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THE WEAKLY COUPLED YUKAWA, FIELD THEORY:
CLUSTER EXPANSION AND WIGHTMAN AXIOMS(})
BY
ALAN COOPER AND LON ROSEN(?)

ABSTRACT. We prove convergence of the Glimm-Jaffe-Spencer cluster ex-
pansion for the weakly coupled Yukawa model in two dimensions, thereby
verifying the Wightman axioms including a positive mass gap.

I. Introduction. In [9], [10] Glimm, Jaffe and Spencer developed a powerful
method for studying the weakly coupled P (¢), model. In this paper we shall
apply their “vacuum cluster expansion” of [9] to the Yukawa model in two
dimensions. This method is largely model independent and should be applica-
ble to any weakly coupled, superrenormalizable model based on functional
integration in boson “Q-space”. (For recent applications to the ¢5 model, see
Feldman and Osterwalder [6] and Magnen and Sénéor [13].) In the next
section we present a brief review of the cluster expansion, but the basic idea is
as follows: For a Euclidean field model with interaction in the region A C R,
one expects the interacting measure to have the form
(%)) dvy = ppdp.

Here dp is the free boson measure with mass my > 0, ie. the Gaussian
measure on Q = §’(RY) with mean 0 and covariance C = (—A + m3)~!; and
pa is a function of the fields in A that embodies the interaction. For example,
for P(¢),, py = e~ Us where U, = [, : P(¢) : d*x. One wishes to show that
dv, decouples between distant regions exponentially in the distance. If the
model is local in the sense that

12) PAUA;, = PAPA,

for disjoint A; and A,, then the coupling in (I.1) is due only to the Gaussian
measure dp (C = (—A+ md)~! is a nonlocal operator). Instead of dj,
suppose we consider the Gaussian measure dug with covariance Cg =
(—Ag + md)~!; here Ag is the Laplacian (d = 2 henceforth) with Dirichlet
boundary conditions on B = (Z?)*, the set of unit line segments (= bounds)
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2 ALAN COOPER AND LON ROSEN

joining lattice points in Z2. The measure dug completely decouples across
lines in ® and hence by (I.2) so does dv, o = p, dug. The cluster expansion
consists of relating the measure of interest, dv,, to this exactly decoupling
measure, d, o, by means of a perturbation expansion in the bonds in %.

We consider now the Yukawa model in two dimensions (Y,) for interacting
bosons and fermions. At present there is not available a fermion integration
theory analogous to the boson functional integration on which to base the
cluster expansion. However, Seiler [22] recently established a rigorous version
of a formula of Matthews and Salam in which the fermions have been
“integrated out” with the result that the Euclidean Green’s functions or
Schwinger functions of the ¥, model can be represented by a purely boson
integration with a measure of the form (I.1). The Matthews-Salam-Seiler
formula for the Schwinger functions for n bosons and m fermion-antifermion
pairs is as follows:

13) Sa(f 8 h) = Z71 [@(h)det S(f, g ¢)py di
where

@f=Up---sf)8=(8y...,8, and h = (hy, ..., h,) are suitable
test functions (e.g. ; in § (R?), and f, g; in § (R?) ® & (R?);

(b) dpu is the free boson measure on S’(R%) with mass m, > 0 and ®(h) =

7-19(h;) where ¢ is the free boson field;

© S'(f> g ¢) = (f, (1 — AK)7'S,g), where (-, -), denotes the inner
product on 9, = LYR?) & L% (R?); A € R is the coupling constant; S, is the
free two point Schwinger function for the fermions with mass m, > 0,

1 7+ my ip-(x—y)
4 So(x —y)= Px=nqd
(I ) O(x y) (2#)2 f p2+m}e %
where p = pyYo + P17, in terms of p = (p,, p;) and the 2 X 2 y-matrices v,
and v, (see [22]). K = K, is the operator with kernel
(1.5) Ky (%,9) = So(x = »)e(»)xa(¥)

where x, is the characteristic function of A. The determinant in (I.3) is the
m X m determinant of the matrix with elements S'(f g;; ¢).

@

(16) pa = det (1 = AK,) = dety(1 — AK, exp(—A2B, ),
where

1.7 dety(1 — 4) = exp[ Tr(In(1 — 4) + 4 + 42/2)]
and

(1.8) B, =1:Tr(K? + K'K):,
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where K1 is the adjoint of K as an operator on J(, and : : denotes Wick
ordering with respect to dj;
(e) the partition function

(19) VA =pr dp.

The above description (a)—(e) of (I.3) is only formal. For instance, it is not
clear what dety(1 — AK,) or
(1.10) R=(1-AK,)"!
means, inasmuch as K, depends on the field ¢ which takes values in S’(R?).
What Seiler did was to introduce momentum cutoffs so that each component
of (I.3) made sense, to perform appropriate renormalization cancellations,
and then to take the limit as the cutoff was removed. In this way he showed
that the integrand in (I.3) was indeed an integrable function of ¢. Refine-
ments of Seiler’s results and further developments based on (1.3) have been
obtained independently by McBryan [15], [16], [17] and by Seiler and Simon
[23], [24], [25]. We mention two of their results, but first some notation. Let
D = (p* + m})'/? = (—A + m})'/? and let I(, be the Sobolev space I, =
L*(D*d’). Define I, = 3, , ® %, , and /\'"96 to be the m-fold anti-
symmetric tensor product of JC with itself. It is not hard to show that

(L11) det S'(f, g ¢) = m! Tr\mge(/\"R - P)

where /\"R is the m-fold antisymmetric tensor product of the operator R
(see (1.10)) with itself and P is the projection operator on /A" I defined by
112) P =(m, ) \moc¥

where n=D 'y A--- AD7Y, and ¢ = Sog, A - - - A Syg,. (In the
Appendix we have collected the various definitions and facts about A\™JC
that we shall use.) Now define

(1.13) Wma($) =[|/\"R|lpa

where || /A\"R|| is the norm of /\"R as an operator on /™. Then it is
shown in [16] and [24] that for any p < co there are constants ¢, and c,
independent of m and A such that (“Linear Lower Bound”)

(1.14) II A"L’(y.) < cm Al

where |A| is the volume of A. Note that the estimate (I.14) involves a
cancellation between poles of /\"R as a function of A and zeros of
dety(1 — AK). This estimate is an important ingredient in obtaining bounds
on the Schwinger functions: McBryan [17] and Seiler and Simon [25] show
that if A — oo through a sequence of rectangles then

(1.15) Ah_m |Sx (f: & B)| < (n!)"| o] gloAl,
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where | « |, and | - |, are Schwartz space norms with | f|, = II7.,| fi, etc.

At first sight the formula (I.3) for S, seems inappropriate for a cluster
expansion since the “interaction” is nonlocal: the price paid for integrating
out the fermions is that the “effective interaction”, —log det, (1 — AK),
involves products of the boson field at different points in R2 Put differently,
(1.2) fails for p, defined by (1.6):

(1.16) PA,UA, T PAPA,

However, if we reinstate the fermi fields by going to the Osterwalder-Schrader
representation [18], then the interaction is certainly local and it makes good
sense (at least at the pre-estimate level) to base a cluster expansion on
inserting Dirichlet barriers in both the boson and fermion two point Green’s
functions. One is therefore confident at the outset that the nonlocality (I.16)
cannot be a serious problem for a cluster expansion, provided of course that
one inserts Dirichlet barriers into the fermion “covariance” (I1.4). We do so in
the following elementary way:

@17 Sy (s; x,¥) = Ci(s; x, 0)(#+ my) = (=i ¥, + m)C,(s; x, ),

where s is a multiparameter in [0, 1]® measuring the strength of Dirichlet
barriers (see §1I) and Cy(s; x, y) is defined in precisely the same way as the
boson covariance (see (II.15)) except that m, is replaced by m,. Since
# = — i ¥ is a local operator Sy(s) decouples across a Dirichlet barrier just as
C(s) does. With this choice, the Y, theory does “decouple at s = 0”, as we
explain in §III where we formally derive the Y, cluster expansion.

In §IV we prove convergence of the Y, cluster expansion. As is to be
expected, some vestige of nonlocality remains in the sense that the cluster

expansion produces mnonlocal polynomials of the form
Jw(xy, « oo X)d(xy) - . . 6(x;) dx; however the nonlocality is exponentially
small in the sense that the kernels w(x,, . . ., x;) are exponentially small in
the distance between the x;’s. The estimates required for convergence are
established in §VI and §VII. For example, in §VII.4 we extend the linear
lower bound (I.14) to the s-dependent theory. For P(¢),, estimates on L?
norms of 3YC(s; x, y) are critical [9], where, for y a finite set of bonds in B,
0 =1Il,¢,0/0s,. It is clear from definition (I.17) that we must consider
analogous bounds involving spatial derivatives as well. It turns out that all the
estimates in this paper can be reduced to estimates on the second mixed
partial (92/ dx;dy,)d”C. §VI is devoted to such estimates and in a certain
sense is the technical heart of the paper. Instead of a Wiener integral
representation as in [9], [28], we employ elementary techniques from the
theory of partial differential equations.

As in the case of P(¢),, the Wightman axioms [30] for weakly coupled Y,
(except asymptotic completeness) are an immediate consequence of the
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convergence of the cluster expansion. In §V, we sketch the proofs of the
following results:

THEOREM L1. If ||/ my, and |\|/ m; are sufficiently small then:

(a) The infinite volume Schwinger functions S (f, g, h) = lim,_¢:S,(f, 8, h)
exist.

(b) The S(f, g, h) satisfy all of the Osterwalder-Schrader axioms [19] includ-

ing exponential decoupling. Hence the corresponding relativistic theory satisfies
the Wightman axioms including a positive mass gap.

In our development of the Y, cluster expansion we have tried to conform
as closely as possible to the version of the expansion in the Erice lectures [9].
However there are some additional features worth noting here:

(a) The integrand, as well as the Gaussian measure, depends on s. Deriva-
tives in s of the integrand (“fermion derivatives”) lead to terms with a
different structure than derivatives of the measure (“boson derivatives™); in
order that we can treat both types of derivatives in a uniform way we find it
convenient to introduce dummy boson fields to replace those that have been
differentiated.

(b) We find it more convenient to use s-Wick ordering matched to the
measure djic -

(©) In order to take advantage of the linear lower bound (I.14) it is
important after each step in the cluster expansion to collect together certain
terms in such a way as to preserve the form (I.11).

(d) The nonlocality referred to above, while not a serious problem, affects
the combinatorics of the cluster expansion. In particular, a set of bonds y
may have from 1 to 6 associated localizations, instead of exactly 2 as in the
P (), case.

(e) As remarked above, the convergence of the cluster expansion depends
on L? bounds on (3%/ dx;dy;)3*C. Although 3*C(s; x,y) has only mild
singularities (i.e. logarithmic) as x or y approaches a bond and hence is any
L, the singularities of (92/9x,3y;)3C are more severe and make it a delicate
question as to what L? space (92/dx; dy;)7C belongs to (see Theorem VLI).

(f) To deduce convergence of the cluster expansion based on the unit lattice
Z2, we have to take |A| small as well as m, and m, large. The reasons for this
are (i) to compensate for positive powers of m, and m, introduced by the L?
estimates referred to in (€); and (ii) to bound the partition function for a unit
square A away from zero as in [9]. The conclusions of Theorem 1.1, however,
are extended by a scaling argument to all values of A, my, m; for which the
dimensionless ratios A/m, and A/ m are sufficiently small. It is also possible
to develop a convergent cluster expansion for any given value of A (see the
Remark following Theorem V.1) provided one chooses m, and m; sufficiently
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large and the basic lattice spacing sufficiently small.

The following miscellany of remarks and conventions is mostly notational;

(i) We denote the twice subtracted determinant (see (1.7)) by det, as in [15]
and [24] instead of by det , as in Seiler’s original paper [22].

(ii) As noted in [25], the combination (1 — AK) and not (1 + AK) as in
Seiler [22] corresponds to the Yukawa Hamiltonian with coupling constant
+ A

(iii) We shall often assert that something is true uniformly in the bare
parameters; it is to be understood that the bare parameters lie in the region
{Amy, m)| A| < I,my > 1,m; > 1},

(iv) For notational convenience we shall usually set m, = m; = mj,

(v) A will be suppressed in most of the formulas until the proof of
convergence when it will be required.

(vi) Following standard convention, we shall usually omit spin indices and
confuse 3, ® IC, with I(,.

(vii) Although we have stated the Matthews-Salam-Seiler formula for the
scalar theory, all of our results hold for the pseudo-scalar theory obtained by
inserting an iys in the definition of K: K = Sjiyspx,.

As we were completing this manuscript we received a preprint from J.
Magnen and R. Sénéor [14] who have obtained the same results as we do but
by a rather different approach. We mention also that D. Brydges [2] has
developed a cluster expansion in the Hamiltonian framework for a fermion
field ¢ moving in an external field ¢ via the interaction Wo.

ACKNOWLEDGEMENTS. We wish to thank Joel Feldman, Peter Greiner, Ira
Herbst, Elliott Lieb, Barry Simon, and Tom Spencer for useful conversations.

II. Review of the Glimm-Jaffe-Spencer cluster expansion. For the reacer’s
convenience we outline in this section the basic ideas, definitions, and steps in
the cluster expansion of Glimm, Jaffe, and Spencer [9]. Our review is no
substitute for the presentation in [9] but we hope that it makes this paper
reasonably self-contained. Although the following discussion applies strictly
only to P (¢),, we have tried to phrase matters in a model-independent way.

So consider the situation described in (I.1) and let {4), = [A(¢) dv,
denote the expectation of a function 4 of the Euclidean fields and let
&,(4) = {4,/ Z (A) denote the normalized expectation where Z (A) = (1>,
is the partition function. The purpose of the cluster expansion is to prove
exponential decoupling or clustering of the form

(1L.1) EA(AB) — E,(A)E,(B) = O(e~md4:B)),
Here the constant m is independent of A, 4, B but depends only on the bare

parameters (masses, coupling constants) and is positive for suitable values of
these parameters; d(4, B) is the distance between the regions where the
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functions 4 and B are localized. It is worth pointing out that clustering such
as (IL.1) with m > 0 leads in a straightforward way to the existence of the
infinite volume limit lim, &, [8, Theorem 2.2.2).

It is no loss of generality in (II.1) to suppose that 4 and B are each
localized in unit squares A, and Az in R\ B where B = (Z?)*. We also take
A to be a union of unit squares. Furthermore we may suppose that each of 4
and B satisfies (for the various boundary conditions used below)

(11.2) b,(4) =6,(B)=0
for the general case can always be reduced to this one by a suitable
“doubling” of the theory (see [9, Theorem 2.1]). For such 4, B the goal (IL.1)
simplifies to
(11.3) &,(4B) = O(e~mi4.B)),

If instead of - ), and &, we were to consider (- );, and &, corre-
sponding to the measure d, o with D B.C. (Dirichlet boundary conditions) on

all the bonds in B (see §I); then we would have exact decoupling between
lattice squares. Thus, for A, # A,

5A,0(AB )= 5A,0(A)5A,0(B )=0
by (11.2) for D B.C.

The cluster expansion proof of (I.3) now consists of relating &, to &,
and showing that

(IL.4) Ep(AB) — &, o(AB) = O(e~m4-B)),

Considering the unnormalized expectations, one goes from (A4B),, to
(AB), by “turning on” the couplings across bonds in such a way as to
exhibit the smallness of the differences. This is accomplished as follows. With
each bond b € B we associate a parameter s, =0 or 1 where s, =0
corresponds to D B.C. on b and s, = 1 corresponds to full coupling across b,
i.e. no B.C. on b (later s, will range throughout the interval [0, 1]). For any
value of the multiparameter s = (s,),<q We have B.C. intermediate between
CAB)po=<AB); o and (AB)) =(AB),,., and we denote the corre-
sponding expectation by (4B}, .. For any function f(s), b € B and set
Frc®,let

(N6 = FO)mr = SO0
o = (( T s*)s)e

Then we have the (formal) identity

(IL6) f() - £0) = FH% (8%)(0)

(IL.5)
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where the sum is over finite nonempty sets I'. Note that 8Tf(s) is independent
of the values of s,, b € T'; hence setting s = 0 in the summand in (IL.6) gives
D B.C. only on I'“ = ® \T. The expansion (I.6) corresponds to the Mayer
expansion from statistical mechanics. Its usefulness, for suitable functions f,
depends on the fact that, as a multiple difference of order |I,

{17 8Tf(0) ~ e—iTl

where the constant ¢ — o0 as my;— oo (see (I11.20) below). If we had gone
from f(0) to f(1) via single differences, we would have obtained a sum with
“fewer” terms but would have lost the important decay (11.7).

As remarked after (I1.6) 87f(0) has D B.C. on I*: we regard the line
segments in I'* as barriers and those in I' as bonds. With this viewpoint, T'
gives a decomposition of R? into connected components: R2\T¢ = uX,
where the X; are disjoint. Returning to the “proof” of (I1.4) we have from
(11.6) that

(11.8) (4B),,— (4B}, = rgg 8T¢4BY,,

where 8T¢AB),, = 8r<AB>A|,_o. If Ay # Ap, (AB))o=0. In fact, by
(I1.2) the summand 8"CAB), , will vanish unless T connects A, and Ay within
one connected component X;. For this to be the case I' must be sufficiently
large, i.e. |I| = d(4, B). Therefore we expect that by (I.7) each term in (I.8)
is ~exp[—cd (4, B)).

Now the above intuitive remarks cannot lead to a proof that (4B), is
O (e~™“. B)) uniformly in A since (AB), is unnormalized. To fashion a
proof from the above ideas it is necessary to divide by Z (A) and to effect a
cancellation. This is accomplished by a partial resummation of the expansion
(I1.8) as follows. In the sum in (II.8) let ' = T, U T', where T'; connects A,
and Ay; ie., if X is the single component of R?\ I containing A, and A,
then I'; = T N int X. We obtain

(119) r2%8?<AB>A,0=2 > 3 8m(4B),,
C

X Tcint X I cX°

where the X and I'; sums satisfy

(i) X is a finite, closed, connected union of lattice squares
(I1.10) containing A, and Ap,
(@) T c B n int X is such that X ~ I is connected.

Now (T, U T)) N3X = @ so that §T1VT:(4B), , decouples across dX:

(IL11) 8NN (AB ) o= 8T (AB ),y STy xeor
By (a slight generalization of) (I1.6),
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) 3 8r1<l>Anx,,o= D pnxdsmtinxesmoinx = Zox (A ~ X)),

r,cXx<
the partition function with interaction in A ~ X and D B.C. on 0X. Therefore
by (11.8)-(11.12)

(4B >A= 2 2 8T (4B >Anx,oZax A~X)
X T,cintX

so that, dividing by Z (A),

Zyx (A~ X)
I1.13 &5,(4AB) = —_—
where the sums over X, T', satisfy conditions (I1.10) above.
The identity (II.13) is the desired cluster expansion for &,(4B). One
deduces (I1.4) by proving that the summand in (II.13) is bounded by

(I11.14) O(e~cmi+dixly,

the eIl arising from the multiple difference 8™ and the e4*! from the ratio
Z;x|Z and the exp(O (|A N X|)) behaviour of an expectation < - Y, x. Here
d is uniformly bounded in the bare parameters whereas ¢ — 00 as my— 0.
But by (ii) of (II.10), T, must fill out X; more precisely, (ii) implies that
IT,| > |X| — 1 so that (II.14) is bounded by O (e~ “~9IX)), Since there are at
most O (e™ Xl terms in (I1.13) with a fixed value of |X| [9, Proposition
5.1}, we obtain

IgA(AB)I <0 2 e“(c—d—ln l9)|X|< O(e—”'d(A’B))
1X|>d(4,B)

J h <AB >An X,0

where m — 00 as my — 0.

This concludes our “intuitive” description of how the cluster expansion
leads to exponential decoupling. We next wish to recall some definitions from
[91. fT c B, let Cr = (—Ap + m2)~! where Ay is the Laplacian with D B.C.
on the bonds in T In order to interpolate between C, = (—A + m)~! and
Cg = (—Ag + m3)~', we let the parameters s, range through [0, 1] and we
define the covariance

(IL15) cw=3|IsTa- sb)]cp.
rc® loer osers
In particular, C(0) = Cq and C(1) = C,.

We denote the Gaussian measure corresponding to C(s) by duc s or dp,
and the interacting measure in volume A by dv, , = p, , dy,. For P(¢), the
factor p,, may be chosen to be independent of s, ie. py, =e Vs =
exp(— f:P(): d¢) and for this reason we assume that we are dealing with
P (¢), for the rest of this section. (For the definition of p, , in Y,, see the next
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section.) The s-dependent partition function and (unnormalized) Schwinger
functions are

Z(A,s)=fdvA’s, ZS(A,S)=f¢(f,)...¢(f,,)dvm,,

where each test function f; is assumed to be smooth and localized in a lattice
square.

In order to expand F = Z or ZS as in (I1.6) we must verify that F(s) is
regular at oo, ie. if I~ %9 through finite subsets, then F(s(T)) — F(s) for
each s, where

beT
1116 s(T) =T(s) = { ¥ ’
w16 @=10={¥ 2<%
In order to carry out the factorization as in (II.11) we must next verify that f
decouples at s = 0, i.e., if the D barriers in I'* decompose R? into a disjoint
union

{L.17) RZ~T°= UX,

then

11.18) F(A,s@) =IIF(A n X, s(T n X))
Jj

Given that F is regular at oo and decouples at s = 0 we can obtain a
convergent expansion as in (II.13). For S(A) = S(A, s = 1) we resum over
the components in (11.17) that do not meet the set X, = U, supp f; and the
resulting expansion is, just as in (I1.13),

Zox (A~ X)
11.19 S(A) = _—
(L19) W= 2. Zz®

where the set & = & (X)) is defined by
& = {(X, T)|X a finite union of closed lattice
squares with X, C X; T c ® N int X is such that each

8TZS(A N X, 0)

component of X ~ I'* meets X }.

There are three estimates involved in analyzing (I1.19) as indicated in the
discussion of (II.13) above. The main one is Proposition 5.3 of [9]:

I. There is a constant ¢, < oo (uniformly in the bare parameters, X, and
[T'|) and a norm | f| on test functions such that

(11.20) |8TZS (X, 0)] < e~elI*eilxl|5)

where ¢ — o0 as my— oo.
The second estimate is on the ratio of partition functions: for sufficiently
large m, there is a constant ¢, < oo (uniformly in A, X and the bare
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parameters) such that

(1.21) |Zox (A~ X)/Z ()] < e,

As shown in §6 of [9], (I1.21) follows from an appropriate cluster expansion
for Z (“Kirkwood-Salsburg equations™), a bound on Z analogous to (I1.20),
and the following estimate:

II. Let Z,,(A) be the partition function for a unit square A with D B.C. on
0A. For sufficiently small |A| and sufficiently large m,

(11.22) 3 <|Zaa (B)).

The third estimate is a combinatorial one:

II1. The number of terms in (II.19) with a fixed value of |X| is bounded by
e“slx |.

Obviously, this last estimate is model independent. To summarize: for any
model the convergence of the cluster expansion reduces to proving (the analogue
of) estimates 1 and 11.

For the remainder of this section we discuss the method of proof of 1. The
first step is to apply the fundamental theorem of calculus to 8T; i.e.

