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CONTINUOUS COHOMOLOGY FOR

COMPACTLY SUPPORTED VECTORFIELDS ON R"

BY

STEVEN SHNIDERi1)

ABSTRACT.  In this paper we study the Gelfand-Fuks cohomology of

the Lie algebra of compactly supported vectorfields on R" and establish the

degeneracy of a certain spectral sequence at the E\ level. We apply this result

to the study of another spectral sequence introduced by Resetnikov for the

cohomology of the algebra of vectorfields on S".

Let L be the Lie algebra of compactly supported smooth vectorfields on

a manifold M.  For U a precompact open subset of M let Lv be the set of vector-

fields supported in if with the C°° topology, then L = \Jucm Lt/ an^ we 8*ve

L the topology of a strict inductive limit. Let Cq{L) be the vectorspace of all

continuous skewsymmetric R-multilinear functions from I x • • • x L fa times)

into R. Define

dq:Cq{L)-*Cq+1iL),

(d'X)(|15.. . , %q+x) =2 (-l)í+/X([|f, %¡\,..., I, ...,lj,..., %q+x)

where [ , ] denotes the Lie bracket of vectorfields and A indicates omission.

Then dî+1°d? = 0 and C*{L) =©„=<>.m&iL) is a differential complex

with differential d = (&dq. The cohomology of {C*{L), d) is known as the

Gelfand-Fuks cohomology of L with coefficients in R.

Let prf: Mq —*-Mbe the projection on the ith factor of the q-iold cartesian

product of M and let pr;*T be the pull-back of the tangent bundle to M along

prf. Define Tq = prJT ® • • • ® pr*r as a bundle over Mq. A vectorfield % on

M defines a section prj!T in a natural way and a a-tuple (|j,... , %q) of vector-

fields defines a section pr^j ® • • • ® V*V£q of Tq over Mq. Linear combina-

tions of sections of this type are dense in the space of compactly supported sec-

tions of Tq, denoted [Tq]c, with the inductive limit topology defined similarly

to that on L = [T] c. Thus an element X G Cq{L) defines a continuous function
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X: [Tq]c —* R. If HomRi[Tq]c, R) denotes the continuous R multilinear

functions, then we have a map CqiL) —* HomR([r<,]c, R). If we let ^(L)

denote the set of not necessarily skewsymmetric continuous R-multilinear functions

L x • • • x L —► R, then we have an isomorphism:

(1) iSî(L) = HomR([7î]c,R).

Let 2g be the permutation group on a-letters and corresponding to o £ 2g and

X £ BqiL) let ff » X £ 59(L) be defined by

(c; ° XXÉi, • • •, tq) = eaK%0,x),..., $0{q))

where ea is the sign of o as a permutation. With these definitions CqiL) is the

subspace of 2^ invariants in ^(L).

(2) Bqilfq = CqiL).

Let VfiMq) be the space of distributions on Mq,

îfiMq) = Hom^C^M«), R) = HomR([l]c, R).

Consider C£iMq) as a left C°°iMq) module making V'iMq) a right C°°iMq)

module. Then

HomRanc,R) = Honour«] ®C~(JÍ<?) [llcR)

(3) = Hom^^jdr«] ,Hom([l]c, R))

= Homc„(Mq)i[Tq], V'iMq)) S V\Mq) ®c~{Mq)[T'l*\ -

Let 2g act onMq by permuting factors o(x,,. . . ,x?) = (xa_,(1),... ,xa-X. X

This induces an action on CçiMq) and by duality on PiMq). Let 2^ act on

Tq* by permuting factors and multiplying by ea, then for co, ® • • • ® co^ £

[7"**], £, ® • • • ® %q E [Tq]c and u £ ^(M«),

o(u ® co, ® • • • ® confix ® • • • ® %q]

= e0(° ° « • «0-i(1) ® * * * ® Wa-l(fl))Bi ® * * * ® M

= ea(ff » ")[<<Vl(l)' *i>*i.<wa-i(,)' V*,1

= eau[<co,, ?o(1))Xl ° • • • ° <«,, %a{q))Xq]

= eau ® co, ® • • • ® O3q[%oli) ® • • • ® Ça((ï)].

