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THE DECAY OF SOLUTIONS OF
THE TWO DIMENSIONAL WAVE EQUATION
IN THE EXTERIOR OF A STRAIGHT STRIP

BY
PETER WOLFE(!)

ABSTRACT. We study an initial boundary value problem for the wave
equation in the exterior of a straight strip. We assume the initial data has
compact support and that the solution vanishes on the strip. We then show
that at any point in space the solution is O(1/r) as ¢t — 0. This is the same
rate of decay as obtains for the solution of the initial boundary value
problem posed in the exterior of a smooth star shaped region. Our method is
to use a Laplace transform. This reduces the problem to a consideration of
a boundary value problem for the Helmholtz equation. We derive estimates
for the solution of the Helmholtz equation for both high and low frequencies
which enable us to obtain our results by estimating the Laplace inversion
integral asymptotically.

0. Introduction. We consider an initial boundary value problem for the two
dimensional wave equation in the exterior of a straight strip. We assume that
the initial data have compact support and that the solution vanishes on the
strip. Our object is to obtain the rate of decay of the solution to this problem
as ¢t — oo. In a recent paper [10] we considered the problem of diffraction of
a plane pulse by a strip. Here we shall proceed much as in [10] and will use
some results from that paper. We use the method of Laplace transformation.
Our results are obtained by evaluating the inversion integral asymptotically.
We show that the contour of the inversion integral can be deformed into the
left half plane. Then by considering separately the integrals over the portions
of the contour near the origin and far away from it we show that the solution
decays at any point in space like 1/z.

Most of the work of the paper goes into proving estimates for solutions of
the reduced wave equation. To obtain these estimates we study the integral
equation
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—HO(W(s - %) +y2]"?)
0.1 .
= j:_l ﬁ(s’,x,y,n)Ho(')(xls -sds’, |s| < 1.

Two cases must be considered. First we treat the “high frequency” case in
which k = K + ik, with k; > 0 and k, < 0. Here we use a modification of the
technique developed in [8] and [9] and used in [10]. We must also consider the
“low frequency” case: k small and positive. Here we use the method of
Sologub [6]. However we find it desirable to recast his method in terms of
function spaces previously introduced by the author in order to obtain useful
estimates.

In [3] it was shown that the solution of the initial boundary value problem
in the exterior of a smooth star shaped region decays like 1/z. (It is now known
that in three dimensions the solution decays exponentially [2]. Although in [3]
the author considers the three dimensional case she remarks that the result is
also true in two dimensions. See also [4] for a related result.) The result is
obtained in [3] by using an energy integral technique (i.e., clever use of the
divergence theorem). So far attempts to apply this method to the present
problem have been unsuccessful. One basic difficulty is that the derivatives of
the solution are unbounded near the edge of the strip. Also the (one sided)
normal derivative of U is not square integrable over the strip. Thus we proceed
here in a different manner. .

Our result is of interest for it seems to show that the phenomenon of edge
diffraction which is present here does not play a significant role in energy
decay.

The plan of the paper is as follows: In §1 we will obtain the decay theorem
modulo the results on the asymptotic behaviour of the solution of (0.1). In §2
we will derive the high frequency result while in §3 we will derive the low
frequency result.

1. The theorem on the rate of decay. We consider here the wave equation in
two spaces variables

(1.1) Vet By =W

We look for a solution ¥ (x,y, ) of (1.1) for t > 0 which vanishes on the strip
y = 0, |x| < 1. The initial conditions are

(1.2) V(x,,0) = f(x,y), Z(x’.%o) = g(x,»).

We assume that f € C3(R?), g € C2(R?) and that the supports of fand g are
contained in a compact set K which does not meet the strip.
The free space solution to the problem (1.1), (1.2) is given by
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H(t - ’2+ ) yg(x + ',y +
Wixy.0 = 5 ff (= (x y)’ )g(;c l/zxy X g dy
=)
(13)

H(t = (x'2 +y'2>‘/’)f(x +Xy+Y)
277 b ff FERVIE dx’dy’.

In (1.3) H(x) is the Heaviside function and the integration is taken over the
whole (x’,y’) plane. We let U = V — W. Then U will satisfy (1.1) and have
the initial and boundary values

U(x,y,O) = U,(x,y,O) =0,

(1.4)
U(x,0,t) = —W(x,0,7), t>0,|x]<1

We will construct U as follows: we formally apply a Laplace transform to
(1.1) (for U) and (1.4). If we define u(x,y,0) to be the (formal) Laplace
transform of U(x,y,1),

u(x,y,0) = foo e ' U(x,y,t)dt
1 0 ' " ’
then u must satisfy the reduced wave equation
(1.5) Upy + U, — *u=0
with the boundary condition
(1.6) u(x,0,0) = —w(x,0,0), |x| <1
where w(x, y,0) is the Laplace transform of W. The function w is given by
wixy,0) = [[ g0 + 2,y + ) Kool + y2]/)dx’ dy
+o f f flx+ x,y + y')Ko(a[x’2 + y’z]l/ 2)a’x' ay'.

