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ABSTRACT. Extreme points of the closed convex hulls of several classes

of multivalent functions are determined. These are then used to determine the

precise bounds on the coefficients of a function majorized by or subordinate to

a function in any of the classes. £4 means are also discussed and subordination

theorems are considered. The classes we consider are generalizations of the uni-

valent starlike, convex and close-to-convex functions in addition to others.

I. Introduction. Recently there has been considerable interest in deter-

mining the extreme points of the closed convex huUs of certain classes of uni-

valent functions and using these determinations to solve certain extremal prob-

lems [3], [4], [10], [18]. It is the purpose of this paper to extend some of

these considerations to certain classes of multivalent functions. Let S(p, q), p

and q integers, 1 < q <p, be the class of functions/(z) analytic in A = {z: Izl

< 1} with power series expansion f(z) = zq + S"__+1 anz",z G A, and for

which there exists a p = p(f) such that

(LI) Re(z/'(z)//(z)) > 0

and

(1.2) f** Re Z4®dd = 2pit   for z = reie ,p<r<\.
J o }(Z)

Functions in S(p, q) are p-valent and are referred to as multivalent starlike func-

tions [6]. We let S*(p, q) be the subclass of S(p, q) of functions which are

regular on Izl = 1 and satisfy (1.1) and (1.2) on Izl = 1. It is known [6] that

if f(z) is in S(p, q), then it has exactly p zeros in A and, moreover, if f(z) has q

zeros at the origin and (p - q) zeros at ax, a2.ap-q> 0 < la,! < 1, then
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,1->\                                      P-1 (1 - z/ak)(\ - akz)
(1.3) f(z) =   JT  '-** ig(z)f

fc=i z

where g(z) is in 5(1, 1), the class of normalized univalent starlike functions. If

we let Tip, q) denote the class of functions which have the representation (1.3)

then Sip, q) E Tip, q) and the containment is proper [1], [6].

A function/(z) = zq + 2"=<? + 1 anzn, z E A, is said to be in dp, q) if

and only if zf'iz)/q is in Sip, q). Functions in Cip, q) are called multivalent con-

vex functions. It should be noted [6] that Cip, q) <t Sip, q) if q ¥= p, but

Op, p) E Sip, p).  As we have already pointed out, a function in Sip, p) is the

pth power of a univalent starlike function; however, it is easily seen that a func-

tion in Cip, p) is not necessarily the pth power of a univalent convex function.

Suppose /(z) = g(zf where g(z) is in 0(1.1). Then from the well-known result

Re(zg'(z)/g(z)) > %    [20], it would follow that Re(l + zf'(z)/f'(z)) >

ip - l)/2. However, f(z) = p ft t*-1/(1 - t)2" dr is in Cip, p) and 1 +

zf'(z)lf'(z) — P(l + z)l(l ~ z) maps A onto the right half plane.

Analogues of the classical results of Strohhacker [23] and Marx [20] that

Re zf'(z)/f(z) > V¡. and Re f(z)/z > Î4 for a function in C(l, 1) do not hold in

Cip, p). That is, there is no constant A > 0 such that Re zf'(z)/f(z) > A, z E

A, for all f(z) in C(p, p), and the quantity Re f(z)/zp can be negative. [Note

that the inequality Re zf'(z)/f(z) > 0, z E A, follows by virtue of the fact that

Cip, p) C Sip, p).]   To see this we consider the function

3z2-z3Jz        r jí.       i.
0(7^r = i(7=l)

which is in C(2, 2).  A straightforward computation shows that for z = e'e and

x = cos 0,

Re 3F(z)/z2 = -(1 -x)2(l + 3x)/2(l -x)3 < 0

for - 1/3 <x < 1, and if z = eie, 0 * 0,

Re zF\z)/Fiz) = 311 - ew 12/13 - eie 12

which approaches 0 as 0 approaches zero.

A function f(z) is said to be subordinate to F(z) in A if f(z) and F(z) are

analytic in A, /(0) = F\0), and there exists w(z) analytic in A with w(0) = 0

and \w(z)\ <l,zEA, such that f(z) = F(w(z)).  In the case that F is univalent,

then fis subordinate to F is equivalent to f(0) = F(0) and /(A) C F(A). We

will use the notation f< F to indicate that / is subordinate to F.   The results

of Strohhäcker and Marx concerning C(l, 1) can be viewed as saying that

zf'(z)/f(z) <zF'(z)/F(z) and f(z)/z<F(z)/z where F(z) = z/(l - z).  It seems
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reasonable to conjecture that if/(z) is in C(p, p), then zf'(z)/f(z) -<zF'(z)lF(z)

and f(z)/zp < F(z)/zp where F(z) - p /0Z r^VO - r)2p dr. In § V we strength-

en these conjectures by showing that they are true for the cases p = 2 and 3.

We define the class K(p, q) [16] to be the class of functions f(z) = zq +

^"=<7 + i anz"> z e A, for which there exist g(z) in some S(p, t) and an a, 0 < a

< 2jt, and a p, 0 < p < 1, such that

(1.4) Re(eiazf'(z)lg(z) > 0   for p < \z l< 1.