Therefore

(4) iPiM") ®C„(MQ) [Tq*]f<i 2 C*(L).
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To compute the cohomology of Cq{L) we use the spectral sequence defined as

follows. Let tf{Mq)\Mq be the distributions with support on the subset M\ =

{{xx,. . . , xq)\ at most k of the points xl EM). Set

Cl(L) = inMq)\Mqk<S>cX(Mq)[Tq']fq,

then Cq{L) C CJ?+1(L) and dqCq{L) C C%+X{L). If we define F~kCq = Cq

we have a decreasing filtration preserved by the differential and thus a cohomology

spectral sequence.

Note that Af£ is a union of submanifolds. In fact if 5 is a partition of q

elements into k sets, let Mg be the set of points in Mq consisting of {xx,... ,xq)

such that if i, j are in the same subset of the partition then x¡ = x*. There is an

obvious diffeomorphism of Mk and M§, and M% = Us a partition offres- ^

element of 1/{Mq)\Mq can be written as a sum of normal derivatives of distribu-

tions on AfJ, see Schwartz [4]. P. Trauber in his Princeton thesis [6] has used

the isomorphism (4) and this fact to give a nice description of the E0 term of the

spectral sequence and then applied the methods of relative homological algebra to

compute El. We summarize his results below, making the obvious extension to

the case of compactly supported vectorfields.   Let D{M) be the differential oper-

ators on M, not necessarily of finite order, topologized as follows. For U a pre-

compact open subset of M, let Dk{U) be the differential operators of at most

order k on smooth functions with support in U.  As sections of a vector bundle

Dk{U) has a nuclear locally convex topology and so the inductive limit D{U) =

linifc Dk{U) does also.  For U C V there is a restriction map D{V)—+ D{U) and

the precompact open subsets of M together with these restriction maps form a

directed system. Let D{M) = lim^,^ D{U), as a projective limit of nuclear

spaces it is a nuclear space. If we use the cofinal family Uq = U x • ■ • x U

(a times) of precompact open sets on Mq to define the topology on D{Mq), then

because

Dk{Uq) SB Dk{U) ® • • • ® /)*([/)

and ® is an exact functor we have D{Uq) = D{U) ® • • • ® D{U) and D{Mq) =

D{M) ® • • • ® D{M). Similarly [Tq'] as [T*] ® • • • ® [T*]. Let D{Mq)\Mq

be the differential operators Cq{Mq) —* Cq{M§). Composition on the left

defines a left D{M§) module structure on D{Mq)\Mq and C°°{M^) C D{Mf).

Relative to these structures we have the following

Proposition (Trauber [6]).

(a) V{Mq)\Mq s V'{Mq) ®D(Mi) D{Mq)\Mq

{b)D{Mq)\Mf= C~{Mq) ®cJ(m) D{Mq),
where the C°°{Mq) module structure on C°°(A/g) is restriction followed by mul-

tiplication.  Using these isomorphisms we have
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o

* VW ®D(M<) C"^> ®c~(M<) W) V(M<)    ir'J

a ^ «^ CT(MÏ) ®c-ÍMfl) (D(M) ® • • • ® DiM))

® i\T*] ® • • • ® [T*])
c~(Ai)ê-..êc~(Ai) Ui   J

* *W 0D(Mp C"W ®C~(M*) «W V(M) ^

®---®ß(Ai)®c-(A/) I^*].
Let £ ® T* = DiM) ®co-(M) [T*] and let X be the elements of positive

degree in the exterior algebra over C°°(/W) of D ® T* let ** = X ® • • • ® X

ik times) and let Xkiq) be the subspace of AT* consisting of elements with q

factors of T*. Trauber proves the following

Theorem (Trauber [6]).

(a)   CqiL) a ViM")^ ®c„{m) [Tq*]f" m (P'(AÍ*) ®D{Mk) X\q)fk,

(b) F-kC*jL)   ^/    ffflf*)
F-fc+1C*(i.)    U(M*)L *

M*-i

He also points out the following interpretation of the isomorphism (a).

Let JkiT) be the bundle of fc-jets on M, for U a precompact open set let

[JkiT)] rj be the sections with support in U, this is a Fre'chet nuclear space. De-

fine [J°°iT)]c = linij, linifc [JkiT)] ¡j. This is a nuclear l.cs. such that

(5) D ® T* = Homcoo(M)([/-(D] c, C~(Jli)).