Hence

w(x,0,0) = [[ gt Ky(ol(x — §)° + n2]/*) dgam
+o f[ JEmKo(olCx = £)? + 1% ddn.

Here K, denotes Macdonald’s Bessel function of order zero. In addition,
u(x,y,0) is required to be analytic for Reo > 0 and u(x,y,6) = 0 as Reo
- .

We will prove existence of # in a region containing the right half plane

(1.7)
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(Theorem 2’). The properties of  will insure that if we define U(x, y, ) by the
Laplace inversion integral taken along the imaginary axis in the o-plane,

U(x,y, 1) = 517—7 f_ 0:0 €' u(x, y, io,) do,

then U will be the solution of (1.1), (1.4).
The solution we seek of (1.5) and (1.6) is given by

(1.8) u(x,y,0) = f_l | o(s, x, y, 0)w(s, 0, o) ds.

The function p(s, x,y,0) represents the jump in the normal derivative of the
Green’s function for the problem across the strip [9]. It is the solution of the
integral equation

(1.9) —Ky(ol(s - x)? +y2]'/2) = f_ll p(s',x,y,0)Ky(ols — s')ds’,  |s] < 1.

Reasoning as in [10] we see that (1.9) admits a unique solution p(s, x, y, 6) for
every (x,y) not on the strip and every ¢ # 0 with Reo > 0 such that when
this p is inserted in (1.8) the function u thus defined is a solution of (1.5) and
(1.6) which is analytic for Rea > 0.

We wish to show that u(x,y,s) can be analytically continued into the left
half plane. We first consider w(s, 0, 6) given by (1.7). This will be an analytic
function of o in the o-plane slit along the negative real axis.

LemMma 1.1. If ; = Reo < O, then for some positive constants C and B,
(1.10)  |w(s,0,0)| < Clo| ™28, 5| < 1, /2 < |argo| < .

PRrOOF. Since K is compact and does not meet the strip we can cover K with
circles {C;};., such that for (£,) € C;either (a) |n] > ng, (b) £ — 1> 8 >0,
or(c) =1 —£ > & > 0. Let {§,};_, be a family of C* functions such that the
support of each 6, is contained in C; and 37, 6, = 1 on K. Let f = 4., g;
=fg.

Now consider for instance

JI,, s mK(olls ~ £)° + 1) dgam

where on C;, |q| > . Since [(s — £) + 7%] is bounded away from zero
uniformly for |s| < I and (§7) € K, we may replace K, by its asymptotic
expansion
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(1.11) Ky(0R) = (2/7oR)"2e™R[1 — 1/80R + &(oR)]
where |e(z)| < C3/|z|2.
Equation (1.11) is valid for |argo| < #. In (1.11) we have set
R =1[(s- ¢+

Let us estimate

1 e—aR
ﬁffc, W&(&m)d&dn.

Since R, = 1 /R this is equal to

1 —oR RV2
_037”0 e (—oR,) -6 m)dEdn

1/2
- LAl e_"R(RTg.‘(&ﬂ))ndgd’%

Here we use the fact that in C,, |5| > 7. A second integration by parts shows
that this term satisfies an estimate of the form (1.10) where B
= maX < ,¢q)ec, R The term

1 e—oR
0—3/—2/:[@ W&;(ﬁ,n)d’édn

is handled similarly (one integration by parts) while the remainder term clearly
yields the estimate (1.10). The integral involving f is handled in the same way.
IfinC,£—12> 6 or—§—1 > §, the integrations by parts are carried out
with respect to £ This completes the proof of the lemma.

We now consider the function p(s, x, y,6). Letting k = io transforms (1.9)
into equation (0.1) with (s, x, y, k) = p(s, x, y, —ix). We wish to continue p into
the left half o-plane. In §2 we consider (0.1) for k = K, + ix,, K, > 0, k, < 0.
This corresponds to ¢ = ¢; + io, with o; < 0,0, <0, i.e., o in the third
quadrant. But since K;(oR) is real for real o we see from (1.9) that if
Res > 0,

p(s, x,y,8) = p(s, x,,0).

Thus we may extend our results to the case where o is in the second quadrant
by reflection. Hence we have from Theorem 2 of §2

THEOREM 2'. Equation (1.9) admits a unique solution p(s, x, y, 6) for o satisfying
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(1.122) e < 410, 6 <0,

such that if u(x,y, o) is given by (1.8) u is analytic in & for o in the union of the
regions given by (1.12a) and the half plane o; > 0. If

(1.12b) e < 8V27Tl/4]02|3/4, o <0.
Then p satisfies the estimate (cf. (2.10))

4|9
Io(s, 3,00 < 7 |52 Kolollx = 92 + (v = 71",
(1.13) +C|02|_]/2(l + |02|-1/2)e-01(IXI+|yI+1)

X (46(1 = 7V 4 a1 4 572,

The proof of analyticity is exactly the same as in [10]. By (1.8), (1.10) and
(1.13) we find that if (1.12b) holds

(1.19) lu(x,»,0)| < Clo| e,

The quantities C and D in (1.14) depend on x and y, but (with a little more
work in §2) the estimate (1.14) can be made uniform over compact subsets of
the plane with the closed strip removed.

