢ Int B, i.e.,
p(z-t,x-)=8. For z,,z, €K, the invariance of the cross ratio gives
Cly t,zy-t,zot,x) = C(z,, 25, 2, X). So
p(zl’ 22) p(z, x) p(z-t, Zy )
p(zl’ x) p(z, 22) pz-t, x-1)

This gives p(z, + 2, 2, - ) < p(z, x)/a*8 < a*5¢/a*s = €. Thus diam (K1) <e
forall t=2T.

Pyt zy )= pzy -t x-0).

COROLLARY 5.6. There are two points x,y € P}, such that if S isan
isolated invariant set then 3(S N P}) C {x, y}.

PROOF. A pointin 9(S N P,‘,) for some S is a positive or negative expan-
sion point by Lemma 5.2 and Lemma 5.5. Lemma 5.3 implies that there are at
most two such points.

DEFINITION. Let P¥ be a k-dimensional subspace of Pj. G(PY) is the
set of subsets of P’; defined as follows: G € G(PY) if and only if G is a con-
nected component of S N P’g for some isolated invariant set S.

COROLLARY 5.7. G(P}) contains at most six sets: two points, two closed
arcs, P}, and &.

PROOF. The setsin G(P}) depend on the possible arrangements of positive
and negative expansion points of P}. If Corollary 5.4(1) applies, where x and
y denote the distinct expansion points, then G(P}) is at most comprised of the
sets: {x}, {y}, both seg[x, ¥]’s, P;, and &. Corollary 5.4(2), (3) and (4)
imply that G(P}) contains at most a point, P,, and g. Corollary 5.4(5) im-
plies that G(P}) contains at most P} and .

The remaining results in this section are used in §6 but they pertain to a
1-dimensional subspace of the fiber.

COROLLARY 5.8. Suppose a point x is a component of S N P}, and,
for some y #x, y goes to x for a sequence t,, —> . Then x is a negative
expansion point.

PrROOF. Since y goesto x as ¢, — °°, Lemma 5.1 implies that there
isa T>0 so that for one arc from x-T to y.T, callit seg[x-T,y-T],



368 J. F. SELGRADE

segx T, y+T] «[T, ) CIntB. So seg[x-T, y-T] satisfies the hypothesis
of Lemma 5.2 but is not expanding positively at x 7. Thus seg[x-T, y - T]
must be expanding negatively at x T relative to B and so x T is a negative
expansion point by Lemma 5.5.

COROLLARY 5.9. Given P§ C P, suppose G, and G, are disjoint
sets in G(P’;). If x€G, and y €G,, then the orbitsof x and y are
bounded apart for all t €R.

PROOF. Suppose x goes to y for a sequence f,, — o. Let P}, be the
1-dimensional subspace determined by x and y. Since G, and G, are dis-
joint, x =8, NP, and y =S, NP} for isolated invariant sets §, and S,
(Corollary 5.7). Corollary 5.8 implies that both x and y are negative expan-
sion points, which is a contradiction. A similar argument shows that x cannot
go to y for a sequence f,, —> — oo,

COROLLARY 5.10. Given S isolated, suppose there are two distinct points
in S N P,l,). For the positive expansion point x, there is an open arc vy con-
taining x so that vyt CInt B forall t <O0; and for the negative expansion
point y, there is an open arc o containing y so that o-t C Int B for all
t=0.

ProOF. Since y is a negative expansion point, there is an open arc ¥ so
that x€EyCInt B and diam(y-f)— 0 as ¢t —> —o, So Lemma 5.1 im-
plies v+ (-, 0] C Int B. Do likewise for some o containing y.

LemMA 5.11. Suppose S N P,‘, contains more than one point. Let x €
SNP} and y €EP}) with y-[0,%) C Int B. If one of the arcs from x to y,
call it seg[x, y], is contained in Int B, then seg[x, y] - [0, ) C Int B.

ProOOF. Assume seg[x, y] contains a point in (S OP;); otherwise
seg[x, yY] C S and we are done. So, without loss of generality, assume x is the
closest point in 3(S N P,) N seg[x, ¥) to y and assume seg(x, y) NS =g.

Case 1. y € 3(S N P}). So thereisa z & seg[x, y] so that z €3(S N P}).
If z is a positive expansion point then diam(seg[x, ¥] -£)— 0 as ¢ —> oo,
and Lemma 5.1 implies our conclusion. But z cannot be a negative expansion
point because then y +R C Int B which contradicts y & 3(S N P}).

Case2. yEOIES N P,‘,). If y is a positive expansion point then, for each
w € seg(x, »), seglx, w] - [0, ) C Int B so we are done. If x is a positive
expansion point then, for each w € seg(x, y), seg[y, w] - [0, =) C Int B.

6. Preliminary lemmas for the fiber. Again fix 5 €M and P, a k-di-
mensional subspace of P; where k <n For all results in this section, S isa



FLOWS ON VECTOR BUNDLES 369

fixed isolated invariant set. We begin with a lemma which depends only on the
geometry of n-dimensional projective space.

LEMMA 6.1. Let bEM and x #y € P,. Given seglx, y] and a &,
0 <8 <%, then there exists a neighborhood U of y in P} so that for each
z €U there is a unique seg[x, z] within & of seglx, y], ie, p(w, seglx y])
<§ forall wE€E seg[x, z] and p(w, seg[x, z1) <& forall w€E seg[x, y]. Fur-
thermore, the union over z € U of seg(x, z] is a neighborhood of seg(x, y]
in Pp.

REMARK. Such a neighborhood of seg(x, y] is called a cone-like neigh-
borhood of seg(x, y] over U.

LEMMA 6.2. Given S, there exists some § >0 so thatif x,y €SN P}
and p(x, y) <8 then the seg[x, y] of p-length <& is contained in S. (The
same & works forall b €M.)

ProOF. Take a block B for S. Let ¢=d(3B, S). Define & =6(d, c).
If p(x,y) <8 for x,y €SN P}, then p(z, x) <& forall z € seglx, y].
Thus seg[x, y] C Int B. Lemma 5.11 implies that seg[x, ] R C Int B and
so segfx, y] CS.

COROLLARY 6.3. S N P} has at most a finite number of connected com-
ponents.

Proor. Each component must be separated by the § in Lemma 6.2.
DEFINITION. A subset A4 of P§ isarc connected if for each pair x #y
€ A at least one seg[x, ¥] is contained in A.

LeEMMA 6.4. If SN P§ is connected then S N Py is arc connected.

ProoF. Take a block B for S. Let ¢=d(3B, S) and & =6(d, c¢). Fix
xESNPE and define A ={y €SN PE| atleast one seg[x, y] C SN PL}.
A# & since SN P’g is connected and Lemma 6.2 implies that points of SN P{,‘
close to x are connected to x by arcsin S N PE.

A is open: Lemma 6.2 implies that x € Int 4. Take y #x €A and
seg[x, y] CSN P’;. Use Lemma 6.1 to get a neighborhood U of y so that
seg[x, z] is within & of seg[x, ] forall zEU. Let W=UN (SN Pf).
For each w € W, seg[x, w] C Int B; and this gives seg[x, w] -R C Int B by
Lemma 5.11. Thus wE€ A andso WCA.

