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Abstract. The main purpose of this work is to obtain an analogue to a

theorem of L. C. Young on the behavior of the nonparametric surface area

of continuous functions. The analogue is for L1 functions of generalized

bounded variation. By considering arbitrary Borel vector measures and

kernels other than the area kernel, results concerning the weak behavior of

measures induced by a class of sublinear functionals are obtained.

0. Introduction. The classes BVC and ACC of continuous functions over

the open unit cube Q in Rm have been extended to the classes BV and AC of

Lx functions by use of the existence of certain types of distribution deriva-

tives. Namely, if the distribution derivative is given by a finite Borel vector

measure, the function is of bounded variation. If in fact the derivative is given

by a function (i.e., the measure is absolutely continuous with respect to

Lebesgue measure) the function is absolutely continuous. A natural question

then becomes: Which properties do these wider classes share with the

continuous classes?

Here we consider a theorem concerning the behavior of the continuous,

nonparametric surface area of surfaces in BVC given by L. G Young, [6], in

1944; and develop an analogue behavior in the class BV for the generalized

surface area as in [6].

In the classic area formula for ACC(R2) functions, if the partial derivatives

are replaced with difference quotients, a formula results which can be applied

to any function in BVC:

Aaß=fj 1 +
f(x + a,y)-f(x,y)

f(x,y + ß)-f(x,y)

ß

-,2' 1/2

dy dx.
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The question then becomes: How does Aaß approximate the area? Is the area

limtt p^nAaßl

L. C. Young shows the answer is no, and gives necessary and sufficient

conditions for the answer to be yes. (Compare with Saks [1, p. 182].) His

condition is that there must be a Borel partition of Q into two sets Ax and A2

so that off A¡ the function is absolutely continuous in the variable *,- for

almost all fixed values of the other variables.

For the generalized class AC there is a similar area formula

rl       da2      da2\l/2

where (ax, a2) is the distribution derivative measure of/and daj dL is the

general derivative [1, p. 106] of a¡ with respect to Lebesgue measure L.

Following Young, we want to replace the derivatives with "difference

quotients" for these derivatives and find necessary and sufficient conditions

for the limit to be the area when applied to a function known only to be in

the class BV.

A precise statement of the result is Theorem 6 in §5 of the paper and

requires a lot of development of notation. However the necessary and

sufficient condition simply stated is a direct analogue of Young's condition.

The area will be given as the limit if and only if the cube Q can be

partitioned into sets Ax,... ,Am so that off A¡ the ith component of the

distribution derivative measure is absolutely continuous.

By considering arbitrary Borel vector measures and kernels other than the

area kernel, the results of §1 through 5 are results concerning the weak

behavior of measures induced from vector measures by a class of sublinear

functionals.

1. The integral average of a measure. In this section we make precise the

idea of "difference quotient" for a measure by introducing an averaging

process for measures which is an analogue to taking the integral average of a

function.

For notational convenience we introduce the following definitions and

conventions.

(1) L will always denote Lebesgue measure.

(2) M will always denote the collection of all finite Borel measures on the

open unit cube QinRm.

(3) For each « > 0 let Qh = X£. ,[0, «] be the closed « cube in Rm, and let

Kh(x) = Xq,(x) * hm (where x indicates the characteristic function).

(4) By k[ , ] we denote a mapping from M X R+ into the continuous

functions from Rm into R given by
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K[o,h](x)=f Kh(y-x)do(y).
JRm

Note that k[o, h](x) = oIh(x)/LIh(x) where Ih(x) is a cube of side length

« containing x. Thus it is k[o, h](x) which corresponds to the difference

quotients for functions. Further, as « tends to zero, by Lebesgue's theorem [1,

p. 115], we have that for almost all X, limn_0K[a, h](x) = do/dL.

(5) p[, ] will denote a mapping from M X R+ into M given by

p[o,h](E) = [K[o,h](x)dL(x)

for each Borel set E.

Similar constructions can be found in [4, p. 167], with continuous kernels

Kh.
If o is supported inside Q then p[o, h] is supported inside an «-neigh-

borhood of Q. Further, for « > 0, p[o, h](Rm) = o(Rm); since

p[o,h](Rm) = (   f Kh(y - x) do(y) dL(x)
JRmJRm

= /  / Kh(x-y)dL(x)do(y)

= f hmh-mdo(y) = o(Rm).
JRm

As h tends to zero, supports for p\o, h] tend to Q and we have

limiu[a,«](ß) = a(ß).
ft—h)

A sequence of measures ok converges weakly to a measure o if for each real

valued continuous function/of compact support we have fjdok -» ¡j do. For

probability measures this is equivalent to lim inf^a^G) > o(G) for each

open set G [2, p. 11]. This equivalence will also hold if ok are positive and

lrnWß) = o(Q).

