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DIFFERENCE EQUATIONS:
DISCONJUGACY, PRINCIPAL SOLUTIONS,
GREEN’S FUNCTIONS, COMPLETE MONOTONICITY!
BY
PHILIP HARTMAN

ABSTRACT. We find analogues of known results on nth order linear differen-
tial equations for nth order linear difference equations. These include the
concept of disconjugacy, Polya’s criterion for disconjugacy, Frobenius fac-
torizations, generalized Sturm theorems, existence and properties of prin-
cipal solutions, signs of Green’s functions, and completely monotone fami-
lies of solutions of equations depending on a parameter.

1. Introduction. In the linear nth order difference equation

n

(Pu)(m) = X a(m)u(m + j) =0, where a,(m) = 1, ap(m) # 0, (1.1)
j=0

assume that the independent (integral) variable m ranges over a finite interval
I=[a b)l={a,a+1,...,b} or an infinite interval I = [a, ©) = {a,a +
. }. The coefficients ay, . . . , a,_, are defined on I, while the solution u
is defined on the set I", where I" =[a,b + n] if I =[a,b] and I" = I if
I = [a, ).
It is known that if n = 2 and
(—1)"ap(m) >0, (1.2)
then analogues of the Sturm comparison and separation theorems for linear
second order differential equations are valid for (1.1); cf., e.g., [4, Chapter
XVI], where the algebraic signs seem to be incorrect in Theorem IV (see §6
below).

The object of this paper is to carry analogous results on linear nth order
differential equations over to (1.1). These include the formulation of the
concept of disconjugacy in §1, the analogues of Poélya’s [17] -criterion for
disconjugacy in §5, the generalized Sturm comparison theorems of [6], [7], [13]
in §6, discussion of the sign of Green’s function of [11], [12], [16] (cf. [2, pp.
105-109]) in §7, existence and properties of principal solutions of [6], [7] in §8,
inequalities for certain solutions in §9, and completely monotone families of
solutions of equations depending on a parameter [8] in §10. We illustrate the
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2 PHILIP HARTMAN

result of §10 with an application to Bessel functions. In §11, we consider the
existence of a positive solution of a (not necessarily disconjugate) difference
equation.

In order to define the concept of “disconjugacy” for (1.1), we generalize the
familiar notion of “node” in the case n = 2; cf. [4, p. 131]. These generaliza-
tions will be chosen to yield analogues of Rolle’s theorem; cf. Proposition 5.1
below. For a finite or infinite sequence of real numbers u: u(a), u(a + 1), . . .,
we say-that m = a is a “node” for u if u(a) = 0 and we say that m(> a) is a
“node” for u if either u(m) = 0 or u(m — u(m) < 0. The difference equation
(1.1) is called disconjugate on I" in the restricted sense or r-disconjugate if no
solution u Z 0 has n nodes on I". When I = [a, o0), (1.1) is called nonoscilla-
tory on I if every solution u 2 0 has only a finite number of nodes. [Cf. [4, p.
221], where n = 2, I is a finite interval, and (1.1) is called “nonoscillatory”
(instead of “disconjugate™) if no solution u Z 0 has two nodes on /' (instead
of 1%).]

When n > 2, we can use another concept of “node” and “disconjugacy”.
For a finite or infinite sequence of real numbers u: u(a), u(a + 1), ..., we say
that m = a is a “generalized zero” for u if u(a) = 0, and we say that m (> a) is
a “generalized zero” for u if either u(m) =0 or there is an integer k,
1 <k <m— a,such that (— Dfu(m — k)u(m) > Oand, if k > 1, u(m — k +
1)="--+ =u(m — 1) = 0. This is motivated by the fact that » should be
considered to have an odd or even number of generalized zeros on (m —
k, m] according as u(m — k)u(m) < 0 or > 0. The difference equation (1.1) is
called disconjugate on I" if no solution u Z 0 has n generalized zeros on I".
Obviously, if m is a node for u, then it is a generalized zero for u, so that
disconjugacy implies r-disconjugacy. It turns out that the two notions, discon-
Jjugacy and r-disconjugacy, are equivalent (§5).