A isclosed: Take y; €A such that y,—y as i—> o where yES
N P’g. Without loss of generality, assume seg[x, y;] converges to one seg[x, y]
as i —> o, Thus, for large 7, seg[x, y] is within & of seg[x, ;] CS ﬁP’;.
So seg[x, y] C Int B and, as above, y € A.
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Therefore, A =S N P¥ since SN PY is connected.
DEFINITION. [x,], [x,], ***, [x,] € P, are linearly independent if x,,
Xy, ***, X, ERZT! are linearly independent.

LEMMA 6.5. If SN P’,j is connected and contains k + 1 linearly inde-
pendent points, then S 0\ P has interior relative to P¥.

ProoF. Let x,, x,, ***, x4, be k + 1 linearly independent points
in SN PE.

Claim. For r <k, Int(S N P}) relative to P} is nonempty, where Pj
is the r-dimensional subspace of P’g spanned by {x,, ***, x,,,}. We argue by
induction on r. For r =0, the claim is obvious. Assume it is true for the
PZ“I spanned by {x,, ***, x,} and consider the Pj spannedby {x, ***,x,,,}
Let y € Int(S N P;~!) relative to P;~!. By Lemma 6.4 one seg[x,,,, ] is
contained in S N P;. Take a block B for S and let § =8(d, ¢) where ¢ =
d(3B, S). Construct a cone-like neighborhood within & of seg[x,,,, »] over
a neighborhood of y in Int(S N P;~!) relative to Py~ !. Applying Lemma
5.11, we see that this cone-like neighborhood of seg(x,, ,, ¥] is contained in
Int(S N P}) relative to Pj.

LEMMA 6.6. Suppose S N P’; is connected and contains k + 1 linearly
independent points. If k> 1, then 3(S N PY) relative to P% is connected.

PROOF. Let 4 =8N P¥. A being arc connected (Lemma 6.4) implies
that Comp(S N P¥) is arc connected. Let A’ = Cl(Comp(S N P¥)) relative
to P
In Cech homology every compact triad is proper [12], so (P’;, A, A) is
proper. Appealing to the first four terms of the reduced Mayer-Vietoris sequence
in Cech homology with real coefficients, we get the exact sequence:

H(AVAY > H(ANA)— Hy4) ® Hy(A)— Hy (AU 4")
which is
H, (PE) — Hy((S N PEY) — Hy(A) ® Hy(A") — Hy(PE).

Since 4 and A’ are connected, Hy(4) = Hy(A") = 0; and, since k> 1,
H,(P%) = 0. Thus Hy@ES NPEYY=0 so a(snpk) is connected.

LeMMA 6.7. Suppose SN P’g is connected and contains k + 1 linearly
independent points. If k> 1, then SN P =Pk,

ProOF. If not, then (S N P¥) relative to P¥ is not empty.

Take a block B for S with 6§ =8(d, ¢) where ¢ =d(3B, S). Fix x €
oSN P’b‘) relative to P’g. For any y € Int(S N P'b‘) relative to P';, one
seg[x, ] is contained in S ﬂP’; by Lemma 6.4. For the Ptl, spanned by x
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and y, itis true that x €3(S N Pll,) relative to this Pl‘,. If not, we can extend
seg[x, ¥] to seglz, »] CS N PY where x € seg(z, y). Constructing a cone-

like neighborhood for seg[z, ¥] within § of seg(z, ] forces x € Int(S N P’;),
which is a contradiction.

By Lemma 5.5, x is either a positive expansion point or a negative expan-
sion point with respect to y but not both because 3(S N P},) contains two
points. If x is a positive expansion point with respect to y, then x is a posi-
tive expansion point with respect to any other ' € Int(S§ N P;‘): Lemma 5.10
implies there is an arc y, C P, so that Yy+t CInt B forall £<0. For zE€
7y N Comp S and close to x, take a cone-like neighborhood ¥V of seg(z, y]
over a neighborhood U of y in Int(SN P,’,‘). Choose these neighborhoods so
that, for all w € U, the seg[z, w] in V is within § of SN P¥ and soisin
Int B. Since z+(—©,0] CInt B, Lemma 5.11 implies ¥+ (-, 0] C Int B.
So for some other y' € Int(S N P¥), the P} determined by x and y' meets
V in an open arc Yy which must remain in Int B for all ¢#<0. Thus Ty
is expanding positively at x by Lemma 5.2 and x is a positive expansion point
with respect to »' by Lemma 5.5.

Define 4 = {x €S N Pl',‘)lx is a positive expansion point}, and 4’ =
{x €9(S N P¥)Ix is a negative expansion point}. A # & implies A’ # & since
a P,l, spanned by a positive expansion point in 9(S N Pf) and a point of
Int(S N Pf) must contain a negative expansion point. So A and A’ are non-
empty, disjoint sets whose union is 9(S N P,’,‘). A is open: The argument is the
same as that showing the “positive expansion point™ characterization is indepen-
dent of y € Int(S N Pf). Observe that the cone-like neighborhood V meets
als N P,',‘) in a neighborhood of x, all of whose points must be positive expan-
sion points.

Likewise A’ is open. But this disconnects (S N Pg‘), and thus contra-
dicts Lemma 6.6.

7. Main results on how S meets the fiber.

THEOREM 7.1. Let S be an isolated invariant set. Let P§ denote some
k-dimensional subspace of P}, 0<k<n. Then SNPf =1L SNPf, 0<
k; <k, where the P ,',"' are disjoint kdimensional subspaces of P¥ and

(1) if k;# 1 then SN Pfi=Ppfi;

() if k;=1 then SNP, =P, or SNP, isaclosedarcof P} (a half-P").

PRrOOF. If a component of SN Pl',‘ has more than two linearly indepen-
dent points, take a maximal set of linearly independent points in the component
and consider the P,f i they span. Lemma 6.7 implies the component is exactly
this Pf i, If a component of SN P,f,‘ has two or less independent points, the
result follows from Corollary 5.7.
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The only possibility for an intersection of these Pf Ps s if they are P}’s

containing half-P! components. But the point of intersection is forced to go to
both components simultaneously, which is a contradiction (Lemma 6.2).

LEMMA 7.2. For 0<k<n, let P{,‘ be a k-dimensional subspace of
Py andlet {A,, **+, A} be a collection of pairwise disjoint sets in G(P{,‘).
Then Z_, (dim 4; + 1) <k + 1, where the dimension of a half-P' is 1.

Also, if Zi-, (dimA; +1)=k + 1, then each w€E Pf goes to a point of
one of these A’s as t—> > and to a point of one as t —> — oo,

ProoF. Use induction on k. The case k=1 follows from Corollary
5.7. Assume the result for k — 1. To prove the first assertion for k, assume
there is a collection {4,, **+,4,} with Z_, (dim 4; + 1) >k + 1. By Theo-
rem 7.1, A; = P,',"' except if A; isa half-P! and then it is contained in a
unique P},. For each 4, choose k; + 1 linearly independent points in A4,
(dim A; = k;). Let L denote the set of all such points. By induction, any
k + 1 points of L are linearly independent.

Case 1. One A;, say A,, is either a half-P' or a point. Let
{x5 =+, xx4,} be k+2 points of L with either x4, X;,, €4, or
Xy 42 = A,. The intersection of the Pf~! spanned by {x,, **,x,} and the
P, spanned by x,,, and X,,, contains some point y. y goes to Xp42
as t—> o oras t—> — o, Without loss of generality, assume y goes to
Xy4+p a8 t—> 0. By induction, y goes to one of the first r—1 A;s as
t — oo, This contradicts Corollary 5.9.