Theorem I. Ash tends to zero in R+, p[o, h] converges weakly to o.

Proof. See [4] and replace "uniform convergence" with "dominated

convergence" in the proof of Theorem 4.

This averaging process is extended to «-dimensional vector measures in

X ?., M as follows: p[,]: X"=XM X X"=XR+ -» X"„XM is defined for each

5 = (a1,..., a") in X?=,Af and vector « = (A1,..., A") in R"+ by ju[rJ, A] =

2"_,/i[o-', A']e^ where {¿j} is the standard basis for R" and p[o', A'] is as in

definition (5) above.

Corollary to Theorem 1. As A tends to zero in F", p[5, h] converges

weakly to 5.
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2. The 5"-variation of a measure. Given a vector measure b~ = (a1,..., a")

in X"=1M and a sublinear functional 9" on R", Goffman and Serrin [4]

obtain a scalar measure ?Tcr in much the same manner as the total variation is

defined. We shall state the basic definitions and list three useful theorems

from [4] as lemmas.

(6) Definition. 5: R" -» R is a type-A functional on R" if it satisfies:

(a) $(x +y)< 5(*) + STOO-
(b) 5"(a*) = aS"(*) for positive scalars a.

(c) There is C> 0 so that for every p in R" we have \$(p)\ < C||/?||;

|| || = Euclidean norm.

Note 5" is continuous.

(7) Definition. For a type-A functional 5" on R" and ö G X"=1Af we

define the ^-variation measure of 5 to be given by

5a(7¿) = sup!  2 5" ° ö(iO: 7r is a finite Borel partition of E
I Fe.ir

Lemma 1. For äLßandp = a + ßwe have 'ÏÏp = Sa + *9"/J.

Lemma 2. Lef afis) = fEa dv + ß(E) be the Lebesgue decomposition of 5

with respect to the positive measure v; then /£?F ° a dv + 'öß(E) is the

Lebesgue decomposition of 5a with respect to v.

Lemma 3. If 5 is a positive type-A functional and {a~k) converges weakly to 5,

then for each open set G we have lim inf^ä^Cr) > 5â(G).

Corollary to Theorem I. As h tends to zero in R +, p[o, n]+ and p[o, h]~

tend weakly to a+ anda~ respectively.

Proof. Since p[a, h] converges weakly to a, it suffices to show that | jti[<j, «]|

converges weakly to |o-|. But by Lemma 3 we have for each open G

liminf|ji[0,A]|(G) >\a\(G);

hence we need only show lim sup | p[a, h]\(Rm) < \a\(Rm). But,

\p[ch]\(R>»)=(  \K[a,h](x)\dL(x)
JRm

< f k[\o\, «](*) dL(x) = p[\a\, h](Rm).
JRm

Given a G X"=1M, h G R+ and 5 as above we denote by /x[?F; ¿r, h] the

measure given by /£?F ° k[ct, «](*) dL(x).

Note that the two "different" measures pl'ö; 5, h] and 5/t[rJ, h] are in fact

the same. To see this note that the Lebesgue decomposition of jli[¿t, «] is given

°y Jek[°, h](x) dL(x) + Q(E) where 0 = zero measure. Hence by Lemma 2

we have that the decomposition of 9/i[rJ, h] is given by
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fir « k[ô, h ](x) dL(x) + 56(E) = /i[tr; a", A](F).

In general the measures 5p[â, A] do not converge weakly to So in higher

dimensions; however, for scalar measures we do have weak convergence.

More precisely we state:

Theorem 2. Let o £ M and (hk) be a sequence oj positive real numbers

converging to zero; then jor any nonnegative type-A Junctional 5 on R we have

<5fi[o, hk] converges weakly to 5"rJ.

Proof. The only such 5" are characterized as

fft»-
p<ö(l) ioxp > 0,

\-p5(-l)       ioxp<0.

Put ok = ft[o-, hk]. By our Corollary to Theorem 1 we have that <ÏÏ(ok)+ =

5(l)(ok)+ and 5(-ok)~ = 5(-l)(-ok)~ converge weakly to <5(l)o+ =

ïa+ and 9"(-l)(-a") = $(-o~) respectively. But ok+ ±ok and o + ±o~,

so by Lemma 1 we have

<öok = <ö(ok+ - ok) = Vok + 5(-ok)

converges weakly to 'So* + 9"(- o~) = 5(o+ - a") = 9a.

3. The lim sup formula. Our main concern with the measures §p[5, A] is

their weak behavior as A tends to zero. To this end we shall develop a formula

for the lim sup of 5p[5, A] as A tends to zero. This will require a refinement in

the class of functional considered.

Definition. Each type-A functional 9" on R" induces a type-A functional

?P'on the ith coordinate axis (i.e., on R) via the following:

er'oo = ?T(o,...,o,/>,o,...,o)
where p is in the /th place.

