
TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY

Volume Hi, 1977

ON THE BORDISM OF ALMOST FREE Z2* ACTIONS
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R. PAUL BEEM

Abstract. An "almost free" Z2* action on a manifold is one in which only

the included Z2 may possibly fix points of the manifold. For k = 2, these are

the stationary-point free actions. It is shown that almost free Z2* bordism is

generated by three subalgebras: the extension from Z2 actions, a coset of Z2

extensions being the restrictions of circle actions and a certain ideal of

elements which annihilate the whole ring. The additive structure is deter-

mined. Free Z2* bordism is shown to split as an algebra. It is shown that the

kernel of the extension homomorphism from Z2 to Z2* bordism is equal to

the image of the corresponding restriction homomorphism.

1. Introduction. An "almost free" Z2* action on a manifold is one for which

only the Z2 C Z2* may possibly fix points on the manifold. We will determine

the additive structure of the unoriented bordism of such actions along with the

algebra structure of the special case of free actions. We also get some results

on the general product structure.

In §2, we define the various notions and reduce the additive problem to a

homology problem. We also introduce the various extension homomorphisms

on bordism and show that they are given by maps on spaces.

In §3 we solve the homology problem and construct generating sets for the

various bordism modules. This is done by evaluating various spectral sequenc-

es for which we are, in general, unable to compute the extensions.

In §4 we show that free Z2* bordism is the tensor product of two

subalgebras: the "extension of Z2 actions" and the subalgebra generated by

the circle with standard free Z2* action.

In §5 we prove various algebraic relations but do not determine the algebra.

In particular, we show that the relative bordism algebra of almost free

manifolds with free boundaries contains as a subalgebra a direct sum of a zero

algebra and another algebra, the zero algebra being the extensions of Z2

actions.

The author is indebted to R. E. Stong for suggesting this problem as well as

for his continual encouragement.
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2. Preliminaries. Let Gk denote the cyclic group of order 2k, k > 2 (usually

denoted by Z2*) and t its generator. We will let g¿ be the family {Z2,{1}} of

subgroups of Gk and say that a Gk action

<p: GkxM -» M

by smooth maps on a smooth compact manifold M is almost free if for each

point x in M,

{gE Gk: <p(g,x) = x) E 3*.

We recall some notions of bordism. We say that two almost free actions

(Mx,<px) and (M2,<p2) on closed manifolds M¡ are bordant if there is an almost

free action (F,$) with 3 V equal to the disjoint union of Mx and M2 and $

restricting to <p( on M¡. The resulting equivalence classes for n dimensional

manifolds forms a Z2 module Nn(Gk; %k). We let

*.(<%;&)- ©A(Gfc;3fc),

an algebra over the unoriented bordism ring, N,. See [8] for details.

Similarly, we can define N,(Gk; Free), the bordism of free Gk actions and

N,iGk; i$k, Free), the bordism of almost free actions on manifolds with

boundary such that the action is free on the boundary.

There is an exact sequence

N*(Gk; %k)-+N¿Gk; Sfc, Free)->N¿Gk, Free)

of Nt(Gk; Free) modules and homomorphisms. (The action of N,(Gk; Free)

is via the twisted product. See [1].) The sequence is short exact, since the

identity is in the image of 3,. In fact, denoting the interval [-1,1] by / and

using multiplication by - 1 as a generator of a Z2 action on /, we have that

l = (Gk,Gk) = (d(GkxZiI),GkXl)

and it is clear that Gk xz I is almost free.

The above sequence is then

0 -» N.(Gk;%k) -*■» N.(Gk;%k, Free) ¿ N,(Gk, Free) -» 0

where h, is defined as an N,(Gk; Free) morphism by

h(l) = (GkxZiI,Gkxl) = 8x.

It is well known that N,(Gk; Free) is freely generated, as an N, module by
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(i) extensions of the antipodal action on even dimensional spheres:

{S2nxZiGk,\xGk)=y2n;

(ii) restrictions of circle actions on odd dimensional spheres: (S ,t

= exp(7r//2*-I))=y2n+1.

See [3] for a proof of this as well as for the product on these classes. One

sees easily that y, = 0 and therefore that /,, the JV, submodule generated by

1 andy, is a subalgebra. Let AT.(Free) denote the algebra of Z2 extensions. We

will show

Nt(Gk; Free) ^J,®KK,(Free)

as N, algebras (see Proposition 4.1).

Since (52"+1, antipodal map) is a boundary, /¿.(Free) is freely generated by

{yin'• n — 0,1,2,...,} and the image of A, is freely generated by

(52«+l = yin8\ > 52„+2 = y\ 52«+l: » = °> 1. • • • }•

Next, we rewrite the relative group Nt(Gk;^k, Free) using a standard fixed

point construction. Let BOj(Gk) denote the classifying space for/-dimensional

Gk vector bundles (see [8]). There is the usual classifying bundle yj(Gk) with

Gk action. The fixed set of Z2 in Gk for BOj(Gk) has a component over which

yj(Gk) has no summand with trivial Z2 representation. This component is a

homotopy At> and, following [6], we will denote it by AC> (C°°,¿). This space

has a Gk action (with Z2 in Gk acting trivially) covered by a Gk action on the

pullback of y\Gk), call it yj(C'x' ,k), and Z2 acts by multiplication by -1 in

the fibers of yy(C°°,¿). The pair (BOj(C",k),yJ(Cx,k)) is a classifying

object for such spaces and /-plane bundles. Note that the Gk_x = Gk/Z2

action is free on AC) (C°°,¿) if/ is odd.