There is a continuous function/00: [T]c —► [J°°iT)]c which associates to

any compactly supported vectorfield its infinite jet at each point. The bundle

J°°iT) has a canonical connection V: [J°°iT)]c —*• [T* ® J°°iT)]c introduced

by Spencer, see [2]. If f £ [J°°iT)] c then %= /°°(£) for some % E [T] c if and

only if vf = 0 in [T* ® J°°iT)] c. The connection V has 0 curvature and thus

gives a representation of DiM) on [J°°iT)]cJi2) The image of/°° is the subspace

of DiM) invariants in [J°°iT)]c. Using the isomorphism DiMq) = DiM) <§>•••

® DiM) we get a representation of DiMq) on [J°°iT)]c ® • • • ® [J°°iT)]c,

(2) For any vector bundle E with connection V: E —► T*® E we write Vy for the

germ of a differential operator (V;pS)(p) = (VS)(p)(X ) G Ep where X e Tp and S G E . If

vjfVy — VyV^y— Vr^y] = 0 we say the connection has curvature zero and we get a Lie

algebra representation of [T] —» [Diff E] = differential operators on E.   This extends to a
representation D(M) —► [Diff E].
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which we will also denote by V also. For %t ® • • • ® %q E [J°°{T)]C ® • • • ®

[J°°{T)]C and Tjj ® • • • ® t?^ ED{M) ® • • • ® D{M),

Now Lc       > [£°(T)] ¿> is a Lie algebra map; therefore there is a cociiain

map Cq{[J"{T)]c) > Cq{L) which is the same as

P'(M<7) ®c~(M«) V°°M]C ® * ' * ® C~(W "^ m?) ®c-(Ma) P*']

or equivalently

P'íM") ®c~{m) P ® r* ® • • • ® Z) ® r*

(6) f;00')*

Since the image of;'00 is the subspace of D{M) invariants it is not hard to see that

U°°)* factors through the tensor product over D{Mq) to give an isomorphism

^M<?> ®DW) D®T*®---®D®T*-+ V{Mq) ®c»(wi) IT«*].

This allows us to identify the differential on the complex X appearing in the pre-

vious theorem: X is the exterior algebra on [J°°{T)] c and the differential dx on

X is the usual coboundary operator in the cochain complex on the dual of a Lie

algebra. We can restate the previous theorem

iV'{Mk) ®D(Mk) A+ [J~{T)]C ® • • • ® A+ [J-{T)]*cfk

(?) a F-kC*{L)lF-k+ XC*{L)

as cochain complexes with the isomorphism induced by (/"")*.

To compute H*{F~kfF~k+x) we note that Xk is flat as a D{Mk) module

since X = A+D ® T* is flat as a D module in each degree of the exterior power.

Therefore the higher derived functors of ®DiMk\Xk in the category of differential

complexes vanish.

TorJ<Mfc)(4, Xk) = 0,     p>0,

(8) To$Wk\A, Xk) = H*{A ®D{Mk) X*, dxk).

However we can also compute the differential derived functor by resolving Xk.

Let Y  = D{Mk) ® Ap [T{Mk)] define 3 : Y -> Y   t by
p- ~p       *p

dp{u ® tx A • • • A %p) m Zi-ït1^, ® Sx A •   • A f, A •   • A£.

•Z(-1)1+/"®R|.«/] A«, A...A|

P

Af; A---AÇp-
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Then Y - © Yp gives a resolution of C°°(Afft) as a left DiMk) module and ten-

soring on the right over C°°(Mfc) with Xk we get a resolution:

rk\ fí\ a tTin/ikw i9i vk
°(M>> ®C~(M*) WW ®c.(Mfc) **

(9)

Let A be a right DiMk) module then tensoring on the left over DiMk) with A

(10) id ® e0

A ® Xk

as an augmented complex with homology (making Xk a chain complex using

negative indexing) equal to

TorfMfc>U, Xk) = HM ®D{Mk) Xk).

Computing the 3 spectral sequence of the double complex we have

Elpt_q £ A ® Ap [W")] ®c-car*) #"*(**)•

Here we need an additional fact. Let L be the algebra of formal power

series vectorfields, i.e., the fiber of/°°(7) over a point of M, L = limfc JkiT)x.