By the sublinearity of 5", for each (px,... ,p") we have

V./)<2%) i=i
We shall say that 5" is a type-A* functional if in addition for all / =

(px,... ,p") and i = 1,..., « we have 'ti(p) > ^(p'). Denote by &*(R")

the nonnegative, type-A* functionals on R".

Theorem 3. Let a £ X"i=xM, a = (ox, ...,o")and^E &*(R"). For each

i, let ßt be the singular part oj the decomposition oj o¡ with respect to L. Then

the jollowing jormula holds:

lim sup ?T/i[ö, h](Q) = f 9" ° £ (x) dL + ¿ ?T'Ä(ß).
h-à JQ        ÜL <='
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Proof. Let (hk) be an arbitrary sequence tending to zero in /?+. By using

the summability of 5" ° ao/dL, Eggroffs theorem and the singularity of 5"'/?,

and L, we can define inductively a sequence of sets {7^} having the following

properties:

(l)L(Ej)<l/j.

(2) fEj<ö • (cB/dL) dL < l/f.
(3)EjJ+x C Ej f or f= 1,2,....
(4) On Q — Ej, k[o', hk] converges uniformly to da'¡dL for each i =

1,..., «.
(5) For every Borel set S and ally we have V-'ß^S) = ^f'ß^S n Ej).

Part I (lim sup < formula). For each/ we have

%[°> h](Q) -/ _   5 ° k[B, hk](x) dL +f 5 ° k[ö, «"*](*) dL.

Let 7, and 72 denote the first and second terms respectively. First consider the

integral 72. By the A* property and definitions of 5'we get

(*) 72 < 2 / k[3V «*'](*) dL+itf *[$% K](x) dL

where a, « L, ßj±L is the Lebesgue decomposition of a,. Since a, < L, the

expression K[?T'a,, «*](*) is the integral average of the summable function

d^'aJdL. Thus as k -> oo this converges in L1 to d^'aJdL. Hence

lim supj K^'a,., A/.] dL - 5a,(/iy).

Applying Theorem 2 from (*) we conclude that

(**) lim sup 72 < 2 ^a,{Ej ) + 2 $%(Q)-

On Q - Ej, k[B, hk] converges uniformly to ao/dL and 5 is bounded, so by

the bounded convergence theorem we get:

(***) lim sup 7, < j* 5 ° ij| (*) ¿L.

Letting/-» oo and noting that ^}'a¡(Ej) ->0 (**) and (***) give Part I.

Part II (lim sup > formula). Only the case n = 3 will be shown, the

general case being the same.

Let hk = (l/k, l/k, l/k). Given an integer m and e > 0, there exist

integers/i,/2 and/3, kx, k2, and k3 so that m <jx <j2 <j3, m < kx < k2 <

k3and
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f        S1 oK[a   l/kx]dL>5ßx(Q)-e,

f        9^K[o2,l/k2]dL>9ß2(Q)-e,

f 9<>K[a3,l/k3]dL>9ß3(Q)-E.
* F,

To establish this recall that we know that /S1" k[o¡, l/k¡] dL converges

weakly to 5V,. Whence on the open sets Ep we have

lim inf JV° k[o„ l/k,] dL > %,.(£}) > %%($) = <5%(Q).

There is an integer k¡(EJ) so that k > k¡ implies that

[VioK[ol,\/k]dL> 3%(ß) -e.
•^ F-

Given m take/, > m + I, choose kx = kx(Ej¡) + m. Then

f y°K[ox,l/kx]dL>9ßx(Q)-t.

But for this fixed kx, the integrand is summable so there is an integer j2 >/,

for which L(EjJ) is sufficiently small to make

f        <& oK[ol,l/kx]dL>'?ßx(Q)-e.
JEn-Eh

Choose k2 > k2(EjJ) + m + kx; then

f 9°K[o2,l/k2]dL>'ii2ß2(Q)-e.
J E,CJ2

There is an integer/3 > j2 for which L(EjJ} is sufficiently small to ensure that

[       52oK[a2,i/k2]dL>9ß2(Q)-e.
JEj2-Ej,

Fix £3 > k3(Ej) + m + k2. Now put k* = (l//c„ 1/Â:2, l/k3),

%U,k*m](Q)={       +(       +f        +( .
1 J JQ-Ej,     JEj-Ej,     JEh-Eh     JEj,

But Tip') < 5(px,...,p") iox i=l,...,n so replacing ST • k[ô, it*] by

smaller integrands in each integral we obtain:
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$p.[ö,i£](Q)>f      ^°K[ö,K]dL+j _   V°K[ox,l/kx]dL

+ f       S2 ° k[o2, l/k2] ¿L+fiP« k[o3, l/k3] dL
Jp — P J F

>2^,(ß)+f      V°K[5,í£]dL-3e.
i-I JQ-Ej L

Again on g — Ej we have uniform convergence, and we get

liminf ^p[5, £*](ß) > formula - 3e - l/j\.

