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BOUNDARY VALUE PROBLEMS FOR FUNCTIONAL
DIFFERENTIAL EQUATIONS WITH L? INITIAL FUNCTIONS

BY

G. W. REDDIEN AND G. F. WEBB

ABSTRACT. Existence results are given for boundary value problems
for vector systems of functional differential equations with L2 initial functions.
The proofs are essentially constructive and lead to computational methods in
important cases.

1. Introduction. Let r > 0 and N = 1 be chosen and define X =
L%[-r,0] x RN where functions in L2[~r, 0] map [-r, 0] into RY and if
{¢, hYisin X, I{¢, h}I% = (2, 1¢|2dx + |n|2. Let M and N be bounded linear
mappings from X into X, let L be an N x N matrix, and as an example, let F be
a Lipschitz continuous mapping from L2[~r, 0] into R¥. The purpose of this
paper is to provide constructive existence proofs for solutions to the boundary
value problem

(1.1) x(H) = Lx(t) + F(x,), 0<t<b,
with the boundary conditions
1.2) M {xy, x(0)} + N{x,, x(b)} = {¢, k}

where for t 20, x, € L2%[-r, 0] is defined by x,(8) = x(t + 0) for almost all
6 € [-r, 0], and x(b) = x,(0).

By constructive is meant here that either a finite difference method will be
used to show existence by actually establishing existence and convergence of the
difference approximations, or a contraction mapping argument will be used.
Thus the proofs provide the basis for actual numerical computation.

The existence results obtained here are partial extensions of results of
Waltman and Wong [7], Fennell and Waltman [2], and Grimm and Schmitt [3]
where boundary value problems for functional differential equations are studied
but with continuous initial functions. The difference method studied here is a
variation of Euler’s one-step method and can be implemented as a shooting me-
thod. Thus our results also partially extend those of deNevers and Schmitt [1].
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We remark that for smooth boundary value problems for functional equations,
high order difference type methods can be obtained for a class of second order
problems using results of Reddien and Travis [S]. The problems studied here
are general vector systems however.

We use here recent results for initial value problems for functional differen-
tial equations with L? initial functions obtained by Webb [9]. We also will use
some results for the numerical solution of such initial value problems obtained
recently by Reddien and Webb [6]. However, the references to this last paper
are minimal and the results given here are essentially self-contained. §2 contains
the existence result using a contraction mapping argument and also definitions
and lemmas needed to obtain the existence result by finite differences. This
result is contained in §3. An application is given in §4.

2. Preliminaries. Two classes of nonlinear terms will be considered: Case
I: F is Lipschitz continuous with Lipschitz constant § as a mapping from
L?%[-r, 0] into RV, and Case II: F has the form F(¢) = g(/°, dn(8)¢(6)) where
g RN — RV is Lipschitz continuous with Lipschitz constant 8, the domain of
F is the continuous functions defined on [~7, 0], n: [-7, 0] — Lip(X, X) (the
Lipschitz continuous mappings from X into X), 7 is of bounded variation, 7(0) =
0 and limy_,_, 7(8) # O where 7(6) def S8, ldn (the total variation of n between
-rand 0). As a mapping from L2[~r, 0] into R¥, such an F may be only
densely defined and discontinuous, but this class of F includes equations of delay
type not included in Case 1.

In either case, it has been shown that the initial value problem x = Lx(#)
+ F(x,),t =0, and {x,, x(0)} = {¢, A} has an associated solution semigroup
T, () (defined in a generalized sense in Case II, see Webb [9]). In Case II, it is
convenient to renorm X. Define II{¢, h}I3 W = S2.191%du + |1h1? where du(9)
= 7(0)d6. X, will represent the set X with this norm. Note that the two norms
are equivalent on X.

We also associate a semigroup with the equation x = Lx,(0), ¢t > 0, and
{x4, x(0)} = {9, h} as follows. The equation is actually an ordinary differential
equation with solution x(f) = e’“h, which is independent of ¢. Define
T,(6){¢, h} = {9, e'th), t > 0, where (¢t + 5) = e**)Lp for ¢t + 5> 0 and
Y (t + 5) = ¢(t + s5) otherwise, —r <5 < 0. T,(r) forms a semigroup of bounded
linear operators on either X or X,.

