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BY

HENRIK STETKAER

ABSTRACT. Helmholtz’ 2nd theorem (that every vector field on R3 with
vanishing curl is gradient of a function) can be viewed as a statement about the
group of translations of R3. We prove similar theorems for other Lie transforma-
tion groups, in particular for semidirect products of abelian and compact semi-
simple groups. Using Hodge theory we also obtain results analogous to the 1st
Helmholtz theorem, but only for compact Lie transformation groups.

I. Introduction. The two Helmholtz theorems are standard tools of vector
analysis. The first theorem states that every smooth vector field ® on R3 in
exactly one way can be decomposed into two terms

® = VF + curl ¥,

where F € C*(R3) and where ¥ is a smooth vector field on R3. The second
states that a smooth vector field ® on R3 is of the form & = dF provided curl & = 0.

In [14] Lomont and Moses obtained results that were quite analogous to
the two Helmholtz theorems above, replacing the linear momentum operator ¥ by
the angular momentum operator L=%xV. A simpler and more direct proof
was presented by J. B. Keller [10]. Their results were extended further by Can-
non and Jordan [3] who studied, instead of vector fields, i.e. maps of R? into R3,
maps of R3¥ into R3.

In connection with an application [13] of the above results to the no-inter-
action theorem of particle dynamics, H. Leutwyler observed that the second
Helmholtz theorem and its analogs are “of a purely group-theoretical nature and
have an immediate generalization to a large class of Lie groups” [12, p. 544].
Group theory enters because the operators V and L are the infinitesimal generators
of the translation group in R3 and of the rotation group SO(3). Leutwyler’s
demonstration of his generalization—hereafter referred to as Leutwyler’s theorem—
can be found in [12].
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The purpose of the first part of this paper is to extend Leutwyler’s theorem
(as stated in §II) to more general actions of Lie groups and to give coordinate
free and structure constant free proofs. The results can be stated as follows:

Let G be a Lie transformation group of a manifold M. Let g denote the Lie
algebra of G.

In §1II we show (Theorem 1) that Leutwyler’s result is equivalent to
H'(g, C=(M) = 0.

The main result of §IV is Theorem 2 which generalizes a theorem due to
van Est [6]. It can be stated as follows:

Let F be a weakly C* G-module and assume the first de Rham cohomology
group of G vanishes. Then H'(G, F) and H'(g, F) are isomorphic vector spaces,
not just when F is finite-dimensional as in [6], but even when F is a quasi-com-
plete locally convex topological vector space. Leutwyler’s original theorem is a
consequence of Theorem 2 with F = C*(M) (§V, Corollary 5).

§ VI presents a simple way of handling Leutwyler’s problem in the case
where G acts on a product of homogeneous G-spaces.

The second part of the paper (§ § VII-IX), which is essentially independent
of the first one, generalizes the angular momentum first Helmholtz theorem to
any actions of compact Lie groups, not just the action of SO(3) on C*(R3) as
in the Lomont-Moses case.

With the notation above, the problem can be phrased: How to decompose
any linear map ®:8 — F in a way consistent with the action of G on F? This is,
of course, a generalization of the problem in the first part of the paper where we
impose the additional assumption that ® should be a cocycle, since we there
wanted to show that H!(g, F) = 0.

To see the connection with Helmholtz’ first theorem,we note that any vec-
tor field ® on R3 via its components P, € C”(R3), i =1, 2, 3, can be identified
with a linear map ®: R3 — C*(R?), namely the one determined by

Be)=®, fori=1,2,3,

where (e, , e,, e;3) is a basis of R3. Helmholtz’ first theorem may thus be inter-
preted as a result about how one can decompose the linear maps from R3 (= the
Lie algebra of the group of translations of R3) into C*(R3). Similarly the corre-
sponding Lomont-Moses theorem can be interpreted as a result about how to
decompose any linear map ®: so(3) — C*(R3) in a way consistent with the
action of SO(3).

Our contribution, which encompasses the above-mentioned results of [3]
and [14] (see Example 9 of §IX), can be summarized as follows:

Let there be given a strongly continuous, weakly C* representation of a
compact Lie group G on a quasi-complete, locally convex topological vector space
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F. This induces a g-module structure on F, where g is the Lie algebra of G.
Then every linear map ®: § — F can in exactly one way be decomposed
into three terms,

d=dF+6¥ +0,

where d is the coboundary operator on the gmodule F, F € F, § is the codifferen-
tial operator corresponding to d under a given inner product on g, ¥: g x g — F
is an alternating bilinear map, and®: g — F is a harmonic linear map.

If, in particular, G is semisimple as in the Lomont-Moses case where G =
SO(3), then the harmonic term vanishes.

The main idea of the proof is to use Hodge theory to decompose the differ-
ential 1-forms on G and then to transfer the decomposition to the F-valued 1-forms
on g.

The author would like to thank P. Kristensen from the Physics Department
for drawing his attention to Leutwyler’s results, and to thank Verner Beck and
Jgrgen Tornehave for illuminating discussions.

II. The notation and Leutwyler’s problem. Throughout this paper G denotes
an n-dimensional Lie group with identity element e, Lie algebra g and exponential
map exp: § —> G. We assume furthermore that G acts as a Lie transformation
group on a manifold M (for definition, see [7, Chapter II, §3]), where by a mani-
fold we will always understand a paracompact C* manifold. The action of g € G
on p € M is written gp.

If X€gand g €G we let X, = L(g), X, where L(g) denotes left translation
inGbyg€G.

Each X € ginduces a vector field X* on M by

XE(f) = ‘—;’t— flexp(— tX)m),_, form €M, fE C™(M),

and it is well known that the map X > X* is a Lie algebra homomorphism of g
into the Lie algebra of C* vector fields on M (see for example [15, p. 34]).

To state Leutwyler’s problem we let {X,, ..., X,} be a basis for g and in-
troduce the corresponding structure constants ch where 4,B,C=1,2,...,n
by

n
1) Xy, Xp] = CZ_:I cSpXc-

We shall examine whether the system
@ XXF=F,, A=1,...,n,

of 1st order partial differential equations has a solution F € C*(M) given F,,
..., F, €C™(M). It follows immediately from (1) that a necessary condition
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for a solution to exist consists of the compatibility conditions
n
()] XiFg —XpF, = Y cSgFq ford,B=1,...,n.
c=1

LEUTWYLER'S PROBLEM. Has (2) solutions F € C*(M) for any F,, ... ,F,
€ C™(M) satisfying (3)?

