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TWO APPLICATIONS OF TWISTED WREATH PRODUCTS TO

FINITE SOLUBLE GROUPS
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TREVOR O. HAWKES

ABSTRACT. The group construction sometimes known as the twisted

wreath product is used here to answer two questions in the theory of finite,

soluble groups: first to show that an arbitrary finite, soluble group may be

embedded as a subgroup of a group whose upper nilpotent series is a chief

series; second to construct an A -group whose Carter subgroup is "small"

relative to its nilpotent length.

1. Some preliminaries. We begin with a few elementary remarks about

nilpotent length. The largest nilpotent normal subgroup of a group G, usually

known as the Fitting subgroup, is denoted by F(G). The upper nilpotent series

{F,.(G)} is defined recursively thus: F\(G) = F(G) and F;+ j(G)/Ff(G) =

F(G/F,.(G)) for i> 1. The smallest integer / (=/(G)) such that F,(G) = G is

called the nilpotent length of G. If 1(G) denotes the nilpotent residual of G,

i.e. the smallest normal subgroup of G with nilpotent quotient, the lower nil-

potent series {I,(G)} of G is defined recursively by setting Z,j(G) = L(G) and

II+1(G) = I(Z,,(G)) for i > 1. The invariant /(G) is the smallest / such that

Lt(G) = 1 and may also be characterised as the smallest number of factors that

can appear in any normal series with nilpotent factors.

Next we give the details of the twisted wreath product construction and

its associated notation (cf. [6,1, 15.10]). Let X and G be groups. Let H be a

subgroup of G of finite index, T a right transversal to H in G, and a a homo-

morphism from H into Aut(A0. Denote by XT the set of maps /: T —■*■ X.

Then the twisted wreath product of X with G for (H, a) has as its underlying

set

W = {(f,g):fEXT,gEG}.

If h EH and x EX, denote the image of x under the automorphism a(h) by

x*. If t E T and gx E G, we have

(!•<*) tgl=ht',
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for uniquely determined h E H and t' E T. The binary operation making W

into a group is then given by

(1 ß) (fvgt )(f2> 82) = (f, gig2).

where f(t) = fl(t)f2(t')h~1 an<i h 1S giyen by equation (Im). Direct calculation

shows that this binary operation is associative, and the identity of W is (e, 1),

where e £ XT is defined by: e(t) = 1 for all tET. If /* E XT is defined by

/*('') = whenever tg = ht', the element (f*, g~l)is the inverse of

(f, g). Accordingly W is a group, and we shall denote it by the symbol

X "V(H Q)G. We shall make the obvious identification of G with the subgroup

{(e, g): g E G) of W. The subgroup B = {(/, 1): fEXT} is called the base group

of W. It is a normal subgroup of W isomorphic with a direct product of 171

copies of X, and W is a semidirect product of B with G. If T= {tv t2.tn)

we shall sometimes use the notation (xv x2,. . .,xn) for the element (/, 1) of

B for which f(tt) = xr Furthermore, if Y is a subgroup of X and T0 a subset

of T, we shall use the notation Y(T0) for the subgroup {(/, 1): /(/) E Y for

r e T0, f(t) = 1 for t E T\TQ} of B; thus, for example, 5 is ATT) in this nota-

tion. We end this discussion of the twisted wreath product with two elementary

observations about special cases:

(1.1) Let H be a subgroup of G of finite index, and let X be a kH-module

for some field k. Associated with the H-action on X there is a homomorphism

a from H into the group of nonsingular, k-linear transformations of X. If X is

regarded as an abelian group and written multiplicatively, a maps H into Aut(X),

and we can form the twisted wreath product X "^(h^G as above. Then the

base group of the wreath product, now written additively and viewed again as

a k-space on which G acts, is isomorphic with the induced kG-module X°.

Remark. It should be clear from the context whether the notation AB

means a Cartesian product or an induced module.