Functions in K(p, q) are at most p-valent and their derivatives have exactly

(p - 1) zeros in A [16].  Functions in K(p, q) are called multivalent close-to-

convex functions and K(l, 1) is the class of univalent close-to-convex functions

defined by Kaplan [14]. It is obvious that S(p, q) C K(p, q). We let K*(p, q)

be the subclass of functions f(z) in K(p, q) which are analytic on Izl = 1 and

for which there exist g(z) in S*(p, t) and an a, 0 < a < 2it, such that (1.4) holds

on Izl = 1. In what follows we wUl have need of the following lemma about

K(p, q). The lemma is implicitly contained in [16], but we include a proof for

the sake of completeness.

Lemma (1.1). Let f(z) be in K(p, p); then there exist g(z) in S(p, p) and

an a, 0 < a < 2tt, such that

Re(eiazf'(z)lg(z)) > 0   for z in A.

Proof.  If f(z) is in K*(p, p), then according to [16, Lemma 3] there

exist g(z) in S*(p, p) and an a, 0 < a < 27r, such that Re(eiazf'(z)lg(z)) > 0 on

Izl = 1. Since zf(z)lg(z) is analytic in Izl < 1, we have Re(e'azf'(z)lg(z)) > 0

for Izl < 1. If f(z) is in K(p, p) then there exists p, 0 < p < 1, such that

fr(z) = r~pf(rz) is in K*(p, p) if p < r < 1. Thus for each r, p < r < 1, there

exists gr(z) in S*(p, p) and ar, 0 < ar < 2tt such that Re(eiQ>z/,!(z)/g,(z)) > 0

for z in A. Since S(p, p) is normal and compact we can choose a sequence rk

tending to 1 such that gfk(z) ~* g(z) in S(p, p).  [Note that the family S(p, q),

q i4 p, is not compact [1].]   We may assume that ar/c —► a. A passage to the

limit then gives Re(e"xzf'(z)/g(z)) > 0. We note that equality cannot occur and

so this proves the lemma.

We wiU also consider a class of functions T(p) studied by Goodman and

Robertson [7]. Let f(z) be analytic in A; then Im f(z) is said to change sign 2p

times on Izl = r if there are exactly 2p points z = re'0/, j = 1,2,... ,2p, such

that Im f(ré6i) = 0 for /' = 1, 2.2p, and for each / there exists an e > 0

such that

Im f(rSei+ 6 >) Im /(re'(0r6 >) < 0   for 0 < 8 < e.

A function f(z) = zp + 2"=1 anz" is said to be in T(p) if a„ is real for all n
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and there exists p, 0 < p < 1, such that for each r, p < r < 1, Im f(z) changes

sign 2p times on Izl = r. We say f(z) = zp + 2~=p+1 anzn is in T*(p) if the

a„ are real,/(z) is analytic for Izl < 1 and Im/(z) changes sign 2p times on

Izl = 1. It is easily seen that those functions in S(p, p) with real coefficients in

their power series are contained in Tip) [7].

If B is a class of functions analytic in A, we denote the closed convex

hull of B by HB and the set of extreme points of the closed convex hull of B

by EHB. We determine HSip, p), HCip, p), HKip, p), HTip) and also EHSip, p),

EHCip, p), EHKip, p) and EHTip). We also treat completely the subclasses of

each of the above classes determined by those functions in each class which have

real coefficients.

The knowledge of extreme points then allows us to solve certain extremal

problems over various classes. In particular, we find the sharp bounds on the

coefficients of any function f(z) such that f(z) <F(z) where F(z) is in one of

the classes Sip, p), Cip, p), Kip, p) or Tip).

If f(z) and g(z) are analytic in A.then f(z) is majorized by g(z) if l/(z)l <

\g(z)\ for z in A. This implies that there exists a function <¡>(z) analytic in A so

that l0(z)l < 1 and/(z) = <j>(z)g(z) [17]. In §111 we use the knowledge of ex-

treme points to determine precise coefficient bounds on any function f(z) major-

ized by a function g(z) in Sip, p), Cip, p), Kip, p) or Tip).

In §rv we consider the quantities /02,r \fireie)\q dd, 0 < r < 1, q > 1,

where /ranges over various classes of functions. Let K(z) = zp/(l - z)2p; then

we prove that

J027r \fin)(rew)\qdd < S¡" \K<"\reie)\qde,

where/*"* denotes the «th derivative off, « = 0, 1,. . . , q > 1, and/is in

S(p, p) or T(p). A similar result is proven for Cip, p) where K(z) is replaced by

F(z) =Pfo ip~1IO- - rfp &- Furthermore, if f(z) is in Kip, p), then we prove

that

Jo* \f(rei9)\qdd < £* \K(reie)\qd6,     q - 1,2,3,... ;

C2« \f<»(reie)\q dd < J** iK^WWdd,     q > 1,
Jo

and

J2* \fi"\rei9)\qdd<fln\K^(reie)\qd9,      n>2,q = 2,4,6.

Finally, in the sequel we will use the notation f(z) « g(z) to indicate
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that f(z) = S~=0 anzn, g(z) = 2"=0 A„zn, z G A, bn > 0 for all n and la„ I <

bn for aU n.  Also if 4 denotes a class of functions analytic in A, then AR wiU

denote the subclass of functions in A whose power series expansions in A have

real coefficients.