Using these semigroups, the boundary value problem (1.1)—(1.2) may be
written in several ways, first as

@.D M{¢, h} + NT,(B){¢, h} ={¥, k},

where {¢, h} is considered to be in X or X u depending on whether or not the F
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generating the semigroup T, (¢) is of Case I or Case II. With the boundary value
problem formulated as in equation (2.1), it is possible to give existence results
using the contraction mapping theorem. We give two possibilities in the next
theorem. The Lipschitz constants defined in the theorem are with respect to X
or X, depending on whether or not the mapping F generating the semigroup
T,(¢) is of Case I or Case II respectively.

THEOREM 2.1. (i) Let (M + N)™! exist with the domain of (M + N)™!
containing the range of N(Ty(b)— 1), let {, k} be in the domain of (M + M
and let \(M + NY"'N(T,(6) - DI Lip < 1. Then solutions to (2.1) exist and are
unique. (i) Let (M + NT,(b))'l exist and have domain containing the range of
N(Ty(b) — T, (b)), let { ¥, k} be in the domain of (M + NT(b))™", and let
1M + NT,(b))"IN(T, (b) - T,(0);, < 1. Then solutions to (2.1) exist
and are unique.

ProoF. For example, (2.1) may be written as

M{g, h} + NT,(6){ 6, h} + N(T,(6) - T,(®)) {6, h} = (¥, k}
and then using (ii) as
{6, h} + M + NT,(0)) ' (T, (b) - T,(0)){ 6, h}
= (M + NT,(0))'{, k}.

Equation (2.2) has the form x + Sx = y with ISl
and so it is solvable uniquely.

REMARK. It follows from results of Webb [9] that in Case I, ITl(b)llup
< e“? where w = LI, + B + % and IL1l, represents the Euclidean matrix
norm of the N x N matrix L. In Case II, it follows from [9] that 1T, (&)1, ;,
< e“? where w = 7(0)1 + (8 + ILN,)2)/2. Thus the hypotheses of Theorem
2.1 are actually on M, N, the length of the interval and the magnitude of the
constants §, 1Ll and 7(0). Theorem 2.1 is an extension of Theorem 4.1 of [7].
We note also the following result. See also Remark 1 in [7].

2.2)

Lip <1 in a Banach space,

LEMMA 22. (M + NT,(b))™" exists with domain equal X (X,,) if and
only if the problem

(2.3) x=Lx (0), 0<t<b,
and the boundary conditions
(24) M{xy, x(0)} + N{x,, x(b)} = {¥, k}

are uniquely solvable for each { Y, k} in X(X,).
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ProoF. Equation (2.3)—(2.4) is equivalent to

M{¢, h} +NT,(b){¢, h} ={Y, k},

giving the result.

Our next existence result, Theorem 3.2, will relax these conditions on M, N
and F. The small Lipschitz constants required by the contraction mapping theo-
rem will be traded for almost uniform boundedness on F and a compactness
argument. First, a sequence of lemmas will be given.

Define ¢, = r/n and let x’; = X{—tp,~tn(i-1)) forj=1,2,...,n,x, de-
noting the characteristic function of the set A. Let X, denote the subspace of
X (X,) defined by

n
X,.={{¢.h}=¢=12 v,y ERY, j = 1,...,ni.
=1

Let P, be a mapping from X (X,) into X,, defined by

n
Pith}={3 ux, hz
j=1

where

n (~tn(-1)
vy =7 -[-r:i #(s) ds.

Define m,{¢, h} = ¢. In Case I we assume {F,} is a sequence of Lip-
schitz continuous mappings from 7, X, to RV with Lipschitz constants 8, — 8

and with F,(w P, {¢, h}) — F(¢) asn —> o for all {¢, h} €EX. For {¢, h} =
{E}; 1 v,-x;-', h}, define

Aok} ={-3 (';’)(v,_l — )% —F,.(9) -Lh%
i=1

where v, = h. We then have the next lemma which is a slight extension of a
result in [6]. Define /= ILlly and let( -, ) denote the RY inner product.

