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ABSTRACT. Let T be a completely regular Hausdorff space, C,(T) the set of
all bounded real-valued continuous functions on T, E a boundedly mono-
tone complete ordered vector space, and ¢:Cy(T)— E a positive linear
map. It is proved that under certain conditions there exist o-additive,
r-smooth or tight E-valued measures on T which represent ¢.

Let T be a completely regular Hausdorff space, C,(T) the vector-lattice of
all bounded, real-valued functions on 7. Let E be a boundedly complete
partially ordered vector space and ¢:C,(T) — E a positive linear map, i.e.,
f € C(T), f > 0implies ¢(f) > 0. In case T is compact, it is known ([2], [5])
that a quasi-regular Borel measure p on T which represents ¢, i.e., p(f) =
[fdp, Vf € C(T), all continuous real-valued functions on T (see [4], [5] for
details). The more general case of a Hausdorff completely regular space is the
aim of study in this paper.

For a topological space Y let B (Y) be the o-algebra of all Borel subsets of
Y and By(Y) the o-algebra of all Baire subsets of Y (that is, the smallest
o-algebra which makes each bounded continuous function on Y measurable).
Let B(Y) (By(Y)) be the space of all bounded Borel (Baire) measurable
functions on Y. For basic facts about vector lattices we refer to [1] (see also
[2], [4]H9]). We shall make use of the result proved in [2], that if a boundedly
o-complete vector lattice E contains a vector subspace F which is monotone
order o-closed and if F contains a vector sublattice G of E, then F contains
the order o-closure of G. If S is a Stonian (¢-Stonian) compact Hausdorff
space we define a mapping Y:B(S)— C(S) (;:B(S) > C(S), ¥v(N=f
W1 (f) = f) except on a meagre subset of S. It is easy to verify that ¢ and ¢,
are positive order o-continuous linear maps and for any increasing net
{£.} € C(S), with sup f, = f € B(S), Y(f) = sup ¥(f,), sup being taken in
the boundedly complete vector lattice C(S) [2] (these maps are called
Loomis-Sikorski maps [5]).

Throughout the paper any E-valued measure p. on any g-algebra is required
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to be nonnegative and o-additive with respect to the order of E, i.e., whenever
{F,}, 1 < n < 0, is a monotonic sequence in the o-algebra then p(U 2, F,)
= \/.,u(F,). Integration with respect to these measures is taken in the
sense of [4], [S]. Throughout this paper ¢:C,(T) — E is assumed to be a given
positive linear map, T being a Hausdorff completely regular space, and E a
boundedly monotone complete vector lattice assumed to be over the field of
real numbers. Denoting by X the Stone-Cech compactification of T, we get a
positive linear map ¢:C(X) - E, ¢(f) = @(f]7), which is represented by a
quasi-regular Borel measure g on X, by the

ProposITION 1 (WRIGHT [4], [5]). Given a positive linear map ¢: C,(T)— E,
there exists a unique quasi-regular E-valued Borel measure jx on X such that

o(fly) = [ fdi, forallf € C(X).

Proor. This theorem is proved in [5]. By quasi-regularity we mean that for
any open subset V of X, u(V) = sup{ p(C):C compact, C C V}.
To get a measure on T we first note the following result.

LEMMA 2. (i) Bo(T) = {E N T:E € By(X)).
(i) B(T) = {EN T:E € B(X)).

Proof is similar to Lemma C [6].

COROLLARY 3. There is a unique E-valued Baire measure p on X which
represents ¢, i.e.,

o(f) = [fdu, forallf € C,(T),
if and only if p(A) = 0 forany A = By(X)withAN T = .

PrOOF. If p(4) = 0,YA4 € By(X), with 4 N T = @, then defining u(P) =
[(Py), where Py N T = P for a Py € By(X), for any P € B (T), it is easy to
see that p is well defined, is countably additive, and [fdp = [ f],dp, Vf €
C(X). Conversely, if there is such a p, then [fdii = [ f] du, Vf € C(X). This
means {f € By(X):[fdu = {f]ydu}} contains C(X) and is monotone order
o-closed. Thus [ fdu = [ f],du, Vf € By(X), and so the result follows (cf. [6,
Theorem E]).

For each positive e in E, let

E[e] = {a € E: 3\ > Osuch that —)Ae < a < Ae}.

Thus E[e] is an order-unit space and can be equipped with the order-unit
norm. Since ¢ and p take their values in E (¢(1)) there is no loss of generality
in supposing E is an order-unit space with order unit e = ¢(1). Let E be
equipped with order-unit norm.
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PROPOSITION 4. A sufficient condition for the existence of a unique E-valued
Baire measure p on T which represents ¢ is that there exists a weakly
a-distributive [6], boundedly o-complete vector lattice W such that E can be
embedded (without alternation of suprema) in W and, whenever {f,} is a
monotonic decreasing sequence in C,(T) with pointwise infimum O, then

:o- 1¢(f;|) =0.