Suppose that (M, ¡p) is a (g, Free) — Gk action. The fixed set of Z2

C Gk in M is a disjoint union of closed manifolds F"~J for 0 < / < «, where

« = dim M. These manifolds, with their normal bundles, satisfy the above

properties. We also know that Gk_x = Gk/Z2 acts freely on the F"~j,

since (M, <p) is almost free. Hence, we get a homomorphism

F: Nt(Gk;%, Free) -* ®N._j(Gk_x; Free)(A0.(C°°,¿)).
y=0      ' J

In fact, F is an isomorphism with inverse induced by the correspondence

which assigns to a bundle, its disk bundle.

We know that (see [4])

N^j(Gk_x; Frec)(BOj(C°°,k)) at N._j(BOj(C",k) X^, EGk_x).

(We will take EGk to be the infinite sphere of C00 with the generator of Gk

acting by multiplication by exp(m/2k~1).)
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Let Xj>k = BOj(Cx,k) XGki EGk_x. Then [2],

"¿^•(§W^-i»ïZi))

The isomorphims are as TV. modules and the tensor products are over Z2.

Hence, we need to compute the Z2 homology (or cohomology) of the spaces

Xj,k-

3. Hr(Xjk;Z2) and generators for N,(Gk; almost free).

Case 1. k = 2. Let A} - 50,(0°°,2) XZ;¡ £Z2.

Lemma 2.1. X2j+X « BS02j+x x BZ4.

Proof (R. E. Stong). Let T: y^+1(C°°) -► Y2y+I(C°°) denote the genera-

tor of the Z4 action. Then T2 = -1 in the fibers of y. Then P = det (T)

generates a Z4 action on rj, the determinant bundle of y. P2 = -1. Hence

R ® T generates a Z2 action on tj ® y covering the free Z2 action on the base.

Dividing this out, we get a 2j + 1 plane bundle v over A"2 -+i.

Now T gives a Z4 action on the sphere of tj, which is a BS02j+x, the

quotient of which is X2j+X.

Let <p: X2j+X -» PZ4 classify this cover and ^: A'2/+1 -* BS02J+x classify

det/' ® p. Since <p is covered by an equivariant map <p': BS02j+x -» £Z4, we
have that

PS02/+, = 5(det 7?) ^ > PS02/+ ! x EZ4

S 1  X 7T

X2i+llfT7+BS02i+l*BZ4

commutes (since det v ® p pulls back to the universal bundle over BS02j+x).

Hence \(/ X <p is a homotopy equivalence.

We do not know of such a splitting for X2j but we will compute the Z2-

vector space structure of H, (X2j ; Z2) (Proposition 3.6).

Case 2. k > 2. Note that there is a map

F: PO/C^.A:)-* P6>(C°°,2)

which classifies the Z4 C (7¿ action on yJ(C* ,k). This is a homotopy



ON THE BORDISM OF ALMOST FREE Z2* ACTIONS 87

equivalence. Crossing with EZ2 and dividing out gives a homotopy equiva-

lence

BOj(C°,k)xZiSco « Xj.

Making this identification gives Xj a free Gk_2 action. Dividing this out, we get

Xjjc = Xj/Gk-2 ■

Lemma 2.2. X2j+Xk « BS02j+x X BGk.

Proof. Looking at the proof of 2.1, we see that the identification there takes

the above Gk_2 action to the standard Gk_2 action on AZ4 = EGk/Z4.

More generally, we have fibrations

"j,k--Xjik-^BGk_x   and   rjy. XJJ( -»BZ2

with fibers flO, and A^_, respectively, giving a diagram:

X,

(2.3)

BO,>

BO,

v.*-i Hk-inBGk~2

ei.k 'i.k

Xj,k~

'i.k

-*>BG
"i.k

fc-i

flZ, flZ,

where 9jk classifies the principal Gk_x bundle

EGk-2 XGk-2 Gk-\ BG,k-\-

We first consider the case ¿ = 2.

Consider the Serre cohomology spectral sequence of the fibration A02

-*» A"2 -S-»AZ2. This has a trivial coefficient system and

E¡'*(7r2) s fl:0-* ® fl*-0 = z2[cj1)W2] ® z2[4

where degree ux = degree a = 1 and degree w2 = 2. Since BUX is the fixed set

of the involution on B02(C°), nothing transgresses and d2(o)x) — d2(a) = 0.

Lemma 3.1. E3(ir2) = Z2[a,w1,to2]/(a2w1).

Proof. If d2(u2) = 0, then u2 = i2 (x), in Z2 cohomology. Let y -» flP(l)

be the canonical line bundle over the projective line. There is a Z4 action on

y with Z2 in Z4 acting as — 1 in the fibers and which covers a free involution
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on PP(1). Classifying y X y over PP(1) X PP(1), we get a diagram:

PP(1) x PP(1) -£+ P02(C°°, 2) x 5°°

/

PP(l)xZ2PP(l)—-►*,

If /*(*) = <o2, then

fh*(x) = g*r(x) = g*(»2) = u2(yXy).

Hence/*A*(x) evaluates on the fundamental class of PP(1) X PP(1) to 1. But

</*A*(;c),[PP(l)xPP(l)]> = <A*(*),/.[PP(1)XPP(1)]>

= <A*W,0>

= 0.