LEMMA 2.3. For each nlet t, =r/n and let v, =B, + 1+ %. Then
I-t,A, is a Lipschitz continuous mapping from X, into X, taken as a subspace
of X with Lipschitz constant |(I - t, A )\ ;, <1+ 1,7,

Proor. For {¢, h} ={Z, hi)4', ho}and {y, k} ={Z7_, ij;', kol
we have
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\d - t,4,){¢ h} = U — t,A,){ ¥, k1P

=1, 3 Wk —kpy 12 Iy = k|2
+ zi;,,l(ho = kg, F($) = F,(¥)) + 2t,(hy = ko, L(1g — ko))
+ £21F,(9) = F,(¥) + L(hy - ko)!?

<o, kY = (¢, kY12 +1,8,(1hg = ko2 + 19 = Y12) + £, kg — k412
+2,0lhy = k1% + 228219 = Y12 + 2P|y — k12
+ 128,000 = W12 + lhy — ky12)

<A +1,6, +1+5%)*1{¢ h} - {y, k}I2,

giving the result.
REMARK. Since it follows that P,: X — X, is a bounded linear projection
with IIP, I = 1, then the estimate

I(I_ t’lA")PnlLip < l + tn‘yn
is valid in X.
We next give a similar lemma for Case II. Recall F has the form F(¢) =

g(j,'l,.dn(O)qS(B)). X, is defined as before but will now be renormed and denoted
as X,, . when it carries this new norm. With 7(6) = ff, ldnl, define

n
({¢’ h}$ {\bn k})X,.’f = tn Z] (v]" wj)‘r;'—l + (h, k)
l=

where r}' =1(-t,),j=0,1,...,n,and (-, *) denotes the inner product on
RN. P, is defined as before. The next lemma regarding P, will be needed and
follows directly from definition of the norm on X,, .

LEMMA 24. Let P X Mg Xn’, . Then
1P, 1% < max (1, 7(0)/lim 1'(0)).
0—+>—r

We next define how F is to be approximated in this case. Let F: m X, .
— R¥ be given by

n n
Fn( Z:x v;x}’) = 8n( i_Z] mCG - D) - n(—it,.))v;)
where {g,, } is a sequence of Lipschitz continuous mappings from R" into RY
with Lipschitz constants g, satisfying §, — B, and with g, (k) — g(h) as n —
oo for all # € RN. Now define A, asin Case I. We then have the next lemma
which extends a result given in [6].
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LEMMA 2.5. For each n let t, = r/n and let v, = (1 + B2 + 1, X7(0) + 1).
Then the Lipschitz constant of (I - t,A,) as a mapping from X,, , into X,, .
satisfies

I(I— tnAn)lLip(Xn,,».Xn'T) < 1 + tn'yn.

ProoF. Let {¢, h} ={Z_, hx}, ho}, {¥, k} = {2, kX}, ky} and
u;=h;—k;,i=0,1,...,n Observe that by the Cauchy-Schwarz inequality

(Zn: (T "7')'“.")2 <7(0) i lu; 1 2(77y = 7).
i=1 i=1

Combining this inequality with the definition of F,,, it follows that

Id - t,4,){¢, h} = U - t,A,){ ¥, k}I?

=t, Zl lug_y P70y + lugl? + 2t,(uq, F,(9) — F,(¥) + Lu,))
=
+ 12IF (¢) = F, () + Luy)?
n
<ty 3Ny 1270, + lugl? + 22, lug18, 3° (7, — )l
i=1 i=1
n 2
+ 2t Nugl? + £262 ( DI —r;')luil>
i=1
+ 2:3,113,,(2": r, - T;')luil> lugl + £21 lug 12
i=1
n
<ty 30 lu 1Py + lugl? + £, (lug 18,7(0)%)?
i=1
. n 2
1 000 £ a0
i=1
+ 2t llug1? + £2627(0) z"j lu 12, = 7)
i=1

n
+ 12 (125,2,114012 + 7(0) 1;1 lu;1 (72, —-r;')> + 122 luy1?

n
<t, :—[’1 lup_y 1270, + lugl? + ¢, lug 12627(0)
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n
t X (i = 7 luy1? + 21, 1lu, 12
=1

+ 13637(0) i lu 2Ly = 77) + 62767 lug 12
i=1

n
+210) Y lul2(y = 7) + 21ug 1
i=1
< (1 + t,(7(0) + 21 + B27(0))) luy |2
n n
+1, 3 lul?h, +126270) 3 Ny 1?7, + 22262 lugl?
i=1 i=1

+ £21(0) iz"l luy |27, + 2P lu, 12
< (1 + t,(r(0) + 21 + 21(0)) + £2B27(0) + £27(0) + £21* + 21°62)
He By = (9 kN,
< (1 +1,(1 + 3 + D) + DM kY- {9, kM
which completes the proof.