The solution of (1.1) (for U) and (1.4) is defined by

(1.15) Uey,i) = 5 [ ulx.y,0)do.

The contour T' can be taken to be the imaginary axis (as we shall see
u ~ log|s| near ¢ = 0).

Let I'" be the contour I; U T, U T; where

Ii: e ) = 81/271/45_02)3/4, Y < 03

L: o, = 0, —1/4n"3 < o, < 1/47"°,

L: e = 8/27/4634, 6, < 0.

I" is oriented so that o, is increasing (Figure 4).

We wish to show that the integral in (1.15) can be taken along I" for
sufficiently large ¢. For this it is sufficient to show that the integral along a
horizontal segment between I' and I" tends to zero as |o,| — co.

Thus let

0
L, = j; . e u(x, y, 0)do,

where ™ = 8Y24%4|5,* By (1.14) if t > D,
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C 1-¢40D) < C 1
t—D ~S.2t-D°
|°2|

Cc 0 -
|102| < |o |2j;r e’l(t D)dol =
2

|°2|

Thus, if t > D, |1, | - 0 as |o,| — 0 and we have
1 ot
(1.16) Uty 1) = 3 fr e u(x,,0)do.
We next show
(1.17) j;e"'u(x,y,o)do = O(t"') ast—> o0, i=1,3.

To prove (1.17) we parameterize I} by 0,. On I}, e™® = 8V 27;‘/“0;/4, do,
= —(3/4)(do,/0,) and |ds| < Cdo,. By (1.14)

I f e u(x,y,0) do e "')02— 2 do,

<¢ (44r'/ 3

— (D-1)/4 D—t)-2
C(647) (4,,1/3)- i( 1) do,

= 4731 + 3¢ - D)”" = o(1/s).

The integral over I is treated similarly.
Setting a = (473 )_l we now have

(1.18) Ux,y,1) = %f:‘ €' u(x, y, is,) doy + O(1/1).

We now consider the behavior of u(x, y, io,) near ¢ = 0. From (3.41) we have

p(S, X5)s —iK) = (_ l/ﬂ)T(R’/R)(S)

(1.19) +‘m[ 1n21R0+ f lnltlT( )(t)dz]( 52)—1/2

+p; (5, %, , %), k> 0.

In(LI9YR = ((x — s) + yz)l/2 = 0R/3s, Ry = (x* + y?)"*. The opera-
tor T is defined by (3.7), but for the present purposes it is enough to note that
T(R/R) € L;[-1,1] and the integral in (1.19) is finite. The remainder term
p; (5, x, , k) satisfies

1/2

(1.20) ey |ILl = O(x*Ink), ]Iapl/E)KHLl = O(kInk), «k>0.

Also in (1.23) In(ky/4i) = In(oy/4), where ¢ = —ik, Iny = 0.57721 -+ (Eul-
er’s constant) and the logarithm is taken to be real for o > 0. With this
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definition of the logarithm, (1.19) and (1.20) hold also for ¥ < 0.
From (1.7), using the series expansion for K, we find

(1.21) w(s,0,0) = a(s)In(ay/2) + b(s,0)

where a(s) and b(s) are continuous in s for |s| < 1 and

(1.22) |b(s,0)| < Clo Ing|, g—z(s,o)

< Cllne|, |5 <1

Using (1.19) and (1.21) in (1.8) we find for 6 = —ik,

-1
(1.23) u(x,y,0) = a(x,y)ln(:l—y + B(x,y) + 8(x,) (ln%) + &(x,,0)
where
(1.249) le)] < CloIng], [9e/d0| < Cl|lnal.

In (1.23) @, B, 8, € are bounded in (x, y) uniformly for (x, y) in compact subsets
of the plane with the strip removed.
From (1.18) and (1.23),

UG = 5z [ € atenntor) + Bx.y)

+8(x,y) (In(07/4)) ™" + e(x,, o)] do, + O(1/1).

Using (1.24) we see by integrating by parts that the term involving e is o(1/7).
Clearly the term involving B is O(1/7). Also if T, are the half lines running from
—00 * ig to *ia, then

j;: ear(a(x,y)ln% + 8(x,y) (ln% )-])do =0 (%)

Hence

1 -1 1
Uxpt) = 5~ o e” (a(x,y)ln% + 8(x,y) (ln%x) )do + 0(7)

where v, is a contour starting at —co — i, circling the origin and ending at
—oo + i. The negative real axis is a branch cut for Ino. We have
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Finally, reasoning as in [10], we see that

o do 1
fvo ¢ (ln(o:/4)) B O(t ln(4t/v))'

Thus U(x,y,7) = 0(1/1).