PROOF. In this case, ju:By(X) — E is regular [6]. The given condition gives
i(Z) = 0 for any zero set Z of X, Z N T = @ (by zero-set we mean f~'{0},
for some f € C(X)). By regularity p(P) = 0 for any P € By(X), PN T =
Q. Corollary 3 now gives the result.

PROPOSITION 5. A sufficient condition for the existence of a unique E-valued
Baire measure p on T which represents @ is that whenever {f,} is a monotone
decreasing sequence in C,(T) which pointwise converges to 0 then ||@(f,)|| = 0.

Proor. Proceeding as in [2] we see that ¢(C(X)) is embedded, as an
ordered vector space, in C(S) for some Stonian compact Hausdorff space S,
preserving arbitrary suprema and infima and ¢(1) being the constant function
1 in C(S) (this can also be done by taking MacNeille-Dedekind completion
of E [4], [9]). This gives us a positive linear map ¢: C,(T)— C(S) C By(S),
with pointwise order in By(S). Since B(S) is trivially weakly o-distributive, it
follows from [8, Theorem 3.4] that ¢ extends to a linear, positive, monotone
order o-continuous map @:By(T) — By(S). Since (y, ° ¢)~!(E) is monotone
order o-closed and contains the lattice C,(T), we get (¢, ° ¢)~(E) = By(T).
Defining p =y, ° ®| g,y We get the desired Baire measure. The uniqueness is
easy to verify.

REMARK. It is enough to assume in Proposition 4 and 5 that E is boundedly
monotone order o-complete.

DEFINITION. (a) An E-valued measure pu:%® (T) — E is said to be 7-smooth
if, whenever { U, } is an increasing net of open sets, p(U U,) = \/ p(U,).

(b) An E-valued measure p: B (T) — E is said to be tight if for any open set
U, u(U) = VV/{p(C): C compact, C C U}.

We list some properties of these measures.

PROPOSITION 6. (i) If p is 7-smooth then for any decreasing net {g,} of
bounded, upper semicontinuous, real-valued functions with pointwise inf g, = g
€ B(Xy), fgdn = /\,/8,4u; also for an open set V, in T, p(V) = \/{ u(P):P
C V, P closed in T}.

(ii) If p is tight, then the following statements hold:

(a) p is T-smooth.
(b) If a net { .}, in B(T), converges to f € B(T), uniformly on compact
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subsets of T, || f,)| € 1, Va, and E is a boundedly complete vector lattice, then
[f,dp — 0 (order convergence).

(¢) If V, and V, are open subsets of T, then pu(V,\ V) =
V{n(C):C compact, C C V,\ V).

(d) For a bounded, nonnegative, lower semicontinuous function f on T,
[fdp = \/{Jgdn:0 < g < f, g simple and a combination of characteristic func-
tions of disjoint compact subsets of T'}.

ProOF. (i) This follows by using the inequality

% 'él y({x € T:f(x) >£ })

<ffdp <% p(T) + % ig p.({x € T:f(x) > i }),

valid for any » » 1 and for any measurable f, 0 < f < 1. The regularity
property follows from the fact that every point of T has a nbd. base
consisting of closed sets.

(ii) (a) is trivially obvious. To prove (b), we have, for any compact subset C
of T,

ffdp,=fcfdp, +j;_\cfdp, < limfcfady+ u(T\ C)
=tim( [ e = [ _fude) + w(TrC)

<li_mfj;dp, +2u(T\ C).

In a similar way we get ffdu >lim[f,du — 2u(T \ C), from which the result
follows. Proof of (c) is straightforward. To prove (d), assume 0 < f < 1, fix a
positive integer n and let V; = {x € T:f(x) > i/n},0 < i < n. V’s are open
and

i-1 l
2 —Xy_\y, S f< 2 XV,_,\V,

i=] im]

Using (c) and the fact
f( 21 PREAN A El izl XV,_,\V,)dp' == (V) =~ I"(T)

we get the result.

COROLLARY 7. There exists an E-valued t-smooth measure p. on T which
represents @, if and only if p(P) = 0, for each Borel set P € B(X),P N T =
Q.
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PROOF. If p(P) =0 for any P € B(X), P N T = @, we define p(Q) =
ji(0) for any Q € B(T), O being in B (X) such that 0N T = Q. It is easily
verified that p is well defined and is countably additive. Also, since g is
r-smooth and p(P) =0, VP € B(X), P N T = @, it easily follows that p is
r-smooth. Further, [fdu = [f|,dp, Vf € C(X). Conversely, if there is such a
&, then

[ fdi = [ fldu, ¥f € C(X).

This means H = {f € B(X): [fdz = [f|xdp} is a monotone order o-closed
subspace of B(X) and contains all bounded upper semicontinuous on X
(using Proposition 6). Since the subspace, of B(X), generated by upper
semicontinuous functions on X is a vector sublattice of B(X) (simple verifi-
cation) we have H = B(X) and so the result follows (cf. Corollary 3).