We will say that Leutwyler’s problem can be solved if the answer to this
question is yes.

Simple examples show that the Leutwyler’s problem in general cannot be
solved, so the question we ask is: What conditions on G and M guarantee that
Leutwyler’s problem can be solved? Leutwyler, himself, considered [12] the fol-
lowing types of Lie groups:

(a) groups with compact covering group,

(b) translation groups,

(c) semidirect products of (b) with (a).

He assumed furthermore that M was a vector space with G acting as a group of
linear transformations. His result may, in the terminology above, be phrased as
follows:

LEUTWYLER'’S THEOREM. If G is of type (a), (b) or (c), and if the transla-
tions are represented injectively in the cases (b) and (c), then Leutwyler’s problem
can be solved.

III. Reformulation of Leutwyler’s problem. We proceed to reformulate
Leutwyler’s problem in cohomological terms. To make the exposition more self-
contained we recall the definition of the 1st (Hochschild) cohomology group of
a Lie algebra g with respect to a g-module F. For more information we refer the
reader to [9]. The action of X € gon F € F will be denoted X - F.

DEFINITION 1. A linear map ®: g — F is said to be a cocycle if

X, » o(Xy) - X, - (X)) — ®([X,,X,])=0 forall X,, X, Eg.
It is said to be a coboundary if there is an F € F such that ® = §F, meaning
dX)=X-F foral XEg

It is easy to see that the vector space B!(g, F) of coboundaries is a subspace of
the vector space Z'(g, F) of cocycles. We may thus define the 1st cohomology
group H'(g, F) as the quotient vector space

H'(g, F) := Z'(g, F)/B'(3, F).
Finally we will use the notation

H%@, F)={FEFIX - F=0forall XEg}.
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We shall now use the cohomology above in the special case where F= C*(M)
and the g-module action is

X+ -F=X* forFEC™M).

Consider for Fy, ..., F, € C™(M) the linear map ®: § — C*(M) deter-
mined by

X, )=F, ford=1,...,n

Two small computations show that

® is a cocycle if and only if (3) holds, and

& is a coboundary if and only if there exists an F € C*(M) such that (2)
holds.

Hence Leutwyler’s problem can be solved if and only if every cocycle is a
coboundary, so we have proved

THEOREM 1. Leutwyler’s problem can be solved if and only if

@ H'(3, C*(M) = {0}.

Note that the basis {X,, ..., X,} forg does not occur in (4) so that Leut-
wyler’s problem only depends on the action of g on C*(M) and not on any
choice of basis.

IV. A general theorem. The main result of this section is Theorem 2 which
has Leutwyler’s theorem as a corollary (see §V).

F will from now on denote a locally convex topological vector space over
the reals with topological dual F'. It is a standard result that F’ separates the
points of F. The pairing between F' and F will be written (-, *).

We assume given a strongly continuous representation of the Lie group G on
F by continuous linear operators; the action of g € G on F € F will be written
g * F. Note that we get an action of G on F' (the contragredient representation),
defined by

(g u,FY:=(u,g ! - F) foru€F,FEF,g€EG.

We will finally assume that G “acts weakly C*™ on F” in the sense that the
map g g * F of G into F for each fixed F € F is weakly C*, where by “weakly
C®” we mean:

DEFINITION 2. A map ¢: G — F is said to be weakly C if

(@) (u, @ € C=(G) for eachu € F'.

(b) To each differential operator D on G with C™ coefficients there exists
a map gp: G —> F such that

Dlu, o) = (u, pp) forallu € F'.
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DEFINITION 3. Let 9: G — F be weakly C™. The differential dy of ¢ at
e € G is the linear map dy¢: g = F which is determined by

(u, dx(X) = X(u, ¢} foral XE€g andu € F'.
Let us, for F€ F and X € g, define X « F € F as the differential of the map

gr>g-*F.
Note the formula

G Xh>wh-F)=Wg X" F forg€EG,FEF,ueF,

which as a consequence has that the map (X, F) = X * F of g x F into F makes
F into a g-module.

REMARK. It is not necessary above or in the sequel that u ranges over all
of F'; an inspection of the proofs below shows that a fixed invariant subset that
separates the points of F will do.

ExaMPLE 1. With the notations of §II we let F = C*(M), where
C%(M) always will be equipped with its standard topology (uniform conver-
gence on compacta in M of functions and their derivatives of all orders), making
it into a Montel space. The Lie group G acts on C*(M) by

(g* F)m):=Fg~'m) foralg€EG,mEM.
It is easy to check that all the assumptions above hold. In particular we find
X-F=X* foral XE€g,FEF.
DEFINITION 3'. An Fcocycle ¢ is a weakly C® map ¢: G — F satisfying
©® w(gh) = p(g) +g* p(h) forallg,h €GC.
An F-coboundary ¢ is a map ¢: G —> F of the form

Q) ®(g) =g+ F— F, where F is an element of F.

Each F-coboundary is an F-cocycle. The quotient vector space between the vec-
tor space of F-cocycles and the vector subspace of F-boundaries B}(G, F) will
here be denoted H!(G, F).

LEMMA 1. If : G — F is an F-cocycle (-coboundary), then its differential
dy: g — F is a cocycle (coboundary).
Furthermore we have the formula

®) X (u, 9y =(u, g - do(X)) forallu € F',X€g,g€Q.

Proor. (8) is a simple consequence of (6). Using it we have



HELMHOLTZ THEOREMS AND ALGEBRA COHOMOLOGY 355
(u, dp([X, Y1) = [X, Y(u, @)

= X(g > Yyu, ) = Y(g > X, (u, )

= X(g >, g+ dp(Y) — Y(g > (u, g * dp(X))

=W, X + do(Y) —(u, Y * do(X),
which shows that dy is a cocycle.

If ¢ is a coboundary, i.e. of the form ¢(g) =g * F — F for some F € F,

then it follows immediately by the very definition of X « F that dp(X) =X+ F
forall X€g. O

DEFINITION 4. According to Lemma 1 we may without ambiguity define a
linear map I: HY(G, F) = H'(g, F) by

I(p + B'(G, F)) :== dyp + B'(g, F).

PROPOSITION 1. [ is an injection. In particular, if H'(g, F) = 0, then
H'(G,F)=0.

ProOF. If dy is a coboundary, i.e. dg(X) = X « F for some F € F and all
X € g, then we find again by (8) that

XoSu, () = (u, g * (X * F).
But X;(h > h+ F-F) =, g (X" F),so
Xo{u, (o = Cu, (*)* F-F} =0.