The solution to our problem V is given by V = U + W where W given by
(1.3) is the free space solution of the problem (1.1), (1.2). Since W(x,y,?)
= 0O(1/f) we have proven

THEOREM 1. Let V be the solution of (1.1), (1.2) which vanishes on the strip
{(x,): y = 0,|x| < 1}. Then at any point in space V decays like 1/t.

REMARK. It can be shown that the decay rate is uniform on compact subsets
of the plane with the strip removed.

2. Solution of the integral equation in the “high frequency” case. In this
section we study the integral equation

@) ~HP WK -2+ 1) = [ o) Bl - e 1< 1

We have written (£, x,y,k) = p(§) for brevity. We assume k = & + ik, K
> 0, k; < 0. We look for a solution of (2.1) of the form

2) 06) = g [ @ = ) plg expliax - (o - )]y}

The choice of contour y depends on the position of (x, y). The function p(¢, a)
is given by

p(0) = —2a? = k1) 2e7 + [ Mg (k) dk
(2.3) . ‘
+fC2 e'k(£+l)<1>2(k,a)dk.

The functions ¢; and ¢, are assumed to satisfy the pair of integral equations

(__a _ K)l/ze—ia + ¢2(k', a)A’l (k,)e2ik’
PEY” o K=k

X, () (ko) = 2 d’,

k on C),
(24

“2A-at 2™ oKX (ke

WiX2+(k)¢2(k, a) = a+ k G k' — k

dk’,

kon C,.
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This is the solution method of [9]. The contours C, and C, are pictured in
Figures 1, 2 and 3. The function (k — :c) is defined in the k plane slit alon /%
C, and taken to be positive for Imk = «,, Rek > «; . The function (k + k)"

is defined in the k plane slit along C, and taken to be positive for Imk = —«,,
Rek > —x;.In (2.4) X, (k) = (k + K)“ 2 and X, (k) = (k —«)"V2. Forkon
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G, Xl+ (k) refers to the values of X on the left side of the slit C;, while for &
on C,, X, (k) refers to the values of & on the right side of the slit C,.

As usual these equations are solved by successive approximations. We
parameterize C; by letting kK = —k — isx;, 0 < s < o0, and C, by letting
k=r«+itk, 0 < t < 0. Let ¢,(—k — iy s,0) = (s, ) and ¢,(k + itx;, a)
= y,(t,@). We also set k, = —k; 8. We will assume that 0 < B < §. With
these substitutions (2.4) becomes

2 (e — K)V2l/2 /2 i
¥ (.S', a) = ;em/‘i ~ +lk
.\ esm'/4sI /2 i foo ‘pz(zf,a)e-zmt'dz,
(25) " O @il +s- 2B+ il - 28)"
. 3 V2 1/2 1/2 ja
_2 3m./‘,( a+ k) k' e
Y(ta) = i a+k
+f%ﬂ/2e2ix f ® h (s, a)e 2 dy’
7 0

Q@ +i(t+5 = 2B))(=2 — i(s — 28))V*
We now specify the contour y over which a runs.

(a) If y % 0 we take y = y, where v, is the contour shown in Figure 1.

(b)Ify = 0, x > 1 we take y = y, where ¥, is the contour shown in Figure
2.

(c) If y =0, x < —1 we take y = y; where v, is the contour shown in

Figure 3.

o2
FI
o plane
[
2,73
9
- 4773 i
r,l

FiGURE 4



416 PETER WOLFE

The analysis of equations (2.5% is independent of the position of (x,y). We
take the zero approximations :pfo (s,a) and ¢g°)(z, ) to be the inhomogeneous
terms in (2.5). For @ on y and k = —« — isx; on C; we have |a + k| > K 5/2,
while for @ on y and k = « + itx; on C, we have |a + k| > k;2/2 (in all
cases). Hence, if a = o + iy,

19O, @) < @/m)(,5)” |- — k/2e,
WO a) < @) ) |—a + ]/ 2e,
Let

2.6) M, = max{|-a — k2™, |-a + x/2e7),

Then

14 (s, @) — 4O (s, )|

foo t/—l/ze—Zlql'dti
N0 4+ (- 282178 + (¢ + s - 28)*]?

< _43 §2 Ve 2apy
w

w ’
< _4_’2s1/2"l-1/2 e_zsza,xg(s)j; tf—l/Ze—let at'
T

= /n)" V2 g(s)e 2ok M.
Here
) = { i, s<28
B9+ 6-280"", s> 2.

An entirely analogous estimate holds for I‘pg')(t, a) - ¢§°>(z, ). By induction
then

3/2 —4x, \ (1-1)/2
W60 - 060l < (2) S sM e (£5)

256 ’

) 5 3/2 _ _ e-4K2 (n-1)/2

6o - eal < () Psoma o (55)
n= l, 2’ 3’

Thus if

(2.72) e < 4n" 4K]3/ Y, k<0,
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the sequences {zpf") (s,a)} and {44”’(:, @)} converge uniformly in s and ¢,
respectively, for each a # =k to functions y, (s, ) and (¢, a) and this pair of
functions satisfies (2.5).