We will also need later the facts contained in the next three lemmas.

LEMMA 26. Let K = {(I —t,A,)""P, {¢, h}: m, = [t/t,], t, =r/n, n
=1,2,...,and U{p, K}, < 1} in Case 1 and define K, analogously to K but
with 1{ ¢, h}'xu < 1in Case 1. (Note that m,K or m K, is a set of step func-
tions on [-r, 0].) If t >r, then m,K and m K s are uniformly bounded in the
supremum norm on [—r, 0] and K is uniformly bounded in X and K 18 uni-
formly bounded in Xu'

PROOF. Let n be fixed and recall that P,{¢, hH 2/, ”i’(i' » Vg } where

n (~U-Ditn _
y=7 ity ¢(s)ds, vy =nh

Define m,{¢, h} = h. For 1 <j<m, — n, define
]
v;=h +i Y (Fy(my( - t,A,) 7 P { o BY)
k=1

+ L,(I — t,A,) " P, {9, h}).
Then
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(I__ tuAn)P’l{¢’ h} = 3 Z v}—-lx;"’ h + tnFn(ﬂIPn{¢r h}) + tnLﬂ2PR{¢' h}i
=1

a-1t,4,)*P,(¢, h} =’ }’f Vo Xj> Uy + t,F (m (I — t,4,)P. {9, h})
j=1

+ t,Lm,(I - t,A,)P,{$, h} }

n
=) X U2Xjh Vg :'
=1

a-1,4,)""P,{¢, h} = z"j Ym,, ,,v_mni.
=1

Therefore, to show the conclusion, it suffices to show the expressions v_,, j =
0,1,2,...,m, —n,are bounded independently of n and {¢, 4}. But forj =
0,1,...,m,,

vy =m,( - 1,A4,YP,{¢ h}.
Thus in Case I,
| <A+ 2,7, YH{e, kY, j=0,1,...,m,.
In Case II,

hyl<@+ t,,'y,,)’ max (l, 1(0)/011111_’ -,»(a)) % {9, h}lx”,

i=0,1,...,m,,
from which the result follows.

LEMMA 2.7. Let K and K u be defined as in Lemma 2.6. Then there
exists a constant C > 0 so that for any ¢, = n,(I - t,A,)""P,{¢, h} in 1K
ormK,, m, = [t/t,],t, =r/nand t >r,

16,Gtp) = 8,((G - DI <Ctp, j=2,3,...,1.

Proor. Using the notation introduced in the proof of Lemma 2.6, it fol-
lows in both cases that
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Ivf—"m " Yiemp+1 I< t, an(ﬁl(I - tnAn)m"—l—an{ ¢ h})!

+ tllm,d - t,A,)Y " "1P, (¢, B}
For Case I, the result follows using this inequality, Lemma 2.6, the uniform Lip-

schitz continuity of the F,’s and their pointwise convergence to F. Now in
Case II, recall

IF, ()l = Is,, ( Fn_‘,l @G- Dr,) - n(-it,,))v,-> l
’=

<Bn i (Ti’-l -fi)lvil <6nf(0) m?xlvil.
= j

Thus combining we have

1Yy = Ymmp+11 < B,7(0), max LN—
1<s<n

+tllm, (- 1,4,Y""7IP (9, K},

Now using Lemma 2.6 and Lemma 2.5 with this inequality, the result for Case
11 follows.