Hence, (u, o(* ) —{u, (*) « F — F) = constant. Since the left-hand side vanishes
at e € G, the constant is 0, so we find p(g) = g « F — F for all g € G, showing
v is a coboundary. [0

We will later (Theorem 2) show that I under mild conditions is surjective as
well, but first we want to digress a little and analyze the cocycle condition.

Let us recall the few basic facts about integration of vector valued functions
that we will need shortly:

Let T be a compact Hausdorff space with a Radon measure u, and let
f: T — F be a continuous function. Then we define [, fdu € F'* by

(u,fT fdp> = fT(u, f(s)du(s) forallu € F'.

If F is quasi-complete, then [ fdu actually belongs to F by [1, Corollaire,
p. 12] and [11,(3), p. 241]. Furthermore, if f depends on a parameter w in a
topological space 2 in such a way that f: T x  — F is continuous, then w >
Jr f(s, w)du(s) is a continuous map of  into F.

Let L(F, F) denote the vector space of all continuous linear operators in F.
Assume p: T— L(F, F) is such that the map (¢, F) > p(t)F of T x F into Fis
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continuous. If again F is quasi-complete, we can define a continuous linear map

S p(Odu(t) € L(F, F) by
fT p(H) du(F = fT p(OFdu(t) for FE F.
(Cf. [1, Lemma 3, p. 26 and its preceding remarks].)

PROPOSITION 2. Suppose F is quasi-complete. Then every F-cocycle is
continuous. Conversely, any continuous map @: G — F satisfying (6) is an F-cocycle.

Proor. First let ¢ be an F-cocycle. By (6) it suffices to prove ¢ is contin-
uous at e € G, i.e. that the map X > p(exp(X)) of g into F is continuous. Now
(8) implies for any u € F' that

1 d 1
(s lexp XD = [ -0, o(expe XNt = [ ooy oDl

= [, exp(tX) - dp(XYdt = <4 [y exptex - d‘p(X)dé,

where the last equality sign is justified because the map ¢ +— exp(tX) * dp(X) is
continuous from [0, 1] to F by the strong continuity of the action of G on F.
So

w(exp X) =J: exp(tX) ¢ dp(X)dt.

Since clearly X > dp(X) is linear it suffices to prove that X - |, 3 exp(tX) - Fdt
is continuous from g into F for any fixed F € F. But that is a consequence of
the fact that the integrand depends continuously on the parameter X € g.

This proves the first half of the proposition.

Assume now, conversely, that ¢: G — F is a continuous map that satisfies
(6). Let du be a left Haar measure on G, and let f € C*(G) be a real-valued func-
tion with compact support and f; fdu = 1.

We multiply the identity (6) with f(h), integrate with respect to du(h) and
find

i Foeh)dutr) = o(@) + 2+ [, F)eh)du(h).

The last term is continuous by the assumption on the action of G on F, so it suf-
fices to prove that g > [ f(g~ 1 h)p(h) du(h) is continuous. But the integrand
clearly depends continuouslyon (g, ) €EG x G. O

LEMMA 2. If F is quasi-complete and if G is compact then H'(G, F) = 0.

PROOF. Let ¢ be an F-cocycle. It is then continuous. Upon integrating (6)
over G with respect to du(h) where du is the normalized Haar measure on G, we
find that ¢ is an F-coboundary with F = —f, o(h)du(h). O



HELMHOLTZ THEOREMS AND ALGEBRA COHOMOLOGY 857

THEOREM 2. Let G be a connected Lie group acting weakly C™’ly on a
quasi-complete, locally convex space F. Let us furthermore assume that H\(G) = 0
(de Rham cohomology). Then the linear operator I: H'(G, F) = H'(g, F)
defined above is an isomorphism onto.

REMARK. Theorem 2 is a generalization to infinite-dimensional vector spaces
of a result due to van Est [6]. It should be mentioned that G. Hochschild and
G. D. Mostow [8] also have studied the case of an infinite-dimensional module.

EXAMPLE 2. The assumption H!(G) = 0 is essential as the following
example shows:

Let the group G = SL(2, R) act on the upper half plane P as follows:

_az+b f (a b

a b
(c d>.z_cz+d d)EG,zEP.

It is well known that G is a connected, simple group with H!(G) = R.

The isotropy group of i € P is the group of rotations SO(2), so P is diffeo-
morphic to G/SO(2).

By brute calculations it can be shown that H(g, C*(P)) = R and that
H'G, c=P)=0.

PrROOF OF THEOREM 2. The injectivity of I is the content of Proposition 1
above, so it is left to prove that I is surjective.

Let therefore ®: g — F be an arbitrary cocycle. Partly motivated by (8) we
will for each u € F' study the map w*: T,G — R, defined by

W, X = u, g« AX) forgeG,X€Eg.
For the sake of clearness the rest of the proof is divided into a couple of lemmas.
LEMMA 3. " is a closed differential 1-form on G, and
L Y)*w* =ws* forallgeG,ucF'.

PrOOF. It is obvious from the very definition of w* that it is a differential
1-form on G. To prove it is closed it suffices to show that dw“(Xx, Y,) = 0 for
al X, YE€g, g €G. Now, by a wellknown formula and (5):

dw¥(X,, Y,) = X, (w"(Y.)) - Y (X)) - w:([X » Y1,)
=X, (h > (u, b - AY)) = Y (> (u, b - HX))
—{u, g » &([X, Y])
=W, (X SN —u, g (Y X)) —(u, g« X, Y])

=g (X HY)-Y - &X) - ([X, Y])H=0
since ® by assumption is a cocycle.
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The rest of the proof is a simple manipulation with the symbols involved:
(L(g_l)*wu)h(xh) = w:_lh(L(g_l)*Xh) = w:'lh(xg- lh)
=(u, g h - dX)=(g * u, h + X)) = w&%X,). O

According to Lemma 3 «" is a closed 1-form on G, so by the assumption
HY(G) = 0 there exists a function I( +, u) € C*(G) such that w* = dI(+, u).
The function is unique modulo a constant which we fix by requiring that I(e, u)
= 0. Then

= u
©) I(g,u) fy WY,
if v: [a, b] — G is any differe:tiable curve in G with y(a) = e and y(b) = g.
LEMMA 4.
(10) I(gh,u)=I(g,u) + I(h,g~! < u) forallg, hEG,ucF'.