Let L* = lim JkiT)*, then HiX) as C°°(M) ®R /7(A+Z,*) and the D(Af) module

structure on HiX) is trivial, see [5] or [la, pp. 205-206]. Therefore, we have

HiXk) s C°°iMk) ® HiA+L* ® • • • ® A+L*)

with DiMk) acting trivially. Hence

££_, S #(4 ®c~(Mk) WWk)]) ®R //(A+¿* ® • • • ® A+L*),

(U) ii^Gr 77,04®^^**).

Let I?(Mfc -Mk_x) be the distributions on Mk ~Mk_x which extend to

distributions on Mk. The inclusion i: CQÍMk ~Mk_x) —*■ CqÍM1*) induces an

isomorphism

ViMkWiMk)\   k     ~ V\Mk -Mk_x).
k-l

Since ViMk ~M^_X) is dense in í?'(Mfc -m£_,) and i?'(Affc -m£+1) ®c«,{Mk)
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A[7YM*)] is dual to Í2C(/H* - Mk_x) the de Rham complex of compactly sup-

ported differential forms we have a nondegenerate pairing

V\Mk -Mk_x) ®c„(Mk) A"[TiM*)} x nPcWk -Mk_x) -+ R.

Moreover, the differential 3p on the left factor is dual to the de Rham differential.

Thus if A - P'(M*)/fl'(Jli£-i)

(12) HpiA ®COO(Aifc) A[TiMk))) =H*iMk ~Mk_x)*.

Putting all this together we conclude

Theorem 1. Let F~kC*iL)IF~k+ 1C*iL) be considered as a chain com-

plex using negative indexing; then there is a homology spectral sequence with

E\_q s (7/g(Mk -M\_x)* ® H\A+L* ® • • • ® A+L*)fk

and

El-a - GrpiHq~PiF-k/F-k+l)).

In the special case when M = R" we have X =i C°°iM) ®R A+L* and Xk as

C°°iMk) ®R A+L* ® • • • ® A+L*. This gives the following isomorphism

ViMk -Mk.x) ®c~iMk) A[TiMk)] ®COO(Mk) Xk

a ViMk -Mk_x) ®CM(Mk) A[7XMfc)] ®CM(Mfc) C~iMk)

(13) ®R A+L*®---®A+¿*

3 iV\Mk -Mk_x) ®c»(Mfc) A[TiMk)}) ®R iA+L* ® • • • ® A+¿*).

One can apply the Kunneth theorem to the latter complex, therefore its homology

is

HiV\Mk ~Mkk_x) ® A[7tM*)]) ®R H*iA+L* ® • • • ® A+L*)

and we conclude that E2 = E°°.

Theorem 2. If Lis the Lie algebra of compactly supported vectorfields

on R", then with respect to the filtration defined earlier there is a spectral sequence

with

E-kMk=Hl    F~*f*(L)
i F~k+lC*iL)

s  ©    [HPciiRn)k - (R")É_,)* ®R HqiA+L* ® • • • ® A+L*)fk.
q-p=l
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We will give an explicit expression for this isomorphism and show that the

spectral sequence collapses at Ex.

When M = Rn we can find a global basis [T{Mk)] as a C°°{Mk) module

which consists of commuting vectorfields; then

[T{Mk)] =t C~(Rnk) ® Rnk,     A[T{Mk)] = C°°{Rnk) ®R ARnfc.

Let Xk = C°°{Rnk) ® ML © • • • © L)*, i.e., the full exterior algebra. It is clear

that Xk is a direct summand of Xk as a D{Mk) module. Let / be the inclusion

and it the projection Xk —> Xk -^-* Xk. Both i and it are cochain maps. Since

L as R" © L° we have L © • • • © L st R"k ® L° © • • • © L° and there is an

obvious interior product AR"fc ®R Xk —> Xk. Using the isomorphisms given

above we get a map

r.h[T{Mk)]®c„{Mk}Xk^Xk.

Composing on the right with id ® / and on the left with it we get

i:A[TiMk)]®c^Mk)Xk-^Xk

which we will denote

/: lj A • • • A Jp ® a l-> ?, A • • • A|p J a.

Tensoring on the left over C°°{Mk) with D{Mk)

id ® i: D{Mk) ®COO(Mfc) A[T{Mk)] ®COO(Mfc) X" -» D{Mk) ®c»{Mky Xk.