We now suppose

(2.7v) e g gV 2771/4::13/4, K, < 0;
then
6,0l < @/m)(xy5) ™2 My + 202/m) 25 2 ()7 M,

with a similar estimate holding for ¢, (¢, a).
Since g(s) < 2Y%/s for s > 0, we obtain

s )l < (16/7Y2) ()™ M (1 + 7V,

¥, () < (16/'”3/2)("1 t)-l/zMa,n(l + Iq_l/z).

From this we obtain
(2.8)

I fc . e €Dy (k,a) dk + fc z e Do, (k, o) dk
< (16/m) M, (1 + KTV 2D — £)™V2 4 a4l (g 4 £)7V2),
Thus from (2.2), (2.3) and (2.8) we obtain
o)l < 213/3n) H{ (l(x — £)7 + (» = 1)1Vl ol

+i(1 + kY22 D(1 — £)V2 4 gl (4 g)V2
(2.9) ) 1

><| fy M, (0 = ) expliax — (a? = &)2| y|} dal.

We now estimate the integral in (2.9). We first assume y # 0 so that y = -
On that portion of y, lying to the right of the point k we have

M, @~ )T < e - )V

. 2
lexpfiox = (a2 = )2 |)1}] < expl=ay|x| — |yl(a? = 2 = &2 + 2)2)

1/2
< expl—ry|x| — oy |y] + [y + &2 — k2)"?)

< exp{—ry | x| — o] y| + x| ¥]}.
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Here we use the fact that on the curve in question, af > n, + az - K3 >0,
andif 4 > B > 0, then (4> — ) > A — B. Finally on this portion of the
curve |da| < 2da; . Thus this integral is dominated by

eI+ 1) i1yl K°° el — )TV 2doy = 202y V2 ralxID),
1

The same estimate holds for the integral over the part of y, lying to the left of
—k. On the straight line portion of y; we let & = «t, —=1 < ¢ < 1. Then

M |(a2 — KZ)I_I/z < 21/2"1-1/2(1 - 12)—1/28-K2,

a,K

lexpliax — (@ — k2)72|y[}| < e,
lda| < 2"k d.

From this we see that the integral is dominated by an}/ 2 gma(IHx+)) Thys
the integral over y, is dominated by Cx}/?e —e(1+x+)) 1t then follows from
(2.9) that

lo(®)l < 213/3m) HOWlx = £)% + (3 = 1)°12)] 0l
(2.10) +CK}/2(1 + Kl—l/z)e"fz(lﬂ"'l}'l“)
X {ekz(ﬁ—l)(l - 5)‘1/2 + e—Kz(€+|)(l + g)—l/z}.

We now return to (2.9) and consider the case where y = 0, x > 1. In this
case y = v,.
On the portion of v, to the right of «,
My (o = k) V2] < (2 — ) Ve

a,K

so that the integral over that portion of y, is dominated by
2e'2"2f°c> (ay = xz)‘l/ze_“z("_])daz = 27"2(x - l)_l/ze_"Z("+l).
K
On the portion of v, to the left of —x,

M, 1@ = )V < (@ + 1) Ve

aK

so that the integral over that portion of y, is dominated by
5 foo (a + Kz)—l/Ze—az(X—l) do, = 27,1/20c _ 1)_1/2e"‘2(""').
—ky

The integral over the remaining portion of y, is estimated much as in the first
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case. The result is that the integral is dominated by 2mc'/ 272+ Thys the
integral over y, is dominated by CK'/ 2e720+D) and we again obtain the
estimate (2.10) (with y = 0).

The case y = 0, x < —1, in which we take y = v;, is handled in the same
manner and again we arrive at (2.10) (with y = 0). In (2.10) the constant
depends on x and y.

An argument in [10] shows that the solution we have found is unique. Thus
we have proven

THEOREM 2. The unique solution p(£, x,y,«) of (2.1) for « satisfying (2.7a) is
given by (2.2), (2.3) where ¢, (k, a), ¢,(k, a) are the unique solutions of (2.4). If x
satisfies (2.7b), the estimate (2.10) is valid. In (2.10) C depends on x and y.

3. Solution of the integral equation in the “low frequency” case. In this
section we study the equation

R 86) = [ BOKls - Do), 1o < 1.

We will show how to solve (3.1) for small positive values of k. The method of
solution i 1s due to Sologub [6]. In [7] the author introduced the function spaces
L,(q), W'(g) in order to study (3.1). Examination of Sologub’s method
showed that it fit naturally into the context of these spaces. In [11] it was
shown how these ideas could be brought together to solve a related problem.
Here we use the Sologub method to investigate how the norm of the solution
operator for (3.1) depends on « for small values of k. We then apply this result
to equation (0.1).

