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ABSTRACT. Any analytic symplectic diffeomorphism ® of a symplectic
manifold M is the Poincaré map of a real analytic Hamiltonian vector field
Xy If @ does not have an analytic integral, then X}, has no analytic integral
which is not a power series in H. Let M = R If ® has a finite contact
homoclinic point, then ® is nonintegrable. Also Moser’s polynomial
mapping is nonintegrable.

Throughout this paper all maps, manifolds and vector fields will be real
analytic, unless explicitly stated otherwise.

1. The first theorem states that every symplectic diffeomorphism may be
“suspended” to a Hamiltonian vector field. This is an extension of a well
known construction [S, p. 797] to Hamiltonian vector fields. In particular
every symplectic diffeomorphism is the Poincaré mapping of some
Hamiltonian vector field, which answers a question in [A, p. 100].

Let X;, be a Hamiltonian vector field on a symplectic manifold (N, Q)
whose flow is ®¥: U CR X N— N where U is an open set in RX N
containing {0} X N. A manifold M, is a cross section of Xy in the energy
surface H ~\(h) if (1) M, is a submanifold of H ~'(k) of codimension one such
that w = i*Q is nondegenerate where i: M, - H ~'(h) is the embedding of
M, in H~'(h); (2) for every m € M,, X;,(m) is not tangent to M, at m; and
(3) if p € H~(h) then there is ¢ = ¢(p) € R\ {0} such that (¢, p) € U and
®(t,p) € M,. For each p € H™'(h) let T(p) = {inf |||t # 0 and
®" (1, p) € M,}. Then the diffeomorphism ®: M, - M,: m — & (T (m), m)
is the Poincaré map of X, corresponding to the cross section M,. It is well
known [AM, p. 178] that @ is a symplectic diffeomorphism of (M, w).

THEOREM 1.1. Let ®: M — M be a symplectic diffeomorphism of the connec-
ted symplectic manifold (M, w). Then there is a connected symplectic manifold
(N, Q) and a Hamiltonian vector field Xy on N such that in every energy
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surface H ~\(s), Xy has

(1) a cross section M, diffeomorphic to M by j, and

(2) a Poincaré map ®: M, > M,, where ®" is the flow of Xy, such that
®=j, o ® )"

PROOF. On the symplectic manifold M X R? with symplectic form Q=w
+ dt N\ ds define an action of the integers by

Z:Z X (M XR)—> M X R%: (n,(m, t,5)) > (®"(m), t — n,s).

Say that two points (m, ¢, s) and (m’, ', ') of M X R? are equivalent if and
only if they lie in the same orbit of the action Z, that is, if and only if for
some n € Z, (m', t', s") = E(n, (m, t, 5)). Let N be the set of all orbits of the
action = and let m: M X R?® > N be the map which assigns to (m, t, s) the
orbit {Z(n, (m, t,5)) € M X R%n € Z}. Then N is a manifold and 7 is a
diffeomorphism because = is a free and properly discontinuous action [KN, p.
44). Also N is connected because = is continuous and M X R? is connected.
Since

E = (@) o+d(t—nmAds=w+d Nds =1,
the two form £ on M X R? induces a two form £ on N such that § = 7*Q.
Because  is a local diffeomorphism and { is closed and nondegenerate, & is
closed and nondegenerate. Hence (N, £) is a symplectic manifold.

Let T be the vector field on M X R? whose flow is

V:R X (M XRY) > M XR% (4, (m, t,5)) > (m, t + u, s);

then because i, = ds, T is the Hamiltonian vector field corresponding to the
Hamiltonian function H: M X R2>R: (m,t,5)—s, that is, Xz =
Because

E, 0¥ (m,t,s)=E(mt+ us)=(D"(m),t+u—n,s)
=¥ (®"(m),t — n,5) =¥, E(m,1,5),

¥ induces a flow ¥ on N which gives rise to a vector field X on N such that
#*X = Xj;. H induces a function H: N — R such that H = 7* H because

(Z2H)(m, t,5) = H(Z,(m, t,5)) = H(®"(m), t — n,s)
=5 = ﬁ(m,t,s).
Now X = X, the Hamiltonian vector field corresponding to the
Hamiltonian function H: N — R, since
7*dH = dH = iy Q = i, (7*Q) = 7%(ix Q)
implies dH = iyQ because 7 is a local diffeomorphism. )
Fix s € R. Because M, = M X {(0, s)} is a cross section of X; in H ~1(s),
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M, = 7(M,) is a cross section of X, in H ~'(s). Note that 7| M, is injective for
(7#1,) " (n(m, 0,5)) = =~ (m(m, 0, 5)) N M,