Composition with the left module structure on Xk with D{Mk) ® Xk —*■ Xk

gives

*: D{Mk) ®c„(Mk) A[lXMk)] ®c„(Affc) Xk -**,

u ® |j A • • • A %p ® a r-* M(tj A  • • ■ A £p J a).

We will show that ^ is a cochain map. Passing to Sk invariants we get an explicit

isomorphism for ihe Ex term of the spectral sequence given in the previous

theorem.

The map ^ is defined with respect to a fixed parallelisation of T{Mk), with

respect to which we have

D^ ®c~(M*) AWMk)] ®c^(Mk) *k

=1. D{Rnk) ®R AR"* ®R A+L* ® • • • ® A+L*.

The differential is given by

d{u ® %x A • • ■ A %p ® a) = £(_irH ® %i A • • • Aff A • • • A %p ® a

+ (-l)p"®?, A---ASp®d¿a
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where dL is the differential in AL* ® • • • ® At*,

difi{u ®%1/\ •••A?p®a)

= d{u{%x A- • • A%p Jot)) - «d(Si A ' ' ' A |p J«)

= « ̂ ("l^'di A • • 'A |f A • • • A |p Jad I,«)

+ (-Dp(Si A-'-A^Jd^a)).

By definition ad is the adjoint representation of £,©••• ©Z, on A(£ © • • • ©Z,)*

dual to the adjoint representation of L © • • • © L on A(Z, © — © Z,). For

a E ALL © • • • © Z,)* and Ij,. .., |p G R"* we have ad %¡a = £,• • a where •

indicates the module structure and %t are considered as constant coefficient dif-

ferential operators. Furthermore (?f A • • • A | A • • • A % J ad %pi) =

ad £,{(-, A ■ • • A |f A * • ' A %p J a), thus ^ is a cochain map.

We can represent the induced map on cohomology

[HP{Rnk - (R")^) ®R Hq{A+L* ® • • • ® A+£*)]Sfc -*Hq-p{F-k/F~k+x)

more conveniently as follows. For r¡ E I, /°°(i?) G Cq{M) ® L so if a G Ai* we

can form/°°(77) J a E Cq{M) ® AL*. For a = 2a'| ® • • • ® o4 G A+Z,* ®

• • • ® A+Z* and for S a partition {ax,..., as){al,. .., bS2) • • • ipx,..., cSk)

of a into k sets it makes sense to partition a set of a vectorfield r¡x,... ,i¡q into

T?fll> • • ■ »^«si. • • • »tlbV ' • -• »í?í>s2' • • • 'Wci> • • • >Ves* and form

Z(/~(T?ai) A - • • A riVasi)J^) A(f 0?öl) A • ■ • Ar(iïftj2)Jo4)

a • • • a o~o,ci) a • • • a r(t?c,fc) j «*)•

We will write j°°{r)x) A • • • A /"(t?,,) J/h to mean the interior product just

defined. Let i: R"fc —> Z, © • • • © L be the injection defined earlier and

A{L © • • • © L)* —► AR""   the extension of the dual map to exterior algebras.

Let 0 be the isomorphism

C~(R"*) ® AR"fc* -*+ nc(R"fc)

given by the choice of a parallelism.  Finally for S, the partition above, let es be

the sign of the permutation

(1 ••• Sx •••k-Sk + l---k\

«i ' * * % • ' ' ci • • • csk        I

Then for X G f/{Rnk - (R")¡U) ® Ap [T{Mk)]a E {A+L* ® • • • ® A+L*)q we

have
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\p(k®a)inx,...,nq_p)

(14) = Z e5MWfoi)A • • • A r°inq-p) Js*)]

and

(15) \¡/id\ ® a) + (- l)q~P}pi\ ® cfLa) = cf0(^(X ® a))

where d is the differential in V'iMk ~M^X) ® A[7TMfc)], JL is the differential

in A+L* ® • • • ® A+I* and d0 is the differential in FkC*iL)lF-k+1C*iL).

Let t7f £ R" and (u,,.. ., uk) E Rnk and let R^y" = {(u,,..., uk)\ u¡

= v/j then (R")*_, = Uf^«JS". Let R"fc U {«>} - Sn* and Rjjg" U {~} =
Sg^then

//P(r»*-(r»)*_i) = Wr»*-   U   «SfV"^
V       /</<*    '   /

-JSÇAs"*- U Ägrt
\      ¿</<*      /

~H?(Snk,  U   Sjgj«\.