Case 2. No A; isahalf-P' orapoint. Let {x;,***,x,,,} be k+2
points of L where x, and x, belong to the same A4,, say A,. x;,, isa
_ linear combination of {x,, ***, x,, {}. Since linear combinations of x, and
x, belongto A, x;,, isa linear combination of k independent points
{ayx, +ayx,, x3, **, %} where a,, a, €R. This contradicts the induc-
tion hypothesis.

To prove the second assertion, let Z7_, (dimA4; + 1) =k + 1 and take
L={x;,***, x4} asabove. {x, =, x,,,} are linearly independent. By
induction, we may assume that w is a linear combination of all x,, ***, X, ;.
The P} spanned by w and x,,, meets the PX~! spanned by X sttty X
in a point y,. By induction, y, goes to one of the first k¥ A’ as t —> o
and to one as ¢ — — 0. Without loss of generality, assume x, ., isa nega-
tive expansion point (if X, , & 3(S N P;) for some S isolated then P} con-
tains two points in (S N Pg) and we are done). Thus w goes to y, as
t — o and so to a point of one of the A’s as ¢ —> oo, say x,. Now take
the P,', spanned by w and x,. Again assume x, = 3(SN Pl‘,) for some S.
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P} meets the P¥~! spanned by x,, x5, ***, x,,, ina point y,. By
induction, y, goesto the A’sas ¢t —> o and as ¢t — —<o. Since w goes to

X, as t—> %, w goesto y, as t—> —e (Corollary 5.8). Thus w goes to
a point in one of the 4’s as ¢ — — oo,

THEOREM 7.3. Let S be an isolated invariant set and P¥ be a k-dimen-
sional subspace of P}, 0<k <n. Suppose SNPFf=1L PF, 0<k <k,
where P} may denote a half-P' (Theorem 7.1). Then 2 . kg + 1)<k +1.

ProoF. This is a consequence of Lemma 7.2.

THEOREM 7.4. For any k-dimensional subspace Pf of P2, let D(PY)
denote the set of subspaces of P{,‘ such that G € D(Pg‘) if G is a component
of SN Pf for some isolated invariant set S (D is G minus half-Pl’s). Then
DY) is finite.

Proor. DY) =UE_,D,(PF) where D, (PF) is the set-of m-dimen-
sional subspaces in D(P,f). We proceed by induction on k. For k=1 and
m =0, 1, Corollary 5.7 applies. So we assume the assertion for kK — 1. To
prove it for k we use induction on m.

For m =0, the result follows from Lemma 7.2. Assume D, _,(P¥) is
finite. Consider a (k — 1)-dimensional subspace Pf 1 oof P,, By induction,
D, is finite, so we will show the m-dimensional subspacesm D m(PX) which
are not subsets of P! are finite in number. By induction, D, _,(Pf~1) =
{4,, ***,A,}. All subspacesin D,,(P¥) - D,,(P¥~') must meet P¥~! in one
of these A’s. But for each 4, i=1, ***,r, there are only a finite number of
subspaces G € D,,(PY) so that G =4, N PF~!: Take xeA, and a P!
complementary to x in P" Each such G must meet P in a different
setin D,_,P¥ ). And D,,_,(P¥~") is finite by induction.

Thus D,,(P¥) - D, (P§~ l) is finite. So D,,(P¥) is finite.

8. Morse sets and chain recurrence. In this section and the next, we re-
strict our attention to a subset of the set of isolated invariant sets. These sets
are called Morse sets because the generalized Morse inequalities apply [5S]. The
following discussion makes use of results in an I. B. M. research paper, Gradient
structure of a flow. I (RC 3932, July 12, 1972), by C. Conley.

For a flow f on a compact metric space (M, d), let f* denote the back-
wards flow defined by f;(x) =f_,(x). For Y CM, let (Y, f) denote
n,>o Cl{Y-(z, )} and be called the cw-limit set of Y. The o-limit set of Y
is w(Y, f*). Asubset A is called an attractor for f if A has a closed neigh-
borhood N so that 4 = w(®, f). A quasi-attractor is the intersection of attrac-
tors. An attractor for f* is called a repeller for f. Let A* =Comp {x|w(x, f) CA}
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LEMMA 8.1. If A #M and is an attractor for f, then A* is nonempty
and is a repeller for f.

REMARK. A* is called the repeller for f dual to A. The repeller
for f* dual to A* is exactly A.

We may define a generalized limit set and recurrent set in terms of the attrac-
tors of £ For any subset Y, let (Y, f) be the intersection of all attractors
of f containing w(Y, f), and define R(f) to be the intersection, over all at-
tractors 4, of A UA*. R(f) is called the chain recurrent set of f. The ra-
tionale behind the terminology is that R(f) can be characterized in terms of a
recurrence relation.

Given (x, V) EM xM and ¢, t>0, an (g ¢, f)-chain from x to y is
a collection {x; =X, X5, ***, X4y =¥ 1), 8y, **, 1} so that for 1 <i<n
we have #;>¢ and d(x;-t;, x;,,) <e. Let P(f)={(x, y)| forany ¢ >0
there exists an (g, ¢, f)-chain from x to y}; P(f) isclosed in M x M and is
a transitive relation.

PROPOSITION 8.2. For Y CM, SUY, f) = {x| there exists some y €Y
so that (y, x) € P()}. (In particular, for x € M, w(x, ) C Qx, 1).)

LEMMA 8.3. For x,y €M, if y € Q(x, f) then x € Q(y, f*).

PropPOSITION 8.4. R(f) = {x|(x, x) € P(f)}. Equivalently, R(f) =
{x|x € Qx, f)}.

The set R(f) is a closed invariant set containing the nonwandering set and
R(f) = R(f*). Roughly speaking, the connected components of R(f) contain
the nongradient-like behavior of f. In fact, if each component of R(f) is iden-
tified with a point then the induced flow on the identification space is gradient-
like, i.e., there are continuous functions which decrease on all nonconstant orbits
of the induced flow and the set of rest points is totally disconnected. The con-
stant orbits of the induced flow are precisely the images in the identification space
of the components of R(f).

Given Y CM, f is chain recurrent on Y if and only if R(f|y) =Y.

PROPOSITION 8.5. If f is chain recurrent on a connected set Y and if
X, 9, €Y, then (x,y)EP({) and (», x) € P(f).

PROPOSITION 8.6. If f=f |r¢r) then R(f) = R().

From Proposition 8.6, it follows that f is chain recurrent on R(f). Propo-
sition 8.5 implies that the components of R(f) are the maximal connected sub-
sets of M on which f is chain recurrent. Also, f is chain recurrent on the
a- and w-limit sets of a point and on a minimal set (a closed, invariant set
which is minimal with respect to these properties).
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DEFINITION. A Morse set is the intersection of an attractor and a repeller.
A quasi-Morse set is the intersection of Morse sets. (Morse sets are isolated invari-
ant sets since attractors and repellers are isolated and finite intersections of iso-
lated invariant sets are isolated.)

PROPOSITION 8.7. S is a Morse set if and only if S = Q(S, ) N Q(S, %)
and S N R(f) is open and closed in R(f).

A Morse decomposition of f is a finite ordered collection of Morse sets
{8y, S5, ***, 8§} such that

(@ R(H= U,k=1 R()NS;

(®) for i<j, QS, NNS;=¢g and Q(S, Mns, =g

REMARK. If {S} is a Morse decomposition of f; then S =M because,
ifnot, S=A4, N A7 #M where A, and A, are attractors. But then either
A} or A, contains points of R(f) notin S.