{(@"(m), —n,5) EM XR}n€Z} N M,

= (m, 0, s),

which implies that #|M,: M, — M is a diffeomorphism. The map i,: M — M,:
m— (m, 0, s) being a diffeomorphism implies that the map j;: M — M,:
m — 7 (i;(m)) is a diffeomorphism. From

¥,(2,(m,0,5) = F,@(m), =n,5)

= (&1 (®(m)), —(n = 1), 5)
= En—l((p(m)’ 0’ S)

we obtain ¥,7(m, 0, s) = 7 (P(m), 0, s) which gives (1) ¥,: M, -> M, and ¥,
is the Poincaré map of X, in H ~!(s) with respect to the cross section M, and
(2) ® = j; ', . This proves the theorem. []

The Hamiltonian vector field X, constructed in the above theorem is the
Hamiltonian suspension of the symplectic diffeomorphism ®.

Quite unusual Hamiltonian vector fields can be constructed using the
Hamiltonian suspension theorem. For example on (R? dx A dy) the Hamil-
tonian suspension of the symplectic diffeomorphism

(X cosf —sinf\(x

Ry: R >R (y)—)(sino cos 0 )()’)

where 8/27 is irrational, has exactly one periodic orbit in every energy
surface H ~'(s) (which is compact) because (§) is the only fixed point of Ry
and fixed points of some iterate of R, correspond to periodic orbits of X}, and
conversely.

The rest of this paper applies the Hamiltonian suspension theorem to
constructing nonintegrable Hamiltonian vector fields. A function G: N - R
is an integral of the Hamiltonian vector field X, on the connected symplectic
manifold (N, Q) if and only if the Lie derivative of G with respect to X, is
identically zero. The Hamiltonian vector field X, on (¥, ) is nonintegrable if
every integral is of the form H*g: N — R: n — g(H (n)) for some function g:
R - R. X}, is integrable if there is an integral which is not equal to H*g for
any g: R—>R. We also define the concepts of integral, integrable and
nonintegrable for symplectic diffeomorphisms. A function F: M —>R is an
integral of the symplectic diffeomorphism ®: M — M of the connected
symplectic manifold (M, w) if for every m € M, F(®(m)) = F(m). ® is
nonintegrable if it has no constant integral, while ® is integrable if it has a
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nonconstant integral. Recall that in the above definitions all maps, manifolds
and vector fields are real analytic.

The next theorem reduces the problem of constructing nonintegrable
Hamiltonian vector fields to constructing nonintegrable symplectic
diffeomorphisms.

THEOREM 1.2. If ®: M — M is a nonintegrable symplectic diffeomorphism of
a connected symplectic manifold (M, w), then the Hamiltonian suspension of ®,
Xy, is a nonintegrable Hamiltonian vector field on the connected symplectic
manifold (N, ).

ProoOF. The same notation as in the proof of Theorem 1.1 will be used.
Suppose that J: N — R, then for all (m, t, s) € M X R?

(7*T)(@"(m), 1, 5) = (7*T)(Z,(m, 1, 5))
) = J(7(E,(m, 1, 5))) = J(n(m, 1, 5))
by definition of =
= (7*J)(m, t, 5).
Furthermore suppose that J: N — R is an integral of X, then for allu € R,
7*J (m, t + u,s) = 7*J (¥,(m, t,5)) where ¥, is the flow of T

= J(7¥,(m, t,5)) = J (¥,7(m, 1, 5))
(*) by definition of the flow ¥ of X},

= J(w(m, t,s)) since/J is an integral of X

=q*J(m, t,5),
that is, #*J: M X R? >R is an integral of X; = T. From (*) and (+*) we
obtain

a*J (®"(m), t,s) = 7*J (m, t + n,s) = 7*J (m, t, 5),
that is, for all (¢, 5) € R? the map 7*J (-, 1, 5): M > R: m — a*J (m, t, 5) is an
integral of the diffeomorphism ®: M — M which is constant by hypothesis.
From (++) we see that the map J: R->R: s> a*J(, -+, ) is well defined.
Since H: M X R® > R: (m, t, 5) - s, we have
H*S(m, t,5) = SH (m, t,5) = I(s) = 7*J (m, 1, 5).
Because H = H o m, *J = (H © 7)*J = x*(H*J) which implies J = H*J
since « is a local diffeomorphism. Therefore X}, is nonintegrable. [
2. Here we show that the polynomial mapping

(x + y*)cos 8 — ysinf

M:R*R: () -
~ ( ) (x +»*)sin 0 + y cos 0

Y
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where 8 /2 is irrational is a nonintegrable symplectic diffeomorphism of R?,
dx A dy).