(11.23) 87ZS(0) = fo <“r(l)afzs(a) d"g

where 9T = II,.0/00, and where, according to (II.16), the integration in
(I1.23) extends over the region o, €[0, 1], b €T. But one has a simple
formula for dec(s) / s, namely [4]:

a24) = [6@ dico =5 [( 5 8,)6 e

where

11.25) (ac A) ff (s: ,y)%(%)gp(—y)dxa)

The formula for higher derivatives follows from the product rule:

@26 37 [G() ducey = % s | Il 5 (37C- A)G ducgy
wE YEﬂ’

where @ (I) is the set of all partitions of I'. From (I1.23) and (11.26) we obtain
@27) 87zs(x,00= 3 [d"s [ dp, mi 5 91C- AB(X)e™V®)

7€P(T) yEvr

where ®(X) = J supp f cx¢(f ).
Now the derivatives A, in (I127) produce a sum of products of local

polynomials : Q (¢(X)): brought down from the exponential e =YX, There are
thus a large number of terms in (I1.27), for two distinct reasons:
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(B,) The number of terms |?(T)| in the sum over partitions is large, of the
order ||,

(B,) The number of terms resulting from differentiations A, is large, of the
order |T|Tl; moreover, the total degree of the polynomial brought down is of
the order |T|, which results in a number singularity which could be of the
order |T|IT,

The only hope for controlling these singularities lies with the 87C’s. In fact,
9YC(x, y) is small for two (essentially) distinct reasons:

(G,) 97C(x, y) becomes exponentially small as y becomes large.

(G, 97C(x,y) becomes exponentially small as x or y gets far from any
bond in y.

Fortunately, (G,) controls (B,) and (G,) controls (B,). The intuitive ex-
planation of the latter is this: given x € R? there cannot be too many y’s near
x and consequently by (G,) only a small number of the &/d¢(x)’s are
significant at x. Hence, locally the number of terms and the degree of the
polynomial (“local number singularities”) are effectively bounded indepen-
dently of |T).

For precise statements of (G,) and (G,) we quote Propositions 8.1 and 8.2
from [9], but first some more notation: Let A; be the lattice square whose
lower left corner is at j € Z2. We let X; = Xa, denote the characteristic
function of A;, and we define the distance

(11.28) d(v,J) = max[dist(b, &,) + dist(, 4,)]

Ify={b,, ..., b,} consists of n bonds, and ¢ is a permutation in S,,, let /,(y)
be the ordered set (b, ..., b, ). We define a size |/,(y)| as follows: Let
b = b,; let bj be the first of the b s not touching by; let b3 be the first of the
b,’s after b not touching b3, and so on. Define

(11.29) 1) = S dist(b], b/, ,)

with || = 0 if there is no such b5. As an example we have |/,| = 3 for yand ¢
as shown:

LemMa II.1 (ProposITION 8.1 OF [9]; APPENDIX OF [28]). Let 1 € ¢ < 0
and let my, be sufficiently large. Then



YUKAWA, FIELD THEORY 13

(1130)  |[x:,37Cx;,)| . < Ko (9)K{'Ks (v)mg M/ 2exp[ — mod (v, /) /3]
where K (q) and Kg are constants independent of my and

(IL.31) Ks(v) = 2 e~ mdbMI/3,
0ES,
LeMMA I1.2 (ProposITION 8.2 OF [9]). For my sufficiently large there is a
constant K, independent of mg, such that

(11.32) ST Kg(y) < eXin.
7€P(T) yEn

Here, in barest outline, is how the proof goes that G; controls B;. The
analogous steps for Y, require some modifications and will be explained more
fully in §IV:

Insertion of localizations. In order to estimate the number of terms in (I1.27)
as well as the local number singularities N (4), i.e., to control (B,), and to take
advantage of (G,), we introduce a partition of unity for each local polynomial
brought down from the exponential. This amounts to the same thing as
writing

(133) 87C = Xx,7Cx;,, =2 9C(jy)
jy j’l

where j, = (j, 1, J,,) runs through Z*. The sum over j = (Jy) is pulled to the
outside and for a fixed value of j, one estimates the other sums.

Estimates on Q-space integrals. Such estimates lead to a product of factors:
the G; factor I, ¢,[137C (j,)|l .o; the typical boson factor I[,N (4)!; and to a
linear lower bound factor e XD,

Counting. One introduces M (A) as the number of §/8¢’s localized in A.
Both the local number singularity factor II[,N (A)! and the number of terms
(B,) are estimated by e (1M (A)!)# for some B depending only on the
degree of the polynomial.

(G,) controls (B,). This is just an application of Lemma II.2.

(G,) controls (B,). The (G,) factor is exp[—2,myd (v,J,)/3] and the (B,)
singularities have been replaced by

M) < exp[c,z M(A)'*‘}
a A
for any e > 0. A geometric argument that
(11.34) > M )< const( Xd(v.j,) + |r|)
A Y

shows that (G,) controls (B,) for sufficiently large my.
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II1. Cluster expansion for Y,: formalism. In this section we formally derive
the Y, cluster expansion, the proof of convergence being given in §IV. As
described in the previous sections, a key point is to define the s-dependent
theory so that it decouples at s = 0. For Y, it is also important to collect
terms in such a way as to preserve the fermion structure that enables us to
cancel poles with zeroes as in (I.14). For this reason, we shall write down the
expansion in a rather explicit way.

Our starting point is the Matthews-Salam-Seiler formula (I.3). We assume
without loss of generality that each of the functions in f, g and & is in
Schwartz space and has support in a unit square. As we have already stated in
(1.17) we shall obtain an s-theory which decouples at s = 0 (in the sense of
definition (II.18)) by replacing du by dp,, and, in addition, by replacing the
fermion two-point function wherever it occurs by

MLY) So(s; x,3) = C(5; 1Y) (# + me) = (= iF, + me)C(s; %)

where C(s) is defined in (IL.15). Note that we have set m, = m; = m, and
that accordingly we use the same symbol C for both bosons and fermions.
The operator inequality C(s) < C(1) = C, implies that (IIL.1) defines a
bounded operator Sy(s) on L2(R?). Moreover, since

2= —i(70/9x + v,0/0x,)

is a local operator, So(s), like C (s), decomposes across Dirichlet barriers; i.e., if
s=0 on a set of barriers B which divides R? into a disjoint union,
R2\ 9 = U X,, then

(11.2) So(s) = D Sy (s)IL2(X,).

The s-dependent objects corresponding to (1.5), (1.6), (I.10) and (1.12) are
defined in the obvious way:

(111.3) K(s) = K(A, 5) = Sy(s)dxa
(111L.4) R(s) = (1 - AK(s)) 7,
(I1L5) P(s)=(m * ) nmgc¥(5)s

where Y(s) = Sy(s) g1 A -+ A So(5) &, and
= p(A, 5) = det, (1 — AK(A,
e p(s) = p(A, 5) = det,,( (A, 9))
= dety(1 — AK (A, 5))exp[ —A%B (A, 5) ]
where
(IL7) B = B(s) = B(A,5) =3 [:Tr K(A, 9), + 8m} :6°(xa)%s

the Wick subtractions being made with respect to C(s). Of course, (IIL.7) is
only formal, e.g. the relation :Tr K'K:= 8m2:¢*(x,): involves the infinite
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constant 8m?2. What we really mean by (IIL7) is the limit as an ultraviolet
cutoff is removed,

(111.8) B(s)= .,ll,n}o B, (s),

where we introduce the cutoff ¢ as follows: Let h(x) € C({x| |x| <31})
with & > 0, fA(x) dx = 1 and h(x) = h(— x). Define h,(x) = 0% (ox). Then
the ultraviolet cutoff fermion propagator is defined by

an.g) Soo (53 %,¥) = f So(s; x, 2)h,(z — y) dz.

Set

Ka (A’ S) = SO,a (S )¢XA’
111.102)
L10s om2 = 2" [ 4%

};' 2
e ,(P)

with
Fo(p) = [ Phy(x) d’
and
(1IL.10b) B, (A, 5) = 3 [:Tr K, (A, ), + 8o (xa):, ]

In (VIL.52) we prove the convergence of (I11.8) in L’(duc(,)).
Combining the above definitions we define the partition function

(IIL11a) Z(s) = [ o(s) ditecs
and the (unnormalized) Schwinger function, as in (I.3),
(IIL11b) ZS(s) = f BT, (AR ()" P(s))p(s) ditcs

where we have used (I.11) and introduced the notation

T, () = m! Tt pmgc(°).
In §IV we shall show using estimates from §VII that the objects in (II1.11) are
well defined. However a word is in order here about the meaning of an
expression like (II1.4) for R(s). As in [22] we let G, (3C) denote the class of

compact operators A on JC with ||4||5 = Tr(4*A)/2 < co; and we let Cogis
denote the class of C,(()-valued functions 4 (¢) with

/¢
(IIL12) [|A||p'q;,:=.[ [ dp_,"A(cp)":] < .

Since || K (5)ll4,4,, is finite (see (VIL.27)), it follows that K (s) is a well-defined
compact operator in the class C,(JC) for almost all ¢ (w.r.t. dpcsy)- Thus for
each fixed ¢ (except in a set of measure zero) (II1.4) is well defined as an
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operator on JC except for a countable set {A]A~! € a(K(s))}. Of course this
set of A will depend on ¢ and so it is quite possible that there is no A for
which (1 — AK)~! makes sense a.e. in ¢. (We mention that Seiler [22] has
proved that for every A, (1 — AK)~! is well defined for ¢ in a set of positive
measure.) However we note that in (IIL.11b) the factor /\™R can be com-
bined with the dety(1 — AK) to obtain a cancellation between the poles of
/\"™R and the zeros of dety(1 — AK). More precisely, by Proposition 5 of the
Appendix of [23),if 4 € C,, then

(I11.13) A-B= N\"(1-A4)"'det,(1 - 4)

is a continuous map from G, to £(/\"™ (), the bounded operators on A\™¥.
Accordingly we can define /\"Rdet,(1 — AK) by continuity in A even at the
values A € o(K)~!. It will turn out in the course of the cluster expansion that
the “operator” R (s) will always occur in a single factor of the form /\'R(s),
and consequently we shall freely use the above remarks to manipulate with
K(s) and R(s) = (1 — AK(s))~" as though they were well-defined bounded
operators on X for all ¢ and all \. For notational convenience we shall set
A = 1 until the end of §IV at which point A will be resurrected.

With the above definitions and interpretation we now assert that ZS(s)
and Z(s) decouple at s = 0 (see (I1.18)). For suppose that s = 0 on B, C
(Z»)* with R?~ B, = U X, a disjoint union. Let K = K(A,s) and K, =
K(A,;, s) where A, = A U X; so that K = 3 K,. Let J((X)) be the subspace of
IC consisting of functions with support in X;. Then clearly K; = 0 on J((X)) if
i # j, Range K; c 3((X;) by (II1.2), and so
(I11.14a) KK, =0 ifi#*.

Define the operator R, = (1 — K)~!. As explained above we may assume
that 1 & o(K) and 1 £ o(K;) for all i so that R =(1 — K)~! and R, are
well-defined operators. It then follows from the above properties of X; that

(111.14b) R =R, on ¥(X,).
In addition we see from (III.14a) that

det, (1 — K) = det

(1- K)exp("i' Kt )]

k=1

(1- Ifi)exp(”il KT‘k )l}
k=1

= [[det,(1 - K)).

= dct{H

Although it follows formally from (III.8) and (IIL.10) that B decouples at
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s=0,

(1IL15) B(A,5) = 2 B(A; ),

the proof involves an ultraviolet cutoff argument which we postpone until
§VILS. Using (I11.14) and (I11.15) we obtain from definition (II1.6):

(111.16) p(A, 5) = [l (A4, 5)
k

in contrast to the nonlocality (1.16).
The trace term in (II1.11b),

T, (AR ()P (s)) = dety((f R(5)S0 () g) 2),
also factors. Since each test function f, g, & is localized in a unit square it
must also be localized in one of the A, ’s.By (IIL.2), if supp g; C A, then
supp So(s) g; C A, and so, by (II1.14b),

R (5)So(5) 8 = Ry (5)Sp(s) &
also has support in A,. Consequently,

- s R, So(s)g;) if suppfandsuppg; C A,,
4= ROS,()5) = | U Fe$o()8) oo sndsupps € Ay

We see that, after a suitable relabeling of the rows, the matrix 4 ;j decomposes
into blocks 4} associated with the various regions A,. Obviously det A =0
unless these blocks are square, i.e. unless the same number (m,) of fs as g’s
have support in each A,. We also have the factorization

T,,(A"R(s))P(s)) = det 4, = = [] det A
k
(11.17)
= =17, (A™R)R.)
where
P, = (D_vin A A D_yimk")/\..ngcs"(s)gh A A So(s)gj_k

andf,..., f,"k, 8-+ -» 8, are the f’s and g’s with support in A,.
If we insert (II1.16) and (II1.17) into (III.11) we obtain the desired decou-
pling since each p(A,, 5) and R, is a function of the fields in A,:

LemMA I11.1. ZS (s) and Z (s) decouple at s = 0.

For bounded A it follows easily from the results of §VII that ZS and Z are
“regular at 00 (defined before (I1.16)). Thus the cluster expansions for ZS
and Z are generated exactly as for P (¢), and we obtain for S:
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Zyx (A~ X)
18 = +) —————— [d"s9TZS (A , .
(IL18) S(A) (XEES( ) =7 [ S(An X, s(T))
Here the set S = S(X,) is defined following (II.19) in terms of the union X
of the supports of the f, g, h; ZS(A N X, s(I)) is the unnormalized
Schwinger function with interaction in A N X and with the f, g;, A, localized
in AN X; and the * sign arises from the permutations involved in the
factorization (II1.17) (it is unimportant for the purposes of this paper).

We must now “evaluate” the s-derivatives 9. Our calculations involve the
differentiation formula (I1.24) which becomes, in the case of an s-dependent
integrand,

d 1 9
(IIL19) = [G(s.oyds, = [ ( %2 a—i-A¢G) d,.
Taking higher derivatives and using the fact that 3/9s and §/8¢ commute,
we obtain

@20 o' [Gdp= T 3 f( I §ac- A,,)al‘fc dn,

T=Tul; 7eP () YE®
where T, and T are disjoint subsets of I' which we regard as index sets for
boson and fermion derivatives respectively. In §VIL6, we indicate the
rigorous justification of the formal relations (II11.19) and (II1.20) for the class
of integrands G considered in this paper.

The boson and fermion derivatives are independent except for the follow-
ing convention. The integrand G will always contain the factor e~ 2 (see
(I11.6)) as well as factors brought down by differentiating B. Let b(s; x, y)
denote the kernel of B, i.e.,

(.21 B(s) =} [b(s; x,»):0(x)6(»):, dx .

Since we use matched Wick ordering (: :, denotes C(s) subtractions) we

obtain a cancellation between boson and fermion derivatives; e.g.,
9 1 aC b , . . .
(2 +7 5588 =1[ s 00000000, dx .

The same cancellation occurs for higher s-derivatives. We accordingly adopt
the following convention. We drop the cancelled vacuum expectation terms
and collect the remaining terms in the form

(I11.22) % [07(s; x,9):0(x)6():, dx d.

Thus no term involving boson derivatives of B occurs in which the same
covariance kernel 3Y'C (x, y) is integrated against each variable of b or 37b.
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From definition (II1.11b), and formula (I1I1.20),
3TZS(s) = 3 [dw, T (to7C-a,)

123 r"rbUrf‘"’bE@(rb) YEm,
w2 9T/ T, (A"R ()P (5))o(s).

We proceed to evaluate a typical fermion derivative (formally). Since R =
(1 — K)~!, we have

(11.24) (9/9s)R = R(0K/3s)R.
Consequently,

2 AR= 3 (VR AR A AR

j=1
d/\"‘(R —) A"R

by (II1.24), (A.5), and the definition (A.4) of the derivation d /\"™(-). Since
(formally)

dety(1 — K) = exp[ Tr(log(1 — K) + K + K?/2)]

(111.25)

we have
2 ge(1- k) = Tr(—(l k)19 K K )det3(1 - K)
= —Tr(RK2 oK )det_,,(l K).
Therefore
(1I1.26) = -—-—[T (RK " ) & ]
By (111.25) and (I11.26)

2 (AR PYp = {Tm(d/\'"(R%’f) /\"'R-P)

T,,,(/\'"R%—’;)—Tm(/\'"R.P)

e 3E) - 2 ]l

Recall that in the discussion following (III.13) we asserted that R always
occurs in a single factor of the form /\’R, this fact being critical for our
control of the terms in the cluster expansion. Plainly this is not the case for
two terms on the right side of (II1.27) and so we must effect a cancellation.

(111.27)
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To this end we write R = RK? + 1 + K so that

R%%=RK23K+(1+K) = R4, + E,
where
4,=k% s E=q+Kk)&

The two offending terms in (II1.27) become
T,,,(d/\'"(R%—I-:) /\'"R-P) - T,(A"R-P)T, (RK* 2K )

= T.(/\"R- Pd/\"(RA,)) — T,,(\"R- P)T,(RA,)
+T,(/\"R- Pd/\"(E))
(111.29) = —T,1(A"R- P ARA) + T, (/\"R- Pd/\"(E,))
(111.30) = =T, (A™"'R-PAA,) + T,(\"R- Pd\"(E,))

where in (II1.29) we have used the trace formula (A.12) and in (IIL.30) the
elementary identity (A.5). Combining (II1.27) and (I11.30) we obtain the basic
differentiation formula:

3 T(A"R-P)p = { =Tt (A™'R-P A 4)

(11.31) + T, (/\"R- Pd/\"(E,))

"R _ 1, (AR P) LB
+ T (AR ) - TR P B o
For G an operator on /\"J(, we introduce the functional

(I11.32) ™m(G) =T, (/\mR “G)p
Then (II1.31) can be written

w(P) = 7a( I ) = ms (P A 4)
(I11.33a)
+ 1,,(Pd /\"E,) - (p)%_B

Each boson derivative gives an analogous formula. That is, if G(¢) is a
function of the fields taking values as an operator on /\"J(, then

8¢(y) m( )_ (V())—TM‘H(GAA)*)
mg ) — _8B_
m(GINE) = (%) 3403y

(I11.33b)
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where

0K _ oK

do(») ’ 0¢(y)
It is useful to rewrite an operator like Pd/\"E, in (III.33a) as follows.

From definition (IIL.5),

(I11.34) P(s)=P (sYANP,(SYAN--- ANP,(5)

where P(s) = (D~ ! fis *)sc So($) g is a projection in IC. Therefore by (A.6) we

may “spread the d A\"E into the P;’s”

PdN"E=PEAP,N\-+- NP, + PLAPEN--- AP,

+:--+P A---APE.

0B _ — ,
Ay = K2 Ey = (1 + K) and 8¢(y) —fb(s,}’,)’ )¢(y )’

(I1L.35)

Before plunging in to evaluate (II1.23) by iteration of the derivative
formulas (I11.33), we pause to comment on the general structure of 3 TZS and
the possibility of making estimates. Clearly, fermion derivatives lead to a sum
of terms of the form 7,(G)B where B is a product of quadratic polynomials in
¢ (typically Tr :K9"K:) and where G is an r-fold tensor product G = G,
A+ ++ A G,. Here each factor G; is a product of operators on IC containing
at least 3 factors of K (see (I11.28)) or a rank one operator P; (see (I11.35)).
Since a K factor is in G;§ each G, will consequently be in C,,. We may thus
estimate 7,(G) by (A.14):

I7.(G)] < PYAR| |G A~ -+ A Gy lo]
<LINR] el ] 111Gy,

The first factor is in any L?(dp), p < oo (see (I.14)); so is the second factor
and the product B. In fact, the Gs and B together give the desired e/l
decay because they contain the factors |3 K ||,.

Now boson derivatives evidently upset this tensor product structure since
different factors G; are linked by 37C’s. However if we replace the fields ¢
that have been differentiated by dummy fields ¢, then we can restore the
tensor product structure so that boson and fermion derivatives lead to terms
with the same structure. To this end let r, be the replacement operator which
acts on polynomials in the field by

36)  ré(x). .. 4(x) = 21 B(x1) -+ - (- ), (R)B(xi0) - .- B(x,)

with the convention that r, acts only on the original fields ¢ and not on
dummy fields. Then we have the formal identity

(111.37) f 7C(x,y) W ¢(x1) « - d(x,) = &, r20(x,) . . . (x,)
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where the “covariance operation” 57 acts on the pair of ¢, fields by

(111.38) &,9,(x)9,(y) =37C(x, y).
We shall denote dummy field replacements by subscripts; e.g.,
(111.39) 37K, = r,3K =97S;$, Xs-

For each v in the partition =, of T', there will be a pair of dummy fields ¢,
and an 87. The expression (I111.23) will thus involve

(111.40) &(m)=1I &,

YEm
In the next section we shall replace & (m,) by integration over suitable
Gaussian measures.

It is now straightforward to iterate the differentiation formulas (II1.33) to
obtain an explicit formula for (II1.23). However this requires a veritable
arsenal of notation which we must first introduce. The fermion derivatives,
like the boson derivatives, are grouped into sets y C 99 belonging to a
partition of T';. We adopt the following

Order convention. The bonds b in% are ordered in some fixed order with
any subset ' C % inheriting the same order. We first apply the derivatives in
T in this order and then the derivatives in T, in this order. If y and v’ are two
(disjoint) sets of fermion derivatives we say that y precedes y’ (and we write
y < ¥) if the first bond in y precedes the first bond in y’. Similarly for boson
¥’s. Any fermion y precedes any boson .

As in (II1.33), a derivative 37 or r, may introduce a factor

(111.41) AT = K%K or A, =KX,
We call such factors, as well as the expressions obtained by further deriva-
tives of (II1.41), type A factors. For example, 3" KKd"K, K K K, , or
KK, 3K, are type A factors. In each of these examples, we say that y, labels
the “first” derivative, i.e. the derivative that produces the factor. By our
convention of applying derivatives in order, we have y, <y, forj =2 or 3;
note also that a factor like K9"KK, does not occur since the boson deriva-
tives follow the fermion derivatives. We call factors of the form

(111.42) E"=(1+K)K or E =(1+K)XK,
and further derivatives of (111.42), type E factors. We call
B2 =:Tr d7K9"K: _=_fa’“’72b(s; x,y):0(x)o(y): dx dy,

(11.43)
BT =B =Tt K'K:, B, =[b(s; x,»)6(x)8,(») dx &,

as well as further r, derivatives, fype B factors. Note that B*""2 and B” are



YUKAWA, FIELD THEORY 23

well defined without the need for a mass term (see Corollary VIL.13). We
refer to the factors ¢(h;) in ®, and their derivatives, as type ® factors, and the
factors P; in (II1.34), or their derivatives, as type P factors.