II. The convex hulls and extreme points of C(p, p), S(p, p), K(p, p), T(p),

C(p, p)R, S(p, p)R, and K(p, p)R. We let

rp(g)={ixgp(z,x)dp(x):pey}

where p > 0 and Pis the set of probabiUty measures on X = {x: Ixt = 1}. If

g(z, x) = 1/(1 - xz), then in [2] the following lemma is proven:

Lemma (2.1). Fp ° Tq c Fp+q.

1îX={x: Ixl = 1 and Im x > 0} and g(z, x) = 1/(1 - xzXl - 3cz), then in

[9] the foUowing lemma is proven:

Lemma (2.2).   Fp « Vq C fp+q.

Theorem (2.1). Let X be the unit circle, Vthe set of probability measures

on X, and F the set of functions fß on A defined by

(2.1.1) W = Sx(l-xz)2pdKx)'     ßG?-

Then F = HS(p, p), the map ju —»■ /M is one-to-one, and the extreme points of

HS(p, p) are precisely the kernel functions in equation (2.1.1).

Proof.   The kernel functions are in S(p, p) for each Ixl = 1 and, hence,

F C HS(p, p).  Let f(z) e S(p, p). We know that f(z) = g(zf where g(z) is

starlike univalent. Hence by a result in [3] we have

IP

*>-[/*(rfsH'
By Lemma (2.1) we conclude that/(z) G F. Hence by Theorem (1) in [3] we

have HS(p, p) = F. If/Ml =/M2, then it is easily shown that fx xndpx =

Jx xndp2 for n = 1, 2, . . . and, consequently, px = p2. The remark about the

extreme points now foUows by the result quoted above [3].

Remarks.   We note at this time that the extreme points of the closed

convex huU of the subclass of ¥(p, q) of functions with fixed zeros ax, a2,. ..,

a(.p-q)' 'a/l ■< 1> 0 ^ 9 ^ P. are exactly the functions

pt7 (1-z/ttfcXl-gfcg)       zp ,       ii,
-=-=-—   where Ixl = 1.

K=l Z (1~XZ)2P

Sinular results can be obtained for C(p, q) and K(p, q) by keeping the zeros of
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the derivative fixed.  We do not include these results since a determination of

the extreme points in these cases does not aUow us to solve any interesting ex-

tremal problems except for the case of majorization for S(p, q).

Theorem (2.2).   Let X be the unit circle, V the set of probability mea-

sures on X, and F the set of functions fß on A defined by

Then F = HC(p, p), the map p —>f is one-to-one and the extreme points of

HC(p, p) are precisely the kernel functions in equation (2.2.1).

Proof.  Let (Lf)(z) = p ft f(i)Ud7. We know that L(S(p, p)) = C(p, p).
Since the operator is a homeomorphism the theorem foUows immediately from

the previous theorem.

Remarks.   (1) We are also able to treat completely the case of «-fold

symmetric functions in S(p, p) and C(p, p). A function f(z) = zp + Axzp+1

+ • • • is said to be «-fold symmetric if it has the form Zk=0 Akzp+kn. If f(z)

is in S(p, p) and is n-fold symmetric, it is easy to see that f(z) = g(zf where

g(z) is «-fold symmetric in addition to being starlike univalent.  Results analogous

to Theorems 2.1 and 2.2 can now be proven for these «-fold symmetric functions

by the same type of arguments used above by appealing to Theorem (3) in [4].

We do not include these results explicitly since we do not use them in the appli-

cations.

(2) We note at this time that it is known [6] that

m,r ^~1 dt = ^1(-i)n+pp!(V)^
K>   Jo(1_T)2P (2p-l)...(p)(l-z)2'-1-

This claim can be verified by differentiation.

Theorem (2.3).  Let X = {x: Ixl = 1, Im x > 0}, Vbe the set of prob-

ability measures on X, and F the set of functions f on A defined by

Then F = HS(p, p)R = T(p), the map p —*• /M is one-to-one and the extreme

points of HS(p, p)R are precisely the kernel functions in equation (2.3.1).

Proof. For each x G X the function zp/(l - xzy(l - xzf is in S(p, p)R

and, therefore, also in 1\p) [7]. Hence F C T(p). We next prove that 710) C H If

f(z) e T*(p) we find by repeated applications of Theorem (1) in [7] that
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P-} (1 -xkz)(l -xkz)
(2.3.2) g(z)= n -—7-—/(*)er*(i),

where lxk I = 1, k = 1, 2.p - 1. In [21] it was shown that T*(l) C T,

the class of typically real functions, and so by Theorem (4) in [3] and equation

(2.3.2) we have

(2.3.3) F(z) = g (1_X^.-JX (,-„»-£) ***

Ixfcl = 1 for¿= 1,2, ...(p-1).
Since each factor is typically real, appeal again to Theorem (4) in [3], and

an application of Lemma (2.2) shows that f(z) E F.

Now suppose that f(z) E Tip). Then fijz)/^ E T*ip) for all r sufficiently

close to 1. Suppose rn is a sequence of numbers increasing to 1. By the pre-

vious remark and the argument given above we have

(2-3-4) ^La-xzFO-x-z/^

By the Helly selection principle there exist a subsequence nK and a measure p

so that

(2.3.5)
m = ̂ J-(i-xzni-xzyd""kix)

f zr

= Jx (l-xzf(l-xzfdlX{x)'

So we have shown that Tip) = F. It is clear from earlier remarks that F C

HSip, p)R. Suppose that /(z) E Sip, p)R. We know that f(z) = g(zf where

g(z) is starlike univalent and has real coefficients. Hence by a result in [3] we

have

(2.3.6) ^-[ix(l-xzh-xz)d^]"'

It follows by Lemma (2.2) that f(z) E F. Hence T(p) = F= HSip, p)R.