A filtration of f is a finite increasing sequence {@=A,, 4, ***, A, =M}
of attractors for f.

PROPOSITION 8.8. There is a one-one correspondence between filtrations
and Morse decompositions such that to the filtration {& = A, ***, A;} there
corresponds the Morse decomposition {S,, **+, S,} where S;=A;N A} |,
i=1,+,k To the Morse decomposition {S,, ***, S;} there corresponds the
filtration A;= QS, U =+ US,f), i=1,°*,k; and Ay = 2.

LEMMA 89. If S+ M and is a Morse set, then there is a Morse decompo-
sition of f having at least two Morse sets with S being one of these.

PrOOF. By Lemma 8.1, S =4, N A} where A, and A, are attrac-
tors for f. Since S # M, either A, #M or A, ¥g. If A, =M, then S =
A3 and {4,, A}} is a Morse decomposition. If 4, = &, then S =4, and
{A,, A}} works. Andif A, #M and A, # &, then {4,, S, AT N A3}
works.

Lemma 8.10. Let {S,, **, S;} be a Morse decomposition of f. Suppose
S is a closed invariant subset of M. Then {S; NS, **+, S, N S} is a Morse de-
composition of f |s

9. Morse sets in projective bundles. Let us return to the situation where
E is an n + 1-dimensional vector bundle over M and PE is its associated pro-
jective bundle. (F, f) and (PF, f) denote a linear flow on these bundles. The
following lemma shows that a Morse set of PF meets the fiber in a simpler way
than does an arbitrary isolated invariant set.

LEMMA 9.1. Let S be a Morse set in PE and b € M. There is some
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k-dimensional subspace, where k depends on b, so that S NPy = P,’,‘ . (Thus
S N Py has at most one component and the exceptional half-P' cannot occur.)

PROOF. Suppose S N P, has at least two components. Take a point x
in one component and y in another component. Fix z in the P}, spanned
by x and y and assume z ¢ S. Corollary 5.7 implies that S N P} = {x, y}.
By Lemmas 5.2 and 5.5, either x or y is a positive expansion point and the
other is a negative expansion point. Without loss of generality, assume y is the
positive expansion point. Then z.¢z—x.¢ as ¢t —> oo, So, for some w€E
w(x, PF) C S, there is a sequence t,, —> % such that z-¢,, — w. Thus
W € w(z, PF) and so Lemma 8.3 implies that z € Q(w, PF*). Thus z €
Q(S, PF*). Likewise, for some u € w(y, PF*) C S, there is a sequence §,, —
—oo so that z+s, —>u So z € Q(u, PF) C (S, PF). But then z €
(S, PF) N Q(S, PF*) = S, which is a contradiction. (S =SS, PF) NS, PF*)
because § is a Morse set.)

The same argument shows that S N P} cannot contain a half-P! since, if
it does, a point in the other half is forced to be in (S, PF) N (S, PF*) = &.

Now we shall state and prove the splitting theorem for a Morse decomposi-
tion of PF over a connected space @ on which f is chain recurrent. One
might suspect this result by analyzing the case where Q is a rest point of a C!-
flow f and F, = Tf,, i.e., the case of a linear autonomous differential equa-
tion. In this situation, the splitting of PE is determined by the Jordan canon-
ical form of the matrix for the differential equation. A connected Morse set is
an invariant subspace corresponding to Jordan blocks having eigenvalues with con-
secutive real parts (see Example 1 in §11).

THEOREM 9.2. Let f be chain recurrent on a connected space Q. Sup-
pose {S,, ***,S,;} is a Morse decomposition of PF. Then there exist sub-
bundles, {PE,, ***,PE;}, of PE sothat S;=PE, i=1, ¢+ ,k; and PE
is the direct sum of PE,, ***, PE,.

This theorem and the previous lemmas immediately give:

COROLLARY 9.3. Let f beaflowon M and Q be a component of the
chain recurrent set of f. Then each Morse decomposition of PF gives a split-
ting of PE |Q into a direct sum of invariant subbundles.

THEOREM 9.4. If S is an attractor (repeller) for PF and if ¢ € Q(b, f)
(respectively, f*), then dim(S N P) > dim(S N PP).

The lemma crucial to the proofs of Theorem 9.2 and Theorem 9.4 says that
if b and ¢ are points of M and if the -limit set of b contains ¢, then the
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Q-limit set of an r-dimensional subspace in the fiber over b contains at least an
r-dimensional subspace in the fiber over c.

LEMMA 9.5. Suppose b,c €M and c € Qb, f). For each r-dimensional
subspace Py contained in Py, there exists an r-dimensional subspace P[ such
that P, C Q(P;, PF) N P},

PROOF. Define Q'(P}, €, t, PF)={y| thereisan (¢, t, PF)-chain from
x to y for some x € P;}. Proposition 8.2 implies

QeL, PRy = N Q'@ ¢ t, PF).
€,t>0

For each ¢ t >0 we will show Q'(P}, ¢, t, PF) meets P" in at least an r-di-
mensional subspace. Given e and a P; in the fiber over some x € M, there
existsa & (independent of x) so that for each y within § of x thereisa
P, within e of Py (in the Hausdorff metric). Obtain this & as follows: Take
a finite cover of M by bundle charts. Because of local triviality, a § can be
found for each set in the cover. The desired & is the minimum of these and the
Lebesgue number of the cover.

Since ¢ € Q(b, f), thereisa (5, ¢, f)-chain from b to c¢. The preceding
implies the existence of an (¢, ¢, PF)-chain from points of Pj to each point of
some P, denoted P.(e, 1).

Since CIQ'(P}, €/2, t, PF) C Q'(P}, ¢, t, PF), QP}, PF) can be expressed
as the intersection of a nested family of closed sets. Let P be a limit point of
the family Pi(e, f) as e — 0 and ¢t —> . Then P] C Q(Pj, FF).

PrOOF OF THEOREM 9.2. We use induction on k. For k=1, §; must
equal PE by a previous remark. So we assume the theorem is true for & — 1
and prove it for k.

Let {S,, ***, S} be a Morse decomposition of PF. If S;= & for any
i, 1 <i<k, delete it and then we are done by induction. Otherwise S, # &
and is an attractor. Let S;‘ denote its dual repeller. Since S;,i=1, ***,k,
are disjoint invariant sets, S, is contained in S} for i > 1. We will show the
following:

(1) The theorem is true for {S,, S’f}.

(2) {S,, ***, S} is a Morse decomposition of PF ISI where, in light of

N, S;" is a bundle over Q.
Then induction will apply to the S'l" bundle to complete the proof.

(2) is a consequence of Lemma 8.10.

We prove (1) as follows: For ease of notation replace §; by S. Remem-
ber that § = (S, PF). Take b € Q such that S N P} # &; by Lemma 9.1,
SN Py =Py forsome r=>0. Foreach ¢ €Q, Proposition 8.5 implies that
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c € b, f). Thus Lemma 9.5 implies that S N P} contains some P[. Inter-
changing the roles of b and ¢, we see that S meets all fibers in precisely an
r-dimensional subspace for some r = 0.