PrOOF. (10) results by a simple application of Lemma 3:
h h h
I(gh, u) = j: Wt = Jj W + Lg W' =1I(g, u) + L L(g)*w"

=Kgu+ [} @ =Kg u) + I g7t - u). O

LEMMA 5. There exists an Fcocycle ¢: G — F such that
I(g, u) = (u, (g)) forallgEG,u€F'.

ProoF. We first claim that to each g € G there exists an element ¢(g) € F
such that I(g, u) = (u, o(g)) for all u € F'.

Since any neighbourhood of e in G generates G, it follows easily via (10)
that it suffices to prove the claim for g close to e € G, so that we may assume
g = exp X for some X € g. Now,

1
I(g, u) = Lg o = J;) ngp(tX)(Xexp(tX))dt
= [, exp(ex) + @t = (: {2 expex) - <I>(X)d>,

which proves the claim.
(6) is simply (10) rewritten. ¢ is obviously weakly C* since {u, ¢(*)) =
I(+,u) € C*(G), so p is an F-cocycle. O
Now,
Xu, o(*)) = XI(+, u) = dI(+, u)(X) = (¥, X) = (u, DX,

showing that dgp(X) = ®(X) for all x € g. This finishes the proof of Theorem 2. O
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COROLLARY 1. Let G be a connected, compact and semisimple Lie group
acting weakly differentiably on a quasi-complete space F. Then H! (g,P=0.

PROOF. It is well known that H!(G) = 0 when G is a compact semisimple
Lie group (see, for example, [4, Theorem 21.1, p. 114]). The corollary thus fol-
lows from Theorem 2 and Lemma 2. 0O

COROLLARY 2. Let G be a connected, compact, semisimple Lie group act-
ing as a Lie transformation group on a C* manifold M. Let F be a closed G-in-
variant subspace of C*(M). Then H'(g, F)=0.

ReEMARK. The action of G on C*(M) is described in Example 1.

ProoF. It is well known that C*(M) is a Montel space, hence quasi-com-
plete. F is then also quasi-complete as a closed subspace. The result is thus
immediate from Corollary 1 as soon as we have checked that G acts differentiably
on F or rather just that it does in the weakened form indicated in the remark
after Definition 3. Here we may as an invariant, separating subset of F' take the
evaluations at points of M. 0O

COROLLARY 3. Let G be a connected Lie group, acting as a Lie transfor-
mation group on a C* manifold M. Assume H'(G) = 0, and that there exists an
embedded submanifold M' of M such that the map (g, m') > g » m' is a diffeo-
morphism of G x M' onto M. Then H'(G, C*(M)) = 0 and H'(3, C*(M)) = 0.

PrOOF. It suffices to prove that H(G, C*(M)) = 0, so let ¢: G = C*(M)
be a cocycle. Define F: M=G x M' = R by

F(gm') =g~ )(m') forg€G,m'EM'.

Then by an easy calculation, ¢(g) = g * F — F, so it is left to show that
F € C™(M), or equivalently, that the map (g, m') > ¢(g)(m’") belongs to C=(M).
By (8) we know that

XL+ )m")] = (2 * 0x)(m") = ox(e™! + m"),

so that (g, m') > X, [¢(*)(m")] is in C=(M).
By the cocycle condition (6) we need only check differentiability for g
close to the identity, i.e. that

[(X. m") > ofexp X)(m')] €C(3 x M").

Let now {X,, ..., X,} be a basis of g. Then
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oexp X)) = o0 T x,zr,))(m')
= Iol %wéxp(tlz 7\’.XI>>(m')dt

= J;)l Xexp(ex) [ *)(m")]dt
= Iol ox(exp(—tX) « m")dt

=§: Afﬁ ¢ (exp(—tX) - m')dt,

so it suffices to prove that
1
Qs ,m’) |—»J;) H(expé‘z:)\jx]) . m')dt
Jj
belongs to C*(R" x M) for each fixed H € C™(M). But the map ¢ > H,, where

HQys ... A, m') = H(exp<th,.X,> . m'>,
7

is clearly continuous from [0, 1] into C*(R" x M) so the result follows from
well-known facts about integration of vector valued functions. O
EXAMPLE 3. LetGactonM :=G x G x * » » x G (r factors) by

g (81,82 --58) = (88,8825 - - -, 88,)-
If H'(G) = 0 then all the hypotheses of Corollary 3 are satisfied with
M={xGx+***xG,

so H'(g, C=(M)) = 0.

V. Use of the Levi decomposition. We proceed by studying how Leutwyler’s
three types of groups enter in the cohomology framework, and we use the results
to prove (a generalized version of)) Leutwyler’s theorem.

Any Lie algebra g is, by Levi’s theorem [9, p. 91], a semidirect sum g =n
+, § of a solvable ideal n and a semisimple subalgebra §. Leutwyler’s type ()
group corresponds to a Levi decomposition of g: Indeed, the Lie groups that have
compact covering group are exactly the compact semisimple ones (that is a conse-
quence of [7, Theorem II. 6.9 and Proposition II. 6.6]).

Let the Lie algebra g be a semidirect sum

(11) g=n+b
of an ideal n and a subalgebra § of g. So we have a short exact sequence of Lie

algebras, 0 = n — g — §— 0. The Hochschild-Serre spectral sequence of homo-
logical algebra (see [2, p. 351]) associates by purely algebraic manipulations to
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each such short exact sequence a long exact sequence of cohomology spaces

12 0 = H'(5, H(n, C=(M))) —~ H'(g, C=())
~ B, H'(n, C=0N) =+ + +
with obvious actions.
If Leutwyler’s problem can be solved for n, that is according to Theorem 1
if H'(n, C=(M)) = (0), then the long exact sequence (13) tells us that

(13) H'(g, C*(M)) = H' (6, Ho(, C™())).
So in that case the problem boils down to the Leutwyler problem for B, except
for the fact that C* (M) should be replaced by the subspace Ho(n, C*=(M)).

Therefore we now find a criterion which ensures H!(n, C*(M)) = 0. It is
very close to Corollary 3.

Let N be the analytic subgroup of G corresponding to n. The situation may
here be very complicated even in the case N = R (a dynamical system) where the
compatibility conditions (3) trivially are satisfied. Note, for example, that Leut-
wyler’s problem cannot be solved if X vanishes at a point of M. Whether
XFC™(M) = C™(M) depends on the behaviour of the integral curves of X' T (see
[5, pp. 212ff]).