Suppose that pn(x, x) = x" + ?. In [3] it was proven, in effect, that if

(2.3.7) jx Pn(Xt x) dßx = fx pn(x, x)dp.2   for all n = 1, 2, ... ,

then p.x ~ p2.  Suppose that we have /Ml = /UJ. Then we find

Jx (l-xzf(l-xzfdl11 = Jx (l-xzf(l-xzfdl12'
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It follows from equation (2.3.8) that equation (2.3.7) holds and hence p.x = p2.

Since the map p —*• / is one-to-one the conclusion about the extreme points

follows from Theorem (1) in [3].

Remark.   The first author has obtained [9] the extreme points of the

closed convex hull of the n-fold symmetric starlike univalent functions with real

coefficients. Using this result we can treat the case of functions in S(p, p)R with

«-fold symmetry. We again omit the details. We note that the case of n-fold

symmetric typically real functions remains open having only been treated [9] in

the case of odd functions.

Theorem (2.4).   HKip, p)R = HSip, p)R = Tip) and EHKip, p)R =

EHSip,p)R.

Proof. We need only prove the first equality, the second being the content

of Theorem (2.3) above. Since Sip, p)R E Kip, p)R and the kernel functions in

equation (2.3.1) are in Sip, p)R, it is clear that Tip) C HKip, p)R. We show

that Kip, p)R C Tip).

Suppose f(z) E K(p, p)R. Let g(z) = z(f(z)/zp)1 <p = /(z)1 'p. We then have

(2.4.1) 1+ f{?)      l + g'(z)   +{P    l) g(z)-

Since f(z) E Kip, p) we have [16] that

(2.4.2) Je9i2Re(l+^^0>-7r   for0x<02,

and hence by equation (2.4.1), giz) is Bazilevic of order p [22] and therefore

one-to-one. Clearly g(z) has real coefficients. We have, therefore, f(z) = g(zf

where g(z) is typically real. So by Theorem (4) in [3] we have

(2.4.3) f^=[Sx(l-xz{l-xz)d^Y-

The result follows by direct application of Lemma (2.2). Hence HKip, p)R =

HSip, p)R. The conclusion about the extreme points follows from Theorem

(2.3).
Remark. When p = 1, the first equation of Theorem (2.4) was proven

in [10] while the second was proven in [3].

Theorem (2.5).   Let X = {xl Ixl = 1, Im x > 0}, Pthe set of probability

measures on X, and F the set of functions f on A defined by

(2.5.!)      /^>-fx[j:0-^-ay»}w*     *SP-
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Then F = HC(p, p)R, the map p—^f^is one-to-one and the extreme points of

HC(p, p)R are precisely the kernel functions in equation (2.5.1).

Proof.   Let L denote the operator defined in the proof of Theorem

(2.2). It is clear that L(S(p, p)R) = C(p, p)R, and since the operator is a homeo-

morphism the result foUows immediately from Theorem (2.3) or (2.4).

Remark.   We can also treat completely as in Theorem (2.3) the case of

n-fold symmetric functions in C(p, p)R.

Theorem (2.6). Let Xbe the torus {(x,y):\x\=\y\ = l}, Vthe set of

probability measures on X,

(2.6) K(z, x, y) - ¡I P^jgS».

where z e A, \x\ = \y\ = 1, and x¥>y and let F be the set of functions f on

A defined by

(2.6.1) fß(z)= fxK(z,x,y)dp(x,y)   where pe?.

Then F = HK(p, p), the map p—*fßis one-to-one, and the extreme points of

HK(p, p) are given by the functions in equation (2.6) where x±y.

Proof.   The proof of this theorem follows from Lemma (1.1) with much

the same type of argument used to prove this result in the case p = 1 in [3].

The argument to show that the map p —► /M is one-to-one also foUows by much

the same type of argument made in the case p = 1. We omit these detaUs.

Remark.   We note that the set of extreme points for HC(p, p) and

HS(p, p) is closed. The set of extreme points of HK(p, p) is not closed since

the functions in equation (2.6) associated with the case x = y are not in

EHK(p, p). They are actuaUy the extreme points of HC(p, p).

Lemma (2.3).  Ifx¥=y, then

where

<¡>(z)=l + bxz + b2z2 + •■• + b z"

and

>.^<^^^^» »,<■■<»
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Proof.  Let K(z, x, y) = [z/(l -xz)2]p<p(z). Then differentiating and

simpUfying we have

p(l -yz) = (1 - xz)z<t>'(z) + p(l + xzyttz).

We let <p(z) = 1 + S"_, A„z" and substitute in the preceding equation. Compar-

ing coefficients we find inductively that

h - r-iy P(P - 0 • • • (P -" + 0 ^-ifr + v)b« -( 1} (p + i)(p + 2) ■ ■ ■ (p + «r    v   y)

for « = 1, 2, . . . , p and A„ = 0if«>p + 1.