3.1 PreIzmmarzes (a) Deﬁnltlon of the spaces L,(9), W (q) and @

Ly(g) = {f: Wliz,q) = 4 1FOP (1 = £)dr < o0),

W2 (g) = {f: f is absolutely continuous on [-1,1], f* € L,(g)}. We equip
VI’2 (¢) with the norm

Mgy = W0 + 1710

1 »
e = {0000 = 5 [ SO M1 € 1)
We equip @ with the norm of L,(g).
The right hand side of (3.1) defines an operator L. We have

THEOREM [7] The operator L, for k > 0 is a one-to-one bicontinuous map of
L,(q) onto W3 (g).

Here we wish to derive an estimate for IIL,:l | which is valid for small values
of k.
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An appiication of Hélder’s inequality shows that L,(q) < L,(-1,1) for
1 < p < %. Thus if we extend functions in L,(q) by setting them equal to zero
for |¢| > 1, we have, with L, = L,(—c0, ),

(32) Il < ClfllL,q) Yf € Ly(e) 1 < p <4

In partlcular we can take C; = 7/% in 3. 2) We also have the inclusions
Wi (q) = L. To derive this we let g € W (g); then for =1 < x,y < 1,

glx) =gy + fy " g0 d,

X
86 < IO + | [“ 50| < IO + Il
Integrate with respect to y to obtain
12001 < Hlsly, + Ig'l, < 3G lglhygep
(C, as in (3.2)). Hence we find

(3.3) lgl, <3Gl Ve € W (o).

Another result we will need concerns singular integral operators acting on

Ly(q).
THEOREM [7]. Let

(34) @@ =1 104 <,

Then H is a continuous map olf L,(q) onto L,(q) with a one dimensional nullspace
spanned by p(1) = (1 — tz) , ie.,

(3.5) f - —o W<,
The map
(3.6) (Tf)(r) = %(l ]/2 f th’)T ,2)1/2dt

is an isometry of L,(q) into L,(q) such that
(3.7) HT = I.

(b) Fourier transforms on L, 1 < p < 2.
It is known [5] that the operator of Fourier transformation F defines a
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bounded linear mapping from L, into L, for 1 < p < 2andp’ = p/(p - 1).
Thusif fe L, 1 < p<2 andf Ff,

(3.8) 17z, < CylAll,-

From this ensues the embedding @ = L, p’ > 4, forif ¢ = F(0), 0 € Ly(q),
and 1 < p <4, lloll, < Cylolly, < € C,llolly, gy = €, C,lidlg. Thus if G,
= C,Cp,

(3.9) loll, < Cyligle,  4<p <o
An important example of a transform pair is embodied in the formula
_'M
B _er
(3.10) HOEh = 3 [ 7

The function (k? — }\2)]/ 2 is defined in the A-plane cut along rays going
vertically up from A = « and vertically down from A = —« (i. e % and C, of
§2 with k > 0) so that its value at A = 0 is x. Thus (x* — ~ i|A| as
|Al = oo along the real axis. The function (k2 — &)~ Y2 in L, for 1<p<2
The Parseval relation

(3.11) I i©s@)de = [ j@)g)as

is valid for all fand g € L, 1 <p <2, where f=Ff ¢ = Fg.
3.2. Solution of the mtegral equatzon for small k. We seek a solution of (3.1)
in L,(g). The function g is in WI (¢). We may differentiate (3.1) to obtain

86 = [ 2 H(wls - o)
(3.12)

= 2H)6) + [, K= o), 1<,

where H is defined by (3.4) and

K6 = g5 Eels) - 2L

The function k is in L,(— 0, 00) for 2 < p < c0. We now use (3.10) and (3.11)
to transform (3.1) and (3.12). Letting ¢ = Fp (3.1) becomes

1 _ © ¢(A)ei)\s
(3.13) 58(3) —f_w md}\, ls] <1,

while (3.12) becomes
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1g'(s) = iHF ' ¢(s)
(3.14) —iA AL i
_f ¢()(——(2 RN A) dr, sl <1

We have used Lemma 2 of [11] on the second term on the right of (3.12).

LEMMA 3.1. Let f € Ly(q) and T be defined by (3.6). Then for arbitrary
complex C the function

(3.15) o(\) = —iFTf(\) + CJH(A)
is in @ and satisfies

(3.16) iHF 'o(s) = f(s), |s| < L.

ProOF. The first term on the right of (3.15) is clearly in & J, € @ since

1 .
Jo) = -’l_l;f_l e (1 - sz)—l/zdf

Applying iHF ™! to ¢ and using (3.7) we obtain iHF "¢ = f + iCHF "Jo, but

1
G171 HFE =2 a-HE <0 i<

by (3.5). This proves the lemma.