LEMMA 28. Let K and K u be defined as in Lemma 2.6. Then for t > r,
K is pre<compact in X and K, is pre-compact in X,

PROOF. Let {9, h"} be a sequence in either K or K Since {A,,} forms
a bounded sequence in RY in either case, {h,} has a convergent subsequence )
we need only show {¢,} has a subsequence converging in L2 [~7, 0] in Case I
and (L2[-r, 0], p) in Case II to complete the proof. If the sequence {¢,} has
been chosen so that some mesh size r/k repeats infinitely often, then convergence
of a subsequence of {¢,} follows immediately since the problem is finite dimen-
sional. Now assume that {, } is a sequence of step functions in L2[~r, 0] or
(L%[-r, 0], p) satisfying If,,(ir/n) = £,(GG = 1)r/n)] < cr/n for some constant ¢
> 0 and independent of n with f,, having jumps only at the points ir/n, i = 1, 2,
. » nfr. (For simplicity in what follows we assume the sequence of integers
{n} is such that n mod r = 0.) In addition, assume the sequence {f,} is point-
wise uniformly bounded. Now let € > 0 and choose N, so that cr/N; <e. Let
8 =r/N;. Letnbe >N, and let x, y be in [~r, 0] with Ix — y| < 5. Then

If,(x) - f(y)l<<[ ]+l> c<2ﬁ;c—2€

Let {x;} be a countable dense set in [~7, 0]. Since {f,} forms a uniformly
bounded sequence, then {f,,(x;)},5, forms a bounded sequence of real numbers,
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so by the usual diagonal argument we extract a subsequence which we denote by
{f,, } that converges on this countable dense set. There exists a natural number
K so that the intervals lx —x;1<3,j=1,...,K, cover [-7, 0]. We now
choose N, larger if necessary so that

IfuO) = fn(x)1 <€ formm>2N,,j=1,...,K

Now let x € [~7, 0] be arbitrary. There exists an index j so that |x - x;| <38.
Then

1,00) = Fa ()] < 1) = £y

+ 11,00 = £, + 1, (x7) = £, (0))

<5¢ n m2N,.

Thus for each x, {f,(x)} forms a Cauchy sequence, actually uniform in x. There-
fore {f,,} converges uniformly to some function f and uniform convergence im-
plies L2 [-r, 0] convergence or (L2 [~7, 0] , 1) convergence. Since by the previous
two lemmas the functions { ¢, } have the properties assumed for the functions
{f,,}, the proof is complete.

3. Existence by finite differences. We introduce the notation

T = - t,4,)™"]

where A, is defined as in §2. We also want to obtain a similar notation for the

problem x = Lx(0). Let {¢, h} ={Z_, hx}, hy} and define

AX{9, h} = ,-‘i 2 Oy =~ X, Lhoz.
Then
(I +1,42) {6, h} = ’ ;Z":l Ry XG, (U + t”L)h°$ = ;—ix Ry X h_li
and

(I+ tnApzl k{¢’ h} =3 zn: hj-kxn, h—k%’
j=1

where h_, = (I + t,LY*h,. We now define T3(r) = (I + t,A2)*"/")_ 1t follows
in an identical manner to the proofs of Lemmas 2.3 and 2.5 that I(/ + £,42)l,
<1 +12,(I+%))and I7 + tnA,z,)llx” <1+, +2)1 +1,)).

Using equation (2.1) as a basis, the numerical method will be to choose
{8 h,}in X (X,) so that

@G.D M{¢,, h,} + NT1(0)P,{$p, By} = Pu{¥, K.
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To simplify notation we will later write z, for {¢,, #,}. Note that equation
(3.1) is not fully discretized since M and N have not been approximated and z,,
is arbitrary in X (X,,). An example will be given in §4 to show how in impor-
tant cases (3.1) is fully discretized.

We will assume (H1) that (M + NTz(b))'l exists with domain containing
the range of N(T;(b) — T,(b)) and (M + NT,(b))"! is bounded, and also that
WM+ NT;'(b)P,‘)’l exists for all n sufficiently large with domain containing the
range of M(T}(b)P,, — T3 (b)P,,) and that {(M + NTZ(b)P,)" "} is uniformly
bounded in norm. We also assume that { ¥, h} is in the domain of
(M + NT,(b))™! and that P,{¥, h} is in the domain of (M + NTZ(b)P,) .
These hypotheses are on the matrix L and the operators M and N and can be
verified directly in several important examples, one of which will be given in
§4. We further assume (H2) that in Case I, F, takes bounded sets in 7, X,
with the induced 7, X norm uniformly in » into bounded sets in RY and that