Let X2{n) = (P02(C°°,2) X • • • x B02(C°,2)) xZj S00 (n-fold product),

where we give BO^ = P02(C°°,2) X • • • X B02(C°°2,2) the diagonal involu-

tion. There is a fibration XJ"> -» BZ2 with fiber BO^. The inclusion of the

j th factor P02 and projection onto they'th factor gives a diagram:

X2 = B02(C°,2) XZi 5°° -> A^ -¿» A-2,

the composite being a homeomorphism.

Let Z2[a] be the image of H*(BZ2) in E}0^) and ^[xfKx^] the
cohomology of the /th factor P02. Then

E?\4H)) = £*,0(772(,,)) ® P0'*^)

~Z2[a]®{®Z2[x\i\x^.

As before, <^(xf >) = d2(a) - 0 in P2'*(7r2(,,)). Also

0 = (irj)*(d2u2 + a2wx) = ¿20¿)*(co2) + (»OV«*) = ^^ + «2*l0).

sothati/24y) = o^xp).
Next we classify the 2n plane bundle

y2(C°°,2) X • • • X y2(C°°,2) -> PO^,

giving a map of fibrations:
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B02n) >-► X[n)-» BZ2

f

B02n>->X2n-~flZ2

Recall that /* takes the Stiefel-Whitney class w(- to the /th elementary

symmetric polynomial in the variables x}1' + x\x\ ..., xp + x\n'. Denote

these by r¡, so that f'(w¡) = r¡. Since r¡ are algebraically independent in

H*(B02"'), the homomorphism

f:£ry-£r(,W)
is a monomorphism and the monomials t¡ ••• t¡ as are linearly independent in

Proposition 3.2. d2r2¡ = a2T2i_x andd2r2i_x = 0.

Proof.

and

T2/ = 2 X« - - • *î> + 2 XpM2^) • • • X<' + 1> + - - -
M to

+ 2 xf)
w

(21-2)   (2,-1)t,        x2 + 2
to

,(D

-        = V J}) M) ...   (i)  ,  y    (1)   (2)   (3)   (4)
t2í_, — ^ x,   x2       *x2   -i- ¿d xi   x\   xi   x2

to

+ 2 xj»
to

to
r(2/-l)

Mi)

J?+l)

where 2(„) denotes symmetric sum using x}1',

that,

., jcj"*, xj0, ...,x2n).Note

(#)

2*i°
to

,l)i+i),..vW
1      2 2

- 2 .
(„-0

A) xp4+l) Âr+s)

+xW 2 x^---x^4+l)---4+s~l)
(n-1)

+x,(n) 2 *

to-0
0) c,      x2

>+*-!)

and, in this case,
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d(^x{l)---4)xtl)---4+2))

'*' (0,   iî ris odd,

" i a2 2 xi1) • • • x{'+1Mr+2> - • - x%+s),   if r is et*«.
I     to

We prove this by induction on «. If n = 1, (*) is clearly true. Assume (*) is

true for n — 1, then by (#),

4%>P'"4**) = 4 2 xp-.-x^))
Vto /        \(«-i) /

+d(x^  2  xP-'xJï+'-A

+d{xln) 2  *f° • • • jtf-0*? • • • *£+-'>).

If r is even, then according to the induction hypothesis, the last term is zero,

while the second term is

xW«2 2 xpi.-.xr^x^.-.x^-1)
(n-1)

+a2x,W  2   xl"--^^..-^.
to-D

The first term is a2 2(„-i) x[l) • • ■ x\r+l)x2r+2) • • • x2r+s~l). Adding and using

(#) again gives the result for even r.

If r is odd, the induction hypothesis says that the first term is zero and the

second and third terms are both equal to

a2x«  2  f •••Jc{f)4r+1)-4r+s-1).
(n-l)

Hence, (*) is true.

Similarly, we can show that

\(n) / \(n) /

The proposition follows.

Corollary 3.3. In E2'*(tr2n), d2(w2i) = a2w2i_x andd2(w2i_x) = 0.

Proposition 3.4. £3(^2,,) is the Z2[a,w2i_x,w2¡: i = 1,...,«] module on a

basis {l,ps: S = (ix,... ,ik) with /j < •• • < ik < «}, with relations a w2¡_x

= a ps = Ofor all S. (ps is represented in E2 by
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j^2il---W2iJ.iw2iJ-^2iJ+r--W2ikj

Proof. Induction on n. We know it is true for n — 1 and assume it true for

n - 1. Recall that

£2("2n)s Z2[a,wx,...,w2n],

d(w2i) ~ °^w2i-\ and ^(w2/-i) = ^(a) = 0- Call this differential graded alge-

bra, F2„(a). Let Ê2n = E2n_2(ax) ® ZJw^^w^a^-, d(a2) = dw2n_x

= 0 and dw2n = a2w2n_j. Let A, = Z2[wx,... ,wjn] and note that both

F2„(a) and £2/I are naturally ,4, modules. There is a homomorphism of DGA's

and At modules which sends ct¡ to a and v^- to h>-. Call it;?,. Then there is an

exact sequence of At modules

». -** ff.(ker/0 -^ //,(P2„) -&• tf.(P2„) ±* ■■-,

Inductively,

#,(4,) a <-'(«!) ® (Z2K-l>*i»«2j/«2w2«-l = 0),

where K,(ß) is the Z2[w,,.. -,w2r_x,w\,... ,w\r,ß] module on a base [\,ps]

etc. (as above). We must show that Ht(E2n) = K"(a).