The mapping M has the following properties: (1) for every positive integer
n, M*" has at most 3%" fixed points; (2) in every open neighbourhood U of 0
there is a positive integer p and a w € U \ {0} such that M¥w = w. Property
(1) is proved by the following argument which is taken from [SM, pp.
246-247). The map

M-LR:>R: (x)_) xcos @ +ysinf + (xsind — ycos §)’
4 —xsind + ycos @

is also a polynomial mapping. The point (}) is a fixed point of M 2 if and
only if (j-») = M~"(;) = M"(}) = () which is equivalent to the polynomial
equations

X_,—x,=0,

Yon = = 0.
Introducing complex conjugate “coordinates” z = x + iy, 7 = x — iy on R%,
the map M becomes z, = M(z, 2) = A(z + (i/8)(z — 2)*) and M ~! becomes
2., =M7Yz,2) =Xz + 1(i\z + A\7)® where A=e® A straightforward
induction argument shows that the terms of highest degree of the polynomials
x_,— x, and y_, — y, are respectively

X= a,,[cos g* — (xsin 8 — y cos 0)3"] and Y = a, sin §*

where a, = (sin )*+¥* """ +¥'”", Since a, # 0 for all n and sin  # 0, X and
Y are relatively prime polynomials which implies that x_,, — y,andy_, — y,
ave relatively prime. Hence by Bezout’s theorem x_, — x, and y_, — y,
have at most 3> common zeroes which proves property (1). To prove
property (2) we observe that the symplectic diffeomorphism S of an open
neighbourhood ¥ of 0 of R? whose generating function is

G (x,m) = xm — 35 (x* + xn?) + & (x* — 6x7* + %)

(recall that £ = G,, y = G, implicitly defines S) conjugates M into Birkhoff
normal form up to terms of order three, that is

-1, 2_Rp2 (X cos® —sind)(x R, (x,7)
SMSTLV CRSR: () (08D —sin®)(%) (Rz(x,y))
where ®(x,y) =0+ B(x*+y?), B=—3 and R, R, are real analytic
functions beginning with terms of order four. Since 8 # 0 we may apply the

Birkhoff fixed point theorem [SM, pp. 174-179] to obtain property (2).

We now suppose that H(x,y) = H,(x,y) + ... is a nonconstant real
analytic integral of M which begins with mth order terms m > 1. On
comparing mth order terms of H(M (x, y)) = H(x, y) we obtain
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*) H,(x,y) = H.(Ry(x, 7))

where
x\ _[cosb --sin0) x
Ro(y) (sin0 cos @ (y)
and /2 is irrational. Introducing complex conjugate co-ordinates z, z for
R? the real homogeneous polynomial H,, of degree m becomes

On(2,2)= 2 4,27
ptr=m
where ¢, = g,,. The map R, becomes R =)z, A = e®. Therefore (+)
implies Q,,(z, z) = Q,,(A\z, Az) which upon comparing coefficients gives
(x*) = AHX” 9 = A",

Since H,, #0, 0, #0 and therefore for some pg, 7o, g, , 7 0. Thus 1 =
Ato=0 = ilko=r00 by (**). Since §/27 is irrational (p — vo)(0/2w) is an
integer if and only if gy = v, Thus m = py + vy = 2y, > 2 and
- _m 2
0n(2,2) = a(z)"*= q(x* + y})"*= H,,(x,)

where ¢ = g, , # 0.

Upon dividing H by ¢ we may assume that the integral of M is of the form
H(x,y) = (x* + y»"/?* + H,,, (x,y) where H,,,, is a real analytic function
beginning with terms of order at least m + 1.

Modifying an argument in [M1, pp. 416—417] we construct a differentiable
diffeomorphism

P:4; =10, p[ X[0, 27[ —>R2\ {0}

such that M = P o M o P~': A; — A;: (4) - (4", ). First the mapping

. (R) S (%) =R cos®
P AR (0): (B) o () = (B o)

is a differentiable diffeomorphism with
P} (dx \ dy) = 1dR¥™ N\ a9

Second, we show that for p € 10, 1[ sufficiently small the mapping

P4, 45 (K) > (1) = (H(P.g&ﬂ»)

is a diffeomorphism.
Since det dP, =dh/9R = 1 +0H,,, ,(P,(R, #))/dR and
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aH,,,
sup “ (Pi(R,®))| <—p"™ ' sup |f(R,?)
(R,9)€4, (R,®)E4

0H,
where f(R, #) = cos % —— '"“ (RY/™cos &, R"/™sin &)

aH
+ sin 9 —-a—';ﬂ (R'mcos 3, RV/™sin )

< 1 p‘/"' l(p‘/'") ¢ since dH,,,,/dx, 0H,,,,/dy are real analytic
and begin with terms of order at least m.
Also ¢ = sup; fo.241| f(1, #)| does not depend on
p or .