We return to (I11.23) in which we shall expand the fermion derivatives 0T/
and write the result as a sum over partitions = of I'. We wish to classify
elements y of 7 according to what type of derivative they occur in. Accord-
ingly we write each # € @ () as a disjoint union

(I11.44a) T=m, U 7

where the elements of , (resp. #;) label boson (resp. fermion) derivatives.
Then we write

(111.44b) T =Tq U Mg U ToU Tp U Mg U mpp = Ux‘”f,x

where the elements of

7, 4 label first derivatives in an 4 factor;

;¢ label first derivatives in an E factor;

71, label all other derivatives in an 4 or E factor;

71, label first derivatives in a B factor;

7, 5 1abel second derivatives in a B factor;

7 p label derivatives on P.
We perform a similar decomposition on =, except that each y € m, has two
associated derivatives or ¢, replacements (see (II1.36)). Accordingly we let «7
denote the set m, doubled (i.e. for each y € m, there are two distinguished
occurrences of y in 77?) and we write

(ll44c) =2 ==, AU T g UToUTpU TsU M= Uyxmyx

where each of the =, y has a meaning analogous to the corresponding Ty x5
with m, o labelling derivatives of @, in analogy to m;. We denote the sum
over all possible decompositions of « as in (II1.44) by = j.omp - Iteration of
(I11.33) then gives the following explicit sum for (I11.23):

@452 3"z (s)= 3 3 (=1 [ diB(7,)0(7,0)G ()

7€P(T) decomp 7

with
G(mx) = 3%, (P (71) A ATy T5,0) - NE (T, Ty 5))
(I11.45b)
*B(7;,5, Ty, p)
where
(I11.46) t= 174l + [y al + |75] + [y 0,
r=m+|m,| + |m,l,
(I1.47) O(7,0) = ( I ,Y)q,,

YE€EMe
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(III.48) P(ﬂf’p)=( H ay)P]/\°°‘/\Pm’
‘{e‘lfﬁp

where each 0¥ must act on a different factor P,
111.49 , = Y s
(111.49) A(Typ5 My,4) (YE/\"MA ) A (ve/\n,«A7)
(111.50) ANE(mpme)= 1l dNEY I INE,

YEmE YEME
(IL51) B(mgmp)= 1 B Il B,

YEmp YEMs

(I1L52) ames =3mgms = [[ 3v IT a7,

‘ye‘lff'o YE"/. S
where each 9 with y € m (resp. m;5) acts on an undifferentiated K
occurring in a factor of type 4 or E (resp. B), and with a similar meaning for

(111.53) ot .= 1l r, I r,

b0 Tos
Y (3 ‘”b'o Y € Tp, .S

r =
7,08

In (I11.50) the symbol d’/\" has the same meaning as d/\" defined in (A.4)
except for the observance of the order convention. By this we mean that when
the E factors in (I11.45b) are spread into the P and A4 factors as in (II1.35) we
omit those terms in which the derivative on the E precedes the derivative on
the 4.

Also by the order convention, a bosen derivative in 7, _may be applied to
a fermion factor of type 4, E or B but a fermion derivative in 3 %s may not be
applied to a boson factor. Actually we can afford to be a little careless in
enforcing these conventions since we shall disregard the order convention, i.e.
we shall over-count, when we come to estimating the summand in (II1.45).

The formulas (II1.18) and (II1.45) constitute the cluster expansion whose
convergence we prove in §IV. In closing this section we explain how to insert
localizations (in analogy to (I11.33) for P(¢),). It is here that the “nonlocality”
of the model enters, for each y is not necessarily associated with two local
monomials in ¢. For example, the y giving rise to an A" (see (II1.41)) is
associated with a nonlocal cubic in ¢ and therefore requires 3 associated
localizations. Indeed, the number of localizations associated with a y will vary
depending on which set 7, y v is in. In Table III.1 we specify, for each type
of y, the number of localizations required and their position. In the
following, x will be the standard symbol for the characteristic function of a
unit square; for j € Z? we let X = Xa, denote the characteristic function of
the jth lattice square. Insertion of a localization simply means inserting a
partition of unity: 1 = Zy;.
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TABLE II1.1. INSERTION OF LOCALIZATIONS

No. of Position of
Set Typical term localizations localizations
T4 K%K 3 Kx3Kx,0"Kx,
Tk (1+ K)o’k 3 x3(1 + K)x,9"Kx,
Mo ...0K. .. 1 9"Kx,
T p Kd'K 2 Kx,0"Kx,
s K ... 1 9Ky,
T p 9P 0 —
T4 K zKy 3 Kx:Kx:K 1
TyE (1 + K)XK, 3 xs(1 + K)x2 K x
Tp0 ... K, ... 1 K.x,
M5 ff$,87b¢ 1 JSo,x,37bo
Tb,B [/o,bo 2 [Ioyx20x:19
T %,(/) 0 —

Note that the localizations for y in m;4, 7, 7, 0, and m, 5 Occur immediately
next to localizations already present, but this over-localization produces no
difficulties. Let a, be the number of y’s in the summand in (II1.45) that
require localizations, i.e.,

(I11.54) =2 |mxl+ 2 |mxl-
X#P X%=d

Then we label the localization indices by Jup € 7’ wherea=1,2,..., a,
and 8 =1,..., By with By(a) = 1, 2 or 3 according to the above table. We
let j, = (gs - - - »Ju,p,)- When we want to emphasize that set y to which j, is
attached, we write j, = j, O j, 3 = J, -

We insert localizations in (II1.45) as specified in the table, indicating the
presence of the localization by a subscript j:

(II1.552) G(7,4) =2G(my)= 2 G(my)
; .

j|...j¢°

where

Gf (WP»X ) = r"b.os:i aj‘"f'os?’ (P (ﬂf,P ) AN Aj (Trf»ﬁ’ ‘”b,A)

(I11.55b) ,

‘d N'E; (755 77b,£))Bj (77,8 7,8)
with Tasosd and 9% defined as in (II1.53) and (II1.52) but each K or ¢ to
which an r, or 3" is applied is also multiplied on the right by x; ,
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Aj(Ta5 Ty,0) =( A\ K&,JK’%ZNK’%)

YE T4
/\ ( v E/\‘”b A K)gy,sK)gy,zK‘lxij)
and so on.

IV. Convergence of the cluster expansion. Consider the cluster expansion
(111.18):

.1 SN = X TAHXT
xres
where
Zax (A ~X )

(IV2) T\ X, T)== [amsa™zs (A 0 X, 5(T)).

Z(4)

In this section we prove that (IV.1) converges at a rate governed by |X]|,
uniformly in A:

THEOREM IV.1. Let a > 0 be given. For sufficiently small |\| and sufficiently
large my, and m,,
(va3) Y |TA X, T)| < Beald=n=m
x.nHes
1X|>d
where BB is a constant independent of A, d, A\, m, and my. (Here n is the number
of bosons and m the number of fermion-antifermion pairs in S.)

The constant 8 in (IV.3) depends on n and m and on Schwartz space norms
of the test functions f, g, . The form of B is important as input into the
Osterwalder-Schrader axioms in §V. However, we find it convenient to appeal
to the a priori bound (I.15) of McBryan and Seiler and Simon rather than to
keep track of the exact form of B.

The main estimate involved in the proof of Theorem IV.1 is (see §II):

EstIMATE 1. There are constants ¢, and ¢, bounded uniformly in the bare
parameters such that

ava4) |3TZS (A, S)| < cremeT=Tm+elAl
where a — o0 as my— 00 and A — 0.

Most of this section will be devoted to the proof of this estimate based on
the explicit formula (I11.45):

ws) 3zs= 3 3 S(-1)[ du6(m)2(m,0)G(7,)

7E€P(T) decomp 7 j
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where the localized G; is defined in (IIL.55). The logic of the proof is exactly
as in the case of P (¢), (see the end of §II). First we interchange the sum over
localizations with the sum over partitions (Lemma IV.2). We next count the
number of terms in the summand in (IV.5) in terms of M (A)’s (Lemma 1V.3).
We estimate Q-space integrals in Lemmas IV.4, IV.6, IV.7 and Theorem
VIL14, in such a way as to extract G; and G, factors (see §II). These factors
are then used to control B, and B,.

Before embarking on this project we remark on notation to be used. In
addition to the sharp localizations x; introduced in $III we shall also require
smooth localizing functions §; € Cg° with the properties:

(v 6) §=1 onA: supp; C {x|dist(x, 4) <5}

In the following estimates we use the letter ¢ to denote various (not neces-
sarily equal) positive constants which may depend on n, m, f, g, h, ... but
which are independent of s, A, T and the bare parameters. Similarly we use
the letters § and a to denote various universal positive constants where the
constants § will always satisfy § < 1.

We now wish to interchange the sum over partitions with the sum over
localizations in (IV.5). The number of localization indices clearly depends on
the partition 7 and its decomposition (I11.44). Therefore before interchanging

we rewrite the sum over partitions as follows. Let a, y = |7, x| where p = b or
fand X = A4, E, B, 0, S, P or ®. We then write
2|r|

av.n 2 2 =2 X Z

7€P() decomp7 @, x=0 7E€Py (') decomp 7
allp,X [7px| =05 x
where ?y (@) denotes the set of partitions of I' into N subsets and N
1Zxa, x + 2x0;y. There may be no decomposition of « as defined in
(III 44) which satisfies the constraints |7, y| = a, y; if so the inner sum in
(IV.7) is zero. Since there are 12 a, s we may estimate the number of terms
in the sum over the a, »’s by (2|T| + 1)'%. Assuming the summand is nonnega-
tive we thus have
S 2 Z<r+nimx ¥ 5 3.
7EP decompw j X 7€9Py decompw j
x| = a5 x
In what follows we fix the a,  (and hence N) at the maximizing values. Since
the number and type of localization indices Ja,p are now fixed we may pull the
sum over the j, to the outside. In addition, we estimate the number of terms
in the sum over decompositions of = by 62T, so that

(v.8) @ +D*EE T <eMTT max

Ja ™ decompw Ja T eco:lpqr
|Tpx] = 0 x
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Again to save writing we shall not write in the symbol “max” in (IV.8), but
shall assume that for eachj = (j,) and # € P, () we take the decomposition
of # which yields the maximum in (IV.8). From (IV.5) we thus obtain

LEMMA IV.2. For the maximizing values of a, y and m, x

ave)  [o7zS(s)] < eI [ a8 (m,0(m,)G, (m)

Jj = GQN(I‘)

where G;(w) is defined in (111.55).

Suppose now that G;(7) is “computed” by multiplying the d’/\'E’s into
the P and A4 factors by (A.6) and by taking the fermion and boson derivatives
in (II1.55b). We obtain a sum of “primitive terms” g;,

M
(1v.10) Gi(m) = gl g

where by a primitive term we mean a term of the form
(Iv.ll) g=¢'r'(FlAF2/\"'/\F")B

where @ is a product of n ¢’s or ¢,’s, B is a product of factors of type B, and
each F, is a factor of type P, A, PE, AE, PEE etc. We wish to estimate the
number of terms M = M (j, 7) in the sum (IV.10). To facilitate the counting
we make the following definitions concerning G;(7):

M,z (A) = number of times the localization A occurs
(Iv.12) in an 4 or E factor
= |{jy,p|Aj,_, =M yEmUmpUm UM B=12 3}
M (4) = total number of times the localization A occurs

V.13 .
( ) =|{Ja,B|Aj,',=A; a= 1’~oo)a0;B= l,...,ﬁo(a)}l.

LeMMA IV.3. The number of primitive terms in (IV.10) is bounded by
(Iv.14) M < MM ().
A

Proor. We ignore the order convention in the estimate of M. We first
estimate how many primitive terms arise from spreading the d/\"E’s into the
P’s and A’s. Given a square A, consider all the d/\"E’s with the leftmost
localization in 4, i.e. 4, = A. Suppose there are M(4) such d /\'E’s. Then
there are at most (M, E(A) Mg(8) + m) factors of type P, A or E which
may receive them (there may be previous E factors already multiplied in);
hence there are at most
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(Mg (8) = Mg (8) + m)!
(M5 (8) = 2Mg (8) + m)!

ways of distributing these E’s. Thus we conclude that all together there are at
most

(v.15) II 2v@+mpg (o)
A
Mg (8)>0
primitive terms arising from multiplying in the E’s.

Next, let M,;(4) be the number of derivatives in 9;%s and r, _; localized in
A. Since there are at most (M (A) — M,(4)) places for them to be applied, we
estimate the number of ways of applying these derivatives as in (IV.15) by
(IV.16) I 2#®Mm, ).

A
M,(8)>0

The derivatives in the ® and P factors (II1.47) and (II1.48) contribute a
factor to M but this factor is bounded by n!m!. Hence from (IV.15) and
(IV.16) we conclude that

M< I eMOM ()M, (D).

A
M(8)>0

2M45(A)— Mg(A)+ mME (A)'

Now
Mg (8)!M,;(A)! < (Mg (8) + M, (8))!< M (D),

and since each y has at most 6 associated localizations,
(Iv.17) S M() < 6[T).
A

The last three inequalities yield the lemma. []

The next step in estimating the summand in (IV.9) is to represent the
expectation & (m,), as defined in (II1.38) and (II1.40), by positive Gaussian
measures. There is one simple case in which there is no need for this step or
even for 6,; namely, if for some decomposition of # we have both oc-
currences of some y in =, 4, then we obtain a factor (k;, y"Ch;) which can be
estimated by

(Iv.18) (B, 3YCh)| < cKg(v)mg oilM

by (I1.30). It is to be understood in the sequel that we always apply the
estimate (IV.18) and do not introduce dummy fields for such a y.

Now, although 97C(x,y) is pointwise positive, it is not positive as an
operator except in the case |y| = 1. Thus there will not, in general, be a
corresponding positive measure. However we can write dYC as a linear
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combination of suitable positive operators. We do so in two ways depending
on whether we wish to exhibit the G, or G, decay (see §II). For G, we note
that if b is, say, the first bond in y, then by (VI.19),

V.92  9C(s) =3%r*C(s)= X (~)MMIc,(s)

vCy~b
where

(Iv. lgb) C‘Y,l’ (S) = a bc (S)l

s=lony
s=0o0n y~(rub)

Since only a single bond derivative is involved in (IV.19b), 3°C (s) = §°C (s)
is positive definite (see e.g. [12]). In other words, (IV.19) represents 97C as a
linear combination of 2~! positive definite operators, each of which is
continuous on & (R?) and each of which has appropriate G, decay: as we
prove in Corollary V1.2, for any ¢ < %,

(IV.20) D8k D% ey < €(€)mge = mold(rd+d (k]
where the constant c(¢) is independent of i, v, v, k, where
1/2

D=(-A+m})",
and where (b is the first bond in )
av.21) d(y, i) = dist(b, A).

Let di,, be the Gaussian measure on a copy @, of S ’(R?) with covariance
(IV.19b), and define

av.22) dn(m)= @ dip omQ(m)= X 0,

YEm
where »(y) is some subset of y ~ b. Then we can represent the expectation
&(m,) in (IV.5) as a linear combination of II,, 2"~" = 2™ integrals of
the form [y ,,, dpiy(m,) with ¢, the coordinate function on Q,.
For the G, decay we restrict our attention to “large” y’s. By definition a
large vy is one for which |/,(y)| > 1 for all permutations ¢ (see (I1.29) for the
definition of |/, (y)|). It is easy to see that

(Iv.23) |y|> 7 implies v is large,

and that if y is large then for all permutations o,

(Iv.24) % ()] >||/14.

If y is not large we say it is small. The point of these definitions is that for
small v, K4(y) > 1 (see (I1.31)) and so there is no G, decay; whereas for large

y there is G, decay and, moreover, we can extract a convergence factor.
Explicitly, let

(Iv.25) G, (7, 8) = D e dmolbm,
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Then
(1v.26) Ks(1)°< Gy (1, 8/3) < e™%mG, (4,8,)
where §/3 = 146, + 8, with §; > 0 (we have used (IV.24)).

For the G, decay for large ¥ we appeal to Lemma VI.11 which asserts that
97C may be written as a difference,

(IV.27) c=C,, -C,_,

where C, . > 0 are not necessarily the positive and negative parts of 3*C, but
for any p < oo can be chosen to satisfy

(Iv.28) ICy s < cMméG, (v, 8)

where § > 0, {; and {, are any two localizations as defined in (IV.6), c(p) is a
constant independent of vy, {,, {,, and G, is defined in (IV.25). Moreover, for
any e < 1, there is a constant c(¢) < o such that

(IV.29) |DC,,+ ¥ 2 < €MmEG (7, 8).

As in the G, case, we introduce Gaussian measures du, . on Q, with
covariance C, , for each large y. For the small y’s we use a G, measure. Then
we can write the expectation [duc & (7,) as a linear combination of U
integrals of the form [, \dp,(,) where
dp(m)= ® dpy, + ® Ay
ye'nf‘ 16175’

where ;" (resp. 7)) are the large (resp. small) y’s in 7,. When we insert dy, or
dy, into (IV.9) it is to be understood that the »’s and + signs are fixed to
maximize the integral and that the e2™ bound on the number of terms in
the sum over » and * has been absorbed into the e®Tl, Thus from (IV.9) we
have

.

@av30) [37zS(s)| < eMY ¥ min
j w€Py[) =12

dpc(s) ® dpG; ()

fQ X Q(75)

We are now ready to estimate the contribution to (IV.30) of each primitive
term in (IV.10), i.e. to estimate an expression of the form

[ dieer ® dudr(FLA- - - AF,)B

From definition (II1.32) we find by the “weak linear lower bound” of
Theorem VII.14’ that for any p < o and ¢ > p there is a constant ¢
independent of my, r and A such that

.

(vl mlin

(Iv.32) I (Fi A+ AE)|,,< e +IAD

IE,),
a LY

where || - ||; denotes the trace norm on 3. By Hélder’s inequality we then
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bound (IV.31) by

av.33) e+ 1M min || . I8l
!
L,‘
where L} denotes the norm in L(Q X Q(m,), dpce @ dp,).
The last three factors in (IV.33) are estimated in Lemmas IV .4, IV.6, IV.7
below. We shall always estimate the minimum over i in (IV.33) by the

geometric mean.

r
IT £,
a=1

Lemma IV 4.

2
(IV.34) II12)4< ¢ II mG,(v,8)
i=]

YEme

where the factor m¢ can be replaced by mg 8"/ if y occurs twice in m, g.

ProoF. If y occurs twice in m,q, we simply extract the factor (IV.18)
without introducing dummy fields ¢, into ® or measures dj,, or dj, ..
Otherwise, the evaluation of ||®|| 4 is a standard calculation involving (IV.20)
and (IV.29). The constant ¢ in (IV.34) depends on » and Schwartz norms of
the form ||D k|| .. O

Consider next the second factor (involving F,’s) in (IV.33). In order to
understand the choices we make in estimating the F,’s, the reader should bear
in mind these facts: K is in any C, ., (defined in (IIL.12)) with p > 2; 3"K is
inany C,,,, withp > 2, we can improve the G, ., property of X, in the sense
of decreasing p, by applying operators D ~¢ with e > 0; operators D* worsen
C,,.s properties. Precise statements of the above may be found in §VIL2.
Consider now a typical factor F, occurring in (IV.33); e.g.,

(V35)  F, = AE =[Kx, K, 97Kx;,,][%,.,(1 + K)x, 37K, |

where, of course, j,; = j, ;. We insert smooth localizations §; by x; = x;§; to
obtain

Fa = (K&}.J)(g}uK)gyz)(g}yza YKXM) e (g}yza YK’Q‘,'..)'
We indicate schematically (i.e. without writing in the localizations) the
manner in which we estimate || F, ||,. First,

(1V.36) IEally <41 1E]-

Then, using Hélder’s inequality on the ||4]|, factor we get C, and ©, norms
on the K and 9K factors (resp.), i.e.,

(1v.37) 41 <KL K]L[12 K]
We estimate the factors K and 3'K in E by operator norms and then by C,
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and G, norms (resp.):
(Iv.38) IE] < (1 + ][9]
Thus,
IFally <UEX, M 165,540 116,86,

( Jyadya2 |Q13K)91.z"4)" Jv.zay x’ﬁ'"z'

The procedure for the other possibilities for F, is similar. If a P factor occurs
instead of an 4 factor we estimate its trace norm by

(IV.40) 18Pl = |12~ fgcl18 Sl

Note that in this case we may still replace the sharp localization Xy by §jﬁ in
the first E factor since the f; occurring in P, is localized in a unit square. If
additional E factors occur we estimate them as in (IV.38). If derivatives in
9™° or In,, are applied to any of the factors, that does not alter our method of
estimation except that K, factors, unlike 9K factors, require a ¢, norm. This

causes one slight complication in the case of an 4, factor, A, =K 2Ky In this
case we insert factors of D®and D ~* where 0 < ¢ < g le,

@4t |[KxsKxaKoxall <IKxsllll8sKx Dl [P~ 6K xal

Now the G, and G, norms that occur in the above inequalities are the
square and fourth roots of polynomials in the fields. The kernels of these
polynomials have certain L? properties which we list here and prove in §VII.
First we define the following distances: if i, k € Z?,

(IV.42) d(i, k) = dist(4,, A,)
if j, € 2%, let

(Iv.39)

Bo
(IV43) d(Y’}) = d(Yajy) = led(%jv,ﬂ)

where d (7, j, g) is defined in (IV.21). We set d (v, j) = 0 if y has no associated
localizations. Then:

LEMMA IV 5. (i) Let w), be the kernel of ||$;3"Kx, |3, i.e.

||§-av<xk||§= [ e x)8(x1)0(xy) d, dx
Then for any p < 3% ,, ,
Wl oy < €1(P)eMmgG, (v, 8)e™ = 8mold (v,)) +d(3.0)].
(i) If w is the kernel of ||dYKx; |13, then for any p < 32
W] ey < € 1(P)emEG, (v, 8)e™ ""0"(7 D,
(iii) Let ¢ < and p < 12/(11 + 6¢). There is a kernel w, e in LP(R®)



34 ALAN COOPER AND LON ROSEN
satisfying

(IV.44a) IIQkaD‘||:< f Wire( X+ Xg)p(x)) - . . d(x,) dx
with
(IV.44b) [Wikell Loy < cmile ™ omed(ih,
(v) Let € >0 and p < min[(1 — &)~', 1}]. There is a kernel w_,,, in
L?(R?) satisfying
D -efiKXk||§< f W_ ik (X1 X2)0(x,)(x;) dx
with
W —eiallrcgey < emge ™m0

v) For p < 12 there is a kernel w; € L? (R®) satisfying
11 J

"Kxj":<fwj(xl e X)o(xy) - . p(xg) dx
with ||Wil Loy < cmg.