Likewise, S* meets all fibers in a k-dimensional subspace for some k. We
show that r + k=n—1: Fix b € Q and consider a subspace of P, comple-
mentary to S* N PP = PF. Denote this subspace by PP~%~1, By the defini-
tion of %, w(PF~*~!, PF) isasubset of S. Since § is an attractor,
Q(PP-*-1, PF) isalso a subset of S. But, for each ¢ € Q, Lemma 9.5 im-
plies that Q(P7~%~1, PF) meets P" in a subspace of dimension at least n —
k— 1. Therefore, r=n—-k-1.

To complete the proof we need only show that § (likewise S*) is a sub-
bundle. If S’ denotes the pull-back of S to E, then S’ is a closed set of
r + 1-planes in E. But Proposition 1.1 applies to S’ showing that S’ is a sub-
bundle of E.

DEFINITION. A finest Morse decomposition of PF is a Morse decomposi-
tion of PF, {S,, ***, S;} where S;# @&, i=1,+++,k, so that for each Morse
decomposition of PF, {C,, **-, C;} where CG#FBj=1,,s

(1) s<k, and

(2) foreach S, i=1,¢,k, thereisa C;, 1<j<s, sothat §,C G.

REMARK. A finest Morse decomposition of PF is unique up to a reorder-
ing of the Morse sets.

LEMMA 9.6. Let {S,, ***, S} and {T,, *-*, T} be two Morse decom-
positions of PF. Define sets Cs(i-1)+1 =§;N Ti for i=1,+ k and j=
1,¢++,5 Then {C,, ***, Cy} is a Morse decomposition of PF.

ReEMARK. {C|, **°, C,} is called the intersection of {8y, ==+, S} and
Ty, =+, Tk {Sy, *==, S} O {Ty, +++, T} is the same as {T}, **+, T,} N
{8y, ***, 8,} after reordering.

THEOREM 9.7. Let f be a chain recurrent on a connected space Q. Then
there is a finest Morse decomposition of PF over Q. (For uniqueness see Corol-
lary 11.7))

Proor. Fix b€ Q. Since D(Pf}) is finite (Theorem 7.4), there are only
a finite number of sequences of subspaces of P}, {K 1> °°*» K}, so that K; =
T, NPy where {Ty, -+, T,} is a Morse decomposition of PF. For each such
sequence take a Morse decomposition which meets P} in that sequence. Let
{8y, =+, S,} be the intersection of all these Morse decompositions, after deleting
any empty intersections. For each Morse decomposition {T}, **+, T,,} where
I;#g,j=1, =+, m, this construction and Theorem 9.2 imply that m <r
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and that for each S; thereisa T; so that S; NPy CT; N Py. In fact, for
each c€Q and S, thereisa T, where j dependson ¢ so that S;NP} C
TJ- N P7: If there is a Morse decomposition {T,,**, T,,} so that S; NP} ¢
T; N P! forany j, then {S, **+, 8} N {T,, **+, T,,} is a Morse decomposi-
tion having more than r nonempty Morse sets. But this contradicts the maxi-
mality of r.

Given {T,, **, T,,}, we associate to each ¢ € Q a sequence of r inte-
gers, ji(¢), i=1,+,r, where j(c) is the integer such that S; N P} C Tii(c)
NP?. To show {S,, **+, S,} is the finest Morse decomposition, it suffices to
show j;(c) is constant as a function of ¢ for i=1,+--,r. Let H={c € Q]
Ji© =j;() for i=1,++,r5. H# & and H is both open and closed be-
cause the S’s and Ts are subbundles so their intersections with the fiber are
continuous functions of the base. Thus H = Q since Q is connected.

As a consequence of Theorem 9.7, all Morse sets over a connected set on
which f is chain recurrent are linear spans of the Morse sets in the finest Morse
decomposition. Thus quasi-Morse sets are Morse sets. Since, in general, compo-
nents of R(PF) are quasi-Morse sets, the components of R(PF) over a con-
nected, chain recurrent set are precisely the finest Morse sets.

In the case of the linear autonomous differential equation, each Morse set
in the finest Morse decomposition is the span of the Jordan blocks having eigen-
values with the same real part. And, as mentioned earlier, every connected Morse
set is the span of all Jordan blocks having eigenvalues with consecutive real parts.

EXAMPLE. Strict inequality in Theorem 9.4 occurs often. In fact, for any
Morse set S, the dimension of S N P, is only upper semicontinuous as a func-
tion of b (since S is closed and meets fibers in linear subspaces). Also, if Q
is only a Morse set of f there may not be a splitting over Q as in Theorem
9.2. This example illustrates both these statements.

Consider a smooth flow f on the circle S!. Let [, ¢], an arc joining
the rest points b and ¢, be a repeller and some other point in S — [, ¢] be
an attractor. The flow in [b, ¢] goes from b to ¢ (Figure 1). [, c] isa
Morse set of f. Parameterize the arc (b, ¢) by R. Take an R?-bundle over
S! with the flow F over [b, ¢] being the solutions of the following differen-
tial equations: Over b, use the system x =—x and y =y. Over c, use the
system x =x and y =y. Over (b, ¢), use the system X = (2/m) (arctan £)x
and y=y for tER. F induces PF ona P'-bundle over [b, ¢] given in
Figure 2. Let x denote the repeller over b, and y the attractor. Let z be
the co-limit set of the orbit over (b, ¢) with a-limit set y. A Morse decompo-
sition over [b, ¢] has x as the repeller and the orbit from y to z plus the
fiber over ¢ as the attractor. So the attractor increases fiber dimension at
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¢ and neither attractor nor repeller are subbundles over [b, c].

y > 2

b

b > c
FIGURE 1

FIGURE 2

Theorem 9.4 is just the first step in tying the Morse structure of the flow
in PE to that of the flow in M. In the preceding example, b and c are
components of the chain recurrent set and Morse sets in a Morse decomposition,
and ¢ € Q(b, ). Notice that the attractor in the Morse decomposition of PF
increases fiber dimension as the flow proceeds from b to ¢ and the repeller
loses fiber dimension. This is the force of Theorem 9.4, i. e., as the flow moves
down through the filtration of f (down in terms of the indexing in a Morse
filtration) the attractors in a Morse decomposition of PF cannot decrease fiber
dimension but may increase fiber dimension and the repellers cannot increase
but may decrease; and an attractor increase must be balanced by a repeller de-
crease. Theorem 9.4 guarantees this, provided the Morse sets of the decompo-
sition of f are exactly components of R(f).

To give a more complete picture of PF we need to study how the finest
Morse decomposition changes from over one component of R(f) to over the
next component, i. e., how does the splitting over one component of R(f) link
up with the splitting over another component.

10. Hyperbolicity. As in previous sections, let (F, f) be a linear flow
on a vector bundle (E, M, m, M). For x €E, let |x| denote g(x, x)* where
g is a Riemannian metric on E.

DerFINITION. (F, f) is hyperbolic on E if

(1) there exists a splitting of E into the direct sum of two invariant sub-
bundles, E° and E%;, and

(2) there are real numbers « >0 and 0 <A <1 so that, for =0,

IF ()| <aNlx| for x EE° and |F[(x)| <oX'lx| for x € E“.

REMARK. Suppose f is C" on a compact C"-manifold M and F, =
Tf,. Let X:M—> TM be the vector field for f. If f is hyperbolic in the usual
sense [20], then (F, f) is hyperbolic according to our definition on TM/X, the
quotient bundle obtained from TM by factoring out the tangent direction to f.
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In order to prove the equivalence between hyperbolicity and the zero sec-
tion Z of E being an isolated invariant set, we need the following observations.
Lemma 10.1 can be found in [2].