The existence of such a sequence {k*) establishes Part II.

4. The necessary and sufficient conditions. For 9" G @.*(R") we can now

establish necessary and sufficient conditions for lim ^[5, n] to exist and give

5a. We first give an easy condition on 5; and then, restricting our attention

to the Euclidean norm, obtain a deeper condition on the measure a.

Theorem 4. Let 5 G &*(Rm) and b~ G X?=1M. 77k?« 5>[â, h](Q) conver-

ges to $b-(Q) if and only if $ß(Q) = 27_,5%(ß). "*«* j8 = (j8„ ..., ß„) «
the singular part of a.

Proof. By Theorem 3, Lemma 2, and Lemma 3, we have:

I5 o ^-dL + <5ß(Q) = 5ä(ß) <liminf5/i[ä,«](ß)
'       dL g^Q

<limsup5ju[a, h](Q)
h->0

- I 5 o   da(5°   <ÊL dL+2^/(0).
•'ß        fl^ i-i

If in Theorem 4 we replace 5 with the Euclidean «-norm, || • ||, we then have:

fQ\\k[5, h](x)\\ dL   converges   to   ||rJ||(ß)   if   and   only   if   \\ß\\(Q) =

27-ilÄl(ß).
This yields the equivalent condition on ß:

Theorem 5. Let ß E X",xM; then for every Borel set E, \\ß\\(E) =

2| ßt\(E) if and only if for i ¥>j, ßtLßr

Remark. Since \\ß\\ and 2|/?,| are both measures, equality on each E and

on Q is the same in light of the inequality ||_/J|| < 2| A|-

Proof. Suppose for every Borel set £J| ß\\(E) = 2| ß,\(E).

(Special Case) « = 2, /?, > 0. Since ß < \\ß\\, there is a Radon-Nikodym

derivative dß/d\\ß\\ = (dßx/d\\ß\\, dß2/d\\ß\\) _which has_modulus 1

everywhere [3]. Hence d\\ß\\/d\\ß\\ =\\(dßx/d\\ß\\,dß2/d\\ß\\)\\ = l. But
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\\ß\\(E) = ßx(E) + ß2(E) implies that except on a set S0 of \\ß\\ measure

zero,

dßt dß2
^T (*) + "T^T (x) =

dßy dß2

"srW' t^t(*)
41*11   m

which can happen if and_only if one term or the other is zero.

Let Ax = [x\dßx/d\\ß\\ = 0} - S0> A2 = {x\dß2/d\\ß\\ = 0} u 50. Since

ßx(Ax) = fAi(dßx/d\\ß\\)d\\ß\\ = 0and

/• aß, /•    dß2
ß2(A2) = f       -^dWßW+f -^ d\\ß\\=0 + 0

and Q = Ax u A2we conclude that ßxLß2.

For ß, signed we note that singularity of /?, and /^. is equivalent to | ß,\ and

\ßj\ reducing to the nonnegative case. For n > 2, note that 2|/?,|(ß) =

II ß ll(ß) < IIKÄ, Ä)ll + 23| Al(ß)] reducing to « = 2 case.
That the singularity of the components implies the equality of the measures

is an easy consequence of the Jordan decomposition of ß relative to the ß/s

and the triangle inequality.

5. The area of a nonparametric surface. Let/ be an L, function on the open

unit cube in R" of type BVT. Then we associate with/ two vector measures 5

and 5*, where a is the «-dimensional derivative measure of / and 5* is the

(« + l)-dimensional measure formed by adjoining Lebesgue measure L as the

first component [i.e., d — (a,,... ,on) implies that rJ* = (L, o,,..., o„)].

It is known [4] that the generalized surface area of / over ß is given by

||rj*||(ß) and that the partial area is_given by ||ä||(ß). By Lemma 2 we have

that ||5||(ß) - /ß||ÖYx)|| dL + \\ß\\(Q), ||i*||(ß) = /e||5*'(*)ll dLix) +
II ß*\\(Q) where ß and ß* axe the singular parts of 5 and o*, respectively. We

are now in a position to prove the analogue to L. C. Young's theorem.

Theorem 6. Let j be an L, junction on the open unit cube Q in R" of type

BVT and let 5 = (ct,, ..., o„) be its distribution derivative measure. For each i,

let ßi be the singular part of the Lebesgue decomposition of o¡. Then Area(/) =

lim¿^o|| p[B*, A]||(ß) iJJJor i +j we have ßtLßr

Proof. This follows from Theorem 5 and our discussion above.

Remark. Note that Partial Area(/) = lim^ôH p[ô~, h]\\(Q) under the same

conditions.
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