In the estimation of the F, factors, the decay (G, and G,) will occur
explicitly in the kernels as in the above lemma and also in the covariance
when the dummy fields are involved. For example, consider an expression
like f||$; K, x||3 dis and apply (IV.44) with e = 0:

f "QKka": dp; < f f Wi (X)d(x)) - - - d(x4) dx dpy;

= [ d@x WD) 0 Cx) (31> %) (e CXe) (530 3g) + - - ]

where C is a covariance C,, or C, . depending on whether i = 1 or 2 (see
(IV.19) and (IV.27)). We apply Holder’s inequality with 1 < p < & to bound
(Iv.45) by

(IV 45)

2 1/2
4 2
(IV.46) .H, (f 18Kl dl’«') < 3wl oll X Cxell

< clylm(t)ze—cSmo[d(i,k)-l-d(y.k)]Gl (7:8)
by (IV.44b), (11.30), and (IV.28), where we have taken a geometric mean as

explained before Lemma IV 4.
Let 7, consist of the y’s associated with 4 and E factors, i.e.

ava4i me= U Mo X"
p=bf
X=A,E0
Then we have
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LemMma IV.6.
2 , 1/2
.Hl Hl IFallf < ];[e MeeO(aM g (R)NV*
i=1l|a= L}
(IV.48)

I Mg, (1,8) II mge=tmedtrin),
YEm U Tp YEm g

PROOF. As indicated in (IV.36)~(IV.39), each || F, ||, is split into a product of
factors, each factor being one of the types listed in the previous lemma. The
integrals involving dummy fields factor off, each containing a polynomial of
degree at most 8. They are estimated as in (IV.45)-(IV.46) by using Lemma
IV.5 to estimate the kernel and (II.30) and (IV.28) to estimate the covari-
ances. The remaining integral over dj, involving the original fields ¢ is the
integral of a product of lcoalized monomials of the type listed in Lemma
IV.5. This integral may be estimated by the Checkerboard Theorem of [12]
or by Theorem 9.4 of [9] in order to control the number singularities. The
required L? estimate on the kernels is supplied by Lemma IV.5. It is clear
that each y in 7, contributes a G,(y, 8) factor and a decay factor e ~m# (k)
where k is the localization index of the field in the K factor (i.e. 'K, K,
3'K,, 37K)) in which y occurs. Note, however, that we have written the
estimate (IV.48) in terms of the distance d(y, j,) involving all the localizations
associated with y (see (IV.43)). This use of d(y,)) is justified by the triangle

inequality. For instance, in the bound (IV.46) we have

d(v, k) + d(j, k) > d(v, k) + d(j, k) /2 +[d(v.)) — d(v. k)] /2

>[d(y, k) + d(v./)]/2

Clearly the distances d(v,/,) can always be extracted in this way by one or
two applications of the triangle inequality with an appropriate change in the
constants §. Note that each y € ;, also contributes a G\(y, 8) factor by
(IV.40); for let ¢ > 0 and x be the characteristic function of the lattice square
in which g, is localized. Then for large v,

187Sgill3c <[|D'/?0"SXD ™| gl P81 12
which has G,(y, 8) decay by Corollary VI.2. [J

Finally we turn to the B factor in (IV.33). Let 7, be the y’s associated with
the B factor, i.e.

(IV.49)

Tg = U ﬂp,X
p=bf
X=B,S

and let Mz(4) denote the number of times the localization A occurs in a B
factor. We shall use the following estimate on the kernels (see Lemma
VIL11(b) and VIL12): if ¢ > 2,
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2
(Iv.50)  ||D ~*x;,0"vbx; D | wy < Mg II G, (v, 8)e~¥medtned)
k=1

and
(v.s1) 12 ~*x:bxa D ~*|| 2qmey < ¢ (€)mge = dmeAGik),
LemMmA IV.7.
2
I1 B4 < cITee@(an, (a)/*
(Iv.52) i=1 A

. H cl"lmgGl (Y’ s)e"smdi(YJ).

YE7p
ProoF. B* is a product of quadratic expressions of the form

f 101 (x)x:, ()W (x5 Y)xi, (¥)b2(¥): dx dy

where w is a b-kernel with 0, 1 or 2 y-derivatives and ¢, and ¢, are original or
dummy fields. The norm

1/4
IBlus= { /B dicco ® )

is then evaluated in the standard way as a sum over vacuum graphs: a
vacuum graph is obtained by grouping the ¢’s in pairs (subject to the
restriction that no pair may be drawn from the same :quadratic expression:)
with each pair ¢(x)¢(y) giving rise to a covariance C(s; x, y), and by
grouping the ¢.’s in pairs, each pair ¢,(x)¢,(y) giving rise to a covariance
C,(s; x, »). In each of the resulting integrals we insert a smooth localization
and the operators D* and D ~* with 2 < ¢ < 3; for example,

[e@E w2 d = [[CuNGOD][D X ()w(, 2)] &.

We estimate each of the resulting operators D;C{, D® by its operator
norm on L%(R?) and we apply the Schwarz inequality to obtain a product of
L*(R* norms of the functions D ~*x;wx, D ~°. The latter we estimate by
(IV.50) and (IV.51). In most cases D%;C{, D*® will actually be Hilbert-
Schmidt: If a C, covariance is involved, then the operator is Hilbert-Schmidt
with appropriate G,-decay on its norm by (IV.20) and (IV.29). If a C(s)
covariance is involved with d (i, k) > 0 then we write
(IV.53) D%,C,D* = D¥,C,8,D° + D%,8CY, D*

where 8C = C — C,. The first term is Hilbert-Schmidt on L*(R?) by the
proof of Lemma I11.4 of [11] and satisfies

(IV.54a) 1D%:Coli D Lmey < ce ™ mAGR)
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while the second term is Hilbert-Schmidt by Lemma VI.10 and satisfies
Av.540) IDGOCED Y aey < emie™ "0

If in (IV.53) d(i, k) = 0, then the second term on the right still satisfies
(IV.54b) while the first term is evidently a bounded operator (to see this,
simply omit the {’s). We conclude that D%;C{, D® is always a bounded
operator with d(i, k) decay as in (IV.54). This decay is important for
controlling the number singularities, i.e. the sum over vacuum graphs: using
(IV.54b) and Theorem 9.4 of [9] we obtain the estimate I[,e**M*@(4 My (A))!
for this sum. (We do not require such an argument for the ¢, pairings since
each field ¢, can occur at most 8 times in B*)

Collecting all of these estimates, we obtain (IV.52). Note that an applica-
tion of the triangle inequality may be required again, just as in (IV.46); e.g. to
convert the d(j, 1, jy») and d(y, j,,;) decays of [¢x; bx; ¢, to ad(y, ) decay.
O

We now collect the above estimates to obtain the desired bound on (IV.31).
The numerical factors in (IV.48) and (IV.52) may be simplified somewhat by

[(4M,5 (8))! (4M (8))1] 7 < M@, (8)14¥ O, (A)!
< AMOM ().
By (IV.33), (IV.34), (IV.35), (IV.48) and (IV.52) we thus bound (IV.31) by

¢ exp
(Iv.55)

c(r +|A] + |T| + EM(A))}HM(A)!
A A

1 g mg TGy, 8)etnod

YEM02 YET  yenium

where the set 7, 4, consists of those y’s which occur twice in 7, 4 (see Lemma
IV.4) and the set 7' = 7 U 7\ (m,4 U ;). Note that the factor m¢ in
(IV.34), associated with those y’s applied once to ®, has been absorbed into
the m§ associated with the other occurrence of y in #’. We can simplify
(IV.55) somewhat by (IV.17) and the estimate r < m + 2|T| (see (II1.46));
also we identify the two occurrences of a y in 7 so that i U 7, may be
replaced by 7, m, 4, replaced by mg consisting of y’s exclusively associated
with @, and =’ redefined to consist of those y’s in 7 which are not associated
exclusively with a P or @ factor. Note that a y € = may now have as many as
six localizations j, 5. Using Lemmas IV.2 and IV.3 we then obtain

COROLLARY IV.8.
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[0TZS(s)| < e™HIT 3 JIM (@)

Jj m€FNT) A
IV .56) )
. H md-b‘lvl H mé H G, (y,8)e‘5’"°d(W).
YETY YE=' YET

We are left with the same expression as in the P(¢), case except for two
differences:

(i) the number of localizations j, 5 associated with y varies from 1 to 6,
instead of being exactly 2;

(ii) there is a large factor m{!I”! instead of the convergence factor m; ®

Difference (i) is minor, for we still have the relation (I1.34) and, conse-
quently, the bound, for 0 < ¢ < 1,

av.sn M) < exp[c,z M(A)“"] < e"r'exp[czd(y, j.,)].
A A

ir),

Thus for sufficiently large my we can absorb the factor I[, M (4)!? into the G,
decay factor, i.e. G, controls B,.

As for (ii), we now liberate the coupling constant A so that each K factor
acquires an associated A and each B an associated A% It is then easy to see
that with each y € =’ we may associate at least a factor of [A|'/2 If we choose
A so that

(IV.58) méA\/4 < 1
we deduce from (IV.56) and (IV.57) that for sufficiently large m,
la I‘ZS (S)| < ec(lrl+|AI)2 2 H m6-8|1|

(IV.59) 7 Tvem
' - I 4 1T 6y (v, 8)eomatteo,
YE® YE®

It should now be clear how we extract the convergence factor. For large y’s
in = we can extract a factor e =% from G,(y, 8) by (IV.26). For small y’s in
7 and 7’ we have convergence factors mg ®I"l and |A|/28, respectively; here
we have used the fact (IV.23) that a small y satisfies |y| < 7. The only
remaining y’s are small y’s associated with P factors. But there can be at most
m such y’s each with at most 7 bonds. We conclude that for any a > 0, if we
choose mj, sufficiently large and [A| sufficiently small so that mg, |A|'/%,
e % < e~ then we have

IarZS(S)I < ec(TI+[ADg—a(r|=7m) | 2 2 H G, (v, 8)e"s’”¢d(”).
j 7n€¥y yET

We now rejoin the P(¢), proof: we pull out the factor
max, g, Il, e e~ %"# "), sum over 7 to get a factor ¢ %) by Lemma I1.2 (i.e.
G, controls B,), and then sum over each j, 5 to get another factor e®U™,
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Therefore
IarZS (s)l < ce—(a—NI|=Tm)+clA|

which is Estimate I (i.e. estimate (IV.4)). The proof of Theorem IV.1 now
follows easily:

PrOOF OF THEOREM IV.1. It remains to check Estimate II (see (I1.22)). We
use a dominated convergence type argument, namely Lemma 3.5 of [25]: if
p3a(d) denotes the renormalized determinant with A = A and s = 0 on 34,
then we know (see §VII.4) that, for any p < o, ||p3a(N)|| LPducey) < uni-
formly for A in a bounded interval. Since p,,(A) — 1 pointwise and dj, is a
probability measure, we conclude that py(\) -1 in L'(dpc(y) as A—0.
Hence for sufficiently small [A|, Z;s(A) = [psa(\) dpic ) satisfies 3 < |Z55(8)]
< 2. (Presumably, p(s) and Z (s) are nonnegative as in the s = 1 case [22], but
we do not have a proof of this.) As in [9] we conclude that by Estimates I-III,

2 IT(A’ X, r)l <c 2 e~ a(rl=Tm)+dX|
xI)es IX|>d
|X|>d

But by the definition of &, every component of X ~ I'“ meets X, so that
IT| >|X]| = | Xo| >|X| =7 — 2m.
The theorem follows from the last two inequalities. []

V. Consequences. In this section we shall establish the major consequences
of the convergence of the cluster expansion (in particular, Theorem I.1). Our
proofs are brief since, once the appropriate doubling procedure is introduced,
the Y, proofs follow those of P(¢),. Our first result is

THEOREM V.I (CLUSTER PROPERTY). Let a > 0 be given. Suppose that
Ja = (f4,)» 84 = (84,) and hy = (h, ;) are Schwartz space test functions with
support in the region A C R?, and similarly fg, gg, hg have support in the region

B. Let f = (fy, f3), 8 = (84> 85)» h = (hy, hg). Then for any given \ we can
choose my, and my sufficiently large so that

(V1) |Sa(fs 8 ) = Sa(fu> 84> Ba)Sa (f5: 85> hp)| < Be™oAE)=0)

where B = B(f, g, h) is independent of A and depends on f, g, h only through
appropriate (translation invariant) Schwartz space norms, the constant ¢ depends
only on the order of S, and d(A, B) is the distance between A and B.

PrOOF. We shall assume that the number m, of f, ’s equals the number of
84,’s (and similarly for B). If not, then the subtracted term in (V.1) vanishes
and we simply apply the cluster expansion to S,(f, g, k) without the necessity
of a doubling procedure. We remark that it is possible to compare directly the
cluster expansions for the Schwinger functions on the left side of (V.1)
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provided we also multiply S,(f, g, h) by 1 = S,(1) and perform a cluster
expansion for it as well. However, as in [9], it is simpler to “double” the
theory as follows:

(i) (Boson doubling). We let (Q9, ¢©, du®) for i = 1, 2 be two identical
copies of the free boson field on Q@ = §’(R?). Define a new process by the
independent sum ¢ = ¢ + ¢@ on J = QM x 0P with measure dji =
dp® x du®. We may introduce s B.C. for é by diig,y = dpl)y X du&), with
C(s)=C(s)® C(s)on & = SR) ® SR).

(ii) (Fermion doubling). We let 3(?, i = 1, 2, be two identical copies of 3
and we define 3C = 3V © I(?. If F(¢) is a function on & taking values as
an operator on J(, define the operators on J(:

(V.2a) F(l)@,) = F(¢(I)) D0, F(z)@,) =00 F(¢(2))
and
(V.2b) F @) = F($?) @ F($@) = F(l)@) + F(”(Js).

With X given by (II1.3), we define
B($) = detyy(1 — K (9)) = dety(1 = K)exp[ — 3 :Tr(K* + K'K):].

The Schwinger functions for the doubled theory are defined as in (III.11) in
terms of p, dji, and T, = m!Tr,mg. Just as in (II1.14)«IIL.16) we have the
factorization

(V.3a) B(9) = o(M)o(s?)
and so
(V.3b) 7= f B($) di = f p(6) du® f p(6@) du® = Z2,
Suppose we rewrite formula (II1.11b) for (f, g, h) as
Sa(f,8H) = Z7" [T,(A\"R- Q4 A Q5 )o di

where, for X = A4 or B, Qy = ®(hy) J_,Px J with

Py;= (D 'gx )gCSOfXJ’
and where m = m, + my. Let 0 be the operators on A" defined by

Q(') = ‘I)(’)(h ) /\P(’)

where ®O(hy) = I[,6P(hy;) and P{) is as defined in (V.2a). Then we claim
that

$=5- fT (AR (05" - 0P) A (28 - 0P))p di

V4)
2[SA (f: 8 1) — S (f4> 84> 1) S (f3> 85> hB)]



YUKAWA, FIELD THEORY 41

The identity (V.4) follows from the direct sum structure 5 = 3V & 9(@.

For /\m R’ (Q,S‘) (2)) A (Q(I) Qg))
V) = /\mR(I)Q(l)/\ Q(l) + /\mR(Z)lez)/\ Q§2)

- /\mAR(l)Q(I)/\/\maR(z) Q(z)
_ AMAR(z) (2) /\maR(l) Q(l)

We apply T,, to (V.5), observing that by Lemma A.1 we obtain a factorization
of the off diagonal terms, e.g.,

i’m(/\mAR(l) . Q,S" A /\""R(Z)Q},Z))
= Tm, (A™R®- Q,S'))fm, (/A\™R®- o).

Noting that T (A"RPQ®)@)) = T,,(/\"RQ)$?)), integrating with re-
spect to p dji, and invoking (V.3) we deduce (V.4).

The left side of (V.4) has the appropriate form for an application of the
cluster expansion, i.e., it has the form (III.11) and, furthermore, it decouples
ats = 0. For suppose that 4 and B belong to disjoint components A, and Ag
of R? ~ T2 Then just as in (V.6) we have by Lemma Al,

TA"R- (2" - o) A (25" - 0f)]
T [ N™Ry (05" — 0P)] - T, [ A™Rs (25 - 0)]

where Ry = (1 — K, Ax)—l' (Here it is the decomposition of the doubled
theory induced by the direct sum decomposition of L3(R?) that is involved.)
The integral of (V.7) now factors by (III.16). If T fails to connect 4 and B,
then the corresponding term @ IZS in the expansion factors as

arﬁ = arxfT /\me (Q(l) (2) ]pr dii
X=A,B
and so vanishes by the 1 & 2 symmetry.

Let = be the set of values of (A, my, my) for which the cluster expansion for
(V.4) converges in the sense of Theorem IV.1 (i.e. £ consists of sufficiently
small A and sufficiently large m,, m); and let 2’ be those (A, m,, my) for which
(V 4) satisfies the desired bound (V.1). As in [9, Theorem 2.1] we deduce that
2 C Z'. It remains to show that =’ contains points with arbitrary A.

But the Schwinger functions S, ,, A( f, & h), where we have denoted the
dependence on the bare parameters by additional subscripts, are invariant
under the change of variables:

(v.6)

v.7)

AN, my>rmy, mp—>rm, A-rlA,

h(x) - r’h(rx) f(x) - r¥*(rx), g(x)— r¥%g(rx).
This follows by a simple scaling argument based on the fact that ¢(x; m,) and
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&(r~'x; rm,) are isomorphic processes. Consequently, if (A, m,, my) € 2 with
decay rate e~ *¢“-®) then so is (rA, rm,, rm) with decay rate e~ *¢45) =
e~rdAB)

REMARK. The results for large A can also be obtained via a convergent
cluster expansion provided we replace the unit squares with squares of side
length L = d/mj, where, for convenience, we have taken m, = m; = m, and
where d is a constant to be determined. We sketch this argument: First we
rescale lengths as in the above proof with r = 1/m, to obtain an equivalent
theory with bare parameters A" = A/my, m; = m; = my = 1, and interaction
region A’ = myA. We claim that the cluster expansion for this new theory
with lattice spacing L' = r~'L = d converges as in (IV.3) provided L’ is
chosen large enough and A’ small enough (and hence that the cluster expan-
sion for the original theory with lattice spacing L converges for any A
provided d and m, are chosen large enough). To see this, consider the bound
which is the analogue of (IV.56):

Iar'ZS(X/)I < eCII"|+L‘z[X'|2 HM(A)!Z H I}\rll/Z
Jm A YE®

- II LG, (y, 8)e%0,

YE®

(IV.56")

Note that the factors G, and e % involve distances based on a unit of
length L’ and that instead of factors m§ there are now occur factors of L
since the local L? estimates are calculated over squares of side L'. As in
(IV.56), we can extract a convergence factor e ~*£1"l from G,(y, 6) for large
¥’s. Next we choose L’ sufficiently large for the combinatorial arguments of
the cluster expansion (i.e. G, controls =, and e~%® controls [, M (A)!?).
We then choose A’ sufficiently small to give a convergence factor for the small
¥’s (except for the at most n + m ¥’s in 7 ~ #'), thereby controlling the
factors L'®. The only additional feature is that the crucial estimate |T| > | X|
— n — 2m (see the proof of Theorem IV.1) becomes |I"| > |X’|/L? — n —
2m. But this presents no problem as the linear lower bound constant ¢, in
(IV.56’) can be made arbitrarily small by choosing A’ small enough. Finally,
for any choice of L’, the bound (I1.22) on Z,,(A) will hold for all sufficiently
small X'

We now turn to the existence of the infinite volume limit.

ProoF oF THEOREM l.1(a). By the scaling argument used in the proof of
Theorem V.1 it is sufficient to prove the theorem for values of A and m, for
which the cluster expansion applies. We consider the effect of increasing the
interaction region A by adding a single lattice square A. To do this we
interpolate between x, and x, 2 by 4, = x5 + Tx, and write
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1 d
SAUA_SA=L d‘r ES(T)
where S(7) is defined as in (I.3) with x, in (I.5) replaced by A,. As in [8,
Theorem 2.2.2] it suffices to bound dS (1) /dr by
(V.8) |dS (7)/ dr| < ce™(.%o)

where a and ¢ are positive constants (independent of A and A) and X, is a
fixed set which contains the supports of all the test functions in S.
As in (I11.26) and (I11.31) we find that

‘%Z('r) = —f[Tf(RAr) + 48 ]P dp.

and
2 75(r)
=f{—T,,.+1(/\’”“R°P/\Af) + Tm(/\'"R-Pd/\"'E,)
= T.(A\"R*P) —= }pdn
where

4,= K0P K = K(rFK, E,=(1+ K()Ky
4 — i KyK, + 7(KE + KIKy)]:=:Tr Ky Ky + 7By,

Thus we obtain

14 gs sz 'Lz, —T, - T,

d e
ES(T)—Z p pn

where
Te=Z7' [T,(A\"R- PA\\"E,)p du,
Ty = Z7 [T (A™'R- PN A,)p dy
=272 [T, (A™R- P)p du [ T, (R4 )p dp,

=z [ T,(A"R- P) pdp z7[T,(A™R- P)pdp.fd p du.

Consider first the term T. To obtain a bound of the form (V.8), we apply
the cluster expansion to T and argue that each term in this expansion will
vanish unless I' connects A and X, Suppose that X, and A are in two
disconnected components, say X, and X, of R* ~TI°= U X, Then by
(I11.14a)
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v.9) E = (1+ Ky, + 1K,)K,

where A; = A N X;. Consider a typical product P,E, obtained from spreading

d /\"E, into the P’s as in (II1.35). We have P,E, = P;xy E, = 0 since, by

(II1.2), S, has vanishing matrix elements between X, O X, and X, D A, U A.

We conclude by Theorem IV.1 that T satisfies a bound of the form (V.8).
The bounds on T, and Tj are essentially a corollary of Theorem V.1.

Consider T, and write it in terms of the doubled theory:

V10) Ty =2 Z7 [Ty (AR (PO = PD) A (4D = 4P))3 dii

We apply the cluster expansion to (V.10) and argue as in the proof of
Theorem V.1 that if T' does not connect X, and A, then 9'Z7, factors and,
hence, vanishes by the 1 <> 2 symmetry. The nonlocality of 4, is no problem,
for as in (V.9) 4, will be completely localized in the same component of
RZ~TcasA,ie 4, = (K, + 7KK,

The case of T} is similar. The only point to be checked is that dB/dr is in
every L?(dpc (). In particular, the term :Tr K,K,: is in L? without the
necessity of a mass counterterm since A and A do not overlap but at worst
touch (see Corollary VII.13). [J

Finally we come to the axioms:

ProOF OF THEOREM I.1b. Consider the Osterwalder-Schrader axioms [19]:

(E0’) DisTRIBUTION PROPERTY. We simply appeal to the a priori bounds
(1.15) of McBryan and Seiler and Simon.

(E1) CovARIANCE. Translational invariance is a consequence of the conver-
gence of the A — oo limit. Rotational covariance may be deduced by in-
troducing instead a spatial cutoff A which is spherically symmetric (the
transformation of spinor indices never changes from that of the free theory).

(E2) PosiTiviTy. As remarked in [18], positivity will hold after the removal
of cutoffs if it holds with cutoffs. In the (appropriate) ultraviolet cutoff case,
positivity follows from the Feynman-Kac formula of [18]. See also [25] for a
proof of the relation between the Matthews-Salam-Seiler formula and the
Hamiltonian formalism which does not use Euclidean fermi fields.

(E3) SYMMETRY. This is independent of the spatial cutoff and follows from
the determinant structure of (I.3).

(E4) CLusTER PrOPERTY. This is just Theorem V.1.

Note that by scaling the infinite volume theory depends on the bare
parameters only through the dimensionless ratios A/m, and A\/m,. [

VI. Derivatives of Green’s functions.

VL.1. Introduction. In this section we obtain local L” estimates on the mixed
partial derivatives (32/dx; \07,)9C(s; x,y) where the s-derivative 97C is
defined in §II. These estimates have two important features: (i) as |y|
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increases, the L? properties improve; (ii) the estimates provide the G, and G,
decay needed for convergence of the cluster expansion. As in §1V, we use the
letters & and ¢ to denote various positive constants where § will always be a
universal constant in (0, 1) and ¢ will, in general, depend on various parame-
ters (e.g., p, 8) but not on my, y orj. Our main result is

THEOREM VL.1. For a;, ay; =0 or 1 and y C B a finite set of bonds, let
p< palﬂz(l'yl), where p;(n) is defined in the table below. Then for all i}, i, = 1
or 2 and j,, j, in Z? we have

aa,+a2
(X, (Y) 3amse; 97C(s; %, )
(VL) "xj X Ox;39y;; LP(RY
< moc“'Gl ('Y, 3)e-8mod(v.i)

where x; is the characteristic function of the square A, and G\(y, 8) is defined in
(IV.25) and d (v, j) in (11.28).