In applications to physics, n will often be the ideal in g that corresponds to
the translations. In such cases the map X > X3 is injective from n into T, M for
each p € M. An equivalent way of stating this is that the mapg > g * p of N
into M should be an immersion for each fixed p € M. With N, := {gE€Nlg - p=p},
a third equivalent formulation is that N, is a discrete subgroup of N for each
PEM.

THEOREM 3. If

(1) there exists an embedded submanifold M' of M such that (n, p) >n * p
is a regular map of N x M' onto M, and

(2) each orbit N - p intersects M' in exactly one point, and

() H l(N/Np) = {0} for each p € M (de Rham cohomology), then
H'(n, C=() = {0}.

PrROOF. Let &: n — C*(M) be any cocycle.

Any orbit O = N « p is, by assumption (1), an immersed submanifold of
M under the obvious immersion of N/N,, onto O.

Let wy: T,0 — R be the linear map

wo (X)) =®X)(p) forX€En.

Now wy, is a smooth differential 1-form on the manifold 0. We compute its
exterior differential: If X, Y € n, then
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dwy(X*, Y*) = X*wo(Y*) — Y*wy(X*) — wo([X*, Y*])
= X*®(Y) — Y*&(X) — &([X, Y]) =0,

since @ is a cocycle. Since H'(0) = H l(N/Np) = 0, by assumption (3) there is a
function f,, € C*(0) such that w, = df,,. It is unique modulo an additive constant.

Let F be the function defined by Fl, = f, for all orbits O. If the additive
constants can be chosen in such a way that F € C*(M), then & is a coboundary,
viz. & = §F:

[BFX)IP) = (X*F)(p) = XJF = X}fn.p
= di.p(X;) = wN.p(X;) = &(X)(p).

Hence Leutwyler’s problem can be solved. It is thus left to show that f;, may be
chosen so that F € C*(M). Let us normalize the f,, by requiring that Fly, = 0.

It now suffices to show that H(n, p') := F(np') is a C* functionon N x M',
because (1, p') > np' is regular. But H(+, p') is that solution to

X O)LH(,p")=-dX "), A=1,...,n,

that satisfies H(e, p') = 0. Well-known results about the dependence of solutions
to differential equations now ensure the result. [

REMARKS. (a) Example 3 with G = N is an easy consequence of Theorem 3.

() It can be shown that H!(V) = 0 in Theorem 3 so the theorem is more
restrictive about the group than Corollary 3 which, on the other hand, assumes
more about the manifold.

(c) Condition (3) is probably rather restrictive. It follows for example
from [16, Corollary 7.28, p. 123] that N,, cannot be a lattice in case V is a nil-
potent simply connected group.

COROLLARY 4. Let g =1+ ) be a semidirect sum where § is semisimple. If
(@) themap X > X 5 is an isomorphism of nonto T,M for each p €M,
) H'0n =0,

then H'(g, C=(M)) = 0.

ProOF. The hypotheses of the theorem are clearly satisfied since M in this
case is transitive under the action of N. By the earlier formula (13) it suffices to
prove that H1(§, Ho(n, C*(M)) = 0. But H%(n, C*(M)) reduces to the constant
functions by assumption (a) of the corollary, so Ho(n, C*(M) ~ R.

The corollary is now a consequence of Whitehead’s 1st lemma (see [9]). O

ExaMPLE 4. The hypotheses of the corollary are satisfied for the Poincaré
group Pl :=R* x, O(3, 1) acting on R®.

THEOREM 4. Let us assume § = +, b, where n is an ideal in g with
H'(n, C™(M)) = 0 and where b is a compact semisimple subalgebra of g. Then

H'@g, C=() = {0}
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ProoF. Going back to (14) we see it is enough to show that
HY (8, HoM, C=(1)) = 0.
But that is a particular case of Corollary 2.
COROLLARY 5. Leutwyler’s theorem (cf. §1I).

PROOF.

Case (a). We have already remarked in the beginning of this section that the
groups with compact covering group precisely are the compact, semisimple groups,
so the case is taken care of by Corollary 2.

Case (b). Since the translation group NV obviously has a cross section—for
example the subspace orthogonal to all the translations from N—it follows by an
appeal to Corollary 3 that H!(n, C*(M)) = 0.

Case (c). Here we just combine Case (b) and Theorem 4. [J

VI. The case of transitive action. If we are given just a subgroup of G, not
necessarily a semidirect decomposition of g, then we can still in some cases manage
to solve Leutwyler’s problem. The present section is essentially devoted to the
case of a product of transitive G-spaces. The idea is the obvious one: We first
solve Leutwyler’s problem for G acting on itself, and then see whether the solu-
tion can be chosen invariant under a given subgroup K, so that Leutwyler’s prob-
lem can be solved for G acting on G/K.

Let us first note a purely algebraic lemma. F will be a g-module, F, a
g-submodule. We may ask whether the generalized Leutwyler problem can be
solved for Fy if it can for F, i.e. whether H!(g, Fy) = 0 when H(g, F) = 0.

LEMMA 6. If there exists a projection P of F onto Fo such that
(14) PX-F)=X-+PF) foral XE4,FEF,
then H'(g, F) = 0 implies H'(g, Fy) = 0.
PROOF. Any cocycle ®: g — F, may be viewed as a cocycle with values in

F, and so by assumption there exists an F € F such that ®(X) = X « F for all
X € g. Applying P to both sides of this identity we find by (14) that
d(X)=X - PF,
so @ is the coboundary of PFE F,. O
From now on let the situation be as in §IV: F is a locally convex topologi-
cal vector space on which there is given a strongly continuous, weakly C* repre-
sentation of a connected Lie group G, etc. In this section we will assume that

there, in addition, is given a representation p of a group K on F by continuous
linear operators such that
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@s) g p(k)F)=p(k)(g - F) forallgEG,kEK,FEF.
Then

Fx = {F € Flp(k)F = F for all k € K}
is a closed subspace of F, invariant under the actions of G and g.

ProrosITION 3. If F is a quasi-complete, locally convex topological vector
space, if K is a compact group,and if the map (k, F) - p(k)(F) on K x F into
F is continuous, then H'(g, F) = O implies H'(g, F) = 0.

Proor. It follows from well-known properties of integration of vector
valued functions that

P = [ (k) du(k),

where du is the normalized Haar measure on K, is a continuous projection of F
onto Fg. Obviously
Pg+*F)=g+PF) foralgEG,FEF,

from which we get (14) by differentiation, so that the result is trivial by Lemma 6. O

REMARK. If F, in addition to being quasi-complete, is barrelled, then strong
continuity of p suffices in Proposition 3, because the map (k, F) +— p(k)F by
Banach-Steinhaus then automatically is continuous.