Hence

//P(R"fc-(Rn)*_1)*^//pfs"fc,   U   SftA^

and composing these isomorphisms with \p we have

$: ///p/>*, (J Sgjj" \ ® //"(A+I* ® • • • ® A+L*)\S*

(16)
_► F-k,q-p + k

n 1

For 2™, [o,] ® [a¡] an element of the left-hand side if we choose representative

cycles a¡ and representative cocycles a¡ we get a representative element of

$(2£, [ffj ® [a,]).

(li » • • •. i?9_p)

(17)
i-* Z f   Z   es^invi) a • • • a ryjj«i).

/=1   ai partitions

If we pull back ci,: JT*'A+* -+£-*+1.*»+* by the isomorphism q> we

get a mapping for q - p = h,
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ÏHp(snk, \JS"XJ") ® HqiA+L* ® • • • ® A+L*)Tk

4-

["# _, (Snk-n,     U     ^/ö2"^ ® HqiA+L* ® • • • ® A+I*)lSfc_1

P        \ 2</<fc-l / •>-~ —-■-""'   J

<■

k-1

It is computed as follows. For jj,,t,2, ..., 77/J+1 £ L,

diZ b/1 ® M )(*?.. ■•.,»?* + ,)
/=i

-   Z   (-i)'+/*(Z w®w
f</<A + l

m

z
k/=l

•([i?,-» i?/], Vi, ■ - ■ , Vi.%,-■-, Vh+X)

=. Z  zz f %0/*(r([î7J,^)Ar(T?1)A---A7S5>
í</<ft+i   ;   s    CTi

222 _*^^

=   Z   Z Z f ^aroî.xro?,)] a re»?,) a • • • a rw
f</<A+i ;=i   5  -,CT/

A •••Af^A---A/~(T,,I + 1)J5a/).

Now az is a tensor product of k cycles a¡ ■ E Z(A+L*). To compute the last

term we see what is happening to each a¡ ■. For a £ Zf(A¿*) and r¡x, . . . ,r]s

EL

Z 4>i*i[rint),rinj)] A /"(tii) A • • -A find
i<j<s

A-"Af^A---Ar(t7i+,)J«)

= Z      Z      (-D/+/«([7-(ní).r(r?/)],r(Tí1)---f:o5
i<j<s ix<i2<--<it_s<n

•'•f^---rir}Xeii---ehJ

dxh A •••A dx''i-s
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+ Z     Z      (-i)r+í+V[^.r(í?;)], ro?,) • • -fS?
r,/ ix<i2<---<it_s<n

-riiQ.% •••%---eit_)
dxx A• • • A dx*~s

Z Z -T «TO?,). • • •. rivs), e,   ■ ■ • e ■ ■ ■ • e,    )
#•,/ «1<i2<-</i_5<n 3^r r r   ù

+  .
r.j i1<i2<—<it_s<n ox'r *

dx'1 A--- l\dxh-s

= d0z*(/°° 0?,) A • • • A f ft«) J «)■

This shows what happens to each factor of a¡; hence the end product is

*(^ZN®NXi7i,...,T?ft+1)

= v. Z f ^"Vctïi) a- • • a rct?ft+1)Js*)

=ZZ Lts-tnrinô a- • -a r(T?Ä+1)js.a)
IS *

where 5' ranges over partitions of h + 1 elements into k sets. We can decompose

do¡ into a sum of 3(f>/-)0| where |3(f(/-)ff|l G S"k^n. When 0/*C/°°O7i) A * * * A

/°°(t?Ä+1) J50;) is integrated over S(//)"". the ith and/th factors are identified by

restricting to the diagonal in the product of the ith and /th factors. This gives a

mapping

Z/(A+Z,* ® • • • ® A+I*) as H{A+L*) ® • • • ® H{A+L*)

I
H{A+L* ® • ■ • ® A+L*) as H{A+L*) ® • • • ® H{A+L*)

k-\ fc-1

by multiplying the /th and/th factors,just as restriction to the diagonal induces

the cup product in singular cohomology. Therefore the dx operator involves

multiplication in the cohomology algebra of the formal Lie algebra. It is known

that this multiplication is trivial [5], [7], so dt = 0. In a similar way one can

see that all the higher differentials involve multiplication in the formal algebra

so we have

Theorem 3. There is a spectral sequence for the continuous cohomology

of the algebra of compactly supported vectorfields on R" which collapses at the

El level

E-k,i+k ^ |   ©_ Hp(snk, \JS?f-"\ ® é/Z+íX)]2*.
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Let L be the algebra of vectorfields on the n sphere S", let p E Sn and

let L be the ideal of vectorfields flat at p in some, hence any, coordinate system.