(1.2) If there exists a subgroup L complementary to H in G (i.e. a sub-

group satisfying HL = G and HC\L = \), and if we take T = Lfor the trans-

versal to H in the twisted wreath product X      a)G, then BL = X \egL, the

standard wreath product with respect to the regular permutation representation

ofL.
The next result on induced representations is an application of Clifford's

theorem (see [6, V, Hauptsatz 17.3]).

(1.3) Let N be an abelian normal subgroup of a finite group G such that

N ^ Z(G). Assume that G contains a nonnormal, maximal subgroup M which

contains N and a normal subgroup K with the following properties:

(i) M/K is cyclic;

(ii) NK=M;
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(iii) coieG(K) = 1.

Let k be a field of characteristic not dividing \M: K\ and let U be an irreducible

kM-module with ker(Af on U) = K. Tlien the induced module UG is irreducible

and faithful for G.

Remarks . 1. The existence of such a module U is ensured by assumption

(i) and the assumption that char(fc) does not divide \M: K\. 2. The subgroup

coreG(Ä') is by definition the intersection of the G-conjugates of K, or, equiv-

alently, the largest normal subgroup of G contained in K.

Proof. Let V denote the fcG-module UG. Let L = ker(G on V) ̂  G.

If L *f£ M, we have LM = G since M is maximal, and therefore L C\M <L;

then by Mackey's theorem VL — (ULnM)L, a nontrivial Z-module. This con-

tradiction implies that L < M. In particular, we have L < ker(Af on V) <

ker(M on U) - K. Therefore L < coreG(/C) = 1 by assumption (iii), and V is

faithful for G.

It remains to prove that V is irreducible. First observe that by assump-

tion (ii) UN is irreducible and therefore appears as a direct summand of VN.

Let V* be a G-composition factor of V such that (V*)N has a summand U*

isomorphic with UN. Using assumption (ii) and the fact that N is abelian, we

have [M, N] = [K, N] <K C\N = ker(/V on U*). In other words, M centralizes

N/ket(N on U*) and is therefore contained in the stabilizer of the homogeneous

component of (V*)N containing U*. Suppose that this stabilizer is the group

G. Then K C\N = ker(JV on U*) < G, and so by assumption (iii) we have KCtN

= 1. m that case [AT, N] = 1, and we have M < CG(/V). Because N Z(G),

by the maximality of M we have M = CG(N) < G, contradicting the hypothesis

that M is not normal in G. Therefore the stabilizer of the homogeneous com-

ponent of (V*)N containing U* is precisely M, and by Clifford's theorem ap-

plied to V* we have dimkF* > \G: M\timkU* = |G: M|dimfcf7 = dimkV by

definition of an induced module. Hence V* - V and V is irreducible, as claimed.

We conclude the section by noting some special circumstances under which

the hypotheses of (1.3) are satisfied; verification is straightforward and is left

to the reader.

(1.4) Let G be a finite, soluble group with a unique minimal normal sub-

group N. Assume that N is complemented in G, by H say. Let L be a non-

normal, maximal subgroup of H such that [N, L] < N, and let Nx be a maxi-

mal subgroup of N containing [N, L]. Set M = LN and K = LNX. Then M is

a nonnormal, maximal subgroup of G containing N, K is a normal subgroup of

M, and

(i) M/K is cyclic,

(ii) NK = M, and

(iii) coreG(Af) = 1.
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2. Multiprimitive groups. A group is said to be primitive, in the sense of

the theory of permutation groups, if it has a faithful, primitive permutation

representation. It is well known that a finite soluble group G is primitive if and

only if it has a self-centralizing, rninimal normal subgroup, or, equivalently, if

and only if its Fitting subgroup is a minimal normal subgroup. If we write

soc(C7) for the socle of a group, i.e. the product of all its rninimal normal sub-