We define the operator P to be multiplication by the characteristic function
of the interval [—1,1] and n(\) = |A|/A = iN/(x? — / . Then 9 € L, for
1<p<2

THEOREM 3. Let ¢ € @ be a solution of the equation
(3.18) ¢ = (1/i)FTPF~'(n¢) + (1/2i) FTg’ + CJ,

for any C. Then (3.14) is satisfied. Furthermore, if C is chosen so that the
corresponding ¢ satisfies

Lo (o o)
(3.19) 2g(0) —f—oo (Kz—xz)l/zdk’
then p = F~Y(¢) is the solution of (3.1).

PROOF. Suppose ¢ satisfies (3.18). Apply iHF ™' to (3.18). Since g € L, n¢
€ L,, hence F~ Ing € L, and PF 'y € L,(g) so that FTPF~'(n¢) € @.
Hence by (3.7) and (3. 17) we obtain (3.14). Thus ¢ satisfies (3.14) which
implies p satisfies (3.12). If p satisfies (3.12) then
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iAs

g(s) + k = f HO (ks — 'ols’) ds’ = f«, - )"

If we let s = 0 and assume (3.19) holds we find k = 0 so that p also satisfies

G.1).

REMARK. (3.18) is equivalent to the equation derived by Sologub.

o = <1>(;L)((2—"“2),/2 ¥ %)V;‘du w3 [ TR+ CI).

where

it 2 )l/ 2 iur

1L (1-1)""
2,,,[1(1 z)l/zf P

A
= m[ﬁ M) = oM ()]
This form of the equation is probably better suited for computations.
However, for our purposes form (3.18) is more convenient.
Define the operator B by

B¢ = (1/i)FTPF ™' (n¢).

As we have seen in the proof of Theorem 1, B maps @ into @& We wish now to
estimate ||B||. Direct computation shows that || , = ©(@ +2). Thus if
¢ = Fo (cf. the remark after (3.2)),

1 1 1
suplgl < ol < 5 ol ) = 57 ol

Thus ¢n € L, and |l¢nll,, < 2727 (= + 2)rl9ll. It follows that PF~ ' (no)
€ L [-1,1] with ||pp(n¢)||Lw < @777 + 2)xllollg; thus

/2
_ - 1
1P o)l ) < (g) 1PF @)l < 557507 + 2ol

Finally, recalling that T is an isometry on L,(q) we obtain

(3.20) 1Bl < @Y%) + 2)c]9le-
Thus if
(3.21) k < 222/ (n +2)

(3.18) can be solved by iteration to yield a solution of (3.14).
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There remains the problem of choosmg C so that (3.19) holds. We assume
k satisfies (3.21). Let B = (I — B)™; then the solution of (3.18) is given by

(3.22) ¢ = (2i)' BFTg’ + CBJ,.
Inserting this value of ¢ in (3.19) we obtain

© 4\ , ©  d\ .
(3.23) g(0) = foc mBFTg ) + Zcf—co 7_—}\;—)753]00\).

The 1ntegrals on the right in (3.23) are well defined since @ = L, for p’ > 4
and (x? — ) ‘e L,for 1<p < 2. Later we will estimate these terms
using Holder’s mequahty with p = 2, p’ = 5. Thus we can solve (3.23) for C
if d # 0 where

(3.24) d=2 f_ °:° = :1%2)1_/2 Br,(N.

So suppose d = 0. Let ¢ = BJyand 6 = F~ 1o Then ¢ satlsﬁes (3.18) with
g =0 and hence (3.14) with g’ =0. Thus f' 1 H )(xls — s'\a(s’) ds’
= const, and by hypothesis and (3.19) this constant is zero. Thus by
uniqueness o(x’) = 0, |x'| < 1andso ¢ = 0. But ¢ = B¢ + J, = Jy which is
a contradiction. Thus d cannot vanish if (3.21) holds and we can use (3.23) to
find C and hence ¢.

3.3. Estimate of the norm of the squtzon operator Denote the operator on the
right hand side of (3.1) by L,. Then L maps Wz (q) onto L,(q). We now wish
to estimate ||L_ || where the norm is taken in (W5 (q), L,())-

We start by assuming

(3.25) - k < 2Y%/(x + 2).

If (3.25) holds then

(3.26) I8l <2

and

(3.27) I7 - Bl < Y)Yz + 2)x.

We can now estimate ¢ as given by (3.22) and (3.23). First consider d given
by (3.24). This can be written

) A ©
a=2f" (KTJ_O—(—};WEd}\ ~2f" Ez—m[a ALY
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The first term has the value 27rH0(')(:</ 2)J0(r</ 2) [6]. To estimate the second
term we use Holder’s inequality with p = 3, p’ = 5. From (3.9) and (3.27),

[ =5l - B0 < Glla - Bplelod - )7

-0 ( 2 2)1/2 0 5 0 L5/4
< Ak

where A is a generic constant independent of k. Now

(3.28) HO (| x]) = (2i/m)Iney|x|/2i)|x] + h(x)

with |A(x)] < C, k*Inx, |x| < a (see the discussion after (1.20) for the defini-
tion of the logarithm), so that

(3.29) d = 4i In(ky/4i) + o(1) ask — 0.