PROPOSITION 8. A sufficient condition for the existence of a unique T-smooth
E-valued Borel measure j on T which represents ¢ is that

(i) whenever {f,} is a decreasing net in C,(T) with inf f, = 0 (pointwise
order) than \o(f,) = 0, and

(ii) E is embedded, as an ordered vector space, in a weakly (o, oo)-distributive
vector lattice [7), preserving arbitrary suprema and infima.

PRrOOF. Idea of proof is same as Proposition 4. The measure p:® (X) — E
is regular in this case. Proceeding as in Proposition 4 and using Corollary 7,
we get the result.

PROPOSITION 9. A sufficient condition for the existence of a unique T-smooth
E-valued Borel measure p on T which represents ¢ is that whenever {f,} is a
decreasing net in C,(T) with inf f, = 0 (pointwise order), then ||@(f)|| = 0.

PROOF. As in Proposition 5, ¢(C (X)) can be considered embedded, as an
ordered vector space, in C(S) for a Stonian compact Hausdorff space S,
preserving arbitrary suprema and infima. This gives us a positive linear map
@:C,(T) > C(S) C By(S), B,(S) being all bounded real-valued functions on
S with pointwise order. Since B,(S) is boundedly complete and weakly (o,
o0)-distributive, using Proposition 8, we get a 7-smooth B,(S)-valued measure
o on T representing . Now H = { f € B(T): [fdp, € B(S)} is a mono-
tone order o-closed subspace on T and so H = B(T) (same argument as in
Corollary 7). The required measure is p =y © po|gr) T prove it is E-valued
let H = {f € B(T): [fdx € E}. Then H, is a monotonic order o-closed
subspace of B(T) and contains upper semicontinuous bounded functions on
T. Arguing as in Corollary 7, we prove H, = B(T). This proves p is
E-valued. Uniqueness is easily verified.
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PROPOSITION 10. A necessary and sufficient condition for ¢ being represent-
able by a unique tight Borel measure p on T is that (1) = p(X) = \/{#(C):
C compact, C C T}. If E is a boundedly complete vector lattice then this will
happen if and only if for any uniformly bounded net {f,} C C,(T) such that
S = 0 uniformly on compact subsets of Xy, o(f,) — 0 in E (order convergence).

Proor. First suppose that the condition is satisfied. Let B be any Borel
subset of X disjoint from T and let C be any compact subset of 7. Then
_(X) > p(BU C)= u(B) + u(C). Thus u(B) =0 and so by Corollary 7
there exists a well-defined r-smooth E-valued Borel measure p on T with
g(B)=p(B N T), VB € B(X). In particular, x(C) = p(C) for any com-
pact C c T. If P is a closed subset of X, then for any compact C C T, we
have

B(P\P N C)=u(P\C)< y(T\C) < E(X\C)=ji(X) - i(C),
and so p(P) = V/{1(P N C):C compact in T'}. Now for any open set U, in
T, p(U) = \/{p(P):P C U, P closed in X} (Proposition 6). Hence p is
tight. Converse and uniqueness are easy to verify. Let E be a boundedly
complete vector lattice and suppose that ¢ satisfies the hypothesis. We define
a partial order on I = {(C, a):C a compact subset of T and « a finite subset
of T\ C}, (Cpay) > (Cp,a) if C; 0 Cy and a; D a;\ C,. I becomes a
directed set. Define, V(C,a) € I, f¢, € C(X),0 < fc, < 1,

_ /0, ona,
Jea {l, onC.

Evidently f,|;— 1 uniformly on compact subsets of T and so p(fed =
(1) (order convergence) in E. For a (Cy, ag) € I, inf{ u(fc,):(C, @) >
(Cor @)} < inf{ i(foo)(Cor @) > (Coy @9} = H(Cy) and so (1) = (1) =
V{(C): C compact, C C T}. The converse is straightforward.

REMARK. The second characterization of Proposition 10 is the definition of
the tight functional given in [3].

Using similar methods we have the following sufficient condition for the
measure extension to hold in any boundedly o-complete vector lattice.

PROPOSITION 11. Let A be an algebra of subsets of a set Y, U° be the
o-algebra generated by %, and E a boundedly monotone a-complete partially
ordered vector space. Let q:% — E be a positive, finitely additive set function
such that whenever {A,} is a monotone decreasing sequence in A with N 72,4,
= @, then ||q(4,)|| = 0. Then there exists a countably additive E-valued
measure q° on U° which extends q.

PRrOOF. As in Proposition 5, we can consider g(¥) C C(S) C By(S), for
some Stonian compact Hausdorff space S. With pointwise order on By(S), it
is weakly o-distributive and so we have a countably additive measure p:%° —
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By(S) [6]. The desired measure is g° = ¥, ° p. It is easy to verify that ¢° is
E-valued.

I am very grateful to the referee for making many useful suggestions which
simplified some proofs.
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