groups, soc(G) is itself a minimal normal subgroup when G is a primitive, solu-

ble group and is complemented in G by a maximal subgroup H (say). Further-

more soc(G) is then an elementary abelian p-group for some prime p and may

be regarded as an irreducible Zp#-module, faithful for H. Primitive groups are

important in the theory of finite, soluble groups for several reasons. One is that

a minimal counterexample in a 'reductio ad absurdum' proof often turns out to

be primitve; the theory of Schunck classes owes a lot to this observation. An-

other is that primitive groups are relatively easy to construct and analyse: if H

is a group which possesses a faithful, irreducible module V over some prime

field Zp (for example, H any primitive group with pi |soc(//)l)> the semidirect

product [V\ -H, formed in the usual way by writing V multiplicatively and re-

garding H as a group of operators, is then a primitive group.

It is easy to see that an arbitrary finite group H appears both as a sub-

group and an epimorphic image of a primitive group. For choose primes p, q

such that p divides q - 1, let X be the nonabelian group of order pq, and let

W = X ^regH, the standard wreath product with respect to the regular permu-

tation representation of H. Then it follows easily from the Lemma of [4] that

W is a primitive group. But the main object of this section is to prove a stronger

embedding theorem, namely that an arbitrary finite, soluble group H can be

embedded in a soluble group G which has every epimorphic image primitive. If

X denotes a class of groups and Q the usual closure operation of taking quotients,

the class XQ is by definition the largest Q-closed class within X. Let S denote

the class of all finite, soluble groups, $ the class of primitive groups in S together

with all groups of order 1 (since by convention all classes contain groups of

order 1), and s the closure operation of taking subgroups. Then the theorem

we are aiming to prove may be restated thus: s($^) = S.

There are many ways of characterising the groups in ?Q, and as a sample

we offer: .

(2.1) Each of the following is necessary and sufficient for a nontrivial

group G to belong to

(a) G has a unique chief series and all its chief factors are complemented;

(b) The lower nilpotent series of G is a chief series;

(c) The upper nilpotent series of G is a chief series;

(d) G is extreme (cf. Definition 3 of [1]) and G has prefrattini subgroups

of order 1.
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The proofs of this and the next two remarks are elementary and are

omitted.

(2.2) Let N be a minimal normal subgroup of a group G and assume that

G/N G $Q. Let S/N = soc(G/N), and assume that [N, S]    1. Then G G ?Q.

(2.3) Let K and L be normal subgroups of a group inty® and assume

that K <L. Then K is complemented in L, i.e. L has a subgroup H such that

KH = L and K d H- 1.

I shall give way to the temptation of suggesting a name for groups in ?Q

by calling them multiprimitive. The notation C(n) will denote a cyclic group

of order n, and E(n/q) will denote a primitive group E satisfying (i) E/soc(E) s

C(n) and (ii) the prime q divides |soc(£)l- It can be shown that a group E(n/q)

exists, provided that q does not divide n, and that then Isocf/Tfw/t/))! = qm,

where m is the order of q (mod n) (cf. Satz 3.10 in Chapter II of [6]). If G

is a nonabelian, multiprimitive group, it is easy to see that G/G" is isomorphic

with an E(p/q) for suitable primes p, q. If it is a set of primes, denote by Qn

the class of finite, soluble rr-groups. If G is a finite group, let a(G) denote the

set of primes which divide its order. The main result of this section is the fol-

lowing theorem:

Theorem 1. Let G be a finite, soluble group, let a = a(G), and assume

that \a\>2. Then there exists a group H /« $Q ft Ga such that H contains a

subgroup isomorphic with G.

Let a = o(G) = {p0, px,..., pt_,} . For each natural number m, let

[m] denote the remainder on dividing m by t (= \a\); thus 0 < [m] < t — 1.

Define a group Wm recursively as follows: W0 = C(p0) and Wm = Wm_1

\egC(P[m j) for m > 1. By I, 15.9 of [6] the group G is isomorphic with a

subgroup of Wm for sufficiently large m. Therefore Theorem 1 is a consequence

of the following:

(2.4) For an arbitrary natural number m the group Wm is isomorphic

with a subgroup of a group belonging to $ Q n S0.