We will now specialize the above results to the case of a Lie transformation
group.

Let G be a connected Lie group with H'(G) = 0, acting as a Lie transforma-
tion group on a manifold M. Then M’ := G x M is a G-space under the action
g (g, m) = (gg,,gm) for g g, € GG, m €M, and H'(g, C*(M")) = 0 accord-
ing to Corollary 3.

Let K be a compact subgroup of G and define a representation p of K on
F=C>M") by

[o(kK)F](g, m) := F(gk~!,m) forall FEC*(M),g€EG, mEM kEK.

Then p satisfies all the hypotheses of Proposition 3, so we conclude that
H'(g, F) = 0. But here
Fx = {FEC™(M")|F(gk, m) = F(g, m) for all g €G, k EK, m € M}
= C”(G/K x M),
so we have proved

THEOREM 5. Let G be a connected Lie group with H'(G) = 0 acting as a
Lie transformation group on a manifold M. Let K be a compact subgroup of G.
Then Leutwyler’s problem for G acting on G/K x M has solutions.
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COROLLARY 6. Let G be a connected Lie group with H l(G) =0, and let
K,,...,K, be closed subgroups.

Then Leutwyler’s problem for G acting on G/K 1 X *** x G/K, has solu-
tions if one of the groups K, . . . , K, is compact.

REMARK. Leutwyler’s result about “inhomogeneous compact groups” of
the form R” x H, acting on R” x » « + x R", is an obvious consequence of
Corollary 6.

If the subgroup K from Proposition 4 is not compact, our procedure breaks
down. But we can still obtain some results if we use the special form of the action.

Let us first of all agree on the notation: G is a connected Lie group with
H(G) = 0 acting as a Lie transformation group on a manifold M, and K is a
closed subgroup. Let m: G x M — G/K x M be the projection, and let X (X*) be
the vector field on G x M (G/K x M) corresponding to X € g under the action
of G.

We want to see whether Leutwyler’s problem for G acting on G/K x M has
solutions so we let ®: § — C*(G/K x M) be an arbitrary cocycle. Then X >
D(X) o mis a cocycle wr.t. C*(G x M), so according to Corollary 3 there exists
H € C*(G x M) such that

(16) dX)on=XH forall X € g

Furthermore it follows from (16) that H is unique modulo functions that are con-
stant on the orbits of the action of G on G x M, so we may and will normalize H
by requiring H(e, m) = 0 for all m € M.

An easy computation shows that the function p(k)H for fixed k € K also
satisfies (16) and, hence, differs from H by at most a function that is constant on
the orbits. That function is fixed by the normalization, which gives us

(17) H(gk, m) = H(g, m) + H(k, g~'m) foralg€EG,kEK,mEM.

THEOREM 6. Let H(G) = 0. Leutwyler’s problem for G acting on G/K xM
has solutions if and only if every solution H€E C*(G x M) of (17) on K x M is of
the form H(k, m) = b(k='m) — b(m) for some function b € C*(M).

PROOF. Let first & (a cocycle) and H be as above. If H is of the form
stated in the theorem, then an easy computation shows that

H,(g, m) := H(g, m) - b(g~'m)

depends only on the coset gK and m, so that H, can be viewed as a function on
G/K x M. Replacing H with H,,we find & = 6H,.

Assume conversely that Leutwyler’s problem has solutions. If H € C*(G x M)
satisfies (17), then XH for any X € g only depends on the cosets and may, hence,
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be written in the form
XH=®X)onm where ®(X) E C~(G/K x M).

Obviously & is a cocycle, so by assumption there is an F € C*(G/K x M) such
that & = 6F. Now

XH=®X)on=(X*F)on=X(Feom),

so that H — F o 7 is constant on the orbits and, hence, of the form

H(g, m) — F(gK, m) = b(g~'m) for some b € C*(M).

Putting g = e here we get F(K, m) = —b(m) and so

H(k, m) = b(k™'m) — b(m)
as desired. O

REMARK. Part of the theorem may easily be stated in cohomological terms.
With the notation of Varadarajan [17, pp. 27ff] :

Leutwyler’s problem has solutions if every smooth (K, M, R)-cocycle is a
smooth coboundary.

We are mainly interested in » > 1, since the case r = 1, in the application
we know of, corresponds to the situation where there is just one particle in the
universe! For the sake of completeness we mention how the set-up above simpli-
fies in the case r = 1, where we put K =K.

(17) reduces to
(18) H(gk) = H(g) + Hk) forg€G,k€E€K.

Let Hom(G, R) denote the set of continuous homomorphisms of the group
G into (R, +).

THEOREM 7. Let H'(G) = 0. Leutwyler’s problem for G acting on G/K
has solutions if and only if every solution H € C*(G) of (18) reduces to 0 on K.
In particular, Leutwyler’s problem has solutions if Hom(K, R) = {0}.

COROLLARY 7. Leutwyler’s problem has solutions if

(@) K is compact, or

() K is semisimple with at most finitely many components, or

(¢) K =N x, H, where Hom(H, R) = {0} and {f € Hom(V, R)| f(n™'nh)
= f(n) for n €N, h € H} = (0).

REMARK. The standing assumption in this section, H'(G) = 0, cannot be
relaxed, in general, not even in the case » = 1. In the case of SL(2, R) acting on
P := SL(2, R)/SO(2), one finds H!(g, C*(P)) = R (cf. Example 2).

EXAMPLE 5. Example 4 is a consequence of Theorem 7, because R =
P}/0(3, 1) and O(3, 1) is semisimple and H'(P}) = 0.
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EXAMPLE 6. Let G = R3 x4 SO(3) be the group of orientation preserving
rigid motions of R3 with the action

@ A)x)=Ax +v for (v, A) €G, x €R3.
Extend this action diagonally to an action of G on
R3Y =G/SO3) x + + + x G/SOB) (r factors).

By Corollary 6 we get H(g, C*(R3")) = 0.

ExampLE 7. Let G = R* x Io(R?) be the Galilei group. Here I,(R%) =
R3 x¢ SO(3) is the group of orientation preserving isometries of R3. The group
G acts transitively on R* with isotropy group I,(R?), so we may view R? as
G/I,(R3).