DEFINITION OF p;(n)

Proof of

n=0| n=1| n>1]| (VL1)in
po(n) ) oo o0 §Vi4
p,(n) 2 3 4 §VI.6
p,(n) 1 3/2 2 §VL7

REMARKS. 1. By tracing through our proof, the reader can check that any
8 <3 is allowed in (VL1) and that for &, = a, = 0 the factor my may be
replaced by my2/P. A scaling argument indicates that for large my, the best
possible power of my in (VL.1) is m§+%~2/7 (each spatial derivative in-
troduces a factor of m).

2. If 97C is replaced by 6C = C(s) — C(1) or even by C(s) provided that
J1 # J, we obtain L? estimates on the spatial derivatives similar to the case of
07C with |y| = 1 (see Lemma VI1.10 in §VL.7).

3. By the equivalence of Sobolev and potential space norms [29, p. 135]
together with standard interpolation techniques [20], Theorem VI.1 implies

COROLLARY VI.2. For any a,, a, in [0, 1] and
P <(2+min(2, |y]))/ (&, + ay),
(V12) [P, (x)37C (85 x, )8, ( V)D€ mgeG, (y, 8)e~tmA)
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where D, = (—A, + m})'/? and where the smooth localization § is defined in
V.6).

Our proof of Theorem VI.1 is based on the fact that (C, — Cp)(x, y) is the
solution of a Dirichlet boundary value problem for —A, + m2 with boundary
values C,(x,y) on I'. This enables us to express 9”C as a sum involving
iterated sequences of Poisson kernels which can be estimated by standard
techniques from the theory of partial differential equations. This approach
appears to give more direct information about the spatial derivatives of 97C
than does the Wiener integral representation (for this method see [6, §V]). At
the same time, it provides a completely elementary derivation of the known
[9], [28] estimate when a; = a, = 0.

VL. 2 Iterated Poisson Formula. From definition (IL.15) of C(s) we find by a
straightforward calculation that

(V1.3) 8c()=_ 3 IIs II (1-s)07C

Tc®~ybel bel‘~y
where, in the notation of (IL.5),

Y, = Y =
(V14) 87Cr = 8"C(8)sarey = 8"C () _ .-
s=0onI*
For example, if b € I¥, then §°C. = Cr_, — Cp. More generally we have
by induction that
(VLS) 8'Cr = 3 (- Ve,
vQCy
According to (V1.3), 3YC(s) is a convex combination of §Cr’s so that it will
be sufficient to prove Theorem V1.1 for § YCr with bounds independent of T'.
We thus study §"Cr. If x, y & T and y C I then by (VLS5),

(=8, + m)3*Cre(x,5) = 3 (-1 Mg (x - y) = 0.
yCy
Hence 8YCr(+,y) is the solution to the Dirichlet problem for (—A + m})
with boundary values 8"Cre(z,y) on I*. Given a piecewise smooth curve
B c R?>we let u = P,f denote the solution of the boundary value problem

(-A+mdu(x)=0, xZ€B; wu=f onB

where f is a continuous function on B (if B is bounded we require that u be
regular at oo, i.e. u(x) >0 as x — c0). The kernel Pg(x,z) of Py (the
“Poisson kernel”) is given in terms of the normal derivative of the Dirichlet
Green’s function by (see e.g. [3])

(VL6) Py (x,2) =9Cy(x,2)/0n,.
We shall be particularly interested in the case where B = b, a single bond, in
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which case we shall replace the line integral P,f(x) = §,P,(x, 2)f(2) dz
around b by an integral along b with P, being the jump across b of the
normal derivative of C,. According to this notation we have § "Cpx = P6"Cre
where on the right side we regard 6"Cr(z, y) as being restricted to z € I'¥ in
order to provide boundary values for P which acts on the first variable z,
the variable y & I'° being regarded as a parameter.
We now claim that if y € I'* then
(V1.7) 8Cre = 3 Prexp07~"Crey
bey

where x, is the characteristic function of » C ® as a subset of R% For
07Cre(2,y) = 0if z € T ~ y so that

(VI.8) 87Crc = Prcx.lsyclv = 2 PI“szbCI"
bey

But by (VL.5) and the fact that x,C, = 0if b € v,
%97Cre = 3 ()"l Creo,

vCy

= X (- I)M_MXbCI“~r = x8"""Cre_s .

bevCy

(V19)

Combining (VI1.8) and (VI.9) we obtain (V1.7). By iterating (V1.7) we deduce

LEMMA VI3. Let yc T Cc B withy = {b,,...,b,} and let B =T~ y.
Then
§Cr= 3 PBub,,u ub,nXb,nPBub,lu ceeUb,_,
0ES,
1.10
(V ) . Xban_| PP Xb,zPBUb.|Xb.,,CB’

REMARK. We may regard (VI.10) as an integrated form of the representa-
tion of 87Cr. as a Wiener integral over paths which cross every b; in v [9]. The
sum over permutations ¢ is a sum over orders of crossing.

VI1.3. Maximum principle. We shall make frequent use of the following
maximum principle:

PROPOSITION VI.4. Suppose that (—A + m%)u = 0 in an open region A, and
that u is continuous in A. Then if sup u > 0 it must be attained either on 3 A or
at oo, and if inf u < 0 it must be attained on d A or at .

ProOF. In A, Au = m2u so if u(x) > 0, u cannot have a maximum at x.

a
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It follows immediately from this principle that if u satisfies (—A + md)u =
Oin A, u » 0 on dA, and u(x) —» 0 as x — oo, then u(x) > 0 everywhere in
A. In particular we have

COROLLARY VLS. Py is positivity preserving.

A positivity preserving operator A obviously satisfies |4f| < A|f]. If 4 and
B are two linear operators, by 4 < B (pointwise) we mean that B — 4 is
positivity preserving. When 4 and B have measurable kernels, this is equiv-
alent to saying that A(x, y) < B(x,y).If 0 < A4 < B (pointwise), then

(VL11) [N < Al < B,
a relation we shall use below.
A well-known consequence of the maximum principle (see e.g. [11]) is that
0 < Cr < C, (pointwise) and, hence,
(VL12) 0 < Cp(x,y) < ce™™*= (1 +|ln(mglx — y|)|)-

Now clearly if y c T c @, we have PP, = P,Pr = P, and x,Pr = x,. It
follows from Corollary VLS that for any X c R?,

(VL.13) PrxxP, < PP, = P,
and
(V1.14) Prx, = Prx,P, < PpP, = P,.

These relations allow us to estimate the products occurring in (VI.10) in terms
of single bond Poisson kernels:

LemMA VL6. Let y,B C B withy=b, U -+ U b, C B°. Let 2< i} <
i< +++ <i, < n.Then

(VL15) Ppusu - ubXs,PBuby -+ Uk Xy T XePBUBXs,
< P, ...P, P, (pointwise).

PROOF. Since all the operators involved are positivity preserving, we can
use (VL.13) to drop any of the factors O, = Pp s,y ... usXs, (€XCEPt the first)
from the product Q, ... @, on the left of (VI.15). Then by (VI.14) we can
dominate each remaining Q; by the corresponding P,. []

We shall estimate each term in (VI.10) by first applying (VI.15) and then
using the fact that Pp(x, z) decays exponentially: To see this, suppose that x
and y are on the same side of an infinite straight line A in R2 Then by the
method of images Cy(x,y) = C,(x,y) — C,(x, y) where y is the image of y
under reflection in A. Thus for any e >0 there is a ¢, such that for
|x = z| > ¢

(VL16) Py (x,2) = 2(3/3n,)C, (%, 2) < c,mg/%e™ =" /|x — z|'/?
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since C,(x — z) ~ c(mg|x — z|)~"/%~™al*~l for large |x — z| and similarly
for its derivatives [1].

But if T is an arbitrary subset of R? and x is outside the convex hull
convI of T, we let A be the straight line separating x from conv I' with
d(x,convTI) = d(x,A). Then clearly Py(x,z) = (P,Pr)(x,z), and since
|Prf(»)] € sup,er|f(2)] by the maximum principle, we obtain from (VI.16):

LeMMA VL.7. For any 8 < 1 there is a constant ¢ = c(8) such that if
d(x, convT) > 1, then for any f,

(VL17) |Prf(x)] < ce™dmodtxiconv nf‘;‘; 1£(2)]-

VI.4. The 0C decay estimate of Glimm-Jaffe-Spencer. We now prove the
result of [9], [28] that (V1.2) holds when a; = a, = 0 (see Lemma II.1 above).
As remarked after (VI1.5) it is sufficient to estimate §YCr.. Consider the sum
(VL.10). To each term, call it T,(B, y), we apply (VI.15), dropping bonds if
they touch the last retained bond. From Lemma VI.7 we get precisely the
decay factor e ~%mole™ a5 defined in (I1.29) for any § < I:

T,(B, y) < cMe=dmdel sup Cp (2, y).

ZEDb,,

Summing over ¢ and using (V1.12) we obtain

(VL18) 87Cre < MG, (v, 8)log(1 + d(v,»)7")

where G, is defined in (IV.25).
To extract the G, factor we may reason as follows. Let b be any bond in v,
e.g. the one giving the maximum in (I1.28). From (VL.5)

(V1.19) Cp = 8%"Cre = D (- 1)"""'85CI,___,.
vCy~b
This represents §7Cr. as a sum of 21"=! terms each of which may be bounded
by
X.8°CresXy, < X Py CamnsX,
z€b

by (V1.17) and the bound Cy < C,. If b touches A; then sup,¢,C,(z, y) gives
a log factor as in (VI.18); otherwise it gives a decay factor exp[— mod (b, A,)].
Taking the geometric mean of (VI1.18) and (V1.20) yields

(VI21) x;,87Crex;, < Gy (v, 8)e =y log(1 + d (v, )™ ')x;,
for any & < 1. (VI.21) obviously implies (VI.1) in the case a, = a, = 0 with
a=0.

VLS. Estimates on 0Cg(x, y)/y;. To estimate (3/3y;)8"Cr(x, y) we take
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the y, derivative of Cy in (VI.10) and apply the maximum principle method as
in the previous subsection (using (VI.11)). However the log factor in (VI.21)
becomes a d(y, y)~! singularity which is not in any L?, p > 1. It is therefore
not sufficient to use the fact that P, is a contraction from L® to L* and we
must make a more careful analysis of the singularities of P,(x,z) and
0Cp/dy;: In addition to the |z — y|~! singularity at z = y, dC,(z, y)/y; will
have (at worst) |y — j|~!/? singularities for j in the set ¢(B) of endpoints of
the individual bonds in B. More precisely:

LEMMA V1.8. Given y, z in R%, and B C B, let j be the point in e(B) closest
toy. Thenif |z — y| < 3,

| 0Cp (z,y) l

+m
yI 0

(V1222) + L —1/2 1/2 . n—1/2
|y =71+ w2+ (1 = | +z = )]

where the constant c is independent of mg, B, z,y. If |z — y| > 1, then for any
S0,

(V1.22b) [0Cs (2, )/ | < cse™2mal==1 (1 + |y — j|7/?)

where the constant cz depends only on §.

REMARK. By (VI.6), the bonds (V1.22) apply to Py(z, y).

Proor. We first consider a special case of (VI.22a) where the Green’s
function can be explicitly evaluated by conformal mapping, namely m, = 0
and B = R*. In this case the conformal mapping { = z!/2 maps B onto R
and C ~ B onto the upper half-plane. By the method of images, the corre-
sponding Green’s function is

C(z,y) = CL@ ) = In(|S —n|/|§ — a])

where { = z!/%, 5 = y!/2 Since |dn/dy| = ;|y|~"/* and [3CQ(S, )/ <
c|¢ — n|™", we thus have

(V1.23) 0C%(z )/ 3 < c|y| 78 — a7
The proof of (V1.22a) will then be completed by the inequality
L2478 =T < el =T T 1) T

To prove (V1.24) we note first that if |arg § — arg | > #/2 then |{ — 92 >
[¢] + [n> = |z| + |y|, so that

(V1.25) i [ T P e (PSR P
On the other hand, if |arg { — arg n| < 7 /2, we have
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1 2 _ 1 1§ + [ — 2/n|
s =ml 2=yl g+ 8§+ =20
The second factor in (VI.26) has magnitude less than 1'and now |{ + q] >
(2] + |¥)'/% hence (VI.25) and (V1.26) imply (VI.24).

By similar conformal mapping techniques we can establish (V1.22a) for the
special case where my =0 and where B = B;, a union of 0 to 4 of the
semiaxes. In this case theré will actually be no |y|~!/2 singularity if y is
enclosed in an angle of #/2 or 7 between two axes, and only a |y|~'/3
singularity if the enclosing angle is 37 /2. Also if B = B,, a union of 0 to 4
unit bonds emanating from the origin, and if the origin is the closest lattice
point to y, conformal mapping shows that

(V127) [oCE (2, %)/ | < c|y| 7'/

provided |z| > 1 so that z is bounded away from 0 and y.

Consider now the case of general B C % . If j is the lattice point closest to
», we let B, be the set of unit bonds in B touching j and B, the union of the
rays in B, extended from j to co. Then since B, C B we have Ci”? = C9—
POCY as in §V1.2. Similarly C{¥ = C¥ — P{OC so that '

Py = Q@ = [ | d PR (% x)CE (x,7)

(V1.26)

(V1.28)
- L dx PP(z, x)CP (x, ).

On the right side of (VI.28), the variable x satisfies |x —j| > 1 so that
differentiating (V1.28) with respect to y; and using (V1.27), we can dominate
the right side of (V1.28) by c|y — j|~'/? by the maximum principle. It follows
from (V1.28) that C{0(z, y) satisfies the bound (V1.22a):

(V129)
CP(z,y)

;

1 . —1/2 . L\~ 1/2
c +|y - 1+ (|y —jl+]z - .
{lz_y, ly =371+ 1y =1 +|z =) ]}
Next we extend this result to my > 0 by means of the resolvent formula

3Cs(2,y) 9CY(z, 3C‘°) X,
(V130) Bai) ) ( ) _ - f Co (2 ( )
i

Using the bounds (V1.29) and Cp < C,, we find that the nght side of (V1.30)
can be dominated by

V131 emg [ Cy(zx) (e =y [TV 1+ (el + )T} d%

where we have set j = 0. By making the change of variable ¢ = mgx, we can
estimate (V1.31) by c(my + m}/?/ |7|'/?) where the constant ¢ is independent
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of my. Thus from (V1.29) and (VI.30) we obtain

3Cp (1, 2)
)7

as desired.
Finally, (V1.22b) follows from (V1.22a). For let D be the disk of radius ¢
and centre y. Then in R? ~ D ~ B, u(z) =9Cy(z, y)/ 0y, satisfies

oC, (x, y)
(V132) u(@) = [ Payan (%) — 5"
Consequently by (VI.11) and (V1.14)
¢Cp (x,
¢Cp (%, ) I de

1 -1/2 1/2 -1/2
of 57 +mo+ DAL+ mif2 4 (y1+ 1))

@ <[ P (23)
(V1.33)
< cememlE=N= el b mg + |y = jITVH(1 + my? + 6717
for any a < 1, where we have applied Lemma VL7 and (VI1.22a). Clearly
(V1.33) implies (VI.22b) (the powers of m, can be absorbed in the exponential
decay factor). [
VI.6. Estimates on 38"Cr(x, y)/dy;,. When y is empty, the estimate (VI.1)

for 9Cr./dy; follows immediately from (VI.22). We move to the case where
|¥| = 1,1i.e. y consists of a single bond b. Now by (VI.10) and (VI.15)

(VI34) <[ 4 Py )| 5 Ca(e2) = 1(x0)

where B = I“ ~ b.1f b does not touch 4, , then |z = y| » 1in (V1.34) and we
may apply (VI.22b) to bound 9C/dy; and (VI.17) to bound Pr.. In this way
estimate (V1.34) by (inserting x; (x) and x;(»))

(VI35) (% »)x;, (*)x,(») < x5, (%)x;,( y)e“’"““”'f)(l +|y - fol_l/ 2)
where 8 < 1 and j, is the point in ¢(B) closest to y. Clearly, (V1.35) is in L*~
(ie. in any L?, p < 4) with the bound (VI.1) on its L? norm. Since p,(1) = 3
< 4 we have established Theorem V1.1 for this case.

Suppose next that b does touch A;. We may assume that the origin is at an
end of b touching A; and that the origin is the point of Z2 closest to y (if not
we have the bound (V1.35) as above). Suppose that x, labels the coordinate

parallel to b (x, > 0 on b) and x, the perpendicular coordinate. Then by
(V1.22a) we have

(V1.36) [9C5 (2,9)/ | < e[ f(2,%) + g(r; mp)],
where

(V1.372) f@y)=lz =y|7 + 7y + 1)~

- 3 Cre (%, )
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and

(V1.37b) g(y; m) = mg + |y|"V3(1 + my/?).

As in (VI.35); the g in (V1.36) contributes a term to I(x, y) which is in L4~
with appropriate G, decay (and whose m, dependence is given at worst by a
factor of my). To estimate the contribution of f(z,y) to I(x,y) we apply
(V1.22a) to P,(x, z) (note that there is also a singularity at the other endpoint
Jj=(,0) of b):

(VI38) Py(x,2) < c[f(x,2) + g(z; mp) + f(x = joz = j) + g(z — js mp)]
where z = (z,,0). We insert the bounds (VI.36) and (VI.38) into the
definition (VI.34) of I(x, y). Since we have assumed that y is closer to 0 than
toj, the most singular term in I (x, y) is

(V139) J(%y) = fb £(x, 2)f (2, y) dz,

i.e. the contribution from the first term in (VI.38).
In order to estimate J (x, y) we use the following inequalities:

(V1.40) 1/1x| < (1/1x,|")(1/|x2"),
(VI.41) 1/ (Ix] + |y]) < (1/1x0")(1/|x,1),
for any a; > Owitha, + @, = 1, and

© ___du l-p—q
(V1.42) f_w a = o [uf < const|v|

for any p, g € (0, 1) with p + g > 1. For example, we have by (V1.40) and
(V1.42),

! 1 -r —s|y. [~
V143 [ e = < bl b = il

where ¢ depends on 7, s, ¢ which must satisfy

(V1.44a) r,s,t>0, r+s+t=1

We note that in (VI.43) we may take s = 0 provided we choose r + ¢ > 1,
and we may take r = 0 if x, is bounded away from [0, 1]. As another
example, we have,by (V1.40) and (V1.41),

! - - - -1/2
[ ey 23]+ 2V )

< cfxy| 74 xy | Ty | 7By 2

where ¢ depends on g;, b;, and

>0, >0, a +a,>0,

(V1:44b) by+b,>3, aj+a,+b +b>1
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Altogether we find that

(VI45) T (x,9) < c[lxal™"xy = il Lol T + |x1|_a'|xz|—azl.}'ll—b'b’zl—bz]
where the indices satisfy (VI.44). If we now satisfy these constraints by
choosingr = s =t =1,a, = a, =1 and b, = b, = § +, we see that the two
terms in (VI.45) are in L3 and L, respectively.

By similar reasoning we see that the term f(x — j, z — j) in (VI.38) makes
an additional contribution to the bound on I (x, y) of the form

P i P e D e P
where the singularity is milder than (VI.45) in the sense that g, b; satisfy
(V1.44b) without the constraint a, + a, + b, + b, > 1. The g’s in (VI.38)
lead to terms with no x singularities, but with an m, factor. We conclude that

(V146) DI - < emge ~ome (e

for any 6 < 1. The G, factor in (V1.46) hds been extracted just as in (V1.33),
i.e. we enclose b in a small convex set D and let the “boundary values”
I(x,y) for x €9D determine I(x, y) for all x. These considerations establish
Theorem VI.1 in the case |y| = 1.

Finally we turn to the case |y| > 2. As in §VI.4 we use (VI.15) to drop
bonds from each term in (VI.10) if a bond touches the last retained bond. We -
consider the case where the first bond b touches 4, , for otherwise we simply
appeal to (VI.35). Suppose that b’ is the next bond which does not touch b.
We wish to estimate

(V1.47) I'(x,y) = '/1; dz Py (x, 2)I(z,y)

where I is defined in (V1.34). Since dist(z, ) > 1 in (V1.47), I(z, y) has no
singularities in z but only in y. More precisely,

(V1.48) 1(z,) < emg|y;| =51 y,| 7%

where b, > 0 and b, + b, > 3. To see this, consider the most singular
contribution J (z, y) to I(z, y) as estimated in (VI.45). Since b’ does not touch
b, z € b’ must satisfy |z, — 1| > 2 or [z,| > 1 or both. If |z, — 3| > 2, then
in (VI45) we choose r =0, s=1,t=0+,a,=3,a,=0, b, + b, > 1; if
|z)| > 1, then we choose r =1, s =0,t=0+,a,=0,a, =13, b, + b, >}
(see the statement following (VI1.44a)). With these choices J (z, y) satisfies the
bound (VI1.48). Similarly so do the other contributions to 1.

Choosing b, = b, =% + in (VI.48) we see that I(z,y) is in L} in y
uniformly in z bounded away from b. Extracting the G, and G, factors as in
§VI.4, we obtain the bound (VI.1). There is still one case remaining in the
proof of Theorem VI.1 for a; = 0, @, = 1, namely the case where every other
bond b’ € y touches the first bond b in the ordering [ (y), i.e. |,(y)| = 0. In
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this case we can show that for b’ touching b, (V1.47) satisfies

(V1.49) I'(x,p) < exy ®xy “yrPy; 5

where g, > 0, b, > 0, b, + b, > 1, a, + a, + b, + b, > 1, so that the choice
ay=a,=0b,=b, =%+ gives I’ € L}, as desired. We omit the proof of
(VI.49) since the calculations involve nothing new.

VL.7. Estimates on 9%6Cr(x, y)/ dx; dy; . Obviously the maximum principle
techniques of §§VI.4, V1.6 do not allow us to take an x derivative. Instead we
note that u(x) = (3/3y,)8"Cr(x, ) satisfies (—A + m)u =0 for x & I*
and we apply the following lemma (proved at the end of this subsection).

LeMMA VI1.9. Suppose that u satisfies (—A + mdu =0 in the disk D =
{x| |x — z| < R}. Then there are constants c, and c, independent of my, such
that

(V1.50) [Bu(2)/ x| < (c1 + ¢R ") max [u(x)|.

By this lemma, v(x, ) = x;,x;,8%8"Cr(x, y)/3x; 3, will satisfy a bound of
the form (for small R = d(x, I¥))

(VL51) lo(x,»)| < c™MmoG (v, 4, 8)d(x, T¢) " 's(x, )
where G (v, j, 8) = G,(, 8)e~®m?(™) and 5(x, ) contains the singularities of
u(x) as studied in the previous section (see e.g. (VI.45), (V1.48), or (V1.49)).
Now the x singularity in (VI.51) is worse than the y singularity. However, we
note that x and y play symmetric roles in v(x, y) so that we can obtain a
second bound on v in which the roles of x and y are interchanged and we can
then take the geometric mean of these two bounds. In addition, we choose the
exponents in s(x, y) in such a way as to minimize the factor of d(x, I*)~! in
s(x,y). For example, consider the singularity (VI.49) that arose in the case
|| > 2 and suppose that d(x,I°)=|x,|. Then we choose a, = b, =0,
a;=3%,b, =1+ sothat
1/2

1 1 /

N e R 2 e DY N 2 R B e

1
G
a2 eyl /2| /2% || /2

[o(x, )| < cMMmyG

= cI'YImO

which is in L27. Actually the singularity (VI.49) is the worst that occurs for
|yl > 2 and so we have verified (VI.1) for |y| > 2. For |y| = 1 the worst
singularity is given by the first term in (VI1.45), and by the above procedure
we find that it gives a term in L{/2~. As for y empty, 3°C/dx,dy, has a
singularity |x — y|~2 which is in L'~. These somewhat brief remarks com-
plete our proof of Theorem VIL.1.