The key to proving (2.4) is the following result, which shows how, in

favourable circumstances, two multiprimitive groups can be fitted together to

make a third.

(2.5) Let X.GE Let N = soc(G), let Y = X', and assume that the

prime \X: Y\ = q (say) is the same as the prime dividing \N[ By (2.3) X has a

subgroup Q of order q such that X = YQ, and Q can clearly be regarded as a

subgroup of Aut(y). Let H be a complement to N in G, assume that H has a

nonnormal, maximal subgroup L such that [N, L] < N, and let Nx be a maxi-

mal subgroup of N containing [N, L]. Write M = NL and K = NXL (< M).

Since M/K s C(q), there exists a homomorphism a: M—+ Aut(y) such that
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im(a) = Q and ker(a) = K. Then the twisted wreath product W of Y with G for

(M, a) is multiprimitive.

Proof. Let T be a transversal to Af in G, and let B as usual denote the

base group of W. If R is a subgroup of Y and S a subset of T, recall that R(S)

denotes the subgroup {(/, 1): f(t) G R for t G S, f\t) = 1 for r G T\S] ofB,

and as a further simplification denote R(T) by R*; thus 5 is Y* in this notation.

Let
l=R <R   , <...</?, <Y<X

n       n — l l

denote the unique chief series of X. The chief factor U = Y/R t of X may be

regarded as a nontrivial, irreducible ZpQ-module for some prime p different

from q and therefore as an irreducible ZpAf-module with ker(M on U) = K

(via a). By (1.1) the normal factor F*/(/<j)* of W, considered by restriction

as a ZpG-module, is isomorphic with UG. By (1.3) and (1.4) UG is irreducible,

and therefore r*/(i?j)* is a chief factor of W. Because W/Y* = C6?^ and

A/ acts nontrivially on T*/(Ä„)*, by (2.2) we have W/iRJ* G

Next we prove that (Rl)*/(R2)* is a chief factor of W (provided that n >

2). This done, it will then follow from (2.2) that WI(R2)* G ?Q. In fact, our

proof will show equally well that (/?,)*/(/?,+i)* is a chief factor of W for /' > 1,

and so, applying (2.2) repeatedly down the series, we shall obtain W G ?Q, as

required. No generality is lost if we simplify notation by writing R2 = 1 and

R for R j, and then show that R* is a minimal normal subgroup of W. Let A

be a nontrivial, normal subgroup of W contained in R*. Ennumerate the trans-

versal fas {r, * 1, f2,..., f„} , where « = |G: M|. When /(rf) = yt for / = 1,

.. . , n, write (yt,. .., v„) for the element (f, 1) of 5. Let 1   a = f/j.,. . .,

rn) G A, rf G /?, and for notational convenience suppose that r, tM. If Z(y)

# 1, we have R < Z(Y) since Z(y) < A' and Ä is the unique minimal normal

subgroup of X; but this is impossible because R = CY(R) < Y. Hence Z(T) = 1.

Therefore there is ay G Y such that7_1r,y ^rv Let m = (y, 1,. . ., 1).

Then ^4 contains the element a-1m-1a« = (flj, 1,..., 1), where al =

rl1y~1rly, a nontrivial element of/?. Since N< G, the /th component V"^,)

of the base group is a normal subgroup of BN. Therefore RQ^ is also a normal

subgroup of BN because soc(T(r,)) is characteristic in Y(tt). Furthermore, BN

induces on R(tt) a group T of automorphisms isomorphic with [Yft^/Rty^] •

(TV/TV,), which is in turn isomorphic with X/R. In fact, the semidirect product

[^(ri)l "T is easily seen to be isomorphic with X, and therefore Rity) is a

minimal normal subgroup of BN. Since A O i?(!",) is a nontrivial, normal sub-

group of BN, it follows that i?(r,) <-4. But G permutes the cosets of M trans-

itively, and hence R(tt)< A for / = 1,. . . , n. This shows that R* < A and

therefore that R* is a minimal normal subgroup of W. The conclusion of the

proof is now as indicated above.
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Proof of (2.4). First suppose that \a\ = 2. Write p0=p and px = q, so

that WQ = C(p), Wx = C(p) \eeC(q), W2 = (C(p) ^iesC(q)) \egC(p), etc.