IF, |
lim sup __,,_(_41,,_)_ <
|{¢n’°}uX'"°"¥¢ne"lxn I {¢n’ O}IIX

holds uniformly for all n large and any § > 0. In Case II we assume F,, takes

bounded sets in 7, X, with the induced 7, X, norm uniformly in n into bounded
sets in RV and that

IF |
lim sup -—————"(¢")
l{¢,,,o}llxu—m;¢n6nlx,, 1{,, O}HX“

holds uniformly for all n large and any & > 0. Note that this condition would

be satisfied in Case I if {F,,} were totally uniformly bounded and in Case II

with a similar condition on {g,}. We note that the induced 7, X 4 norms on

m, X, are uniformly equivalent in n to the m; X, . norms so that the preceding

assumption could just as well have been expressed in terms of the m; X, . norms.
Define s,(t, {¢, h}) = F,(n,T{()P,{ ¢, h}) and define Z"(jt,) as a map

from X,, into X, by Z"(jt, )P {¢, h} = {0, s,(jt,, {¢, B})}.

LEmma 3.1.
[nt/r] 2
TP {d. Y= [] {+ 1,45+ t,2"(jt,)P,{¢ h}
=0

= +£,ADIP {4, b}

m—1

+it, ¥ (I + AT 2t )P (g, h)
j=0

where m = [tn/r].
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ProoF. The first equality follows from the definition of T7(f)P,. Let S
=+ t,,A,’,. S is a linear mapping in X,,. The second equality is evidently cor-
rect form = 1. Let

m-2 m-2
I[1 S+,2%Gn=5""1+¢, 3 s™7227t,).
j=0 j=0

Then

m—=2

(S +1,2"(m-1)t,)) iI_Io (S +1,2"t,)

-2
=S4, S SIZGEY + 1,20 = 1),
j=0

giving the result.

REMARK. This formula can be viewed as a discretization of the variation
of parameters formula given in Hale [4].

We now give the main result of this section.

THEOREM 3.2. Let hypotheses (H1) and (H2) hold. Then the solution to
G Mz, + NTT®)WPyz, =P, U, z,={4, h,}, ¥={V,k},

exists for all n sufficiently large and has a strong limit point in X (X ) which is
a solution to (2.1). Moreover, any sequence of solutions of (3.1)' that converges
can only converge to a solution of (2.1).

PROOF. Rewrite equation (3.1)' as

(M + NT3®)P,)z,, + N(T}(b)P, — T3B)P,)z, = P,V

and further as
(3.2) z, + (M + NTZ(0)P,) ' N(T7(b)P,, — T3(b)P,)z,, = (M + NTX(b)P,) P, V.

Define S, = (M + NT;’(b)P,,)"N(T;‘(b)P,, - T3(b)P,) and y,, = (M + NT5(b) 1
. P,,E' for later reference. From Lemma 3.1 we have

(33)  T{®)P,z— TP,z =t, mf ( + t,A2y" 17 (Gt )P,z
=0

where m = [bn/r], z = {¢, h}. Let z; ={¢;, h;} be any sequence in X (or X,)
i, T;’(kt,,)l“,,z),ll,r X

= su
ﬁi 0<k<[bn/ll')] in=1,2,..
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and analogously define B; , with the norm taken in X 4+ Recall that P {¢ h}=
{ZL, vl-x;', Vg } where

n (~(G-Dty

YVo=h vuy= 7, &s)ds

and
n
=1

where the v; are explicitly given in Lemma 2.6. Thus m, T7(kt,)P,z; =
ey Ui X5 Fors—k>0,v,_, = vpj=s—k Fors—k<0,
Veie = Mo — 1,4, P, z;,  my{$ h} =h.

In both Case I and Case II, we have for s — k < 0 that ly_, | < clz,-ll for some
constant ¢ independent of n using the proof of Lemma 2.6. Thus in Case I,

I"l T?(ktn)Pnzjﬂbzl_,'o] < Z v.y—kx.’; + Z vs—kx.’vl|
s~k>0 s—k<0
1<s<n 1<s<n
2 # 2 #
Slmzll+{ 3 vy, 1%, ) < Izly +{ clzly - 3 o,
k<0 $—k<0

<1+ (rc)y’)lzil x

and in Case II,

b TiRe)Pazd 2,0y < Vilx, + | & ”""X?I
s-k<0 @201

< izl x, + 7(0)*r¥clz, i X,

Thus we may take the supremum over n in the definition of B; and B;,, and ob-
tain finite numbers. Moreover, the bounds obtained depend on Izil and not z;
itself.