III. Coefficient estimates for functions majorized by or subordinate to

functions in S(p, p), C(p, p), K(p, p) and T(p) and their derivatives. In this

section we take advantage of the results of the previous section to solve extremal

problems. We remark that these results are weU known in the case p = 1.

Theorem (3.1). Let f(z) = 2~=0 ap+nzp+n be analytic in A and be

majorized by some function in HC(p, p). Then

m«F(z)=SZ0-^Fdr.

The result is sharp.

Proof. Because of results proven in [18] it suffices to assume that/(z)

is majorized by some function in EHC(p, p). We have

(3.1.1) f(z) = <Kz)F(xz)lxp,

Ixl = 1 and # is analytic in A with l0(z)l < 1. We may assume without loss of

generality that x — 1.  By Remark (2) made after Theorem (2.2) we see that

012) mmM^Ä-^-l^*M

whore

^) = L1+   (2p-l)---(p)  Z + ---+  (2p-l)---(p)Z     J/0-*

It is known [17] that 0(z)z/(l - z)2 « z/(l - z)2 and this is our result for p =

1, so we may assume here that p>2. Suppose g(z) = 1 + bxz + b2z2 + • • • +

A„z" + • • • .  If we can show that the coefficients bn are real and positive for

aU « we shaU be done. It is easy to see that A„ = bp_x for aU « > p - 1. We

note first that

bi - 1 + (  1}        (2p - 1) • • • (p)    l    P + 1 * U-
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In general,

u     _ , +r_n2p+l _EÍO±l)_+... + (-l)2p + n -P^pP+n)bn-i+(i)p   (2p-i)...(p)+     +(1)     (2p-i)---ipy

where «=1,2, ...,p-l. Since we have alternating signs in the expression

for bn and bx > 0 we need only prove the inequality

P-(p + m)       ^     P(p + m + i)       r .   - .
(2p-l).-.(p)>(2p-l)---(p)   iorm = l,2,...,p-l.

The previous inequality is clearly true since

\ p + ml    \p + m + 1/

Therefore we conclude bn > 0 for all « and the theorem is proven. The sharp-

ness is obvious.

Theorem (3.2). Let f(z) = S"=0 ap+nzp+n be analytic in A and be

majorized by some function in HKip, p). Then

f(z)«K(z)=[z/(l-z)2]p.

The result is sharp.

Proof.  We may assume that /(z) is majorized by some function in

EHKip, p). Hence, by Lemma (2.3) and assuming, without loss of generality,
that x = 1, we have

(3.2.1) m = m       ¿    (1 + bi (a)z + . .. + bp(a)zP)

where

Pip - 1) • • • (p - « + 1)
^)-C-^(p + iXp + 2).--6> + i.)<1+g>  and   W-L

We write equation (3.2.1) as

(3.2.2) m^z)-—2—^-.3-_-■_.

As mentioned in the proof of Theorem (3.1) we know [17] that 4>(z)z/(l - z)2

« z/(l - z)2. The theorem for p = 2, 3,... would follow from this remark

and equation (3.2.2) if we could prove that

g(z) = (l+bx(a)z + --- + bp(a)zp)/(l - z) « 1/(1 - z).
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We recaU that the theorem is known for p = 1 [18]. Let g(z) = 1 + cx(a)z +

c2(a)z2 + • • • . It is easy to show that cn(a) = 1 + 2k=1 Afc(a) and cn — c_

if n > p.  We claim that cn(a) = An + Bn a where An > 0 and Bn < 0. In fact

it is clear that

j     ,     p   ,     p(p~l) ir iy Pb-V-'-tP-n + V
A»~l    p + 1     (p + lXp + 2) *K  i}   (p + l)(p + 2) •••(> + «)

and

-P P(P-D p(p-l)---(p-«-H)

«     p + 1      (p + l)(p + 2) l  u   (p + l)(p + 2) • • • (p + «)'

We see that A, > 0 and 5j < 0. Because of the alternating signs we can con-

clude An > 0 and Bn < 0 for aU n if the following inequality is valid:

p(p-l)---(p-k + l) p(p-l)---(p-k + l)(p-k)
(p + 1XP + 2) • • • (p + k) * (p + l)(p + 2) • • • (p + k)(p + k + 1)

for fixed k satisfying 1 < k < n.  This inequality is clearly true since

(p -k)/(p + k + 1)< 1. We conclude that lc„(a)l <c„(-1) = 1 and sog(z)

« 1/(1 - z). The theorem now foUows. The sharpness foUows since K(z)

eK(p,p).

Remark. Since T(p) C HS(p, p) C \\K(p, p), Theorem (3.2) is also vaUd

for S(p, p) and T(p) for aU p.

Theorem (33). Letfiz) = S"=0 ap+„zp+n be analytic in A and be

subordinate to some function in HC(p, p). Then

f(z)«F(z)=fZo^^dr.

The result is sharp.

Proof.  The arguments given in [18] show that in order to maximize

lanl we need only consider the functions / which are subordinate to a function

in EHC(p, p). Therefore by Theorem (2.2) we have

...     C0>{2)    pr0 l     ,

where Ixl — 1, 4>(z) is analytic for lzl< 1, l0(z)l < 1, and 0(0) = 0. Without

loss of generality we may assume x = 1. Hence
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It is known [4] that 0(z)/(l - 0(z))2 « z/(l - z)2 and so we conclude

r «*> r"l«r--L->-',
L(i-0(z))2J      |o-z)2J

It is also known that 1/(1 - 0(z)) « 1/(1 - z) [11]. Hence

<¡>'(z)/(i - 0(z))2 = [í/d - «m ' « i/(i -z)2-

It now follows that f « F' and the theorem is proven. The sharpness follows

since F(z) E Cip, p).