=1 L gim,
for some p € 10, 1],
(+%) E(R9)>7
for all (R, #) € 4, and det dP, # 0 for all (R, #) € 4,,. Thus P, is a local
diffeomorphism. Because limg o+ h(R,#) =0, limgz_q+ OR(R, 3)/0R =1
and (*#), there is p € 10, 1[ such that for all ¢ € [0, 2#[ the function
hy: 10,p[ =10, 5[: R—> A(R, })

is a diffeomorphism. Thus P, is one-to-one and hence is a diffeomorphism.
Also (P, )*(1dR¥™ A dd) = p(h, 9) dh \ d} where p(h, &) =
(P5 ")*q(h, ¥) and

1

R #)=
1R 3) = R =2mon(R, 9)/0R

Since q(R, 0) > 0 for (R, #) € 4, by (++), p(h, #) > 0 for (h, }) € 4;. Put
P=P,o P, then

f = -o o~—]° - P h hl h
M= FBoMo Bt dz () (0.) (ﬂn)

because H is an integral for M. Also, by the way P was constructed and
because M is symplectic

€3 (M)*(p(h, 3)) dh \ @ = p(h, 3) dh A\ 9.
Integrating (+) over the set S:

0<hy<h< hy+n<p,
0< ¥ <9< ¥ <2n

gives
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h,3)dh N dd = |_. M*(p(h,®)dh N\ d¥) = h, &) dh N\ dd
Jp 3 dn N dd = [ N*(p(h, ) dh N ) = [ p(h D) dh A
that is,

1 ho+1 @7 ) 1 ho""'l( b
2 ho+n,3)dd | dn ==
7 (fo p(ho + 7, 8) nf fa P

(hy + 1, %) dﬂ) dh
which letting n — 0 gives

¥” 9 "
(+4%) L p(ho,ﬂ)d0=£f'p(ho,ﬂ)dﬂ for all hy €10, p[.

Finally, define the mapping Py: A;—A;: (5)— (%) where ¥(h, )=
2n[5p(h, 8) a8/ [5p(h, &) db.

Since p(h, #) > 0 for all (h, #) € 4;, ¥ is defined and maps [0, 27| into
itself. P, is a local diffeomorphism of A4 into itself since det dP; =9¥ /3¢ =
2ap(h, 4) > 0. Since

¥,: [0,27] =[0, 27[: & —> ¥(h, #)
is a diffeomorphism for every h €10, p[, P; is injective and hence a

diffeomorphism. _
LetP=P3°P=P3°P2°Pl—l,then

1 = o o P! 4. P h hl h
M=PoMeP Ty (1) (‘1’1) (‘I'.)

From (**+) we obtain
Y(ho, 3") = ¥(ho, ¥') = ¥,(ho, ') — ¥y(hes 1)

which implies that the function 4 — ¥,(hy, #,) — ¥(h,, ) does not depend
on ¥ and hence is a function a of Ay alone. Consequently

(f;) - (g) = (~If+ha<h>)'

For some positive integer p, M* has a fixed point (o) in P~ '(4;).
Therefore P (o) = ¢ ¥,) is a fixed point of M¥ in A;. But M 2"’(\,,) (\I,+2pa(,,))

( ) so 2pa(hy) = 2max for some positive mteger m. Thus M leaves the
curve h = hy fixed which implies M leaves the curve P ~1{(}) € 4;|h = hy}
which is impossible, since M2 has only finitely many fixed points. Therefore
the assumption that M has a nonconstant analytic integral is false; that is, M
is nonintegrable.

In [B] it is shown that the set 9N of real analytic symplectic
diffeomorphisms of (R?, dx A\ dy) with the following properties is generic.

M € 9 if and only if (1) M (0) = 0,

@) am(©) = (250 ~Sinf), where 0/27 s irrational,



NONINTEGRABLE ANALYTIC HAMILTONIAN VECTOR FIELDS 53

and (3) there is a sequence of positive integers m, — oo and points x, —0
such that x, is an isolated fixed point of M™, that is, there is an open
neighbourhood U, of x, such that M™ has no fixed points in U, \ {x,}.
Except in the last paragraph where property (3) is used to obtain the
contradiction, the above argument shows that every M € I is
nonintegrable.