Now let € > 0. By assumption there exist numbers R > 0, p >0 and a
positive integer N, so that in Case I, Im P, {9, 0}y, x < p implies
|Fy(mP,{¢, ODI < R and In,P, {9, OHe,x > 0 and n > N, implies
|Fy(m, P, {9, ON)| < elm P, {9, 0}z, x- In Case Il identical statements hold
with the norm in 7, X replaced by the norm in 7, X, - From (3.3) it follows
that

m-—1
(B4 1TI0)P,z; - T;0)P,z1 <t, kgo 0@ + 1,43y > 12" ke, )P, 2,

holds in either the X or X, u norm. In either norm, we have shown the existence
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of a constant 7 so that I + 1,421 <1+ ¢,7, ie.
v =max(l + %, (1 + )1 + 7,)).
Thus using (3.4) we have
m—1
ﬂT;'(b)P,,zj —T;0)P,z1<1t, <kz—:0 (1 + tyym*? 12" (kt, )P ,2; ||> .

Since Z"(kt,)Pp2; = {0, F,(m, Ty(kt,)P,z))}, it follows that for all n > N, in
Case I

(3.52) ITF@)P,2; — T3(b)P, 2l x < be?® max(R, eB;)
and in Case II
(3.5b) IT{®)P, 7 = T3(0)P,z ), < be”® max(R, ef; ).

Now we have shown §; < ¢, lz;ll ; for some constant ¢, and g; , <c,lz;lx,
for some constant ¢,. Combining this with (3.5) we have for n > N, , in Case I

(3.62) ITF®)P,z2; = TF(B)P,2; 1 x < be"® max(R, ec, Iz;ly)
and in Case II

(3.6b) IT30)P,z2; = T;(b)P,zlx, < be™ max(R, ec, Iz, x,)-
Now returning to (3.2), we have that it may be written as

3.7 2, +S,2, =y,

where lly, I, <c;. S, is a completely continuous operator in X in Case I and
in X, in Case II for each n, because both T{(b) P,, and T3(b)P, are Lipschitz
continuous mappings into a finite dimensional subspace, X,,, of the appropriate
space and so have finite dimensional range. Now use inequality (3.6) to deduce
that for any 0 < e < 1, there exist positive numbers p, R, and N, such that
Izl > p implies IS,zll < ellzll and Izl < p implies IS,zIl <R and these bounds
hold uniformly for n > N,. It then follows from the fixed point theorem of
Granas (7] that (3.7) is solvable for each n > N;. Moreover, these solutions
z,, satisfy either Iz, I < p or then from (3.7) we have lz, Il < ¢/(1 = €). Thus
the solutions {z,} remain uniformly bounded in X or X > depending on the
case being considered.

We next show that some subsequence {Zn;} of {2,} is convergent to say
z € X (X,) and z is a solution to (2.1). Define

¥, = N(T{(b)P,z, — T7(b)P,z,).
From Lemma 2.8, we have that the ¥,’s lie in a pre<compact set and so have a
convergent subsequence (which we call { ¥, }) satisfying ¢, — JinX X u)
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Now since
(M + NTZ@®)P,)™! = (M + NT,(b))!
= (M + NT3(b)P,) ' (NT,(b) = NTF(b)P, XM + NT,(b))"*,

we may write that

I(M + NTZ(B)P,) ¥, = (M + NT,(6)) 1yl
(G8)  <IM+NTIGP,) -1 -yl

+ I + NTZ6)P,) M1 - INI - I(T,(b) — TRB)P, XM + NT, (b)) ! §1.

The first term on the right in (3.8) goes to zero since ¥, —NI; in norm.
T7(b)P, converges pointwise on X (X,,) to T,(b) since this convergence is simply
the convergence of Euler’s method for an ordinary differential equation. This
convergence will then be uniform on compact sets and so convergence of
I(T,(6) - TZ(B)P, XM + NT,(5)) 1§/l to zero follows.