Theorem (3.4). Let f(z) = 2~=0 ap+nzp+n be analytic in A and be sub-

ordinate to some function in HKip, p). Then

f(z)«[z/(l-z)2]p=K(z).

The result is sharp.

Proof. We may assume that f(z) is subordinate to a function in

EHK(p, p). Hence, by Theorem (2.6) we have

where Ixl = \y\ - 1 and 0(0) = 0, l0(z)l < 1 and 0 is analytic in A. Without

loss of generality assume x = 1. Then we have

It is known [11] that (1 - 0iz))~p « (1 ~ ZTP for p = 1, 2, 3.

Since p<p'(z)/(l - </>(z)f+i = [1/(1 - <t>(z)Y]' we conclude that

P0'(z)/(1 -<t>(z)7+l «P/(l -z>°+1.

It is well known that

m   „   z        .   l-y<Kz) s<l+z
,      ', N « :-   and    -;—-rrr « -.—-.
1 - 0(z) 1-Z 1 - 0(Z) 1 - Z

So equation (3.4.1) gives

and the result follows. The sharpness follows since K(z) eS(p, p) C K(p, p).

Remarks.   Since T(p) C HSip, p) C HKip, p), Theorem (3.4) also ap-

plies to the classes Tip) and Sip, p).
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Our next four theorems appear to be unknown even in the case p = 1.

For any class of analytic functions .4 we let A' denote the class of derivatives.

Theorem (3.5).  f'(z) = (2~=0 ap+nzp+n)' be analytic in A and be major-

ized by some function in HC'(p, p). Then

f'(z)«F'(z) = pzp-1l(l-z)2p.

The result is sharp.

Proof. We have, without loss of generality, as in the proof of Theorem (3.1),

where l#z)l < 1 and 0(z) is analytic in A. Since 4>(z)z/(l - z)2 « z/(\ - z)2

[17], the theorem foUows.

Theorem (3.6). Let f'(z) = (2"=0 ap+nzp+n)' be analytic in A and be

majorized by some function in HK'(p, p).  Then

f'(z)«K'(z)=[zpl(l-z)2p]'.

The result is sharp.

Proof.   We have without loss of generaUty, for la I = 1,

zp~l
/'(z) = 0(z)p(i_^)2p+1(l-az)

(3'6-0 ^     • *"       1+-

= ̂ )(J-fPil_z)2p-2-rrr-

Since

j., \     z      ^^    z , 1 + az ̂ , 1 + z

the theorem foUows directly from equation (3.6.1).

Remark.   Since T'(p) C HS'(p, p) C HK'(p, p), Theorem (3.6) also holds

for T'(p) and S'(p, p).

Theorem (3.7).   Let f'(z) = (Z~=0 ap+nzp+n)' be analytic in A and be

subordinate to some function in HC'(p, p). Then

f'(z)«F'(z) = pzp-1l(l-z)2p.

The result is sharp.

Proof.   We may assume without loss of generaUty for farmliar reasons

that
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/'(*) =
PÜzf-»       r   m,\   ~\p-*r 4(z) i»

L(i-^))2J(3.7.1) iW    (l-0(z))2"     LO-««»»]     (1-0OO)2"

The theorem foUows from equation (3.7.1) by now familiar arguments.

Theorem (33).  Letf'(z) = (2~=0 flp+nzp+n)' 6c a«a/>fjc /« A and be

subordinate to some function in HK'ip, p).  Then

f'(z)«K'(z)=[zpl(l-z)2»]'.

The result is sharp.

Proof. We may assume that, for la I = 1,

(3.8.1) /fr-'Q^S^P-«»

(3.8.2) = ( JëUr*       i_i-g^>_ /  0(z)     \p-i 1 1 - C0(Z)

u-0(zV   p(i-0(z)y+1 i-*(*)'

The result now follows from equation (3.8.2) by familiar arguments.

Remark.   Since T'ip) C HS"(p, p) C HK'ip, p), Theorem (3.8) also holds

for T'ip) and S'ip, p).

IV. Estimates on Lq means of multivalent functions. In this section we

seek to maximize the subadditive continuous functional defined by

J(f<n)) = ft" l/(n\reie)\" dd,     « = 0, 1, 2,. . . ,

and / belongs to one of the families of multivalent functions which we studied

in §11. As pointed out in [18] for q > 1 we have

max/(/(n))= max /(/(n>)

f& fBEHf

for any compact family F.

In the case 0 < q < 1 and n = 0 we are able, using results in §V, to treat

the classes Cip, p) for p = 2, 3 and Sip, p) for all p. For these problems, i.e.,

maximizing/(/), the main tools are a subordination result and Littlewood's Theo-

rem [15], which says that if f<g then /(/) <Jig) for all q > 0 and « = 0.

Theorem (4.1). 7//(z) E HCip, p), q > 1, « = 0,1, 2,..., then

/(/(">) </(F<">)   where F(z) = j¡    ^      dr.