The At module generators of Ht(Ê2n) are:

{1, w2n_x, ps, «¿p^, a,- w2n_x ps, a{,a{)

together with products of these with the monomials Wj • • • w, (all y^ odd and

less than 2n - 1).

There is a commutative diagram (the top row not necessarily exact):

• • • -^"-'(a,) ®Z2[w2b_,, w5„,a2]/(alw2n_,)-^K»—tf.ikerpj1*---

s /•

-►tf*^,,)-► H¿E2n) —> /r*(ker p,) —* • • •

where j, is an inclusion, 5 = 5, ° y. and p, is easily seen to have image in

K"(a).

Hence, we want to show that the kernel of /, is contained in the image of 5.

But H,(kerp,) a (ax + ot2) • H,_x(Ê2n) and ker /', ==; (ax + a2) • (annihi-

lator of (ax + a2) in H,_x(Ê2n)). Hence, we want the kernel of multiplication

by the class of ax + a2 in Ht(Ê2n). But checking the result of multiplying

ax + a2 by the various A, module generators of H,(Ê2n) gives the only relation
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(a, + a2)aiPsw2n_x wu = a, a2psw2n_x wu;   i = 1, 2,

where wa = w>- ■ • • w-, as before, for ail 5 = (/,,..., ik < « - 1).

It follows that ker i, is the At module generated by the

(<*¡ + <*2)w2n-\Psw»

in //,(ker/?J. But note that in E2n,

P{S,n) = Psw2n + (w2i, " ' - w2/4)w2it-l

and  hence  also  in  £2„  and  goes  (via  the  differential)  to  o2psw2„_,

+ ajpsw2n_x. Since d is trivial on wa,

S(p{S,n}wJ = («? + al)W2n~lPsWU-

The result follows.

Corollary 3.5. E2(tr2n) = fl^K.).

Proof. Note that ®p>2El'q('1T2n) = «^[a.wf-]. Also, t^iere *s a diagram

of fibrations:

BUn >-► fli/„ x flZ2-^—» flZ,

0

502„>- -►X
In

■**BZ.
"2/1

where t includes the fixed set of the involution. Since •n is a product, £ *'* (it)

collapses. There are homomorphisms

e;-. E;-'(*2n) -* £,*•» = z2[a,cr. i< ; < «]

such that 82(a) = a, ö2(w2/_,) = 0 and 0*2(w2¡) = c¡. Hence, 03, when re-

stricted to ©/,>2-^3''7(,72fl)> *s a monomorphism.

It follows that ®p>2E3qfan)' *s m tne kernel of d3 and, moreover, if

x = i/3y then x is in ®p>1E^-q'(m2n) and 03(x) = ¿3(03(y)), so that x = 0.

Hence, d3 = 0. Inducting on r shows that 6r is monic on ©;7>2£r,'0r2n) anc*

that ¿r = 0 for all r > 3.

Recall that there is a diagram of fibrations (k > 2):

fl02„>- ■*x2n

e

-»BZ,

In e'In

B02n>-
->X

2n,k -»flG fc-1

We see that
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E^(ir'2n) S Z2[wx,.. .,w2n] ® Z2[a,ß]/(a2),

where the degree of w¡ is /, of a is 1 and of ß is 2. Clearly 9\\ is monic on P2*'*.

Hence

e2n(d2w2i + ßw2i-l) = d2Íw2i) + «^/-l = °

implies that d2w2i = a2w2i_x Also, ¿2w2/_, = 0, so that we have:

Proposition 3.6. E^*(it'2n) a Z2[h>!,...,w2n.x,w\,...,w\n,a,ß] module

on {\,ps}, S = (1 < /j < •• • < ik < n) with relations a = ßw2i_x = ßps
= 0.

Proof. Similar to the above.

This computes (the vector space structure of) the Z2 homology of XnJc and

therefore (g, Free)-Gfc bordism.

Suppose now that (M, <p) is an almost free O action, where 1 < j < k. The

pair (MXG Gk,\XGk) is called the extension of (M, <p) to a Gk action and

will be denoted by ej(M,<p).

Lemma 3.7. ek(M,<p) is almost free.

Proof. Recall that t is the generator of Gk. Suppose that (m, g) is fixed by

tl. Then there is an i such that

(m,gtl) - K<2*-'V<2*-y>).

Since  (M,  <p)  is  an  almost  free  Gj action,  /' is  2J  or 2J     so  that

/(2*~-/) is 2k or 2*"1. Since Gk acts freely on Gk, I is 2* or 2k~x.

Extension is well defined on bordism and gives a homomorphism

ek: NXGj-,% Free) -> A/.(G*;S, Free).

The following diagram commutes, for y < / < k,

¿ ek

N*(Gj-, 5, Free) -^N*(G,; 3, Free) -^N*(Gk; 5, Free)

'I-
Proposition 3.8. The following diagram commutes:

iV„(Gfc_i: g.Free)^-^* > N„(Gk; 3\ Free)

r*-x Fk

Ä'-^^e^Ä*--^
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wAere Fk denotes the Z2 fixed point construction o/§2.

Proof. Recall that Fk is the composite of

F: Nn(Gk;%, Free) -ä»^^«?^,, Free)(flC>.(CM,¿))

and

q: Nn_j(Gk_x, FreeXflO/C00^)) -** Nn_j(XJ<k),

where F sends an almost free Gk action (M, <p) to the normal bundle of its Z2

fixed set and where q divides out the resulting free Gk_x action. Extension

factors through F giving

eF: ®QNn_j(Gk_2; FreeXflO/C00^ - 1))

■+j%N*-ÁGk-i"> Free)(flO(C°°,¿))

where an element of the left-hand side can be considered a (Gk_xJ)-plane

bundle tj covering a Gk_x manifold M such that if s generates this action on

M then the 2k~3 power of s acts freely and the 2*-2 power of s is trivial, while

if S generates the action on tj, the 2*-2 power of 5 acts as -1 in the fibers of tj.