Now by a similar analysis, (M + NT;’(b)P,,)"'P“J converges to
(M + NT,(b) ~1J. Then from (3.2), it follows that {z,} itself is convergent,
say to z. It thus follows again as above and using the fact that T{(b)P, con-
verges pointwise to T, (b) [6] that

z+ (M + NT,(0))"'N(T,(b)z = T,(b)z) = (M + NT, (b)) 'z,

i.e., z solves the boundary value problem (2.1). This completes the proof.
REMARKS. We note again that Theorem 3.2 is an extension of a result
[7, Theorem 3.1] obtained by Waltman and Wong in two directions. First, we
have considered L? initial functions where these results applied only to the con-
tinuous case, and second, we have given a constructive proof that leads to a fi-
nite difference method. It is possible to use the analysis given here to establish
similar numerical results for the C[~7, 0] case boundary value problems studied
in [7]. Indeed, convergence can be obtained for a simpler P, given in Webb [8].
We omit the details and statements of theorems as they are analogous to results
given here.

4. An application. Consider the equation
. 0
@.1) i=ax+ [ st +9)ds  0<t<2,

where x: [-1,2] — R%, x = (x,x,)7, 4 is a two-by-two constant matrix, and
g L%[-1, 0] — L2[-1, 0] is measurable, bounded and Lipschitz continuous,
and subject to the boundary conditions
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x(t) = o) = ($,0,)7, t€[-1,0],ae,
x,(0)=0, x,(2)=0,

4.2)

where ¢ € L2[-1, 0]. The equation M{ ¢, h} + NT, (b} ¢, A} = {y, k} in this
example becomes x = Ax, 0 < ¢ < 2, with

1 0 0 0\ /6,0 0000 NG)
0100 t 0000 ¥2()
(43) ¢2() + = 2
001 0| & 0000 k,
0 00 0/ \h 0 0 0 1/ \e*4n), ky

where h = (h,h,)T, k = (k,k,)T, ¥ = (W, ¥,)7, (€24h), denotes the second
component of €244 and the elements indicated by * - ” play no explicit role.
We assume e?4 = (b,;) and b,, # 0. Then these equations have the unique
solution ¢, = ¥, ¢, = ¥,, h; =k, and h, solves (¢24h), = k, uniquely.
Thus (M + NT,(2) =1 exists and is everywhere defined and the solution formula
shows (M + NT,(2))"! is bounded in either X or X,,.

The equation

@9 M{¢,. h,} + NT(DP, {8, h,} = P, (¥, Kk}

submits to a similar analysis. The numerical method (see §3) may be written as
x;=x;_y + t,Ax;_, where xo = h, and x; is taken to approximate x atit,, t,
= 1/n. Thusx; = (I + t,AYh,,, and (4.4) becomes ¢, = P, ¥, (h,), = k,, and
(h,), must be such that

4.5) (A + 1,4)*"h), = k,.

Since (I + A/n)*" approaches 24 elementwise as n —> o and b, , # 0,equation
(4.5) uniquely defines h, for all n large and so (M + NT;’(Z)I",,)’l exists and is
everywhere defined. The solution formula enables us to deduce that

{(M + NT(2)P,)"'} are uniformly bounded in norm.

We thus may apply Theorem 3.2 with F,, = ffl g( *) and deduce the ex-
istence of solutions to equations (4.1)—(4.3). Since second order problems can
be written as first order vector systems in the usual way with 4 = (8 (1,), the re-
sults of this example extend in one direction results of deNevers and Schmitt [1].
Here we have more general, but autonomous, functionals on the right-hand side
and allow L? initial functions.

Finally, in this example, (4.4) gives an implementable numerical method.
Lett, =1/nand z; =t ifori=-n-n+1,...,0,1,2,...,2n Equation
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(4.4) can then be written as follows where x; is taken to approximate x at z; and
F, S F=12g(-)

Xy~ X, 0
L - x4 [ eB)ds,  i=1,..., 0,

'n

4.6)

where P x is the piecewise constant function defined on [z;_,_,, z,_,) with
value at z_; of x;_;, x, = (P,#)z,) for z, <0, the first component of x is zero
and the second component of x,,, is zero. This leads to 4n scalar equations in
4n unknowns. One could also implement this as a shooting method by doing a
search on x,(0) and solving (4.6) as an initial value problem to see if the com-
puted x,(2) = 0.
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