LemmAa 10.1. Let I be an isolated invariant set and N a compact neigh-
borhood of 1. Suppose that for each x €E N — I, there exists t <0 (t>0)
such that x+t € N. Then I is an attractor (respectively, a repeller). (N will
be called an attractor neighborhood for 1)

REMARK. Also, because of the linearity of F, Z is isolated if and only
if F has no nonzero bounded orbits (bounded in terms of g).

THEOREM 10.2. Suppose f is chain recurrent on a connected space M.
Then (F, f) is hyperbolic on E if and only if Z is an isolated invariant set.

Proor. If (F, f) is hyperbolic, then F has no nonzero bounded orbits.
Thus Z is isolated.

An outline of the proof of sufficiency is: Use the two asymptotic sets to
Z to define sets in the bundle PE. These sets are the attractor and repeller in a
Morse decomposition of PF. Therefore, by Theorem 9.2, PE splits into the
direct sum of two subbundles. We pull these subbundles back to £ and show
there is exponential growth in the attractor and decay in the repeller.

Define asymptotic sets as follows:

A+= {x EE| there exists an a €R so that |y|<a forall yEx-R*}
and
A—= {x €EE| there existsan a €R so that |y|<a forall yEx-R}.

Given x € A+ and a neighborhood of Z, some scalar multiple of x is in this
neighborhood for all #> 0 and, thus, goes to 0 as ¢ —> oo, By linearity, x
goesto 0 as t——> oo, Likewise for x €4—, x goesto 0 as t—>—o. A-
and A+ meet each fiber of E in a linear subspace, possibly {0}. Since Z is
isolated, A+ N A—- = Z. We may assume neither A— nor A+ equals E. This
implies, via Lemma 10.1, that neither equals Z. Upon identification, (4-)—Z
and (A+) - Z give the disjoint, nonempty sets S, and S, in PE.

Take an isolating block B for Z. Thereisan r >0 so that Int B con-
tains the disk bundle D(r) of radius r, i.e., D(r) = {x € E|Ix|<r. If xE
A+ N D(r), then the line segment from O to x isin Int B, and, since x
goesto 0 as t—> e, Lemma 5.1 implies that x -R* C Int B. So points of
A+ N D(r) stayin B forall ¢t =0 and, likewise, points of A— N D(r) stay
in B forall t<0. Let S(r) denote the sphere bundle of radius r. Since
A+ and A- are linear, A+ N S(r) and A-N S(r) give S, and S, after identifica-
tion.
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We claim that S, is a repeller: Because A+ N S(r) are closed, there are
disjoint open sets U and V in PE sothat S, CU and §; CV. Pull U
and ¥V back to disjoint neighborhoods, U’ and V', of A+ and A-. Itisa
general fact ([2], [7], [9]) that points of B near those which remain in B for
all t+>0 leave B near points which remain in B for all ¢ <0. Because of
this and the compactness of 4+ N S(r), there is a closed neighborhood N’ of
A+ N S(r) in U’ such that for each x EN'— (A+ N S(r)) thereisa t >0
so that x-¢ € V'. Thus N’, after identification, gives a repeller neighborhood
for S, in PE. By Lemma 10.1, S, is a repeller.

Likewise, S, is an attractor.

So §; and S, are Morse 'sets and, by Lemma 8.9 and Theorem 9.2, each
meets every fiber in a subspace of constant dimension. Clearly, S, C St. If
S} —S,# &, then choose x ina Morse set contained in S} —S,. The closure
of the orbit of x and S, are separated by opensets U and V. Let y €S,
and be in the fiber containing x. Consider the P! spanned by x and y. Since
S, is an attractor, y must be a negative expansion point so all points of this P!
near y goto x as t—>—<, i.e, thereisa T<O0 so that,forall +<T and
z#y€E€P z.¢t isin the open set U containing the orbit of x. But, as above,
the points of B near points which remain in B for all £+ <0 leave B, in
large negative time, near points which remain in B for all # > 0. So there are
points in P! near y which go into ¥, the neighborhood of - S,, for arbitrarily
large negative time. This is a contradiction. Thus S, =S} and {S,, S,} isa
Morse decomposition of PF. Theorem 9.2 implies that PE splits into the direct
sum of subbundles S; and S,. So E splits into the direct sum of A~ and 4+.

We claim that {F,} decays exponentially in A+. Consider the unit sphere
bundle S(1) in E. Take the sphere bundle of radius %, S(%), and a block B
inside S(%), i.e., B C Int D(%%4). For some r>0, S(r) is contained in Int B.
For each x € 4+ N §(1), thereis T, >0 so that x.T, isinside S(). By
continuity, take a neighborhood U, of x in A+ N S(1) so that U, - T, is
inside S(r). By Lemma 5.1, U, « [T, *) C Int B. Take a finite subcover of
A+ N S(1) by these U,’s and let T, be the maximum of the corresponding
T.’s. So for each x €4+ N S(1), |F,(x)| <% = %Ix| forall +>T,. By
linearity, for each x € A+, |F,(x)| <%lx| forall t>T,. Let A= %)M,
For each x € A+, |[F(x)| <2\Ix| forall +>T,: For t>T,, thereisa
positive integer k and a real number 5, 0 <s<T,, so that ¢t =kT, +s=.
Then

FO = IFp Fle— 1)1, +5ON S BlF ey, 450 < oee S OA)FIx] <2N° ).

By compactness of [0, T,] and linearity, we choose @ € R* so that
IF ()l <aXlx| forall x EA+ andall ¢t>0.
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Similarly, {F:} decays exponentially on A—. So (F, f) is hyperbolic.

REMARK. The equivalence in Theorem 10.2 depends on the condition that
f is chain recurrent on M. Consider the example of §9. The flow on the R2-
bundle over [b, ¢] is not hyperbolic but the zero section is isolated since orbits
become unbounded as they approach the fiber over c.

11. Growth rates for orbits in a Morse decomposition. Now we will inves-
tigate the different exponential growth rates in the pull-backs of Morse sets of a
Morse decomposition over a connected subset Q@ of M on which f is chain re-
current.

LEMMA 11.1. Suppose E' is an invariant subbundle of E over M. If
for each x EE' thereis ti — o so that |F, (x)|—> o, then Z over M is
a repeller for F|g:.

PROOF. Any disk bundle in E’ is a repeller neighborhood for Z so
Lemma 10.1 gives the result.

LEMMA 11.2. Suppose E' is an invariant subbundle of E. If for each
xEE' thereisa t, — = so that |Fy, ()| —> O, then Z is an attractor for
F lE"

PrOOF. We claim that the unit disk bundle D(1) is an attractor neighbor-
hood for Z:

Thereisa T'> 0 so that, for each x € S(1), thereisa ¢ € [0, T] such
that |x -] <%|x]. If not, for each i>0 there is x; € S(1) so that |x;-¢|
>% forall t€ [0,i]. Without loss of generality, x; — x € S(1). Since
Ix<t,| —>0 as t; —> oo, thereisan N so that forall #; =N, x| <%.
Consider ¢; and |x.#,]1<?%. For i large, |x;-¢,|<%. So forsome i>¢,
Ix;+ ;1 <%, which contradicts |x;-¢|>% forall ¢ € [0,i]. Also, by the
linearity of F, for each x € D(1) we have |x-t|<%|x| for some t€ [0, T].