Now consider the first term on the right in (3.23) which we write as

1o a\
_fw(z 2)1/2( )N+ [ oy B)FTg'(\).

Using (3.10) and (3.11) the first term can be written
1 /1 )
Zf_l HO (e (Tg") (o) de

_ %"“‘f_ll (Tg")(0) dt +%f_‘l( HO(x |t|)——1nx>(Tg )@ dt.

By (3.5) and (3.6) the first term is zero. Using the Schwarz inequality in L,(g)
the second term is bounded by

1 ! - 2. |2
j"g "Lz(q)f_l (1-7) V2 HO(')(KItI) - —é Ink| dt.
The integral can be bounded independently of k for small k. Repeating a

previous argument

0 dA
Loztam- BT < 4% g,

so that

© dx
’f ® (k 2 _ 2)1/2§FT3 (}‘)I Allgllwn(q)
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From (3.3) [g(0)] < (3/2)C "g"Wz‘(q)’ so that
(330) C < d7'Aligllyy -

Also
I2i) ™" BFTg'llg < llg'll, p)-

Thus from (3.22) and (3.30) if p is the solution of (3.1) and ¢ = Fo,

(3.31)
ol = el < @™ Alglhyaey + I8l © < < 2//(m +2).

The important thing about this estimate is that 4 is independent of «.
3.4. Application to equation (0.1). We now turn our attention back to (0.1).
We first observe:

LEMMA 3.2. The solution of the equation

(332) f ln |s — 5|o(s’)ds' = g(s),
g E Wzl (9), is given by
p(s) = (2i)7'(Tg")(s)
(:33) +army — )20 - 1 [ e O],

Proor. The verification of (3.32) is a simple computation. We use the fact

(3.34) f_'l -2 "mli-¢gldt = -rln2, g <L
Also from (3.5) and (3.6), if f € L,(q),

(3.35) [ @f)Od =0,

Thus

Ky/2i 1 ,
636) Z [ S ote)ds = B 0) - L [ iz 0t

i / ’ ) — _ ’ ’ ’
B mls = slo)as = 1 [ als = 517}

ey 0 - 1, i 04,

(3.37)
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Let j(s) = 7! f_l_l In|s — 5'|(Tg’)(s’) ds’. Then by (3.7),
76 =11 Loy w)ar = HTE ) = £6).

Thus j(s) = g(s) + C. Setting s = 0 gives

¢ =1 mlTg)Odi - 50)

= 7)o Ve )
Hence
1 1 ’ ’ ’ ’ — _1_ 1 ’

638) L s - A1T)6)a = 56) - [s0) - 1 [, wll7g) Ot

The result now follows from (3.36), (3.37), (3.38).
Using (3.28) we see that if p is given by (3.33), then

1
(3.39) U.l o(s') Hf" (ls — s'1)ds’ = g(s)| < Ak’ Inullpllp,y)-

Note that ”P"L (q) can easily be estimated in terms of ||8||wg (¢)- We now turn
to (0.1). Use (3 28) to write

(3.40) H{V(kR) = —(2i/m)In(xyR/2i) — h(R)

where R = [(x — s) + y2]1/ 2 and h is as in (3.28). Let p, be defined by (3.33)
with g = —(2i/m)In(kyR/2i), R" = 3R/ds, Ry = 2 +y )/

pols) = -7~ ' T(R/R)(s)
(3.41)
+ﬂﬁé7/_415[ 11‘121 RO + = f ln|t|T( )(t)dt]( s2)-l/2.

Observe that ||pgll, J(g) is bounded independently of k. Let p be the exact
solution of (0.1) and p; = p — py- Then

[ BOKs ~ D) = ~BOGR) ~ [ B (els ~ s oole')

1
= —h(R) = [, hlls = po(s)ds’ = K(is).

The functlon k is analytic in k as an element of W'(g). Also ||k (x, )||W.(q)
< Ck*lnk, |0k (x, )/ annwz,(q) < Ck Ink. Thus applymg the basic estimate
(3.31),

(342) ||p1 ”Lz(q) CK Ink.
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If we define the Hankel function in the plane slit along the negative real axis
then L, is an operator valued analytic function such that L, I exists for oc > 0.
Thus, by a standard theorem on analytic families of operators [], L;'is an
operator valued analytic function for k > 0. Thus p; = LK kis analytlc in k
for k > 0 (as an element of L,(g)). 3p,/ 9« satisfies the equation

l s ap ’ ’
f_l Ho(l)(nls -5 |)8_rcl(s )ds

P .9 ., . Ok
‘f_1 o1(5") 3 B (ls = s s’ + 3 (x,9).

The right hand side can be estimated in the norm of WZ‘ (g) by Ck Ink; thus
by (3.31),

||8pl/6x||L2(q) Ck Ink.
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