PrOOF OF LEMMA VI.9. Without loss of generality, we take z = O and i = 1.
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By calculating the Green’s function for —A + m? for a disk of radius ¥ < R
in terms of modified Bessel functions we can express u(x) in terms of its
boundary values on the circle of radius »':

_ L ol (-0’ II (mo")
VIS2)  u(r6)=5- I_gw f e )
where r < r’ and I is the modified Bessel function which is finite at the

origin; in fact 7,(0) = 0 for / # 0 and I(0) = 1 (see [1]). Putting r = 0 in
(V1.52) we thus obtain the mean value property

0 1 - r,8") do’
u(0) = 2aly(r) j; u(r, ')
or, integrating over ' from O to R,

1 u(x)
(VL53) u(0) = — ——— d%.
O = Ta2 f|x|<k I(mglx) “*
(Strictly speaking we should integrate over x| < R’ < R and later take
R’ — R.) But du/dx; also satisfies the homogeneous equation in D so that by

(VL53),

u(r, 0" db’

Bu oy = L Qu -1 5
ox, 0 7R2 D <r Ox; (x)o (mg|x]) ™" d’
1 d -1

= - — _I 2

sz le<Ru(x) axl o(mo|x|) d’x

1 R
¥ TRy (mR) f-n[“((Rz - )" x)

- u(~(R - ", %) &,

by integration by parts. Now Io(meR)™' and (3/dx)Io(mg|x[)~! are
uniformly bounded in x and R and so by straightforward estimates we obtain
(VL50). O

We conclude this subsection with a proof of Remark 2 following Theorem
VLI1:

LemMA VL.10. For a;, a; = 0or 1let p < 3/(a; + ). Then
aa|+a;

LY, —— = 8md (i)
Xj X Dy OC|l < cmge

(VL.54)

LP
where 8C = C(s) — C,. The same estimate holds when 8C is replaced by 6C(s)
provided that j, # j,.

REMARK. The analogue of (V1.2) also holds for 6C.
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PRrOOF. By (I1.15) 8C is a convex combination of differences Cp. = Cr—C,
so that it suffices to prove (VI.54) for 6C.. But as in § V1.3,

(V1.55) |6Cr|=|PrCy|= < 2 PG,
ber¢

2 Prx, Cy
bere

The sum in (VI.55) converges because of the exponential decay of P, or C,-
We can estimate y derivatives of (VI.55) as in §VI.6 for |y|=1 and x
derivatives as above in order to obtain (VI.54).

If j, # Jj, then it is easy to check using (V1.40) — (V1.41) that (V1.54) holds
with 8C replaced by C,: the |x — y|7*1~% singularity of
(@*1*%2/9x29y,2) C,(x, y) is in L? with p < 3/(a; + a,) since x and y are in
different lattice squares. Hence (V1.54) must hold for C(s) = 6C + G O

VI.8. A decomposition lemma. The major role played by Theorem VI.1 is to
control s derivatives 39S of fermi covariances. However, the following con-
sequence of Theorem VI.1 is used to control s derivatives of boson covari-
ances (see (1V.27)):

LemMa VL.11. Suppose |y| > 2, p < o0, € < 1. There exist positive operators
C, - on L*(R? such that 3"C = C, , — C, _ with

Y

(VL56) ICy2ll s < €MmoG (v, 8)
and
(V157) |D°C, .« D¥|| 2 < cMmyG (v, 8).

PrOOF. Let B = DYYCD". If {§} is a smooth partition of unity, we see
from Corollary V1.2 that
1Bllmy < 2 1P*,37CE,D gy
(VI. 5 8) J12

< m3c"G, (v, 6).

That is, B is a Hilbert-Schmidt operator on L(R?). Thus B, the positive and
negative parts of B (in the operator sense), also satisfy the bound (VI1.58). We
define C,, = D™"B.D™* so that 3"C=C,, — C,_ and C,, satisfy

Y-

(V1.57). But (V1.57) implies (V1.56) by the following lemma. []
LeEMMA VL12. Let

g '<r '+¢e/2 where0<e<2.

Then D,~*D,™* is a bounded operator from L9(R*) to L"(R*) with norm bounded
b)) cmo.«z/z""-l_q-l).

PRrOOF. D ~* is given by convolution with a function m?~%d_,(mj|x|) which
is exponentially decreasing at co and has a singularity |x|*~2 at x = 0. Thus
foranyp <22 - ¢,
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(VI-59) “d—e (molx I)“ LP(R?) < Cmo_ 2/p.
Therefore, by Young’s inequality,

17D F o 9N ray < €% Moy
wherep '+ g '=1+rtandg ' —r'<1+(-2)/2=¢/2. O

VII. Estimates.

VIL.1. Introduction. In this section we establish the estimates used in §§III
and IV. In particular, in §VII.2 we study the operators K(s), 3K (s), and
0K(s)= K(s) — K(1) on I = ¥/, ® I/, and show that they are in
certain @p'q;s classes (defined in (II1.12)). In §VIIL.3 we obtain estimates on
quadratic expressions such as B (s) (defined in (II1.8)). In §VII.4 we prove the
“linear lower bound” for p,(s). Our method of proof is basically that of
McBryan [16] in that it involves momentum expansions but we obtain a
considerable simplification by using the formalism of §III to control the
terms in the expansion. Finally we use the estimates of §§VIIL.2-VIL.3 to
complete the proof of decoupling at s = 0 (in §VILS5) and to justify the
formulas for s derivatives (in §VII.6).

There is a basic complication involved in the estimates for s B.C. In Seiler
[22] and subsequent work on Y, frequent use was made of the elementary
identity
(VILI) (=2 +my) C(p+my)=1
for C = C,. Since C(s) is not diagonal in momentum space, (VIL1) is not
available for s B.C. when s # 1. As a replacement for (VIL.1) we shall
systematically write

C(s) = C, + 8C(s).
We then use (VIL1) on the C, term and the local L? estimates of the previous
section on the 8C term, exploiting the fact that 925C (s)/ dx,dy; has better L?
properties than 9%C (s)/9x;dy; (see Lemma VI.10).

VIL.2. Properties of K. In this section we study the operator-valued function
of ¢,

(VIL2) K (A, 5) = So(s)exa = C(s)(# + mo)dxa,
as well as the related operators 8K and 97K defined as in (VIL.2) but with

C(s) replaced by 8C(s) and 9C(s), respectively. We intend to calculate
products, adjoints, and traces of these “operators” using their integral kernels,

e.g.,
(VIL3) Try(KSK) = f tr K (x,y)8K (y, x) dx dy

where tr denotes the trace over spinor indices. Why are such operations
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justified? In certain cases, e.g. in the calculation of Tr|0K|* as in Lemma
VIL.1, we are justified in the use of a formula like (VIL.3) because we can
show that 8K is Hilbert-Schmidt on IC for almost all ¢. But this assertion that
0K € C(IC) ae. or the identity (VIL.3) must ultimately be justified by
passing to momentum cutoff objects:
(VH‘4) Ko,n (A’ S) = SO,a (s)¢xxA
where o denotes the fermion and « the boson cutoff, S, , is defined in (IIL9),
and ¢,(x) = [¢(y)h,(x — y) dy in terms of the same smooth function 4 used
in (1I1.9).

Since K, ,, 0K, are Hilbert-Schmidt we are justified in using formulas like
(VIL3) with 6, k < oo and we then pass to the limit g, k = c0. In a number of
the following calculations where this limiting procedure is fairly clear we shall
simply deal directly with the case o, k = c0. However, we wish to emphasize:
expressions like B = 1:Tr(K? + K'K): or :Tr(K + K*)*: have no meaning
independent of the limiting procedure ¢ — oo.

Forj = (jj,j,) € Z*and ¢ = (¢, &,) € R? we introduce
(VIL5) T,; = D*§; Kx; D"
as well as the related operators 9'T,; and 47,; in which K in (VILS) is
replaced by 0K and 6K, respectively. Operators such as (VII.4) and (VILS5)
are linear in ¢. If Ty, . . ., T, are r such operators on JC then Tre(T; ... T,)
will have the form [w(x,, ..., x)¢(x,) ... ¢(x,) dx; we refer to w as the
kernel of Trs(T, ... T,). We use the notation L?~ to denote the functions in
L‘ for any g < p; when we write ||w|| .,- < ¢ we mean that ||w|| ., < c(g) for
q < p, where ¢(q) may diverge as g — p. The following two lemmas are basic
to this section.

LEMMA VIL1. Given e, e, < 3, let py = 12/(11 + 6 max(ey, &, — )
(a) The kernel w of ||9"T, ||} = Tr(37T%3"T, ) is in L7~ (R*) and

(VIL6a) W]l Lo < €mGy (v, 8)e = dmod(r),
(b) The kernel w of ||8T,||3 is also in L~ with
(VIL6b) "w" Lo S cm(‘)'e‘s”'od(iuiz).

REMARKS. 1. We are using the same notation as in the previous sections:
¢, a, and § will represent various positive constants as explained after (IV.6);
G, is defined in (IV.25), d(y, /) in (11.28), and d (j,, j,) in (IV.42).

2. Assuming that A; C A (otherwise T,; =0), we can omit the x, in
KA, s).

PROOF. (a) Recalling that the adjoints 7* on I, /2 and Tt on L? are related
by T* = D ~'T'D, we have

(VIL7) Tr(37T*97T,,) = Te(D ~'*2¢x; 378, D'+, 91Sx; 6).
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Letting p, be multiplication by m,, we see from (VIL.7) that w(x, y) is given
by a sum over i, i’ = 0, 1, 2 of terms of the form
(VIL8) ¢;sD ~'*%2 (x — y)(BD'**B, )(x,y)

where D*(x — y) is the kernel of the operator D¢, ¢, is a constant arising
from the trace over spinor indices, and B; is the operator with kernel

(VIL9) B;(x,y) = §;, (x)(37Cp)(x, ¥)x;,(¥)

where p; acts on the argument y of 9C.
If we now write

2

(VIL.10) D't =% p D *%p,

k=0
then (VII.8) becomes a sum of terms of the form
(VILIL) B, D% (x = y) [ T, M) D ™% (x' = y)Cip ('7) &' &'
where C; = p,$; (37Cp)x;,. When k = 0, 1, the p, = id/0x, in Cy; acts either
on 9"C(x, y) or on §; (x), but in either case we know from Theorem VI.1 that
foranyr < %,
(VIL12) ICoill oy < m&cG, (y, 8 e~ dmACr),

But the x’ and y’ integrations in (VII.11) take place over a finite area, so that
we can bound the L? (R*) norm of (VIL.11) by

¢ { [1Cu(x, 0[P =12 (x = y)D = +2 (x = )]
1/p
(VIL13) |Cur (¥ 2) dx dx’ dy dy }
< Cull ANl AP ™2 )] Loy | P i Ol 2oy

if2/r +1/q =2/p. In (VIL13) we have applied Young’s inequality exploit-
ing the fact that D ~*(x — y) is a function of the difference x — y. By (V1.59)
(VIL.14) |D =% < o0 ifg <2/ (2 — min(a, 2))

so that in (VIL13) we must take ¢ < 2/(1 + 2 max(e,, &, — 3)) and r <
3/2. Thus if we choose p < 12/(11 + 6 max(e,, &5, — 3)), (VIL12) and

(VIL.13) imply (VIL6).
(b) If 7C is replaced by 8C, we argue as in (a) using Lemma VI1.10 in place
of Theorem VI.1. [J

LeMMA VIL2. (a) Let w be the kernel of Tr(Kx;0Kx;), or Tr(6Kx;0KXx;)-
Then forp < £,

(VIL1S5) [W]|r < cme™omedlii),
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(b) Let w be the kernel of Tr(3Kx;,0"'KYx; ) where v, is nonempty. Then for
P<%,
2
(VIL16) W]l < em 11 Gy (4 8)e = 0mettnd),
k=1

PROOF. (a) The more singular case is Tr(KY; 6K;,) with kernel

w(x,y) = x; (x)sz(y)tr(S(y, x)8S (x, y)).

By Theorem VI.1 and Lemma VI.10, S and 8S are in L?>~ and L3,
respectively, so that by Holder’s inequality, w € L5/5~ with norm bounded
as in (VIL.15).

(b) Same proof as (a). []

REMARK. By the inclusion, €, C G, if p; < p,, for the trace classes C,(3()
on JC, we can obtain information about ,, norms from Lemma VII.1. For
example, with ¢, ¢, < ¢,

(VIL17) |07, J||:<|]8T, J||;= f W(xy X)W (X3, Xg)P(X) - - . B(x,4) dx

where the kernel in (VIL.17) is in L? (R®) if p < p, with norm O (e ~3"?U1/2),

The next two lemmas collect some useful criteria for certain operators to be
bounded on L?(R?) or to be in C,(L?), the trace ideal on L%(R?) with norm
141, = Tr(AtAy /2

LEMMA VIL3. Suppose 1 < p < 0; a, B ER; and § € CR).

(a) 9D ~!/dx, is a bounded operator on L? (R?).

(b) D*%D ~* is a bounded operator on L? (R?) and the norm of x,D*$;D ~* on
LP(R?) is O (e~ omed @),

© If0< a< B/2and a < 1/2 then D*x;D ~B is a bounded operator on
L*(R?) and the norm of x,D*x;D ~# is O (e ~om#¢),

PRroOF. (a) This follows from [29, Theorem V.3].

(b) For p = 2 the boundedness of D*%D ~* was established in [21, Lemma
6.1]. The same proof works for general p (using part (a)). As for the decay,
suppose d(4;, 4;) > 0. If a > 0 we choose an integer n > a/2 and we write

(VIL18) xD%, = x,D"D*"%¢,
Now D" = (—A + md)" is a local operator and we know that for x € A,
y € supp §;, the kernel D*~"(x — y) is O (e ~%™0l*~l) together with all of its
derivatives. Thus the norm of (VIL.18) on L? is O (e~ %) If a < 0, we
write
x‘_Dag}D —a — XJDGS_']D%D -2n-a

and repeat the above argument with D2 acting to the left.

() The boundedness of D*x;D ~P was established in [21, Lemma 6.2]. We
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obtain the exponential decay as in part (b). [J

LEMMA VII4. Let2 < p < o0; a, B ER; f € LP(RY); and ¢ € CPR?).
@@ If B> 2p~", then fD~F € C, (L.

®) IfB — a > 2p~'then DXD ~# € C, (LY.

(©) If B — 2a > 2p~' then D*x;D ~# € C,(L?).

PRrOOF. (a) This is a special case of Lemma 2.1 of [24].
(b) Letting {£;} be a partition of unity where each §; is a translate of a fixed
£ € Cg°, we write

D%D B =3 (D%D~*)(D~¥-%¢).
i

By Lemma VIIL.3(b) the first factor is bounded, and by (a) the second factor is
in G,, so that each term in the sum is in C,. The sum converges in G, since if
d, = dist(supp ¢, supp &) > 1, §D ~PE)(x,y) is O (e~ %) along with all of
its derivatives so that the Hilbert-Schmidt norm || D%D ~#¢||, is O (e~ %)
Finally, C, D G,

(c) We choose B’ to satisfy 2a < B’ < B — 2p~! and we write D*x,D ~#
= (D*xD ~#) - (DF%;D ~P). The first factor is bounded by Lemma VIL3(c)
and the second factor is in C, by part (b). [J

We return to estimates of the type in Lemmas VII.1 and VII.2 for the case

=1:

LemMMA VILS. (a) For e, e, > — 1, let
py= (1 - min(e,, 1) — min(ey, %))".

There is a function w € L? (R for any p < p, such that

(VIL19) 17—y < [w(x x2)0(x1)0(x2) dx
for almost all ¢ and
(VI1.20) (W]l < ce™dmodlisa),

M) If ,=0and 0< ¢, <3, let py=32(1 +&)~". There is a function
w € L?(R®) satisfying (VI1.20) for any p < p, such that for almost all ¢,

(VIL21) 1T < [0 x)8(x1) - - - 9(xs) dx.

ReEMARK. With a little more work it is possible to prove (VIL.20) for the
actual kernels of ||T_,,(1)||} and ||T,;(1)||5 but the stated result suffices for

our purposes.
PROOF. (a) If d(j}, j,) = 0 we can eliminate the smooth localization §; :
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2 —e 2l n —e —e|12
17-es DI <[22 |2 =K (D =
—e —esn2
< D7k (), 2
by Lemma VIL.3(b). The kernel of the right side,
w(xy, X3) = cx;,(x1)D 7172 (x) = x5)x;,(%2)D 71722 (x, — x,)
is easily seen to be in L?, p < p, by (VII.14).

If d(j), jp) > 0 we retain the §; and take w = ker||T_,;(1)|j3. The estimate
(VI1.20) follows from the fact that for y €4, {;(x)C(l; x —y) is a C®
function which is O (e ~¥m#Uw2) together with all of its derivatives.

(b) As in part (a), for d(j;, j,) = 0 we use || T, ;(DIIF < [I3,I5,11 K (Dx, D15,
and for d(jjj, j,) > 0 we appeal to the smoothness and decay of §; C{;. [

If we intergrate (VII.19) with respect to dp, and apply Holder’s inequality,
we see that forp < p,,

flIT_,J(l)Iﬁ dp, <fw(xl, x,)C (83 %), X,) dx
<MWl 2ol Cx L < ce~8modGinid),

It follows from (VIL.22) that K(1)D ~¢ € G, ,, for any & > 0. Similarly from
(VIL.21) we see that K(1)D*® € C, 4, for any e < 3. Using complex interpola-
tion, we can obtain the well-known results [23] that

(VIL.23) K(1)EC,,, ifp>2,49<oo.
It is clear from Lemma VILI that 8'K and 6K have better C, ., properties

than K(1) in the sense that the restriction p > 2 can be improved. For
example, by the same argument as in (VIL.22), if ¢,, ¢, < §,

(VIL.22)

28 07Tl < €m0y (1, B)e ™39,
This implies

COROLLARY VIL6. Forany p >3, g < 0,
.(VH'ZS). "S’la YKXJ'z"p,q;s < emgGy (1,9 )e-cmod(y.])’
(VIL.26) II‘:ilaK)giz"p,q; s < Cmge°8mod(/|-/z) .

REMARK. Writing K = 8K + K (1) we see by (VIL.26) that K(s) enjoys the
same G, , properties as K (1), e.g. if p > 2, ¢ < oo,

(VI1.27) 16K ($)%,1].:5 < cmge~3medUiha),
PrOOF. If ¢, = ¢, = ¢ < § We write
(VIL.28) §,87Kx, = §D*)(3'T,, (D %)

where § € Cg° covers §, ie., §§ = Ijl. Now the operator {D ~® on ¥ is
unitarily equivalent to D /%D -e=1/2 op (o> which by Lemma VIL4(b) is in



64 ALAN COOPER AND LON ROSEN

C, for any g > 2/e; similarly for D ~%;,- Hence by Holder’s inequality

(VIL29) 1659 7KX, |2 < €3 Tl

where p~! =271 + 2¢71; i.e. (VIL.29) holds for p > (3 + €)~!. Since ¢ may
be chosen arbitrarily close to %, the restriction on p in (VIL.29) is p > %
(VIL.24) and (VI1.29) imply (VIL.25) for ¢ = 2 and by a standard hypercon-
tractivity argument [11] for any ¢ < oo (of course the constant ¢ in (VIL.25)
diverges as p —>% or g — o0). The proof of (VI1.26) is virtually identical. [J

We now have the technical tools in hand for the

PrOOF OF LEMMA IV.5. (i) is just Lemma VII.1(a). (ii) follows from a slight
modification of (i): in (i) we replace {; by & where {£;} is a suitable partition
of unity and then we sum over i, the exponential decay giving convergence.
(iii)~(v) are all proved by writing K = 6K + K (1) and using the triangle
inequality to estimate the two resulting terms separately. The K(1) term is
estimated by Lemma VILS5 and the 6K term by Lemma VIL1(b) and (VII.17).
O

In §VII.4 we shall require the following information about the limit
K = lim_, K, (K, is defined by (VII.4) with 0 = o0):

LeMMA VIL7. Let p > 2, g < oo. There are positive constants ¢ and & such
that forx > 1,

(VIL.30) K (A, 5) = Ko (A, 5)|,,06 < cmg ™"

Proor. We verify (VIL.30) by following through the proof of (VII.27)
(based on (VIL.23) and (VII.26)) with ¢ everywhere replaced by 8¢, = ¢ — ¢,.
When we calculate ||(K — K,)D ~%||,,., as in (VIL.22) we find that C(s) is
replaced by differences such as
(VIL.31) §C¢ — hESCE or §CS*h, — hESCE*h,
where we are entitled to insert { € Cg° provided { = 1 on a sufficiently large
set. (Notation. h} acts on the first and *h, on the second variable of
$(x)C (x5, x5)§ (x,).) By part (a) of the following lemma, these differences go
to zero in any L?(R%), p < oo, at a rate O (x~°) and this establishes (VII.30).
a

LemMA VILS. (a) Let §{ € C(R), let h, be defined as in (111.8), and let d,
be one of the functions in (VI1.31). Then for any p < o0, there is an € > 0 such
that ||d,|| » = O(x™°).

) If ay, @y < 1 with @y + &, < 2, there is an & > 0 such that
(VIL32) |D*%;,(C = B*C)§;,D|| < cmix e~ SmeUif)

where || - || denotes the operator norm on L (R%). The same estimate holds if
C — h}C s replaced by C*h, — h¥C*h,.

K—»00
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PROOF. (a) Since the operator 4* on L? (R?) has norm less than ||A | .1 = 1
(by Young’s inequality), it is sufficient to consider the first difference in
(VIL.31). But for any p < oo we know by (VI.2) that there is an a > 0 such
that D*¢C¢ € L?(R?*. We then apply Lemma VIL9(b) below.

(b) Consider first the case s = 1. If d(/j,,/,) = 0 we can drop the {’s since
D%D~* is a bounded operator on L?> (Lemma VIL3(b)). The resulting
operator is diagonal in momentum space and easily seen to be O (k*1+%2~2),
If d(j;,j,) > 0 we obtain an overestimate by putting ; = 2 and letting the
local operator D? act on the {’s and C. We obtain a sum of terms, e.g.,

(VIL33) |5, D?(C = hC)D%; || =%, (D*CD? — htD*CD?), | .