If (M,rj, Gk_x) is such an action, then

eF(M,T),Gk_x) = (M XGki Gk,r, X^ Gk, 1 X Gk).

(Note that t2k-'[m,g] = [m,(t2f~2 g] = [^"W] = [m,g].)

Note that if /: M -> flO,(C°°,¿ - 1) classifies tj and f:MxGk¡Gk

-* flC)(C°°,¿) classifes tj XG Gk, then, since tj Xc Gk pulls back via the

map

M = MXCktGk_x CMXGkiGk

to tj, we know that for g in Gk_x in G¿, f(m,g) = f(gm).

Hence, f(t(m,g)) = }{m,tg) = f/(«jg).

Let A: (M, Gk_x) -* EGk_2 classify the free action so that h(sm) = rA(w), r

being the usual generator of Gk_2 on S00. Let A classify the free Gk_x action

on the extension of M. Then

I. Ms* M XGki Gk_x C M XGkx Gk -i* £C,_,

has the property that

/(/2«i) = fi(m,t2) = aV(w, 1)) = í2Á(«j, 1) = r/(«i).
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Hence h" restricted to M is A and for g in Gk_x in Gk, h(m, tg) = sh(gm).

Therefore, for g in Gk_x in G^,

[/xÄ][m,/g] = [í/(gm),jA(gm)] = \f(gm), h(gm)\

in A^; this isq° eF on (A/,tj, G^.]) and is a map from

g: M/Gk.x s (MXC^ C,)/G,_, -» BO,(C«\A:) X^, PO,_, a XJtk

where the map becomes g[m] = [/(w),A(m)]. This is just q followed by the

projection of Xjk_x to XJk.

Recall that there is an action [1], via twisted products, of free Gk bordism

on almost free Gk bordism, which after a Z2 fixed set construction, is given by

sending (M, Gk) ® (N, tj, Gk) to (M XGk N, M x<- 17, GkXl). In particular,

multiplication by the class of yx = [Sx,exp(iir/2 ) = r] gives an N, homo-

morphism

*:*.«%-!. FreeXPO/C.A:)) -» Nt+x(Gk.x, Free)(B0y(C°°,A:)).

We have that

yx o eF(M,r,,Gk_x) = (Sx XGk[ M,SX X^ i,,t X 1).

Lemma 3.9. /// classifies tj into yJ(C°,k - 1) a«<// classifies Sx xG i¡,

thenj(s,m) = sf(m) in BOj(C°,k),for s in Sx.

Proof. We must show that

f-(y;(C»,k))^sxxGkin = t.

But

Ef*(yj) = {([s;m],e,x) in (EC) X C00 X PO,: e is in x = sf(m)}.

Since t = SxXGkif(yJ),

£(l) = {(*,m,e,x) in S1 X A/ X C00 X P0,-: e is in x - /(w)}

modulo the relation (s,m,e,x) =s (gs.g'Vg-'e.g-1*), for g in (?4_,. The

map $: £ -+J'(yJ(C°,k)) given by $(j,m,e,;c) = (j,m,je,jx) induces the

isomorphism.

At the universal level and for A: = 2, we have

S^ZjT7->lKC,2)

I       .       i
PP(1) x BOj——> BOj(C, 2),
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where /([s],*) = sx in flC)(C°°,2). Let g classify the free involution on

flP(l) X BOj-, we get a map

/x g: flP(l) X BOj -> BOj(e°,k) X EZ2

and a diagram

BO¡ >—* (flP(l)/Z2) x BOj —» RP(\)IZ2

i I I
flOy- '-► Xj-w-AZ2

We can do a similar construction for k > 2. In fact, there is the map

S1 XGki (BOj(C°,k - 1) X flG¿_2) -* BO/C»,k) X EGk_x

which sends (s,x,e) to (sx,s2e), inducing a map

^k:(Sx/Gk)xXJJc.x^XJ>k

and a diagram of fibrations:

Sl xGki(BOj(C~, k-l)x EGk_2)>-*(ßl/Gk) x Xjik_1 —~BGk_x

*/*

flO/C", ¿) x AGfc_! >-► Xjik-»flG*_i

Our lemma then shows:

Proposition 3.10. TAe image of yx ° eFinN,(Xj¿) is the image of the

homomorphism induced on bordism by ¥.

Note that there is also a map of double covers:

Since the /-plane bundle tj7' = Sl XG (yj(C°,k - I)) covers S1

Xc (BOj(C°°,k — 1) X £G^_2), this twisted product is homotopy equivalent

to the product (Sl/Gk_x) x BOj, where the map is (projection) X (classify tj7)

and where the inclusion in (Sl/Gk) x Xjk_x is the product of Sl/Gk_x

-» Sl/Gk and the usual map of BOj X EGk_2 into Xjk_x. Our diagram is then

just
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(SV^fc-i) * (.BOfiT, k - 1) x EGk_2) >— (Sl/Gk) x Xjk_l —^BGk_1

*/*

(PO/C", A-)xPGfc_,)>-

where the map on the fiber is just projection.