It is a consequence of Corollary 7 that Leutwyler’s problem has solutions in
this case.

REMARK. The action of the Galilei group on R3” x R can be treated by
help of the spectral sequence. In that way one easily regains Leutwyler’s results
about this case. We omit the discussion because the results are not new and be-
cause the proof involves the second Hochschild cohomology group that we have
not introduced.

VILI. Preliminaries on Hodge theory. Let M be a Riemannian manifold. Let Q"
=Q' (M) forr=0,1,...denote the real vector space of all differential r-forms on
M equipped with the usual Fréchet topology. Then both the exterior differential d
and the codifferential § of Hodge theory are continuous linear operators.

From now on let M be compact. Then Q"(M) can, by Hodge’s theorem,
be expressed as a direct sum

(19) Qr = er—l ® 89r+l (%) Q;\armonic’

where $f, 1 onic denotes the subspace of harmonic differential r-forms. The
decomposition is orthogonal with respect to the L%-product of differential
forms. All three subspaces of Q" are closed. The projections on them are, of
course, continuous with respect to the L2-product and, hence (by the closed

graph theorem), also continuous with respect to the usual Fréchet topologies
above.

The following lemma is well known.

LemmA 7. If H'(M) = O (de Rham cohomology), then the only har-
monic 1-form on M is 0.

In particular, if M = G is a compact semisimple Lie group, then
QIllal'monic(G) = {0} .
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PROPOSITION 4. The maps §: Q" — 8" and d: Q" — dQQ" have continu-
ous right inverses, say 8: 8" — Q" and d- dQ" — ', with the following property:
FL:QQLOQAQ @ > QD Q! ® -« « « is any linear graded map

which commutes with d and 8, then it commutes with 5 and d.

ProoF. We will only treat the map &, because d can be handled quite
analogously.

Let us first note that §Q" as a closed subspace of the Fréchet space Q"1
itself is a Fréchet space. Similarly for dQ"~1.

Now & vanishes on the parts 52"+ and Qf . of Q" =dQ'"1 +
sQrtl + Qp .50 to prove the existence of a right inverse 3: §Q" — dQ1
it suffices to check that §: dQ"~1 — §Q" C Q"~! is injective. 3 will automati-
cally be continuous according to the closed graph theorem, since §: dQ"~! — §Q"
is a continuous map between Fréchet spaces.

But if 8dw”=1 = 0 for some w’~! € Q"!, then

ldew"=1? = @w' !, dw"1) = (8dw'~!, " 1) =0.

The statement about L is obvious with the above definition of 3. [

Let G be an n-dimensional Lie group with Lie algebra g. Let (*, *) be an
arbitrary inner product on g. Then we get a Riemannian structure (¢, *) on all of
G by left-translations, namely the one defined by

L)X, L(),Y) == (X.Y) forallg€G,X, YEg,
so that we can apply the Hodge machinery described above.

LEMMA 8. For any g € G we have
(20 L(g)* === L(2)*,

Q1) L(e)*s =5L(e)*, L(e)*3 =3L(e)* and L(g)*d = dL(g)*

ProoOF. According to Proposition 4 the two last statements of (21) follow
from the first, so we need only prove that one. For that it suffices to prove (20).
That again follows if we check that L(g)* * w = *L(g)*w for all w € " of the
form w = w! A * + ¢« A w", where {w!, ..., w"} are left-invariant 1-forms on
G such that {w}, ..., w}} is a positively oriented orthonormal basis of g*. Now,

L(g)**(wl/\' ~-Aw’)=L(g)*w’“/\ e oo A"
= r+l/\.../\w"=*(wl/\'°°/\d)
=sL@*w' A AN O

VIII. Vector valued forms.
DEFINITION 5. Let V and F be real vector spaces. An F-valued r-form w
on ¥ is an alternating r-linear map w: ¥V x ¥V x « « « x V (r factors) = F.
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We let A"(V, F) denote the real vector space of F-valued r-forms on V, and
let A"(V') be the space A"(V) = A"(V, R).

LEMMA 9. There is a canonical injection I: A"(V) ® F — A"(V, F), viz.
the linear map determined by

Hw® Ny, .--59)= vy, ..., 0)f
forw€AN(V),fEFandallv,,...,v,EV.

If V is finite dimensional, then I is a surjective isomorphism.

PrOOF. Elementary and left to the reader. O
In the sequel, ¥ will always be finite dimensional, and we will identify
A’ (V) ® F and A"(V, F) as above without explicitly mentioning it each time.
If, in particular, V is oriented and endowed with an inner product, then we
have Hodge’s star operator

* AN'(V) = A"~"(V), where n = dim V.,
The operator
*Qid: N()®F—->A""(V)®F

will of convenience again be denoted by *. So
« AV, )= A""(V, ).

Another special case is the one where ¥ =g is a Lie algebra and where F is
a g-module. In this case we have a coboundary operator d: A"(V, F) —
ATV, F), given by the standard formula

r+1 —~
@, ..., XY= 3 (—1ytix ot .. L XL XY

+
i=1

+ -1t X, XY, LXK,

i<j

for QEA(V,F)and X1,..., X"+ g
If g, in addition, is equipped with an inner product, then we define, by help
of Hodge’s star operator, the codifferential

§ = (_l)nr+n+l wd*: A'(g, F) —>A'“l(g, F)
and the “Laplace-Beltrami” operator
A :=dd +8d: N'(s, F) = A'(g, F).

An r-form Q € A’(g, F) is said to be harmonic in case d2 = 0 and §Q = 0.
Then, of course, AQ = 0.
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Let us now turn to the special case that we have studied earlier:

Fis a locally convex topological vector space. G is a Lie group and there is
given a strongly continuous, weakly C* representation of G on F. Then F is, in
particular, a g-module.

We shall see how the operators d and & on the differential forms of G induce
the corresponding operators d and & described above:

Let us for € A"(g, F) and u € F’ define a differential r-form ¥ on G by

Q“(X}, e X)) =g QX ..., X") forg€G,X',...,X"Eg
A small calculation now shows that
d(Q*)= dQ)* forall Q€ A(g, F)andu€ F',

which provides us with an equivalent definition of d.
To get a similar characterization of § we note the following lemma.

LEMMA 10. If Q € A'(g, F) and u € F', then »@Q*) = (*Q)*.