Proof.   As mentioned above it suffices to prove the result when f(z) E

EHC(p, p). But it is easily seen that the functional /(/(n)) is constant on the

set of extreme points as determined in Theorem (2.2) and, of course, F(z) E

EHC(p, p) corresponding to the choice x = 1.
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Remarks. (1) This result clearly includes the class Cip, p)R since F(z)

GC(p,p)R.

(2) If « = 0, p = 2 or 3 and 0 < q < l.then the same conclusion follows

from Theorem (5.1) in §V and Littlewood's inequality mentioned above [15].

Theorem (42). 7//(z) E HS(p, p),q> l,n = 0,1,2,..., then

/(/<">) < /(£<">)   where K(z) = zp/(l - z)2p.

Proof. By considering the set EHSip, p) as determined in Theorem (2.1)

we find that the functional J(f^) is constant on the set of extreme points and

also that Kiz) E EHSip, p). The result follows.

Remarks. We claim that if/(z) E Sip, p), then for p = 1,2,...,

f(z)/zp < K(z)/zp where K(z) is given in Theorem (4.2). This can easily be

proven from the known result of Strohhäcker [23] in the case p = 1 and the

fact that each function in S(p, p) is the pth power of a function in 5(1, 1).

From this subordination and Littlewood's inequality [15] we conclude /(/) <

J(K) for 0 < q < 1 and arbitrary p.

We also note that the conclusion of Theorem (4.2) also holds for the class

7\p) since, as we have observed elsewhere, T(p) C HS(p, p). We recall that each

of the kernel functions in equation (2.3.1) is in Sip, p).

Theorem (43).  7//(z) E HKip, p),q = 1,2,.. .andn = 0, then

J(f) <J(K) where K(z) = zp/(l - z)2p.

Proof.  It suffices to assume that f(z) E EHK(p, p) as determined in

Theorem (2.6).

We may suppose also that the parameter x is chosen to be 1. Hence, by

Lemma (2.3) where x = 1, we find

(4.3.1) Jo      ,p Jo
1

(1-z)2"
0(Z) dB

where 0(z) = 1 + bxz + • • • + bpzp and the numbers bx, b2,.. ., bp are given

explicitly in Lemma (2.3). By applying the Cauchy-Schwarz inequality to the

right-hand side of equation (4.3.1) we find

/,

(4.3.2)

2ir

0

/(*)
de

Íf2it\[l + ô.z + • • • + A zplq\2     \1/2

U° |[     o-.y      JI V
i \1/2

\Jo    ll-zl2P"    J
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We claim that

f2ff in +bxZ + --'+bDZplq\ljn^ r2n 1

from which the result foUows. In the proof of Theorem (3.2) we showed that

(4.3.4) (1+ bxz + • • • + Apzp)/(1 - z) « 1/(1 - z).

Equation (4.3.4) impUes that

(1 + hxz + • • • + Apzp)/(1 - zf « 1/(1 - if.

Our claim now foUows by farrdliar arguments [18] which utUize Parseval's identity.

Remarks (1) Using the methods of D. R. Wilken [26] we can show that

Theorem (4.3) would also hold for aU q > 1 if the foUowing conjecture were

true.

Conjecture.   (1 + htz + • • ■ + bpzpf¡(\ - z) « 1/(1 - z) where

Vi < S < 1.    We have been unable to prove this except in the case S = 1.

(2) Theorem (2.6) implies that if f(z) G K(p, p) then f(z) « K(z). See

also Umezawa [25]. Hence it follows that /^(z) « K{n)(z) for aU « = 0, 1,

2.Using this fact and the technique [18] utiUzing Parseval's identity it

is easy to prove that

/(/<">) <J(Kin))   for all « = 0,1,2,...

whenever q = 2,4,6,..., i.e., is an even integer.

(3) We have not touched the question of whether equality occurs only

for/=^.

Theorem (4.4). Iff(z) G HK(p, p), q>l,then

y(/(1)) < /(rT(1>)   where K(z) = zpl(\ - z)2p.

Proof. It suffices to assume that f(z) G EHK(p, p). We may also sup-

pose without loss of generality that x = 1. We wish to prove

^riö^M***!2rr

0

1 +z

(l-z)2p+i

1

dd   where la I = 1.

The symmetric decreasing rearrangement (as defined in [8]) of 1(1 - z)2p+1\~q

is itself and the rearrangement of \l -az\q is \l + z\q and so equation (4.4)

is an immediate consequence of a result in [5].

Remark.   We have been unable to make progress on this problem when

« > 2 and q is not an even integer.
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V. A subordination theorem for C(p, p). In this section we employ a

method recently used by MacGregor [19] to obtain subordination theorems for

zf(z)/f(z) and f(z)/zp when fis in Cip, p) and p = 2 and 3. The key to the

proof lies in a recent lemma proven by I. S. Jack [13] and the fact that certain

functions are univalent. This is the subject of the next three lemmas.

Lemma (5.1) p. S. Jack] . Let w(z) be analytic for \z\<r with w(0) = 0.

Suppose zx, Izj I = r, is such that lw(zj)l = max|z|_r lw(z)l; then zxw'(zx) =

kw(zx) where ¿ > 1.