Moreover, there is a diagram (fory even):

-*/.*
-»■ PG

k-l

5VCÄ
**/* -*PG

fc-i

1 x (pt)

* jk

+ Xi,ktf/GJxX^-

where ^ is the quotient of the composite:

SX/Z2 -* (5VZ2) X (pt, 1) - Sx XGki (BOj X EGk_2)

-> BOj X EGk_x -> PG^.i.

There are in H*(X2nk;Z2) the following classes:

a in 7/1, coming from a in //'(PG¿_,), where a2 = 0 if A; > 2;

t in Z/2, coming from t in H (BGk_x), where a2 = t if k = 2;

/?2y_, in H2J~X, restricting to w2j_x in H2J~x(B02n), 1 <y < n;

04; in H4y, restricting to w^ in H4j(B02n), 1 < y < «;

p{/. ... y in H2(/l + " " ' +'*)_1, restricting to ps in i/2(/'+ - " ' +/*)_1 (B02n).

We know that rß2j_x and rps are given by relations with other terms.

Moreover, we can pick ßx and 04- unambiguously by taking ßx to be the first

Stiefel-Whitney class of the quotient line bundle

{dct(y2n(C»,k)xS«>)}/Gk_x

over X2nk and by taking 94j to be the (Z2 reduction of) 2y'th Chern class of the

quotient 4«-plane bundle

{(y2n(Cx,k)®RC)xsn/Gk.l

where Gk_x acts freely via (t ® t) X (exp(¡V/2*~2)).

Moreover, we have in the Z2 cohomology of X2n+X k « BS02n+x X BGk, the

following classes:

a in Hx coming from Hx(BGk), a2 = 0;

t in H2 coming from H2(BGk);

8j in i/7 coming from the indecomposable generator in Hj(BS02n+x).
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Consider the following classes in H*(X2nk;Z2):

o(i,j,k',l',S) = aVflf» •••/42rí0¿' "'fops,

where 0 < i and/, ¿' = (¿,,... ,¿2n-i)» /' "■ (A» •• ••'«) and 5 is either °

with p0 = 1 or S = (/,,... ,0> witn »i < * ' * < *r < «• These classes are a

Z2 generating set.

Case I.k = 2. The dual classes o,(0,0, ¿', /', S) are a Z2 basis for the image

of H,(B02n) in H.(X2n). Also, the homomorphism ** from H*(X2n) to

H*((RPJZ2) X A02„) sends a to a' in HX(BPX¡Z2) and a(0, 0, ¿', /', 5) to
(z2n)*o(0, 0, k', l', S) + au, where i2n: B02n —*X2n is the fiber inclusion of
7T2n. Hence

**(a(l,0,¿',/',S)) - a'((i2n)*(o(0,0,k',l',S))),

so that the dual classes e%(l,0,¿',/',£) are in the image of the homology

homomorphism, %.

Similarly, in H*(X2n+Xk;Z2) we have the Z2 basis:

and, for k = 2, the classes n,(0,j,k') generate the image of extension while

the classes /x,(l,/,¿') are in the image of %.

If we then pick extensions of Z2 actions to represent the classes

a,(0,0,¿',r,S)   and   *,(0J,*'X

say

M(0,0,¿',/',S)xZjZ4   and   N(0,j,k') XZj Z4,

(7,(1,0,k',T, S) and ¡it(l,j,k') can be represented by

¿/(O.O.fc'./'.Sjx^S1   and   N(0j,k')XZiSl.

Moreover, the classes o„(/,0,0',/',0) can be obtained as follows. Let

/' = (/,<•••< ln) and M(l') = CP(2/,) X • • • x CP(2/„). M(i') maps nat-

urally into B02n(C°,2), classifying the bundle X(T) = X¡ X • • • XA» as a

(Z4 - 2«)-plane bundle, where X¡, is the usual complex line bundle over

CP(2lj). Then we get a map of M(T) X S' into B02n X EZ2 and therefore a

map /(/',/): M(/') X RP(i) -» A^. Then /(/',O>M,0',r',0)) = 1 if and
only if (r,t') - (/,/') so that the classes (Disk (X(/')) X Sl, Z4 x (-1)) gener-

ate Nt(Z4; Proper, Free) modulo (image of extension) ®yx • (image of
extension).

Let Q(l',i) denote the Z4 manifold D(\(l')) X S'. Then Q(l',2i + 1) and Sl
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xz Q(T, 21 ) differ by N, decomposable elements, so that we may also take the

set

{[Q(l',2i)],yx[Q(l',2i)]: /' = (/,<••• ^ /„),0 < i)

for our remaining generators.

Let K, denote the image of (All, Free)-Z2 bordism in (almost free, Free)-Z4

bordism and let L, denote the N, submodule of A^, (Z4 ; $, Free) generated by

the classes [ß(l',2/)]. Then we have shown:

Proposition 3.11. A/.(Z4;3, Free) is generated by K,®yxK, and Lt

®yxLt.

Case 2. k > 2. There is the homomorphism

6*2n,k-H\X2n>k)-^H\X2ntk_x)

with OWjSfl) = 0, 9*2n<k(T) = t and

9'2n<k(a(0,0,k',l',S)) = a(0,0,A:',/',5) + aw,

so that the dual classes, o,(0,0,k',T, S), are in the image of the homology

homomorphism.