Suppose there is y # 0 € D(1) such that y« (=<, 0] CD(1). Let y-s,
for 0<s<7T, besuchthat [y.s|=inf{ly-¢||t€ [0, T]}. Pick i€ER so
that 2/ <|y.sl. Let z=y.(-iT). Then |z|<1, and thereisa ¢ € [0, T]
sothat |z.#|<%|z]. Let z' =z-¢; thenthereisa ¢ € [0, T] so that
12’ - #| < %Iz'| <%lz| <%. Continue this process until we have 7 €y - [0, T]
and |z'1<1/2' <|y-sl|. Thisisa contradiction. Thus y - (- e, 0] ¢ D(1)
and D(1) is an attractor neighborhood.

LEmMMA 11.3. Let {S,, ***, S} be a Morse decomposition of PF over
Q with {E,, ***,E,} being the corresponding pull-backs to E. Then at most
one E; contains two points x, y # 0 so that |F,(x)| >0 as t — > and
IF, )| > o as t —> oo,
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ProOOF. Suppose E; and E; both contain such points, x;, y; € E; and
x;, ¥; € E;. Without loss of generality assume S; is an attractor and S; is a re-
peller. Thus, points of a P! determined by a point of S; and a point of S;
go to §; as t—> o, There is a sequence #;—>oo so that |y;«#,| is bounded.
Foreach z€S; and w#z in the P! determined by z and Yis PWe1, Y+ 1)
— 0 as t—> 0, Thus |z-#;]|—0 as ¢, — . Lemma 11.2 implies that
Z is an attractor for F|g.. Then Theorem 10.2 implies that [z-¢|— 0 as
t— oo forall z €E;. This contradicts the fact that |x;-¢,,1+>0 for a se-
quence t,, —> o,

COROLLARY 114. Let {S,, ***, S,} be a Morse decomposition of PF
over Q with {E,, ***, E;} being the corresponding pull-backs to E. Then
there is at most one E; so that Z is not an isolated invariant set of F|g .

ProoF. If Z is not an isolated invariant set of F IE " then there is some
X €E; (#0) sothat |[F(x)| >0 as t—> o by Lemma 11.2 and some y €
E; so that |F,(3)| o> = by Lemma 11.1. Lemma 11.3 gives the result.

LEMMA 11.5. Let E' be a subbundle of E over M. Then there exists
@, 8,7, 8 ER* where y<1 and 5§ >1 so that fy'lx| < IF,()l < 8% x|
forall x€E' and t>0.

ProOOF. Let S(1) denote the unit sphere bundle in E’. Let y=
inf{lx-#| Ix€S(1) and ¢t€ [0, 1]}. So 0<y <1. By linearity, y[x|<
Ix-¢] forall x€E' and tE€[0,1]. Foreach t>1, t=k+s where k
is a positive integer and 0 <s < 1. So, for x EE’,

Ix-t] = y¥lxesl = y*F x| > ¢ x|

Therefore, [x.¢| > gy*Ix| forall x€E' and t>0.

Let § =sup{|x-¢] Ix €S(1) and ¢t € [0, 1]}. Then 1 <§ <eo. By
linearity, |x+¢|<38|x| forall x €E' and t€ [0, 1]. As above, for > 1,
t=k+s And |x-t|<8¥x.s|<8"!|x| for x EE'. Thus, |x-t|<
ab’|x| forall x€E' and t>0.

DEFINITION. Let E’ be an invariant subbundle over M. Define A =
sup{AER| le™F(x)| —> o as t —> forall x#0EE", where e MF,(x)
denotes the vector whose components are e~ times each component of Fy(x).
And define X =inf{\ €R| le~™MF(x)] — 0 as t—> oo forall x#0€EE"}.

REMARKS. Lemma 11.5 implies that A and A are finite. And, for x €

, 0if 1eTMF ) —r#0 as t—> o, then A€ [A,X]. The closed inter-
val A, Al s called the (positive) growth rate interval of F on E'. The
growth rate interval of F* is the negative growth rate interval of F.
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LEMMA 11.6. Let S be a Morse set over Q with pull-back E " and let
N—Nas i— o If |eMF(x)|—> o as t — o forall x EE’, then for
large i, le"‘"F,(x)l—>°° as t—> o forall x EE'. Also, if e MF ()l
—>0 as t—> o forall x EE', then for large i, le"\"tF,(x)l—*O as t—
o forall x€EE'"

ProoF. For the first assertion, let G (x) = e MF,(x) forall x €E' and
t€R. Then {G;} isaflowon E' and Lemma 11.1 implies that Z is a re-
peller for G. Theorem 10.2 implies that G grows exponentially for ¢ >0, so
for some 7>0, G takes the sphere bundle S(1) into Ext D(1). For large
i, {e"\"’F,} is close to {G,} in the compact open topology so e""TFT takes
S(1) into Ext D(1). By linearity, D(1) is a repeller neighborhood for
{e"‘"F,} for large i Theorem 10.2 implies that Ie"""F,(x)I —> o0 33 t—>
o forall x EE’".

The second assertion follows from Lemma 11.2 and Theorem 10.2.

THEOREM 11.7. Let {S,, ***,S,} be a Morse decomposition of PF over
Q with pull-backs {E,, ***, E,}. Let [\;,\;] denote the growth rate interval
for E;, i=1, ¢,k Then ¥ Al N [)Li' )\,] =g for i #].

PROOF. Suppose A€ [A;, N] N [A;,N;] for i#j Lemma 11.6 implies
that there are points x;, y; # 0€ E; and x;, y; # 0 € E; so that leF, (x,,)
P 0ast— = and [e"MF(y, )| > = as t—> o, m =i, j. Define G,(z)
=e MF(z) forall zEE G isaflowon E and PG =PF on PE. Thus
{8y, ***, 8} is a Morse decomposition for PG with pull-backs {E,, ***, E}.

The existence of x;, y; €E; and x; y; €E; contradicts Lemma 11.3.

_CoroLLARY 11.8. Let S be a Morse set over Q with pull-back E'. If
[N, A] is the growth rate interval of F on E', then [-\,—\] is the growth
rate interval of F* on E'.

ProoF. Foreach A >, consider the flow G, x)= e‘“Ft(x) for x €
E'. For x€E', |G(x)|— 0 as t— o, so Z is an attractor for G by
Lemma 11.2. Theorem 10.2 implies that |G, (x)| —> > as t—> —o for x #
OEE'. Let [e, a] be the positive growth rate interval of F*. But
le¢-NENF_ (x)| — 0 as t—> o0, 50 ~A<a. Thus — A <a. Likewise,
for A<A, we see that ~A>a. Thus =\ >a.

Applying the preceding argument to the flow F* with growth interval
la,a] gives —a <A and —a>N. Therefore a=-X\ and oi=-i, and
so [a,a] = [-X,-1].

CoroLLARY 11.9. Let {S,, ***, S;} be a finest Morse decomposition over
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Q with pull-backs {E,, ***, E;}. Let [Z\_i,i,] denote the growth rate interval
for E, i=1,-,k If F isnot hyperbolic on E, then thereisan r, 1<
r<k sothat N\, <0 forall i>r and A\; >0 forall i<r. Furthermore,
A; < if i>].

-PrROOF. Theorem 10.2 implies that Z is not isolated in some E;. Corol-
lary 11.4 implies there is only one such E;, say E,, and 0 € [A,, _X,]. Also,
for i #r, orbitsin E; either all decay exponentially or grow exponentially as
t — o because {S;,**,S;} is a finest Morse decomposition.