3. Here we show that if M is a symplectic diffeomorphism of (R?, dx A dy)
with a finite contact homoclinic point, then M is nonintegrable.

The point 0 € R? is a hyperbolic fixed point of M if M (0) = 0 and dM (0)
has no eigenvalue of modulus 1. Since M is symplectic, dM (0) is conjugate by
an element of S/(2, R) to (} 9,,) where [A| > 1. Without loss of generality we
may assume that dM (0) = 5} ,) with [A| > 1.

The stable manifold of M at 0 is the set W5, (0) = {m € R?|lim,,
0} which is clearly M invariant, that is M (W;,(0)) C W;,(0).

Similarly the unstable manifold of M at 0 is the set Wjy(0) ={m¢€
R’[lim,_,,, M ~"m = 0} which is also M invariant. By the stable manifold
theorem [S, p. 7511 W;,(0) and Wy (0) are oriented injectively immersed
submanifolds of R? with tangent space at 0 equal to the y-axis and x-axis
respectively. Actually, by a theorem of Moser [M4, p. 674] there is a rectangle
R={¢) R |t <2d, |n} <2d,} and a symplectic diffeomorphism P:
R CR*>R% () > (§) such that

M'm =

—00

’

N =P 'MP:R CR*>R% (5)—’(51.) - E?/: i(gz;j))n

where P(0) = Q(0) =0and 1 = A + P(&n))(1/A + Q(&n)).

Thus W3 (0) N R is the n-axis in R while W3(0) N R is the ¢-axis in R.

Moreover for (¢, n) € R\{() € R|£ =0 or n =0} the following esti-
mates hold [£;| > A*|¢| and |n;] < 1/X|n| for some A* > 1 and X’ > 1, which
describe the hyperbolic behaviour of N in R.

A point p € R?\ {0} is a homoclinic point of M if p € W*(0) n W*(0).
The homoclinic point p is of finite contact if for some nonnegative integer k
the k-jets of W;,(0) and Wy, (0) at p are equal but the (k + 1)-jets at p are
unequal.

Now suppose that M has a homoclinic point p of finite contact. Since
P € W;;(0) there is a positive integer n such that 5 = M"p € P(R). Since

%(0) and W};(0) have finite contact at p and M is a diffeomorphism, they
have finite contact at 5. Hence there is § € Wj;(0) N P(R) with § & W;,(0)
N P(R) such that the connected submanifold of W} (0) with boundary
{P} U {4} has the same orientation as Wj;(0).

Let py=P"'5 and g, = P'§ = (). Then £ 0 because ¢, &
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P-Y(WE(©) N P(R)) = U and 7 % 0 because U is injectively immersed.

Iterating the inequality |£,| > A*|£| where A* > 1 shows that for every
¢ €0, dj[ there is a positive integer /, depending on ¢, and c, such that
€] > ¢, where () = N'g,. Thus 9 intersects theline{ = cor§ = — c.

Moreover, || < 2d,, since ¢, € R, implies |7j| < 2d,. Thus the inequality
|;] < 1/X’|7| where X’ > 1 may be iterated. Repeating the above argument
with p,,; = N%p, replacing p, shows that for an infinite sequence of distinct
¢; with |¢| < dy, U intersects the line segment /., = {¢) ER}¢ = ¢, |n] <
2dy} in an infinite set R, (here we use the fact that U is injectively
immersed).

Now suppose that M has an integral H with H(0) = h, then W};(0) C

H~Yh) for if me€ W4(0) then h = H(0) = lim,_,,, H(M ~"m) = H(m)
because H(M ~"m) = H(m).

Let H = H o P: R C R* > R?, then H is an integral for N = P~ lM}"'mR
and thus W C H ~'(h). Since R, has an accumulation point and H IR, =
H |l, = h by the identity theorem for real analytic functions. For every
n€E ]0 2d,[ consider the function

H;: (¢ |4<d} CR->R: > H ().

Because H |, = h, H ,(c.) = h for all n € ]0, 2d,[ and therefore H = h since
H is analytrc and {¢; } has an accumulation point.

Therefore H = h on R which implies H is constant. This contradicts the
assumption that H is an integral of M. Therefore if M is an integrable
symplectic diffeomorphism of (R?, dx A\ dy) then M has no homoclinic points
of finite contact.

A recent result of Zehnder [Z] shows that a generic set of symplectic
diffeomorphisms of (R?, dx A dy) have transversal (contact 0) homoclinic
points. Also numerical evidence seems to indicate that Moser’s polynomial
mapping in §2 has a homoclinic point, although the author knows of no
mathematical proof of this.
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