Also, %nk sends a to a' in Hx(Sx/Gk), so that the classes at(1,0, k',Y, S)

are in the image of %. We see that, since the Gk_x action (D(X(l')) x 52l+1,

Gk_x X Gk_2) is a reduction of a Gk action, it extends to zero. On the other

hand,

((D(X(l')) X S2i,Z4 X (-1)) XZ4 Gk) XGk SX

^(D(X(l'))xS2i)xz^Sx

a (D(X(l')) X ((S2i,-\) XZi (Sx,-\)),Gk X Gk_x)

(via the identification:

\{x,y),s] -> («,[y,5]); x in D(X(l')),y in S2i, s in 51),

which   differs   from   (D(X(l'))x S2i+x,GkXGk_x) by N, decomposables.

Hence we have

Proposition 3.12. N,(Gk; g, Free) is generated by

(i) Kt, the image of Nt(Z2; All, Free);

(iO^l*.;
(iii) L„, the submodule generated by the classes

[(D(X(l')) X S2i; Z4 X -1) XZ4 Gk, 1 X GJ;

(iv)yxL,.
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Proof. We need only check (iii). The Z2 fixed set information for the class

(D(X(l')) X S2i) XZa Gk is the usual map of the product

CP(2/,) X • • • X CP(2/„) -> BUX X • • • X BUX -> BUn -* B02n

with the principal Gk_x bundle S2' xz Gk_x -» S2t/Z2. The double cover of

BGk_x by BGk_2 pulls back to S2' over RP(2i) and the complex line bundle

over BGk_x pulls back to twice the twisted real line bundle over RP(2i). Hence,

iifr2¡ denotes the map of CP(l') X RP(2i) into X2nk, then

/;>2/o-(0,/,0',/',0)) = 1   if and only if (r',j) = (/',/),

so that these classes do, in fact, give the remaining generators.

4. Free Gk bordism. In [3] it is shown that free unoriented Gk bordism is

freely generated as an N, module by extensions of Z2 actions on even spheres

and the restrictions of circle actions on odd spheres. Lety¡ in A^G*; Free) be

defined as in §2. Let Jt be the algebra generated by yx, so that Jt is the direct

sum of N, • 1 and Nt-yx. Let K, be the image of the extension homomor-

phism, an algebra morphism,

e: Nt(Z2; Free) -* N,(Gk; Free).

(Recall that if 9 = [M,Z2], then e(9) = [M xZi Gk,\x Gk].)

Proposition 4.1. Nt(Gk; Free) = J, ®N^ Kt, as algebras.

Proof. Let A denote the Nt epimorphism,

A: Nt(Gk; Free) -+ K_2(Gk; Free)

defined in [3, 1.11] or in [5]. Rowlett (in [5]) shows that /, is the kernel of A so

that

0 -» J, -A. N,(Gk; Free) -> N,_2(Gk; Free) -» 0

is exact, where /* is the inclusion of algebras. Lemmas 1.12,1.13 and Theorem

1.22 of [3] show that A is a Jt module homomorphism.

An explicit splitting for A can be described as follows. Let p denote the

forgetful homomorphism from Gk to Z2 bordism and let xx denote the class of

the circle with antipodal involution. Clearly, p(yxe(w)) = xxw. Recall that

there are classes x¡ in free Z2 bordism defined by

(i)*°r1;
(ii) [Sk,-l] - 2|=o [RP(k -j)]xj-, let/* = [Sk,-l].

They are also characterized by:

(i)x0 = 1;

(ii) à'xj+x = Xj, where A' is the Smith homomorphism of [2];

(iii) Xj augments to zero in Nt.
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Then x2J+x = xxy'2j (see [7]), so that

POfc+l) = y'2k+l - *l(.2 [AP(2¿ - 2/)]y2/)

= p(j, .2 [AP(2¿ - 2/)]y2;)    [3,1.17].

Hence, y2k+x + yxy2k is N, decomposable. Let b2k = e(x2k). Then the set

{62/,y,¿2í: i = 0,1,...} is a free A', basis for N,(Gk; Free). Define /x by

m(^2i) "" ^2/+2 and MÍ-Vi ¿2i) = ^i ̂ 2í+2 and extending A/, linearly. Then /* is /,

linear, and since

(|[^)i)(jo*2i).(jo4
H is a right inverse for A. Using a Five-Lemma argument, we see that

N,(Gk; Free) is freely generated over /, by the ¿>2('s.

Since K, is also freely generated (over TV.) by the A2/s, we see that /, ®N# Kt

and N,(Gk; Free) have the same Z2 rank, degree by degree. Moreover, the

evident algebra map from /, ®^ Kt to Nt(Gk; Free) is clearly an epimor-

phism and therefore an isomorphism.

5. Algebraic relations. We know that, as algebras,

Nt(Z2; All, Free) Si yY.(o„Ä2,o3,Ä4,...),

where ai+x is the class of the manifold S' xz D1, Dl being the unit interval,

with -1 X 1 involution and ß2l+2 = x,a2í+1, so that

ß2,+2 = [(51XZ252')XZ2D,,-lXlXl].

There is the restriction homomorphism

pk:N,(Gk;-,-)^N,(Z2,-,-)

and the extension homomorphism (as before). The restriction map remembers

only the Z2 in Gk; both p and e are defined for arbitrary families of subgroups.

Note that extension preserves a twisted product but not a cartesian product

and therefore is an algebra morphism only on free bordism (as well as an

N,(Z2; Free) module morphism on all the groups). Similarly, restriction is an

algebra morphism only off of free bordism. We do however have the

following:

Lemma 5.1

(i) e(x(p(y))) = y(e(x))for all x in Nt(Z2, All,_) and y in N.(Gk,%,-).