Lemma (52). Let

W* f      I*"'      ., ^(-l)m+PP!(2Pm')*W

m-P)»(l-T)2pdT-(2p-l)---(p)(l-z)2p->'

then for p = 2,3, zF'(z)/F(z) -p is univalent in A and maps A onto a domain

starlike with respect to the origin. In particular then, zF'(z)/F(z) is univalent

in A

Proof.   When p = 2, let G(z) = zF'(z)/F(z) - 2 = (8z - 2z2)/(3 -4z + z2).

We need to prove that Re zG'(z)/G(z) > 0 for z E A. Letting z = eie anéx-

eos 0 it can be seen that

zG'(z) _  6(l-xXl3-13x + 4x2)

G(z)      (l-x)U2-7e/e+e2/el2'

Thus we need only show that p(x) = 13 - 13x + 4x2 is positive for -1 < x <

1. This is obvious.

When p = 3, let

zF'(z) 45z - 18z2 + 3z3

G&~ F(z) 10-15z + 6z2-z3'

then

zG'(z) _ 10(15 - 12z + 3z2)

G(z)      (10 - 15z + 6z2 - z3)(15 - 6z + z2)'

Again we need to prove that Re zG'(z)/G(z) > 0 for z in A. Letting z = eie,

tedious computations show that we need to prove that the expression

6,240-9,408 cos 0 + 4,128 cos 20-1,137 cos 30 + 192 cos 40-15 cos 50

is positive for 0 < 0 < 27r. Letting x = cos 0 in the previous expression and

noticing that the resulting polynomial has a factor of (1 - x), it is seen that we

need to prove that the polynomial p(x) = 96 - 157x + 123x2 - 54x3 + 10x4

is positive for -1 < x < 1. p^(x) is never zero and thus positive for all x.

Thus for -1 < x < 1, p'(x) < p'(l) < 0. Therefore p(x) > p(l) > 0 for -1 <

x<l.
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Lemma (5.3).   Let F(z) be as in Lemma (5.2), G(z) = zF'(z)/F(z), H(z) =

1 + zF"(z)lF'(z) and Hk(z) = kH(z) + (1 - k)G(z), k > 1; then for p = 2, 3,

Hk(z) is univalent in A and H -< Hk.

Proof.  For any value of p, H(z) = p(l + z)/(l - z) maps A onto a con-

vex domain. Thus it is sufficient to prove that Re H'k(z)/H'(z) > 0 for z G A

[14]. But since Hk(z)¡H'(z) = k + (1 - k)G'(z)lh'(z) and k > 1, it is sufficient

to prove that Re G'(z)/H'(z) < 1 for z G A.

When p  =  2, we  need  to  prove  that  Re(l   - G'(z)IH'(z)) =

Re[(3 - 3z + z2)/(9 - 6z + z2)] > 0 for z in A. Letting z = e'°, this is seen to

be true if the expression 46 - 54 cos 0 + 12 cos 29 is positive for 0 < 0 < 2;t.

If x = cos 0, this is equivalent to proving that the polynomial p(x) = 24x2 -

54x + 34 is positive for -1 < x < 1. But p(x) is decreasing on 1 < x < 1 and

sop(x)>p(l) = 4>0.

When p = 3, we need to show that

„ /,. m\. »(*-«****-1?+*) > o
\     H(z)/        \ (10 - 5z + z2)2 /

for z in A. Going through the same procedure as the previous case, long but

straightforward computations reduce the problem to proving that the polynomial

p(x) = 619 - l,975x + 2,550x2 - l,390x3 + 250x4 is positive for -1 < x

< 1. It is seen that p(2)(x) > 0 for -1 < x < x0 and p(2)(x) < 0 for x0 < x

< 1 where x0 = (417 - \/20, 889)/300.  Using the estimates 68/75 < x0 <

91/100, it can be determined that p'(x0) < 0 and thus p'(x) < 0 for -1 <x <

1. Thusp(x)>p(l)>0 for -1 <x<l.

To prove that H<Hk we follow the proof given by MacGregor [19]. What

we say holds for either p = 2 or 3. Since H(Q) = Hk(0) = p and since Hk(z) is

univalent we need only prove that H(A) C Hk(A). The function H(z) maps A

onto the right half plane and if Izl = 1, z ¥= 1, Re H(z) = 0. Thus we need

only prove that the boundary values of Hk(z) satisfy Re w < 0. Let Izj I = 1,

zx¥=l,wx= lim^j H(z) and w2 = limz_Zl G(z), since C(p, p) C S(p, p),

Re wx = 0 and Re w2 > 0. Thus Re(kwx + (1 - k)w2) = (1 - *)Re w2 < 0

completing the proof of the lemma.

Theorem (5.1). Let f(z) be in C(p, p) and F(z) be as in Lemma (5.2),

then for p = 2, 3,

zf'(z)lf(z)<zF'(z)lF(z)   and   f(z)/zp<F(z)lz».

Proof.   Having proved Lemmas (5.2) and (5.3) the proof that

zf(z)lf(z)<zF'(z)/F(z) follows exactly as in MacGregor [19].
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The second half of the theorem follows directly from the first half of the

theorem, Theorem (2) in [12], and Lemma (5.2).

Remark.   From the proof of the theorem it is obvious that the theorem

would be true for all p = 1, 2, 3,. .., if Lemmas (5.2) and (53) could be

proven true for p = 1, 2, 3,.. . .
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