PROOF. An easy manipulation of the very definition of * shows that
L(g~1H)*Q% = Q8¥ for all g € G. That again implies easily that it suffices to
prove the lemma at the identity, that is #(Q), = (*Q)%4. Since both sides are
linear in £ we may assume 2 is of the simple form 2 = w ® fEA"(Q ® F.
Then we find, by easy calculations,

Q=@ NHN*w and *(2F)=*(u Nw)= W, N*w,
which proves the lemma. [
COROLLARY 8. §: A'(g, F) = A"~ !(g, F) may be defined by
G =8(Q%) for QEN(g, F)andu € F'.

IX. The generalized angular momentum first Helmholtz theorem. Let F be
a quasi-complete, locally convex topological vector space. Let us furthermore
assume given a strongly continuous, weakly C* representation of a compact Lie
group G on F.

THEOREM 8. Any linear map ®: §— F can in exactly one way be decom-
posed as

&=dF +o¥ +0

where F € F, ¥ € A%(g, F) and © is a harmonic map of g into F.
If g is semisimple, then © = 0.

REMARK. The individual terms dF, §¥ and © are uniquely determined, but
F and ¥, of course, are not.
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REMARK. An example due to Keller shows that the assumption about F
being a G-module, in general,cannot be relaxed to F being a g-module.

ExampLE 8. The Lie algebra g of the circle group G = SO(2) = {¢?°|9 ER}
is spanned by 9/96 and, hence, can be identified with R. We define a Riemann-
ian structure on SO(2) by requiring that 8/00 be a unit vector.

If we let df denote the 1-form dual to 9/90, then it is easy to describe the
Hodge star operator. Indeed

*1=d0 and =*df=1.

A 1-form w = f(0)d0 is harmonic if and only if f is constant, and §w = 0
if and only if f2"f(6)d6 = 0.
Let
Fo={FEFIX+F=0 foral X €g}
={F€E€ Flg*+ F=Fforal g €G}.
We find that a linear map ®: ¢ — F is harmonic if and only if ®(g) C F,.
The theorem above now implies that any linear map ®: g = F can be
written in the form

®=dF+© where FE Fand®: g — F,

or equivalently:
Any element ® € F may be written as

& = (3/30) - F+©, where FE Fand @€ F,.

In the special case where SO(2) acts as a group of rotations on R? we find,
in particular, the well.known result that each C* function on R? in exactly one
way can be expressed as the sum of a radial function and a function of the form
0F/30 where F € C*(R?).

ExAMPLE 9 (THE LoMONT-MoOSES [14] AND CANNON-JORDAN [3] CASES).
The Lie algebra g = so(3) of the compact semisimple group G = SO(3) is, via
standard identifications, spanned by X,, X, and X, € g where

0o 0 0 0 - 0 10
x,={o o 1} x,={0 0 0} X,=(-1 0 0
0 -1 0 0 00

With respect to the scalar product
(X, Y) = —trace(XY) for X,Y € g,
they form an orthogonal basis of g with ||.X, Il = [LX,|l = X5l = 1N2.
Let {w!, w2, w3} be the left-invariant 1-forms on G, dual to {X,/v?2,
IN2X,, IN2X,).
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Straightforward computations and the theorem above now imply:
To any linear map ®: so(3) — F there are elements F, F,, F,, F; € F such
that

D=dF +8(w? A W) ®F, + (W Nw!') ®F, + (w!' A w?) ® Fy),
or equivalently,
X )=X,*F+F -X3+-F, +X; * F3,

In the Lomont-Moses case F = C*(R3), we can identify the smooth vector
fields on R3 with the maps ®: R3 = g — F, viewing & as the vector field with
components ®(X, ), &(X,) and $(X;). The Cannon-Jordan case can be obtained
quite similarly: We let SO(3) act on C™(R3 x + « + x R3) by diagonal action.

What remains of this section is devoted to proving Theorem 8.
For any fixed u € F' we study the differential 1-form ®* on G, defined by

(P4, X,) :=(u, g * X)) forg€G, XEg.

LEMMA 11. The map u > ®* of F' into Q%(G) is linear and continuous
when F' is equipped with the topology of uniform convergence on compact sub-
sets of F.

Proor. Trivial from the definition of the topologies and the fact that G
acts weakly C” on F. O

By Hodge’s theorem ®¥ can in exactly one way be expressed as
& = dF(u) + 5y(u) + S(u)

where F(u) € C*(G), ¥(u) € Q*(G) and 9(u) is a harmonic 1-form on G. By
Proposition 4 we can even determine F(x) and Y(u) in such a way that the maps
@ 1> F(u), 9 > Y(u) are continuous and linear. We have now proved

LEMMA 12. The maps u +> F(u), u +> Y(u), u > () of F' into C*(G),
Q*(G) and Q'(G) are all continuous and linear when F' is equipped with the
topology of uniform convergence on compact subsets of F.

LEMMA 13. For any g € G we have

L(g " )*Fu)=F(g-u), L(g~')*Y(u)=v(g-u), and L(g~1)*3(u)=9(g" u).

ProOF. This follows easily from the fact that L(g~!)*®* = ®&'%, which
was proved in Lemmas 3 and 8. [
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LEMMA 14. There are elements FE F, ¥ € A*(g, F)and @€ {Q €
AY(g, F)IQ harmonic} such that for all g € G, X, Y € g we have

Fu)(@g) =W, g F),
Y)Xg, Yp) =g ¥(X, YY) and  S(u)(X,)= W, g OX))

ProoOF. Since the three statements are proved in the same way we content
ourselves by treating the first one.

As already noted the map u > F(u)(g) is for any fixed g € G a continuous
linear functional on F'. Now F is assumed to be quasi-complete and thus [11,
§239(2)] polar semireflexive so that the dual space of F'is F. Hence, we see
that to each g € G there exists exactly one element f(g) € F such that

F(u)(g) = u, f(g)) forallu € F'.
By Lemma 13 we next see that

(u, f(g~1h) = Fu)(g™'h) = (L(g)*F(u))(r)
= F(g * u)(h) = g * u, f(h) = (u, g~ f(n)),

or
f(gh)y=g - f(h) foralg h€EQG.

Equivalently f(g) = g « f(e), so that for the F of the lemma, we may take
F=f(e). O

By the formulae d(®%) = (d D), etc., which we established earlier, it fol-
lows that

® =dF +8¥ + 0.

The uniqueness of the decomposition is also a trivial consequence of the
formulae d(®*) = (d$)* and the uniqueness of the decomposition in Hodge’s
theorem.

Finally the statement about the semisimple case is a corollary of Lemma 7.

This proves the theorem. [
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