Now if x; € supp §;, C(x;, x,) is C* and, together with all of its derivatives,
is O (e %mlxi—xd) Thuys, estimating the operator norm of (VIL33) by its
Hilbert-Schmidt norm, we can apply Lemma VIL.9(b) to extract the conver-
gence factor O (k~°). Actually, to do so we must first “commute” §; and A,

using the fact that the commutator is a bounded operator on L? with bound
O (x~1). Explicitly,

2

Jlor2s ) = Ry f dx = [ de | [l = )& (x) = NS () e
(VIL34) <c f dx ’

Jhix = x)lx = x| f(x) ax

< c[ f he(x)|x| dx]znfll2 = o2 fII?

where we have used Young’s inequality in the last inequality.

Having dispensed with s = 1, we complete the proof of (VIL.32) by estab-
lishing it for 6C. Again we estimate (VIL.32) by its HS (= L% (R?) norm. We
interpolate in a; between 0 and 1 to estimate this L2 norm: For a; = 1, it
follows from Lemma VI.10 that

D8, (C = BFC)E;.D|| 35~ < cmie™Emedlhi),
For a; = 0 we use (VI1.34) and part (a) to show that for any p < o,
“s‘ll (C - h:C)gjz"L'< cm&c_" g
LemMA VIL9. (2) If f € LP(R?), then || f — h*f||» = 0 as k — oo.
(b) If D% € L?(R?) for some a > 0, then

(VIL35) If = B < ex™ | D] 1.
REMARK. The same results hold if f(x, . . ., x,) € L?(R?*") and D* and h?*

act on one of the variables x;.
PROOF. (a) Since A} is a bounded operator on L?, it suffices to prove
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convergence for a dense set in L?, say f € Cg°. But if f € C° ¢ L? we find
that

. 2 2
1 = Bef= [1F Vi (e/) = 1" a0
by the Lebesgue dominated convergence theorem. L? convergence follows for
P > 2 by the Hausdorff-Young inequality and for p < 2 from the fact that
J — h}fhas compact support.
(b) By Young’s inequality
(VI1.36) If = BEA <UD ™% = BED ™| | DY)l -

Now since A4,(x) has support in {x| |x| < (2k)~1},
D=*(x) = [h(x =)D~ () &

|D~*(x) =D~ (»)|

=f|x—y|h,‘(x—y) lx_ I dy
(VIL37) y
< s VD) f|x — yh(x - ») &
y—xl<@9™!

< ce-8molx| sup Iyl—3+ax_1
ly—x|<(2x)"!

since 3D ~*(y)/dy; has a singularity |y|=3*® at y = 0. Thus for |x| > k~1/3,
(VIL37) is O (e~ ¥k ~=2/3) and so the integral of (VIL37) in this region is
O (k~%/3). In the region |x| < k~'/3 we estimate the two terms on the left of
(VIL.37) separately, e.g.,

- -2 -
'II;I““""D *(x)| dx < c.ll;|<,¢-|/slx| e dx = ck~/3,

Thus the L! norm in (VIL.36) is 0 (k~%/3). O
VIL3. Properties of B. We turn now to quadratic polynomials such as B,,
defined in (IIL.10b), as well as the related objects
(VI1.38) 8B, (s) = B,(s) — B,(1),
(VIL.39) BYv*2(s) =:Tr 9vK 97K, :.
We also consider a polynomial which enters in the proof of the linear lower
bound in §VII.4:
(VIL40) Wi, =3 Tr(KX (DK, (1) = K, (1)'K,(1)):.

Note that the counterterm :Tr K,(1)*K,(1): in the definition (III.10b) of
B, (s) is s-independent: once we cancel it against the divergences in B, (1), the
remaining term B, (s) is well defined, as we show below.

We let b,, 8b,, 37+"%, and w, , denote the kernels of the above polynomials
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without the characteristic function x,. For example,
B, =:f  by(s: %2)0(x)9(y) dx &:
AxA

where
Ba(s3 %, 3) = 11| S0, (53 %, 7) S0, (53 ¥, %)

+ (S00 (1 S04 (D)(x,2)8(x = )],
When s = 1, the kernel b,(1; x, y) is a function of x — y. We let
Woo(x =) = by(1; x,»)

(VIL41)

and study
9,0(K) = (2m) 72 [[e"w,,(x) d:

LemMA VILI10. (2) Let € > 0. Then W, ,(k) < c(e)D (k)* uniformly in ¢ where
D (k) = (k* + m?)/2. The limit w,(k) = lim,_, W, ,(k) exists in the sense that
sup, (W, (k) — W, ,(k))D (k)~* — 0 and also satisfies w,(k) < c(e)D (k)".

(b) Suppose B > 1. Let

vi,a(x’ y) = Dx_ﬁDy_Bxh(x)wi,a(x - J’)Xa,()’)'
As 6 > 0, v, , converges in LXR*) to
6(x,5) = D7PD Py, (x)wi(x — »)x;,(»)

where (the tempered distribution) w; is the inverse Fourier transform of w,. v;
satisfies the bound

(V11.42) 1o L2y < Cmge—Smod(ilJz).

ReMARK. In [22], Seiler verified by explicit integration that w,(k) =
O (In|k)).

ProoOF. (a) We consider only i = 0, the case i = 1 being similar. From
definition (VI1.41) we calculate that

mi—p,.p_ hy(p)’
D(p.)'D(p-) D(p)

where p, =p + k/2. If we writt m2 —p,-p_=p, -k — D(p,) + 2m}
and make the change of variable p — p + k/2 in the first part of the integral
in (VI1.43), we obtain

(VIL43) o, ()= —2
(27)

7 ho(P4)ho(P-) + dp

2mi+ k- (p+ k) .

5o (k)= 2 [ Fe(2)
Wo,e (k) DG hy(p + k)

@m* 7 D(p)’

(VIL.44)
+ h,(p) — h,(p + k)} dp.
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Since k,(p) = h(p/ o), we have, for any a in [0, 1],
(VIL45) |t (p) — hy(p + k)| < c|k|*/ 0"

Using (VIL.45) it is fairly easy to show that W, ,(k) < c(e)D (k)*, and so we
shall spell out only the convergence of W, , to

. 2 2m3 +k-(p+ k)
Wo(k) = ——; 3 =
@'’ DpYD(p+k? (@)

2 [ 10, %) .

We write

#,(k) = Vo, (k) = 2[ 4,(K) + B,(K)]/ (2m)"

where
A, = [ £(p, k)1 = hy(p)ho(p + K)) dp
= [ 12, O[(1 = B(2)) + F(P)(ho(p) = (P + B)) ] dp

and

B,(k) = [ D"((”)) (hulp) = hulp + 0)) dp.

Since | f(p, k)| < ¢D(k)/D(p)*D(p + k), we find, using (VI1.45), that

|p* + ||
4, (k)| < eD (k) [ — .
D(p) D(P +k) ¢
< ¢D (k)"log D (k)/o®
and similarly for B,. This establishes the desired convergence of W, to W.

(b) Regarding v, ,(x, ) and w, ,(x — y) as the kernels of operators V7 and
WP, we write
(VIL46) vip=(DPx,) (WgD~*)- (DD ~F)
for 2¢ < B — ;. By part (a) and Lemma VIL4(c) we see that the 3 factors in
(VIL.46) are in C,, C_, and C, of L? so that the product is in C,. By part (a),
this factorization also yields the LR?) convergence of v, , to v,.

It remains only to establish the exponential decay in (VIL.42) when d(jjj, j,)
> 0. But this is immediate from (VIL41) (without the need for the D~#
factors). For if x €4;, y €4, we have 8(x —y) = 0 and S(1; x,y) =
O (e~%mdx=>l), Since h,(x) is supported in {x| |x| < 1/20}, convolution with
h, preserves this decay and so wg,(x — y) = O(e~®~)). The same con-
clusion holds for w, , since

ker :Tr K, (1)*K, (1): = tr(So, (1)' DS, (1))(x, )P ™" (x — )




YUKAWA, FIELD THEORY 69

and
tr S(1)'DS (1)(x,) = 2D ™" (x = y) = O(e~*m~1).
In the case of general s we have
LemMa VIL11. (a) 8b, € L5~ (R*) and converges in L%/*~ to a limit b
satisfying
(VIL47) %86, | ,o/s- < cme=omot G,
() 377, € L5~ (R*) and converges in L%~ to a limit 37" satisfying

2
(VIL48) %8 777X, | oss- < €m II G, (v, 8)e=¥medCn)
k=1

where the k = 2 factor is not present if v, is empty.

REMARK. By (VII48) and Lemma VL2 we see that if e >2,
D ~*x; 3"Yby, D ~* is in L*(R*) and satisfies the bound (IV.50).

PRrooOF. (2) From definition (VII.38),

x;,8bx;, = 3 ker Tr(8Kx; 8Kx;, + K(1)x;, 0Kx;, + 8Kx; K (1)x;,)

and similarly for the o cutoff objects. The bound (VIL.47) is a corollary of
Lemma VIIL.2, while the convergence as ¢ — c is a corollary of Lemma
VIL9(a).

(b) This follows from Lemmas VIL.2(b) and VII.9(a). [J

By Lemmas VII.10(b) and VII.11(a) we see that the (distribution) kernel b
of B introduced in (II1.21) is rigorously defined by b = w, + 8b and has the
following properties:

LEMMA VII.12. Suppose B > % As 6 - o0,

(VIL49) D PD By, (x)[ b,(x,7) = b(x, ) ]x;,(¥) >0
in LX(R*) and the limit satisfies (IV.51), i.e.
(VIL50) |D 23,63, D P 2y < cmge™SmadUi.

Proor. We write b, — b = (wy, — w,) + (8b, — 8b). The contribution of
the first term to (VI1.49) converges to 0 by Lemma VII.10(b) while the second
term contribution converges in L"~ where r~'=5/6 — 8/2<1/2 by
Lemmas VIIL.11(a) and VI.12. (VIL.50) is obvious from the previous two

lemmas. []
From (VIL.49) we deduce the convergence (II1.8) of B, to B in Lz(dpc(,)).
For

JB = B ducio = [ [8(%,9) = (s 1] [,(x ) = b(x' )]

(VIL51) Jcx x)C(r,y) + C(xy)C(r, x)]
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By a standard procedure we multiply the C’s by smooth cutoffs { € C;°
which cover x, and introduce factors D ~# and D%, 2 < B <3, for each
variable in (VIL.51). As in Lemma IV.7, D C¢{D# is a bounded operator on
L?(R?) and so we obtain from (VIL.51),

_ a2
(VILS2) [(B = B,) dictn < <[ D ~Pxp(by = BYXaD P 0.
The above estimates also show that:

CoroLLARY VIL13. If v, = @ and A N A = @ then the quadratic polynomi-
als 37vV:B and :Tr K,K,: are well defined in L?(dy,), p < oo (without the need
Jor counterterms).

Proor. We consider only :Tr K, K,:. As in Lemma VII.2(a) the kernel is

w(x, ) = x5 (X)xa(N)tr(S (¥, X)S (x, ¥))-
But by Lemma VL10, x,x,S € L*~(R*) so that w € L3/2~, It follows easily
that :Tr K, K,:€L?. ]
VI1.4. Linear lower bound. We now come to the basic estimate on

(VIL53a) W a(5) =||/\"R|/dets(1 — K)e™ 2.
THEOREM VII.14. For any p < oo there are constants c, and c, independent of
m, A and s such that

(VIL53b) W s () o,y < clrecdAl,

For s = 1 this result is due to McBryan [16] and Seiler and Simon [24].
Although it seems to us that either of their proofs can be generalized to the
case s # 1, we shall not actually prove Theorem VIIL.14 here. Instead we
establish the following weaker result which is sufficient for our purposes. Our
proof is close in structure to McBryan’s while our control of certain addi-
tional terms when s # 1 relies on techniques of Seiler and Simon.

Tueorem VIL14'. Let Py, ..., P, € C, for any q < oo. Suppose that
each P, is localized in the sense that P;x, = P; for some unit square A. Define
P=P AN-+-- ANP,and

(VIL54) Wpa(s) = T, (P /\"R)dety(1 — K)e ™.

Then for any p and q withp < q < o there are constants c, and c, independent
of m, A, s and P such that

1A
J L)

REMARKS. 1. By (A.14) and Holder’s inequality, Theorem VII.14 implies
Theorem VII.14'. Were it not for the localization hypothesis on the P;’s the
converse would be true, for w,, , given by (VIL.53a) can always be expressed

"wm,A (S ) " LP(p) <c ;"e el
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in the form (VIL.54) in terms of appropriate rank one operators P; satisfying
1Bl = 1.

é. In the course of proving Theorem VII.14’ we shall not be explicit about
the dependence of ¢, and c, on the bare parameters A and m, However it is
easy to see that ¢, is uniformly bounded and that ¢, = O (Amg) for some a.
Thus our assumption in §IV that c, is uniformly bounded is justified once we
impose the constraint (IV.58).

3. Our method allows us to include an arbitrary finite mass renormalization
3 M?[,:¢% in B (see [15], [23]).

4. If one wishes to recover Seiler’s result [22] that (VII.53a) with s = 1
satisfies ||w,, 4|l .» < c(A)™, then the following method simplifies considerably
and gives an elementary alternate proof.

ProoF oF THEOREM VII.14'. The basic idea of the proof is the same as the
corresponding proof for P(¢), [12, §VI1.4 and Appendix] in which a Duhamel
expansion is performed in each unit square in A and a Checkerboard
Estimate is used to decouple the unit squares. (VII.54) has the same form as
the integrand in (III.11b) on which we based our cluster expansion. We now
perform a momentum expansion. Let A = U4, be the decomposition of A
into unit squares, where we assign some fixed order to the index set I c Z2; if
i precedes i’ in this ordering we shall write i < i’. We consider the sequence
K = e/,j=1,2,...,of momentum cutoffs, and we define

KO = Soxs, K= Sobe/Xa,

where the momentum cutoff field ¢, is defined after (VIL4). The first step in
the momentum expansion of (VIL.54) is to consider the first i in I and to
replace K = KO by K| = K + =, ,K by interpolating via

(VIL55) Ri(t)=(1- KD + KD + 3 K®,
i'>i
Thatis, with R, = (1 = K)7% Ry(t) = (1 = K1), and
(VIL56) B(K) =3 :Tr(K* +[K'K],.)):
Wpa = T, (P /\"R,)dety(1 — K, )e‘B(Kl)

=f0]dt g—t T, (P A", )dety(1 = K, )e~2(%1)
(VII.57) =‘/(;ldt {—Tm+|(/\m+lRl'P/\Al)

+ T, (/\mﬁlPd/\mEl)__ T, (/\mﬁl - P)B, }det3(1 - 121 )8-3(1?,)
as in (II1.31). Here
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4,(1) = Ky (98K, with 8K, = K© — K{",
E () =(1+ K (0)sK; and
B ()=} :Tr(212|8K1(i) + [8Kl(i)'1?| + 12,*8K1(")L_,)2o

We continue to iterate this procedure replacing the K (9 and R (8 in (VIL57)
by

K@) =0-0K?+ kP + 3 K and

i'>i

Ry()=(1- Ky (1),
and so on. Having carried out this (infinite) expansion in A,, we move on (in
order) to each of the other A,’s and perform such an expansion in each lattice
square. Clearly the resulting terms will have a structure similar to the terms of
the cluster expansion (see (I11.45)).
We now introduce the requisite notation to describe this structure. For
each i € I and positive integer n;, let

n
(VIL58) R0t = 3 8K + (DK
Jj=1

where 810 = 12, — ¢ and
(VIL59) 1=>05 .- >M50.
We also define

ni
K9 (1) = KO (1)) 0 =0 = 21 BOK,
j-

For n = (n),¢, given, we let
i) K0 =Sk R()=(1-K®)

and as in (VIL57),
(VIL61) K.,(0=2 KO+ K% + X KD
'<i >i
Then iteration of (VIL.57) as described in the previous paragraph yields
00
Wma= 2 [&t S (“)'T(ARuurs P AA(m)ANE (7))
n=0 decomp 7,
‘B(mg)dety(1 = K,y )e™ Bn),

where the sum over n is over n; from 0 to oo, i € I; [ dt represents integration
with respect to the |n| = Zn, variables 10, i€ I, j=1,2,...,n, in the
region (VIL.59);

(VIL62)
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m,={ala=(i,j);i€Lj=1,...,n}
ordered by (i, /) < (¢, j) if i < i orif i = i and j < j'; Syecompn, i the sum
over decompositions of =, into 3 disjoint subsets 7, = 7, U mg U mp; [ =
|7 | + |7g| and r = m + |m,|; R,,, and K, are defined in (VII.60) where
the notation n + 1 means (n; + 1);,c;; A(7,) = N\,eq4a(n, t), where for

aEm,
a = (i, )),
(VIL63) A (n, 1) = K, ;; (1)K,
where K, ;, is defined in (VIL61) and
(VIL64) 8K = K@ — K,

dN'E(mg) = Il eq, ' /\E,(n, 1), with the factors taken in increasing order
from left to right, where

(VIL65) E,(nt)=(1+ ]%M_J(t))sKj(i);
B(7) = Il &g, Ba(n; 1), where

- % @G > i .
(VIL66) B, (n, 1) =:Tx(K, ;8K + [ K} 8K _ ):-

As in the cluster expansion, d’/\” is defined just as d/\" except that the
order convention is observed: when the E factors are spread into the P and 4
factors as in (II1.35), a product AE is omitted if the E factor precedes the A
factor (relative to the ordering of =,).

The analysis of (VI1.62) is similar to the analysis of (I11.45) but is somewhat
simpler: In each of the 4, E, and B factors in (VIL.62) we replace I?,,,, (D) by
the sum (VIIL.61) of localized K’s according to definitions (VIL.63), (VIL.65),
(VIL.66). In addition, we insert an additional partition of unity at the left of
each E factor. This expresses the A, E and B factors as a sum of “localized”
A, E and B factors. In the sum over localizations each element a of 7, or 7
has 2 associated localization indices, which we denote by k, = (k,, k,2) €
Z*, and each element a of 7, has 1 localization index k,,,. Since there are 3/l
possible decompositions of «,, we may replace the sum over decompositions
by 3" provided we choose the maximizing decomposition 7, = 7, U 7z U
Ty

For each value k = (k,),e,, of the localization indices, we let
(VIL67) M) = n + |[{kpldy,, = A},

ie, M(4)) is the total number of times the localization A; occurs in a 6K?
factor or in k. We also let M,(A) be the number of P’s with localization A. As
in (IV.15) the number M of primitive terms obtained by spreading the E
factors into the P and A factors is bounded by

(VIL68) M <[ 2@+ M@ pp(p)1 = 2m ] 2MOpg (A,
A A
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Choosing the primitive term with the largest L?(dp) norm we thus obtain
from (VIL.62)

W all e < 2 3"
n.k

Tr(/\r n+1" ;-le)

(VIL69)
* B(mp)dety(1 — K,y )e?(%r)

LP

where each G, is a product of type P, 4, PE, AE, PEE .. . where the 4’s and
E’s, as well as the B’s in F(mp), are localized.
As in (IV.32) we apply the bound

(VIL70) T, (ARasis NG, )| SINRyil- LG
p

Substituting (VIL.70) into (VIL.69) and applying Holder’s inequality, we
find that (withp~! = 33_,¢,7")

(VILTL)  [Wallr < 23'"'M l 16,
n, P

qu"B(”B)"qu"wr,A(n + l)lqua

where
w,a (1) =||/\'R,||dets(1 — K, )e™ 20,

We control the growth of the last factor in (VIL.71) by the following lemma
which we prove below:

LemMa VIL15. For any q¢ < oo there are constants c; independent of r, n, A
such that

(VIL72) "w'»A(n)"L"(“‘) < ecrrralnl+eslAl

The estimates on the other factors in (VIL.71) are so similar to those of §IV
that we shall be rather brief. After inserting smooth localizations §; as in §IV
we estimate P; factors by ||P;||, = 1, 4 factors as in (IV.41), and E factors
using G, norms on the K’s and 8K’s. This bounds II||G ||, in terms of
products of norms of individual localized K’s or 8K’s. These norms are
analyzed in Corollary VIL6 and Lemma VIL7 and we may estimate such
products by the Checkerboard Theorem of [12] or Theorem 9.4 of [9]
obtaining the usual local number singularity factors II; M (4,)!. Because of the
momentum cutoff each K or 8K will be a function of the field in a slightly
enlarged unit square, but this presents no real problem; e.g., before applying
the Checkerboard Estimate we first use Holder in order to separate overlap-
ping squares.

Although the estimate of the B (w) term in (VIL.71) is not much different
from the estimates of Lemma IV.7, we indicate some of the details: When the
sum (VIL61) is inserted into definition (VIL.66) for B,, we get a sum over
localized B’s, B, = 3, ¢;B, - Explicitly we have
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. ~ i ~ g N . . k (. .
B,=B;)= -TI'(KJ-(')BK}(') + [Kj(x)szj(l)]‘ ) + ké‘ “Tr K'('k )8Kj')-
I

(where K® = K® if k > i) so that the localized B,;’s are given by the
following formulas: if k = i,

B, =:Tr(KPsK® + [ Ktek®] _ ):
= 2 X (X5 (5 V)X (): 4 (X)($(2) = $,(»)): dx
where b is the kernel of B (see Lemma VII.12), ¢, = h*¢, b= h,9 and
J
(VIL73a) 50 = 3 0 (x) + 403 (2)
J -
if k # i,
B, =:Tr K{PSK:

= [ x5, 21 (2): () ($() — 9, (»)): dx
where g(x) = g®(x) = §(x)if k > i, and

T
(VIL.73b) g®(x) = 3 aPn(x) if k<
j=1
and where, by Corollary VII.13 and Theorem VI.1,
(VIL74) XebXil| ra- < e = a0,

We now estimate || B (7p)||,., exactly as in Lemma IV.7. Assuming without
loss of generality that g, = 2, we evaluate || B(wz)||%2 as a sum over contribu-
tions of vacuum graphs. The contribution of each vacuum graph is an integral
of a product of xbx’s (or xb'x’s) linked by covariances of the form ffC*f,
where f; = f, g or (8§ — h;) as defined in (VIL.73). As in Lemma IV.7, we insert
smooth localizations §; covering the x’s and factors D ** where % < a < 3.
By Lemma VII.8, the operator norms on L%(R?)

ViL75) D% it D) = O (e~ motit)

or O (e~ % ~¢h) if one of the fs is (8 — k). The factors D ~*xbxD ~* are
in LAR* by Lemma VILI2, the factors D ~*x,b'x, D ~* are in L (R*) by
(VIL.74) and Lemma VIL12 with norm O (e~%"%#¢:%) Thus the estimation
proceeds as in Lemma VII.8 with the sum over vacuum graphs controlled by
the exponential decay of the covariances. Note that each a € m, gives rise to
a factor e ¥ (as does each a € 7,).