For i>r, S, is contained in an attractor and S; is contained in its dual
repeller. Thus, points of a P! determined by a point of S, and a point of §;
goto S, as t—> o, Forsome y €EE, there is a sequence f; —> o so that
Iy - ;| is bounded. Thus, for zE€E,, |z, |— 0 as t—> . So 7\, <o.

For i <r, a similar argument shows A; > 0.

For i>j, §; is contained in an attractor and S; is contained in its dual
repeller. Consider the flow G, =e” tF The preceding argument shows that
A=A,

REMARKS. If F is hyperbolic, then the final inequality in Corollary 11.9
holds but no growth rate interval contains 0. Also, Corollary 11.9 implies that
a finest Morse decomposition is unique, i.e., the Morse sets cannot be reordered
to give another Morse decomposition.

THEOREM 11.10. Suppose E splits over Q into the direct sum of invari-
ant subbundles {E,, **+,E;}. Let [)Li’}-‘i] denote the growth rate interval for
E,i=1,,k Let {S,, ***, S;} be the corresponding subbundles in PE. If
the growth intervals are pairwise disjoint, then {S,, ***, S;} is a Morse decompo-

sition of PF.

Proor. Use induction on k. For k = 1, the result is trivial. Assume the
results for a splitting into kK — 1 subbundles and prove it for {E,, ***, E}.
Without loss of generality, assume A, > A; if j>i Let X be a real number
such that X, <A <A,. Define the flow G,(x) = e MF,(x) forall x EE.
Let E' be the direct sum of {E,, ***, E,}. Then E is the direct sum of E,
and E' both invariant under G. The growth rate interval for E, with respect
to the flow G is to the right of 0 on the number line. And the growth rate
interval for E' is to the left of 0. Thus Z is isolated for the flow G on E.
According to Theorem 10.2, E' = A+ and E, =A- so E,; and E' give rise
to a Morse decomposition {S,, S} of PG. But PG = PF. By induction,

{85, =+, S;} is a Morse decomposition of PF|g. Therefore, {S,, S,, ***, S}
is a Morse decomposition of PF.
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ExAMPLE 1. Let Q be a rest point and so the bundle £ over Q is an
n-dimensional vector space. F over Q is given by F,(x) = e4’x for x EE
where A isan n x n real matrix. Let A, -=<, \; denote the distinct real
parts of the eigenvalues of 4 with N, >N if i’<j. Foreach i=1,--,k,
define the subbundle E; to be the span of the invariant subspaces corresponding
to the Jordan blocks of A with eigenvalues having real part ;. Then E is the
direct sum of {E,, ***, E;}. The growth rate interval of E; is A, i =1,+*,k
So, by Theorem 11.10, the corresponding subbundles {S,, **+, S;} of PE =
P"=1 give a Morse decomposition of PF, Since these growth rate intervals are
points, Theorem 11.7 implies that {S,, *++, S} is the finest Morse decomposi-
tion of PF, and PF is a chain recurrent on each ;.

If Q isa periodic orbit, then the situation is similar to the preceding case.
The distinct real parts of the characteristic exponents are the growth rate inter-
vals. The Morse sets in the finest Morse decomposition are the invariant subbun-
dles corresponding to the different real parts.

ExaMPLE 2. We give an example where each \ in the growth rate interval
of a subbundle over Q is the positive growth rate of a particular orbit. Let Q
be the annulus in R? defined, in polar coordinates, by Q = {@ ®)lre [ry, r,]
and 0 € [0, 2n]}. Let E' bea R!-bundle over Q. Define F on E' by
F((r,0), x)=((r, 0 +1),e") for (r, )) €Q and x ER', where 6 + ¢ is
taken modulo 27. The growth rate interval for E' is [r,, r,]. For (r, 6)€Q,
each orbit over the orbit (r, 6 +£), t €R, has growth rate . .

ExampLE 3. Let Q =S' andlet f have two rest points on S! (Figure
3). Let E' be an R!-bundle over Q. Define F over Q (Figure 4) by the

FIGURE 3

\ 4

FIGURE 4
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solutions to the following differential equations: Over y, use X =x; over z,
use x =—x; over the orbit from y to z, use x =— (2/7) (arctan #)x; and
over the orbit from z to y, use x = (2/m) (arctan £)x. The growth rate inter-
val for E' is [~ 1, 1]. But the only positive growth rates for particular orbits
are 1 and — 1.

12. An application to almost periodic differential equations.

DEFINITION. A set of real numbers is said to be relatively dense if there
isan L >0 so that every open interval in R of length L contains at least
one point of this set. (L is called a span of this set.)

DEFINITION. A continuous function 2 from R into a metric space
(X, d) is almost periodic if for each € >0 there isan L > 0 and a relatively
dense set {r;} having span L such that d(h(t + 7,), h(t)) <e forall tER
and for all 7.

Let A be an almost periodic function from R into the n x n matrices,
considered as R"2. Consider the linear, nonautonomous differential equation
x = A(r)x where x ER™ and TER. Let C be the space of continuous
functions from R to R"? with the topology of uniform convergence on com-
pact subsets. Let f be the Bebutov dynamical system on C, i.e., for B E€ C,
f{(B)=B" where B'(r)=B(t + 1) forall 1 €ER. The Bebutov system is a
continuous flow on C [19]. If A is almost periodic, the hull of A4 (the clo-
sure of the orbit of A) is a compact subset of C since A4 is bounded and uni-
formly continuous. Since the orbit through A is almost periodic as a function
from R into C, Birkhoff’s recurrence theorem [16] implies that the hull of A4
is a compact minimal set. Let M denote the hull of 4, a compact metric
space. Let E =M x R". Define a linear flow (F, f) on E where f is the
Bebutov system restricted to M and where F is defined as follows: For
(B, x) EM x R", F(B, x) = (f(B), ¥(t)) where y(¢) is the unique solution to
the differential equation x = B(r)x with initial value 3'(0) =x. F is a continu-
ous flow as shown in a more general situation in [19].

Since the zero section of E being isolated is equivalent to each equation
in the hull of 4 having no nontrivial bounded solutions, the following is an
immediate consequence of Theorem 10.2:

CorOLLARY 12.1. If no equation in the hull of A has a nontrivial
bounded solution, then the solution space of each equation in the hull has a hy-
perbolic splitting.

REMARK. More explicitly, Theorem 10.2 asserts that
(1) foreach BEM, R" = E°(B) ® E¥(B), i.e., there is a splitting for
R" varying continuously with B, and
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(2) there are positive real numbers @ and A, A <1, so that each solu-
tion y of x = B(r)x with initial value y(0) in ES(B) satisfies |y()| <
aX|y(0)| forall =0 and each solution z with initial value in E¥%(B) satis-
fies 1z(t)| = o~ '\~ *|z(0)| for all £>0.

By Theorem 9.7, E° and E% split into the direct sum of the invariant
subbundles corresponding to the finest Morse decomposition of PF, and PF is
chain recurrent on each of these subbundles. In other words, for each equation
in the hull, the stable and unstable solution spaces may split into subspaces with
disjoint growth rate intervals, and the solutions in each subspace are chain recur-
rent when viewed as projective space (angular recurrence in dimension two). The
growth rate intervals are the same for all equations in the hull, and we conjecture
that the intervals are, in fact, points.
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