Assume for the moment that / f> 0) is even and that X( is a group in ty0- n Q fp q}

such that XjiXj)' = C(q). We shall then construct a group Xi+1 in

^Q n S {?,<?} such that © ^i+i/C^+i)' - C<P) and (ii) (*,+ ,)' contains a

subgroup isomorphic with (A',)' ^regC(q). The construction of     , from Xt

when / is odd will be the same with the roles of p and q interchanged. The

derived group of a group E(q/p) contains a copy of W0. If we take X0 =

E(q/p), the group (Xx)' will contain a subgroup isomorphic with (X0)' \e%C(q)

and therefore certainly a subgroup isomorphic with Wx. By induction it will

clearly follow that {Xm)' contains a subgroup isomorphic with Wm, and we shall

have a proof of (2.4) in this case. Thus, given Xt, it remains to construct a

group Xj+ j with the stated properties.

Let E = E(p/q). Let U be an irreducible ZpF-module, faithful for E, and

let D be the semidirect product [U] -E. By (3.4) of [5] there exists an irreduc-

ible Z^-module V, faithful for D, such that [V, E] < V. Let C denote the

semidirect product [V\ -D. It is clear that C is a multiprimitive group of derived

length 4 with C/C' as C(p). Set Af = VE. It is straightforward to confirm that,

with (Xit C, V, D, E, Af) in place of (X, G, N, H, L, Af), the hypotheses of (2.5)

are satisfied. Accordingly, if we define Xi+ x to be the group (X()' ^fM a)C

constructed there, we have Xi+1 E ^Q n Q^, ^ and Xi+1/(Xi+l)' as C(p).

We must show that (Xi+ x)' contains a subgroup isomorphic with (A',.)' \ C(q).

Recall the description of the twisted wreath product given in § 1. Since UM =

G and U n Af = 1, we may take T = U for the transversal to Af in G. Let g E

soc(E),g    I. Since g has order q and normalizes but does not centralize the

subgroup U, there exists a subset f70 = {«,,...,«} of Csuch that g~luß =

ui+,, / = 1, — , q — 1, and jj~ 'u^jj = «,. We assert that, writing y" for

(AT,)', we have

Since «,£ = £«,•+1 for / = 1,... ,q (reducing suffices modulo q), direct cal-

culation from equation (1.0) shows that

(2-0) ie.gr1 a i)(e,g) = (f*,l),

where/*(«,) = /(«i+, )*~1 = /(«,+ j) sincegEE< ker(a). But equation (2.0)

implies that g permutes the direct components Y(ux), . . . , Y(uq) of Y(UQ) in

a cycle of length q, whence the isomorphism of (2.a) is clear.

When \a\ > 3, the recursive construction of a group Xm 6 ?ö n6ff such

that (ATm)' contains a copy of !Vm is even easier. Let ([m - I], [m]) = (/, /);

accordingly Wm = Wm_l %&iC(pj). Assume inductively that a group Xm_1
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has already been constructed satisfying the following conditions:

(a) A^e^ne,;

(b) the prime pt divides \(Xm_1)': (Xm_1)"\;

(c) the prime \Xm_l: (Xm_l)'\^ {pit Pj\ ;

(d) (Xm_l)' contains a subgroup isomorphic with Wm_t.