Let C*{L) be the Gelfand-Fuks complex for the continuous cohomology of L,

and define a filtration

FkCq{L) = {X G Cq{L)\ X(?!,..., %q) = 0 if a - k + 1 of i, are in Î},

then Fk D Fk+ x and dFk C Fk. This is the filtration defining the Hochschild-

Serre spectral sequence for H{L) with respect to the ideal L.

EP,q aHP(iJlt //<?(t)),     E™ « Grp(Z/P+'(L)).

There is an exact sequence of Lie algebras

0-*L-»L-»-Z,->0.

Thus EP-q as ZZP(¿, //"(î)). The action of L on Hq{Z) is defined as follows:

for T? G Z, let 7j G L be a vectorfield such that ¡"°(n)p = i) then Lie derivation

with respect to t? defines a map D^: Ï —»• L which in turn defines a cochain

map Z)^: C*(L) -♦ C*{L) and therefore a map Z?*: ZZ*(L) -♦ Z/*(T). If

/°°(TTi)p = /""(^p then *h ~ ^2 G ̂  an(* as is we^ know11 Ati-t)2 induces the

trivial map in cohomology, so Z)*^ = Z)|2. Resetnikov [3] has stated the

following theorem for arbitrary M but it is not clear to us that his proof is cor-

rect.

Theorem. Since L acts trivially on H*{L), the E2 term of the previous

spectral sequence is E\,q =* HP{L) ® Hq(l). Furthermore if Lc is the algebra

of compactly supported vectorfields on R", then Hq(L) as Hq{Lc).

Proof.  Let {¿7f} be a decreasing sequence of open sets which form a

neighborhood basis at p.  Let Kt = Sn - U¡; then K is compact, and if we define

0: S" - {p} —■*■ R" by stereographic projection with p as north pole then the

<p{Kt) form a compact exhaustion of R". Let L{ be the algebra of vectorfields on

S" with support in K¡, there are inclusions ij: L¡ —*■ Lf, therefore, we can define

L« = hm Lf. Clearly L„ — Lc, compactly supported vectorfields. Let \¡/f: Lt

—♦• L be the inclusion; then ty* • « = ^' so we can define \¡j: Lx —*■ L- This

induces ̂ /*: H{L) —■*• H{LX). For r¡ E L let r}¡ G L be a vectorfield such that

i"%)p = T? and supp 77,- C U{, then for X GZZ*(L) we have ij • [X) = [D^A] for

any L Clearly <//* [D^X] = 0 and from the fact that ip*r¡ • [X] = 0 if and only

if {\¡/')*r¡ - [X] = 0 for all 1 we conclude «//*tj • [X] =0. To conclude the proof

it is sufficient to show that \p* is injective. In fact, #* is an isomorphism. To

see this, look at the spectral sequences defined at the beginning of the paper.

Since L can be thought of as rapidly decreasing vectorfields on R", the space

that arises in defining C*{L) is S'fR"). From this observation we see that the

spectral sequence converging to H*{F~kC*{L)lF~k+xC*{L)), which is F, of
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another spectral sequence, has E2_q,

[HDiS'iRn,c/S'iRnk)\   „.   ) ® A[7tR"fc)]) ® HqiA+L* ® • • • ® A+L*)]2fc.
p (R >*—i

We can identify the factor on the left from the following exact sequences (see

Schwartz [4]). If p is the north pole of 5"*,

0 -* E'(S"% -> rCS"*) -* S'(Rnk) -+ 0

Thus

/r'p(5'(RnV5'(Rn*)l(R7.)jfc_i) ® A[7XR"fc)]) =^p(5nfc, U©

■nd ££_,#) «^(L.).
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