In this way we obtain for some § > Oand ¢ > 0,
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||IPI||G,,||, 1B ()]l

LGI.|

(VIL76) "

< c(e)l"ln[cM(A‘)M(A;)! 1I e’*’] - I e dmeAaka),
i

Jj=1 aEm,

where A, = A, if & = (i, j) and
(VILT7) d(Bp ko) = 2d (B4 kopp).
B

Collecting the estimates (VIL.71), (VIL.68), (VIL.72) and (VII.76) we get

—en?
[Wemall s < c,’”"’""}n:c""lilexp( 3 )

(VIL78)
. 2 HCM(A‘)M(Ai)!z H e—8m¢d(A,,k,),
k i

aEmn,

where we have used the estimates r = m + |7,| < m + |n| and 2hJ >
n?/2. By a combinatorial lemma due to McBryan [16, Lemma A.1] the sum
over k in (VIL.78) is bounded by c(b)"II,(3n,)! for any b > 4. Thus,

Wmallr < e *MIT 3 exp[ en, — en?/2 + 3bm,log 3n]
i

< o[ ey < cmecid,

i
establishing the theorem. []
PROOF OF LEMMA VIL15 IN THE CASE s = 1. We appeal to results of
McBryan [15], [16]. As pointed out in [15, Lemma 3.3], the estimate

AR, |dets(1 = K,)| < er/2+TeiksK2Y'/4
is an elementary generalization of Carleman’s Inequality [5]. Hence, since
B(K) = 5:Tr(K + K*):+ L :Tre(K*K - K'K):,
(VIL79) Pra(m)] < exp[r/2 + {<Te(K, + K3 )]
. exp[ 3 Tr(K:K, - K,,"K,,):],

where { - ) denotes [(-) dp, (here s = 1). The first factor on the right is less
than e’/2*+9Un+1D since, by Lemma 2.4 of [16],

(VIL80) (Te(K, (1) + KX () < O(ln + 1)),

The second factor is in all LI(dp), ¢ < oo, with norm less than e 24D since,
by Lemma 2.1 of [16],

(VIL81) "exp[— 3 Tr(K, (1)*K, (1) - K,,(l)fK,,(l)):]||L’< el
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uniformly in A. This completes the proof of Lemma VII.15 and, hence, of
Theorem VII.14 in the case s = 1. []

PrROOF OF LEMMA VII.15 IN THE CASE s # 1. We split K, into a low and high
(fermion) momentum part:

K,(s) = L,, + H,, ()

with L, , = Z;80,(1)$, Xa, for some appropriate choice of ¢ (to be de-
termined). It is convenient, but not essential, in the sequel to assume that the
o cutoff is sharp (i.e. that h, is the characteristic function of {k||k| < o}).
This eliminates high-low cross-terms Tr(L*H) or Tr(L'H). We now write
(with H, = H, (S))

woa(n) =|| /\’R,,]|det[(l - K, )exp(K,, + %H,,z)]
(VIL82) -exp[ —1:Te(H? + H2H,):+ 1(Te(K? - H?))

+ 5 Tr(HY H, ~ K, (1)K, (1): ]
In order to bound (VII.82) we note that
| ]|/\’R,,||det[(l - K, )exp(K, + %H})]I

11.83
(VIL83) < exp[eyr + ¢l Lyl + 3 Tr(H} + HYH,)].

(VII.83) follows by combining Lemma 2.3 of [23] with the fact that if 4 is
symmetric with positive part 4 ,, then

dety(1+ A,) < exp3Tr A2 < exp 1Tr 42
We thus obtain, as a generalization of (VIL.79),
W,a(m)] < exp[eyr + l|L| Jexp[ 3<Tr(K] + HYH, »]
. exp[ 3 Te(HH, - K, (1)'K, (1): ]

Since ||L||, < Z;¢,llLx|l;» we find, by the Checkerboard Estimate and the
argument of Lemma 2.5 of [23], that the factor e2I£lh is in all L? with norm
bounded by e°UAD uniformly in s. The proof of the lemma will then be
completed by the following two lemmas corresponding to (VII.80) and

(VIL8D). O
LEMMA VII.16. There is a constant c(o) independent of n, s, A such that

(VIL85) (Te(K? + HE,H,,)) < c|n+1|.

LeMMA VIL.17. For every p < 0, there are a o and c(0) independent of s and
n such that

(VIL86) ||exp[ L Te(H2,H,, — K,,(l)"K,,(l)):]"L’(h) < ecll,

(VIL84)
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Proor oF LEMMA VII.16. We first isolate the s-independent high momen-
tum cancellation, leaving a number of terms involving expectations of
quadratic monomials in ¢ which can be estimated uniformly in n. By
elementary algebra,

(Te(K? + HYH,)) = (Tr(K,,(l)2 + K,,(l)*K,,(l))) + 2(Tr K, (1)6K)
(VIL.87) + (Tr 8K*) — (Tr L*L) + (Tr 8K*H, (1))
+ (Tr H,(1)*8K ) + {(Tr 6K*8K ),
where 8K = K, (s) — K,(1). Now by (VIL.80) the first term on the right of
(VIL.87) is O(|n + 1]). We claim that the remaining terms are O (JA]) uni-
formly in s and n, and are thus O (|n + 1|). Bounds uniform in n will follow
by Lemma VIL8 if we can establish bounds in the absence of a boson
momentum cutoff. For the terms {(Tr K(1)8K) and (Tr 6K%) we insert
localizations and then apply Lemma VII.2(a) and Hoélder’s inequality using
the e ~ %402 decay factor to obtain an O (JA]) bound.
We illustrate the bounds on the “adjoint” terms in (VII.87) by the case of

Tr(8K*H (1)). We insert localizations and apply Lemma VII.18 below (with
a=1,4=H(),B=0Kand 3 < q<2)towrite

3 T H ()|

< csz 18K, || | H (1), jo 2o,
1V2

|Tr(8K*H (1))| =

Now d (ji, j,) is a function of the difference |j, — j,| so we can apply Young’s
inequality on /2:

2 2 2
freoce )| < o SoKull) (S pr o)
J J
(VIL88) <33 Ikl +1# )

<e 3 (1ol 1l + i),

1/2

where in the last line we have used the triangle inequality and the inclusion
G c C, if ¢’ > 2. By (VIL.23) and (VIL.26), {||6Kx/|[2> and (|| K (1)x;||%> are
finite, as is (|[L;g~||§> because of the momentum cutoff. Thus (Tr(6K* H (1))
= O(|A|) and similarly for the other terms in (VIL.87). [

In the proof of the above lemma we have used

LemMa VIL18. For any o suppose that Ax, € C,(3(,) and Bx, € C,(3(,)
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with 1/q + 1/q’ = 1. Then there exist positive numbers c, 8 independent of A
and B such that

|Tr(Ax, (Bx2)*)| < ce™8m @) dy, 16 cocl| BXalleycacor

Proor. The case d(4;, 4,) = 0 is just Holder’s inequality. If (4, 4,) > 0
we write

|Tr(4x,(Bx2)*)| = Tr(4x,D ~*x,B'D*)
= Tr((D“/zAx,D -a/2 )(Da/Zg-lD —ag»zDa/2 )(D —a/2sz1'Dtx/2 ))
Da/z{ 1D _agzpa/zllop(l})

<[4xille, el BXalle a0

and then apply Lemma VIL3(b). [

Proor oF LEMMA VII.17. Since C(s) < C(1) as operators we can invoke
conditioning [11] to put s = 1 in the measure dy, and Wick ordering (the
s-dependence of H, ,(s) remains). We then write

Tr(H2,H,, — K,(1)'K,(1)):= 4, + 4, + 4,
with
Ay =Te(H,, (1)*H,,,(1) = K, (DK, (1)):+ M2 [ :93(x): dx,
A
Ay = =2 Re(Tr H, , (1)*8K) — (Tr 8K*SK,
A3 = 2Re Tr(8K*H,, (1) + Tr(SK*$K) — M* [ :93(x): dix,
A

where the constant M2 is to be determined below and

(%) = 2 xe(x)bgeo(x)
kel

where g® is defined in (VIL.73b). By Holder’s inequality it is sufficient to
bound each of ||e!/?4||,, separately.

Now 4, = [a, 3, (x, y):¢,(x)¢,(»): dx dy, where for any M we can choose o
sufficiently large so that g, ,,(x, y) is the kernel of a negative operator (see
Lemma 2.8 of [23]). Hence by explicit Gaussian integration (see e.g. Lemma
3.3 of [22))

e 1oy < exp(l4il1E200):
From definition (VIL.40),

A, = 2fwl(x, )i, (x)d,(»): —:Tr L;'j,,L,,,,:+M2£\:¢3:,

and so we have the bound
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Jwiiudy:

2 2
(VILSD) [y [ +HTe LA L+ M2 [0 }
L2 L2

It is easy to see that each of the terms in (VIL.89) is O (|A]). For example,

|fwisa],

= 2 [xm s O (x5 % ()

iji'y' el
[ G (% %) G (3, ¥) + Cy (%, 5) Cyy (X', y) ] - dx dx’ dy dy’

where C;, = g@*C*g. As usual we insert smooth localizations and factors
of D ** for some « in (1, 3) and apply estimates (VIL.42) and (VIL.75). The
exponential decay provided by these estimates controls the sum over i, j, 7, j/
and gives an O (JA|) bound. As for the second term in (VIL.89), the O (JA])
bound follows from the fact that :Tr L*L:= [l :¢,¢,:, where [(x,y) =
2D ~Y(x — y)h*D ~!(x — y) € L%, (because of the momentum cutoff) and
Ix:L,x;ll ;2- = O (e~%"#@), The last term in (VI1.89) is obviously O (JA|).

Now 4, = O(JA|) by the previous lemma. It thus remains to show that
there is an M < oo independent of s such that ||e43]| ., = 24D, To do so, we
appeal to the analysis of such problems by Seiler and Simon [24, §III]. In
(VIL.88) we use complex interpolation to replace the C, norm by C, and C,
norms (see [23, Lemma 2.7]) and (VI1.29) to replace the C, norm (provided
qg>%2)bya & nom:

[Tr(8K*H)| < ¢ EI(IISKXJ-D"": +|K()xD 4
J
(VIL90) +|K (D2 +|ILx[;)

4
=cy Jx
JEI iml
where ¢, =2/9—1<1/6, & >0, e; < 1/2. By Hélder’s inequality it is
sufficient to show that there is an M such that for each i,

II exp(ch“" - iM? f pfu: )
JEI 4,

has L? norm e%UAD, By the Checkerboard Theorem (after use of Holder’s
inequality to remove the slight overlap caused by the cutoff functions g\), we
need only show that for some M,
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< co.

exp(Xj(") —iM?*| g0 )
o],
According to the method of [24] this will be the case if for some M

(VIL91) f (XO) dnyy; < €72,

where dv,,; is the Gaussian measure on &’ with mean zero and covariance
C(1 + M*x;,C)~". (We may drop the ultraviolet cutoff g’ in the proof of
(VI1.91).) The cases i = 2, 3, 4 of (VIL.91) are dealt with in [24] and the case
i =1 is similar since we know that the kernel of X = ||6Kx,D|]} is
pointwise bounded by an s-independent function in L?°~ (see Lemma VIL1).

VIL.5. Decoupling at s = 0. We now complete the proof of Lemma III.1 by
verifying (I11.15); i.e., if s =0 on B, C (Z%)* with R2 ~ B, = U X, a dis-
joint union, then in L¥(dpc ),

(VI1.92) B(A,s5) = 2 B(A,; 5)

where A; = A N X,. To prove (VI1.92) we must show that the cross-terms
between different A;’s vanish:

(VIL93) f G (X)Xa, ()B(53 X, ¥)Xa,()6(»): dx dp =0

in L¥(dpc,) if i #j. If we estimate the L*(dpc,) norm of (VIL93) as in
(VIL52), we see that (VI.93) follows from the assertion that D ~Px,bx,D ~#
=0 in LR for some B < § where x; = x,, and x, = X, This in turn
follows if for any f;, f, € S (R?),

Vs [ %) () dedy = 0.

Suppose first that d = dist(supp f, U sup f,, B,) > 0. Then if 0 > (2d)~!
we claim that f,(x)x,(x)b,(s; x, ¥)x2(¥) f2(y) = 0. For consider formula
(VI1.41a) for b, = by,. Certainly §(x — y) vanishes, as does S,,(s; x, ),
since So(s; x,») = 0 if x € A;,y € A; and convolution with h, (see (IIL.9))
“blurs” the support of S, by a distance of only 1/26. By the convergence
(VIL.49) of b, to b as 6 - oo we thus deduce (VII.94) in the case d > 0.

When d = 0 we simply approximate f; by £ with d > 0 such that, as
n— o0, f - f in both L?, any p < o, and in I for some B > 0. Then
xS = xf; in L? and in 3, for a < Min(l, 8)/2 (by Lemma VIL3(c)).
Since b can be written as a sum b = w, + b, where w,D ~* defines a
bounded operator on L%R? and 8b, € L}¥/''~ (see Lemma VIL12), we
conclude that

ffl(”)XIbX2f§") —>ff.x1bx2f2
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and this establishes (VII.94) and the decoupling (VII.92).
VII.6. Boson functional derivatives. In [4] Dimock and Glimm proved the
“integration by parts” formula“

(VIL9S) ais,, [F(s, ) diceo = [ ( ai +3 g—Cb A¢)F dice

for a large class of functions F of the field ¢ (actually their F’s did not have
an explicit s dependence). Their method consists essentially of two parts. First
they show that (VIL.95) holds if F is a cylinder function of the form
F(¢p) = F @(f)s - - . » 8(f,)) for some fixed f;, ..., f, € S and polynomially
bounded function F in C¥R"). This is proved by explicit Gaussian integra-
tion and integration by parts. In this case the functional derivative 8/8¢ is
defined by

Vi (s F)@ =2 4wk 60 . 44)

where 9; denotes the partial derivative with respect to the /th variable. Then
for the family of functions F of interest they construct an approximating
sequence of cylinder functions {Fy} such that as N — oo the integrals with
respect to du, of Fy, 0Fy/0s,, and (3C/0s,) - A, Fyy converge to the integrals
of F, 0F/3s, and (3C/9s) - A, F, respectively. The validity of (VIL95) for F
then follows by the elementary

Lemma VILI19. If f, € CY(0, 1)), f, > f and f, — g uniformly as n— oo,
thenf € C'([0, 1) and f' = g.

We have applied formula (VIL.95) to the functions F(s, ¢) = 7,,(G) (see
(I11.32)), where the s-derivatives are computed by the rules (I11.24)«(111.26)
and the ¢-derivatives are computed similarly just as if ¢ were a single variable
provided that we define

(VIL9T) 8H (9)/8¢(y) = H (3,)

for linear functions H of ¢ (e.g. H =97K). Of course, the functions F =
7,,(G) are not specifically covered by the results of Dimock and Glimm and
in this subsection we verify (VII.95) for such F by following their procedure.
However, we wish to emphasize that we do not claim to be rigorously
justifying partial calculations such as (III.25). Rather, it is always necessary to
collect terms as in (II1.31) and (I111.33) so that R = (1 — K)~! occurs in a
single factor of the form /\'R. For formulas like (II1.24)~(111.27) do not even
make sense if 1 € o(K). However after collecting terms we can assert:

LEMMA VII.20. Let K be a C;-valued continuously differentiable function of s
in an interval I CR, i.e. K € C'(I, &(30), P € C'(, G(/\'X)), B €
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C\(I), and 1,(P) be as in (111.32). Then t,(P) is differentiable in I and
(111.33a) holds.

Proof. The formulae (II1.25), (I11.26), (I1I1.27) and so (III.33a) certainly
hold for all s such that 1 Z a(K (s)) (see for example [5]). If 1 € (K (s)) then
there is an &€ > 0 such that 1 & o(AK(s)) for 0 < |]A — 1| < &. So (II1.33a)
holds for K replaced by AK in the definition of 7,(P). But the right-hand side
of (II1.33a) is continuous in A by results of the Appendix of [23]. Thus by
Lemma VII.19, (I11.33a) does indeed hold at A = 1 evenif 1 € o(K(s)). O

We define cylinder function approximants to K(¢) so as to preserve the
algebraic structure of the expressions involved. First we apply boson and
fermion momentum cutoffs, approximating K(¢) by K, (¢) (see (VIL.4))
which is in C(I() for all ¢ € &'. Let 7,,,,(G) denote the corresponding
cutoff version of 7,,(G). Then for the arguments G of 7,, which occur in the
derivative formula (II1.33), we know thatfr, , (G) du, — [7,,(G) du,. This
follows by a dominated convergence type argument as in the proof of
Theorem IV.1, since by the estimates of the preceding subsections 7,,, .(G) €
L?(dp,) for any p < oo, uniformly in o and k. By Lemma VIIL.19 it thus
suffices to prove (VIL95) for K, ,. We henceforth fix ¢ and x which will be
suppressed in the notation.

Next, we choose an orthonormal basis {e;} in J(;,, and approximate
K#* = K or K by the finite rank operators

(VIL98) Ky (¢) = ExyK* ($)Ey = ZNei(ei’ K* (‘P)ej)(ej’ )
ij<

with matrix elements

* (0)e) = o(k¥) ifi, j
(VIL99) Ky (¢),= [ (es K* (9)¢) = ¢(k) ifi,j <N,
0 ifiorj > N,
where k} =%j',. and

ky(») = [ [ dx e(x)DSoq (%, 2D (De(2Ihe(z = ¥) dz
(VIL.100)

= K(3,),

Letting Fy be the approximant to F obtained by replacing K by K, we
verify (II1.33) by means of Lemma VII.20. In this connection, note that the
definition (VIL.96) of 8F, /8¢(x) does indeed coincide with the prescription
for calculating a 8/8¢ derivative given in (VII.97). We illustrate this in the
simple case F = dety(1 — K):
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5oy el ~ K@) = k() —a% dety(1 - K(4)) (by (VIL96))
- SKGIK®) [ ](‘P)dets(l ~ K@) (by (VILI0O))

= K@ ZK @, et - K(9)
ij
= K@K @)det(1 - K@)

1~jm*

Since K, € C, forall ¢ € §’, Ky — K in C,, as No o0, pointwise in ¢.
So if F(¢) is of the form F(¢) = 7,,(G) as defined in (II1.32), then Fy — F,
dFy /9s, —»0F /sy, (9C/0S,)- A,Fy — (3C/3sy)- A, F pointwise in ¢. Since
IKvll; < K|y, the Fy, dFy/0s,, and (3C/0sy) + A, F, are dominated uni-
formly by c,e!Xh*m which is in L'(dy,) so that by the dominated conver-
gence theorem, their integrals converge. This establishes (VII.95) for K =
K

0,K°

since J; = 3K/ 9K; has Im matrix element (J;),,, = 8,8

Appendix. Antisymmetric tensor products. In this Appendix we collect and
prove those properties of fermi statistics that we have used throughout the
paper. We begin with some definitions. Given a separable Hilbert space IC,
let A\"X be its n-fold antisymmetric tensor product. It is convenient to
regard /\"JC as a subspace of the ordinary tensor product @"3(, and to
identify an operator 4 on /\"J with the operator on @”*JC which equals 4
on /A" and is zero on (/\"JC)*. We let 7, be the orthogonal projection in
®"JC onto /A\"IC. The antisymmetric tensor product of vectorse,, . .., e, €
I is
AD) eA--Ne=7e8 - Qe =-— > sgnog, -+ Qe,.

n! 0ES,
If {¢) is an orthonormal basis for I, then {(n!)'/? e N\ Ne} with
i, <i, < -+ <i,isanorthonormal basis for /\"J(. Note that
(A2) AN A& A Ag) = (n!)'det(f.g)

from which we obtain the basic identity (I.11). Given n (bounded) operators
A, ..., A, on I, their antisymmetric tensor product is defined on /\"JC by

(A-3a) Al/\Az/\' b /\A"=7T"Al®° A ®Anﬂn.
Alternatively, 4, A\ - - -+ A A, may be defined by its action on a basis vector
(A3b) (A A ANde N+ — X A, N NAge,

n! 0ES,
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We write A\"A =ANAN- - N\A (nfactors). If A and B are operators
on /A\"J¥ and A", respectively, we define 4 A B by =,,,4 ® B, .
Finally, given an operator E on I we define its derivation d /\"E on /\"JC
by d N\"E=nEANINA--- AI or alternatively by its action on a basis
vector:

n

(A4 dN\'Ee N+ Ne=22 N NEgN\--- Ne,.

j=1

It is easy to see that the operator product A is commutative, associative,
and distributive with respect to addition. However, it is not true in general
that (A\].,4) - (/\I.B) = /\]-,4;B;. What is true is that

im1
(A5) (Ai<14:) \'B = N[.1(4;B)
as is obvious from (A.3). We also find that

(A6) (Nt A)dNE=3 AN NAGEN-- - N4,
i=1]

For put B = (1 + sE) in (A.5). Since (d/ds) /\"B|,no = d /\"E, we deduce
(A.6) by differentiating (A.5).

If Tr \nqd() denotes the trace on /\"J(, we introduce T,(-) = n!Tr\aq(-).
Let 4 € C,(3), the trace class on JC. As emphasized by Simon [27],

A7) det(1 + M) = 3 A (A
n=0 "°*

where the series converges for all A by virtue of the bound [27, Lemma 3.1]
(A.8) |T, (A"4)| < n!| A4, <||A])}-

(The subscript 1 denotes trace norm on A\"JC and I, respectively.) Now
suppose 4y, . .., 4, € C,(I). Then it is obvious from (A.7) that

(A9) T,(A AN -+ NA,) = ﬁdet(l + X 4)hm onmo

where A- 4 = 27-1\4;. The relevant properties of T,(4, A -+ A 4,) can
now be read off from (A.9). For consider the trace formula that we used to
collect terms in the cluster expansion:

(AN NA)=T, (4 A\ NA,_1) Ty(4,)
—Tn_l(Al/\' b /\An_l‘dAn-lA").
It is proved as follows. Letting R = (1 + A,4,)~! we have

(A.10)
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det(1 + X -4) = det

n—1
1+ A,,A,,)(l + REIJ\J.AI.)

n—1
= det(l + )\,,A,,)det(l + > }\jRAj).

j=1
Therefore by (A.9),
an—l > -
W det(l + A4 )l)‘l_ ceemA,_ =0
(A11)

=det(1+AA4)T,_ (A""R-A N+ N4,
Since 9/\""'R/ I\, =0 = — d/\""'4,, we deduce (A.10) by differentiating
(A.11) with respect to A,. By taking linear combinations we can generalize
(A.10) to
(A12) T,(BAA) =T, ,(B)T,(4)— T,_,(Bd/\""'4)
for A and B trace class operators on 9 and /\"~!9C, respectively.

We also have the factorization used in (V.6) and (V.7):

LEMMA A.l. Suppose that the operators Q,, i=1,...,m,, and Qp o
Jj=1...,mgsatisfy Q,;0p; =0 for all i and j. Then

(A13) T, ((AQui) A(AG5,)) = T, (N Qi) Ton, (AN D5y )-
PROOF. The left side of (A.13) is given by

amA+m,

Ay ... 0z, det(l A0+ Ape QB)IXA-X,-O,

Finally we note this generalization of (A.8):

LEMMA A2. Given A, . . ., 4, € C(%),
1
A9 INAl < 55 T,

ProOOF. We first prove (A.14) in the special case where each A, is a rank one
operator P, = (f, -) g with || |l = [ gl = L.

Lettingf=fiA--- Af,andg=g, A+ Ag,wehave P = /\:P; =
()8 P* = (&)f, |PP = ||gl*(f,)f and |P| = | f] - | gl| P, where P; is
the orthogonal projection onto { f}. Hence,

IARI,= TP = 151 - gl < o
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where in the last inequality we have used (A.2) and Hadamard’s determinant
inequality [5]. But each 4; has a canonical representation 4, = =;a’P,?,
with P a rank one operator of the above type, a® > 0, and ||4,]|, = ;a9
Therefore by the triangle inequality,

INA], < 2 af ... aw
J fn

1+ +J;

Pl(jl)/\o .. AP'SIu)

!

1 AN
<qrZal?...ap =), O
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