To start the induction, choose q € o\{p0, p,}and take X0 = E(q/pQ). The con-

struction of Xm from Xm_l proceeds as follows. Let k = [m + 1] and choose

r e o\{Pj, pk}. Let E = £"(r/p;), and let D be a primitive group such that

£>/soc(/J>) as E and soc(£>) is a qr-group, where c7 = \Xm_,: (A^j)'!. If Ä is

a Sylow r-subgroup of    we can arrange that [soc(/J), R] < soc(D) by (3.4)

of [5] (in fact, it is easy to see from Clifford's theorem that this holds in any

case), and with M = soc(D)R we can construct the multiprimitive group Xm =

C^m-i)' ^(M a)D according to the recipe of (2.5). It is obvious that Xm ful-

fils requirements (a), (b), and (c) above. If P is the Sylow p^-subgroup of E, we

can choose P as the transversal to Af in D. If B denotes as usual the base group

of Xm, by (1.2) BP = (Xm_1)' \esP, which by elementary properties of a

wreath product contains a copy of (Xm_l)' \egC(Pj). Since BP < (A^)',

requirement (d) is also satisfied, and it is now clear by induction that (A^)'

contains a subgroup isomorphic with Wm. This completes the proof of (2.4)

and with it the proof of Theorem 1.

3. A conjecture of Dade's. Let y(X) denote the composition length of

a group or a module X, i.e. the number of factors in a composition series of X

(provided, of course, that it has one); the Jordan-Holder theorem guarantees

that y(X) is an invariant of X. Let G be a finite, soluble group and Ca Carter

subgroup of G. Thompson conjectured in [9], and Dade subsequently proved

in [3], that the nilpotent length /(G) of G is bounded as a function of c = 7(C)'»

explicitly, he shows that

/(G) < 10(2C - 1) - 4c.

Although the methods used in obtaining this result are of great interest, they

do not pretend to give a realistic estimate for /(G), as Dade himself points out.

In fact, he goes on to suggest that it ought to be possible to find a constant K

such that /(G) < Ky(C). I should like to propose, perhaps rather rashly, that

this inequality may even hold with A' = 2. By slightly modifying the methods

used by Seitz in [7], I can show that this is the case when G is an j4-group (i.e.

a finite, soluble group all of whose Sylow subgroups are abelian), an observation

that has also been made by Seitz in an as yet unpublished work [8]; and it has

also been confirmed in several other limited special cases. But no attempt is

made to consider this question here. Rather the aim of this section is simply to

show that A' = 2 cannot be bettered, even for i4-groups.
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First we prove a result which provides some information about the Carter

subgroup of a certain wreath product.

(3.1) Let Hbea nilpotent ir-group, K a soluble -a-group, H and K both

finite. Let Cbea Carter subgroup of K. IfW = K ^pH, the wreath product of

K with H for a transitive permutation representation p of H, then H x A(C) is

a Carter subgroup of W, where A(C) denotes the diagonal of C in the base group.

Proof. Let B denote the base group of W. Since W/B = H and is nil-

potent, a Carter subgroup of W covers W/B and therefore contains a Hall tr-sub-

group of W, i.e. a conjugate of H. Therefore H is a Hall 7r-subgroup of some

Carter subgroup D (say) of W; it follows that D is a Carter subgroup of HCW(H)

= H x CB(H) and that all Carter subgroups of HCW(H) are Carter subgroups of

W. Because p is transitive, we have CB(H) = A(K) = {(k, k,. . . , k): k EK} ,

the diagonal subgroup of B. Clearly A(C) is a Carter subgroup of A(K), and,

since a Carter subgroup of a direct product is the product of Carter subgroups

of the direct factors, it follows that H x A(C) is a Carter subgroup of HCW(H)

and hence of W.

Theorem 2. Let n be a positive integer. There exists an A-group G which

has a Carter subgroup C such that 1(G) = 2y(Q = In.