(ii) p(y,(e(x))) = x,x for x in N,(Z2: All,_),y, = [Sl,t] and x, = [s\
-H-
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Proof. Let (M, T) be a Z2 action and (N,Gk) a Gk action. Define

/: (M X N) XZ: Gk -* (M xZi Gk) X N by f[(m,n),g] = 0>,g],g«). / is an
equivariant diffeomorphism. This gives i.

To get (ii), just note Sl xGk (Gk XZj M) = Sx Xz M.

Let 5,- ...,v = e(a(. • • • a(), for 1 </,<••• < /, and all /} odd. Let e, ...,.
= y\ \ ...i, and 8i+x = yx 8¡, so that e, - 8i+x.

Lemma 5.2. <>(«,. • • -a,. Py. ...0A) = 5,. ....^ • • .«A, /or all jr even and i,
odd.

Proof. We can assume ¿ > 2. Then

P(SÁ---Sjk) = p(8j¡)...p(8jk)

- P(^i e(«y,-i)) • • • PU e(«y,-l))

-(xi«(k-i) —(*.«5fc-i)-^—^.

so that

«K •• "«/A •••^) = e(a,---a,p(5/i. ••^))

= «K •••«/A "'«A
= (5, ...,)5, •••5; -

Let K, and L, be as in 3.12.

Proposition 5.3.

(i) The product in Kt is zero;

(ii) yx Kt is an algebra;

(iii) // x is in Lt © yxLt, then the product of x with any other class is zero.

Proof.

(i) e(z)e(w) - e(zp(e(w))) = e(z • 0) = 0.

(ii) (yx e(z))(yx e(w)) = yx e(zp(yx e(w))).

(iii) Let (M, Gk) be a (g, Free) action and consider

W - {{D(X(l')) X S2i, Z4 X -1) XZ4 Gk) X (M, Gk).

We note that the boundary of

((D(X(V)) X D2i+X, Z4 X -1) xZ4 Gk) x (M, Gk)

is a smooth union of N,

P = ((S(X(l'))xD2i+x)XZtGk)xM
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and

q = ((D(X(l')) X D2i+X) xZ4 Gk) x (boundary of M).

Since Z4 acts freely on S(X(T)), Gk acts freely on P. Since Gk acts freely on

the boundary of M, Q also has a free action. Therefore, ((D(X(T)) X D2l+l)

Xz Gk)X M provides a (g, Free) bordism of N to zero.

If x is in L, and y is any class, then xy = 0. Hence,

0 = ^i(xy) = {yxx)y + x(yxy) = (yxx)y.

We have used here the fact thaty, is primitive in Nt(Gk, Free), see [1].

Proposition 5.4. The kernel of the extension homomorphism from Z2 bordism

to Gk bordism is the image of multiplication by x,, the class of the circle with

antipodal involution.

Proof. Since e is a N, (Z2 ; Free) module morphism, the kernel of e contains

the image of (multiplication by the class of) x,. If e(x) = 0, then

xix = p(y\ *(*)) = 0,

so that the kernel of e is in the kernel of x,. But in Nt(Z2; All, Free) any x in

the kernel of x, is of the form a + x, b where a is an N, linear combination of

squares (a¡ • • • a, ) , see [1]. But these squares extend to A/, linearly independ-

ent elements ((a¡ • • • a¡r) extends to D(X¡ _, X • • • X A/f_,) X Z2, Z4 X —1), so

that if e(x) = 0, then x = xxb in N,(Z2; All, Free). But there is an

N,(Z2; Free) splitting homomorphism for the inclusion of Nt(Z2; All) in

N,(Z2; All, Free), so that the result holds in N,(Z2; All) also.

In particular then, there is the "relation":

8:; ...,,. 5,. •••§, =0.
'l'l        '/'/  M Jk

Less trivially, we also have relations

/

2 8¡   ,8¡ ........ = 0,

obtained by expanding e(p(yx(a¡i • • -o/;))). Also, since (fy .../jt)(5,- ...j) = 0,

we have

or

Since

V"'A   J\---JI ej\-jl\--'k'
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th-iA-j,XB<ah'"ttiM%'-'aj))

i

we also have that

2, 5Á-i \ ■ ■ • -y, •••;,•■ -j, = 2, */,-! h ■ ■ • t, ■ ■ ■ ¡j, -J,'

These are all relations in K„. In fact the product

K.®yxKt^^N,(Gk;^, Free)

has image in Kt, since (yxe(x))e(z) = e(zp(yxe(x))).

Note that there is a decomposition:

ÄUG*; g, Free) s (#. + L.) 0 (yx K, + yx L.)

and that p is zero on K,, L, and yx L,. Hence

Proposition 5.5. The image of restriction from almost free Gk bordism to Z2

bordism is the image of multiplication by the class of the circle with antipodal

involution, xx, and hence the sequence

K(Gk->%) -T N*(Z2> AH) -7» K(Gk;%)

is exact.

Proof. p(yx e(x)) = xx x proves the first statement while the second follows

from the existence of a diagram:

.i

0 —► N*(Gk; 5) —l—> N*(Gk; d, Free)-»• N*(Gk; Free)-> 0

1     , I
0 -*■ N*(Z2 ; All) ̂ ==± N*(Z2 ; All, Free)->N*(Z2 ; Free)-»• 0

s

where s is an Nt(Z2; Free) module splitting homomorphism for i.
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