Proof. Choose a sequence of In + 1 distinct primes pv qt,. .. , pn,

qn, pn+j such that pt divides qt — 1 and qt divides pi+ x — 1 for / = 1,. . ., n;

that such a choice is possible follows from Dirichlet's theorem on primes in

arithmetic progression. Let Et = E(pjqj), the nonabelian group of order ptqt,

and let Pt, ßf denote respectively a Sylow p,-subgroup and the normal Sylow

^■-subgroup of Er Let Ut be a 1-dimensional, nontrivial Zp    ßj-module and

let V( = (Ujfi. Denoting the semidirect product [Vt] -Et by Gt, we note that

Gt is a multiprimitive A -group of order pf{       that (Vi)Pl is isomorphic with

the regular module %pi+1Pt and therefore that the subgroup [Vp Pt] has index

pi+ j in Vr Let M{ denote the nonnormal, maximal subgroup      of Gt and

observe that Mt has [Vit Pj\P(, = K( say, as a maximal, normal subgroup of

index pi+ j.

Let 1< / < n and let *, = {pf, qp pi+ vqi+1,..., p„, q„, pn + j} . Sup-

pose that a group X( exists with the following properties:

(a) A',, is an .4-group belonging to     n Sff<;

(b) if Yt denotes (A',)', then XJYj^. C(pf) and Yt is a normal pf-comple-

ment of Xt\

(c) Yt has a Carter subgroup Cf of order qfliJr t . . . qn;

(d) l(Yt) = 2(n - i + 1).

It is straightforward to verify that, for i = n, these conditions hold with Xn =

Gn. So, given Xt, we shall construct a group X(-l which also satisfies conditions
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(a) — (d). Then by induction on the suffix i (with the integers in their reverse

order) we shall obtain a group Ar1 fulfilling these conditions and, in particular,

a group Tj of nilpotent length 2n whose Carter subgroup has order q1q2 • • •

qn and hence composition length n. The construction of Xi_1 is given by (2.5)

with (Xp G{_t, Vt_v Et_v Pt_v M,_v Kt_x) in place of (X, G, N, H, L, M, K),
in other words Xt_ j is the twisted wreath product of Yt with G(_ j for

(Mi-i> ai-i)' where ai_l is a suitable homomorphism from Mt_t onto Pt with

kernel Kt_ 1 (identifying the Sylow p-subgroup Pt of Xt with a subgroup of

Aut(Ti)).

We now proceed to verify that Xt_ , satisfies conditions (a)-(d) with

j — 1 in place of i. Since the class of ^-groups is closed under direct products,

the group Xi_l is the semidirect product of an A -group Bt_y, by definition

the base group of the wreath product, with an .4-group Gj_l of coprime order;

thus X-_ j is an A -group. Since Xt_ j is obviously a ■ni_l -group and by (2.5)

belongs to      condition (a) certainly holds. Since condition (b) is obviously

satisfied, we move on to condition (c). Noting that Vj_1 is the nilpotent resid-

ual of Vi_1Qi_l, we see that Bi_1Qi_1, as an 5ft-crucial, maximal subgroup of

Y^j, contains a Carter subgroup of Yt_t (cf. Theorem (5.4) and the preceding

Definition in [2] — 51 denotes the class of nilpotent groups). Let Cj- be a Carter

subgroup of Y[. By (1.2) we have Bi_xQi_l = Y( \tgQ{^i, and therefore by

(3.1) a Carter subgroup of Bi_lQi_l (and hence of T^,) is isomorphic with

C( x Q._ j, whence condition (c) holds. Finally let

KF^.^KF^ (=Yi_1)<Fl = Xi_l

denote the unique chief series of Xj_1. Clearly / = /(Yf) + 3. By (2.1) this is

the upper nilpotent series of Xt_x, and therefore 1 <F, < . . . < Ft_x is the

upper nilpotent series of Yj_1. Hence /(Tf_,) = / - 1 = l(Yt) + 2 =

2{n — [i — 1] + 1), and the verification of the induction step is complete..
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