If (1.1) is disconjugate on I”, then of course no solution u(m) = 0 has n
zeros on I”. But the converse is false (even if (1.2) holds), as can be seen from
the example

u(m +2) —2u(m + 1) + 3u(m) =0 form =0, 1. (1.3)

One advantage of introducing generalized zeros is that the following analogue
of a result [12] or [19] on differential equations becomes valid: (1.1) is
disconjugate (= r-disconjugate) if and only if u(»1) = 0 is the only solution
of (1.1) having k (> 0) successive zeros atm = a, ..., a+ k —landn — k
successive generalized zeros at m=j,...,j+n—k — 1€ I" for some
J = a + k. This is false if “generalized zero” is replaced by “node”, as can be
seen from the following example:

u(3) — 2u(2) + u(1) — u(0) =0 form =0,
u(4) — u3) + u(2) — u(1) =0 form =1, (1.4)
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with a solution %,(0) = 0, »,(1) = 2, ¥,(2) = 1, »,(3) = 0, and u,(4) = 1 with
zeros at m = 0, 3 and no other node, but a generalized zero at m = 4, and a
solution %,(0) = 0, u,(1) =0, u,(2) = 1, u,(3) = 2, u,(4) = 1 with zeros at
m = 0, 1 and no other generalized zero.

For a finite or infinite sequence u: u(a), u(a + 1),..., the maximal
number S *u [or minimal number S ~u) of sign changes of u is the largest [or
least] number of sign changes obtainable by replacing the zero elements by
arbitrary nonzero elements in the sequence; see, e.g., [S, p. 100]. S ~u is also the
number of sign changes when the zero elements are deleted; cf. [5, p. 100] and
[18, p. 37].

PROPOSITION 1.1. For a finite or infinite sequence u: u(a), u(a + 1), ...,
which is not identically zero, S *u is the number of generalized zeros of the
sequence.

44 (13

The concepts of “node”, “generalized zero”, and Proposition 1.1 do not
seem to appear in the literature of total positivity; cf. [S], [10]. The concept of
disconjugacy does appear in the following form (see [S, p. 281] for finite
dimensional vectors): The set of n finite or infinite dimensional vectors u;:
w(a), y(a+1),..., 1 <k <n,issaid to have the property T* if S*u <n
for all vectors u = cyu; + - - - + c,u, for all n-tuples (¢|,...,c,) #0. In
view of Proposition 1.1, this is equivalent to the disconjugacy of (1.1) when
u=uw(m), meI" and 1 < k < n, are linearly independent solutions of
(1.1).

The main results here, with the emphasis on the difference equation (1.1)
and results on m — oo, are different from those in [5], although some
arguments (involving standard identities on determinants) are similar. Many
of the proofs for (1.1) are similar to those for differential equations and, for
the sake of brevity, will be omitted or only indicated. The principal tools in
[6], [7], [13], [8] for differential equations are identities for Wronskian determi-
nants, Rolle’s theorem, and results of [9]. We enumerate equivalent identities
for determinants in §2, an analogue of Rolle’s theorem is Proposition 5.1
below, while results of [9] are stated for both differential and difference
equations.

2. Wronskian determinants. Below q, b, i, j, k, m, n, p and v denote integers,
and m denotes the independent (integral) variable. If 7 = [a, b] or I = [a, )
is an interval of integers, and j is an integer (< 0 or > 0) such that
j> —card I, then IV = [a, b + j]lor IV = [a, ), so that (I/)* = I** where
these are defined, and I/ = I for all if card I = co.

Except at the end of this section, the equation (1.1) is not involved. Thus,
since u,(a), w(a + 1), ... are arbitrary numbers, most of the results are or
are related to standard identities on determinants, but we use the terminology
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of “Wronskian determinants” for suggestiveness and economy of notation.
These identities are enumerated here for convenience in the most useful form
for us, generally without proofs.

For any function ¥ = u(m), we sometimes write

u foru(m) and u* foru(m +1). (2.0
As usual,

W(uy,...,w)= W(uy,...,u)(m)
= det(uj(m +i—1)), wherei,j=1,...,k, 2.1

is called the Wronskian of u,, ..., u, at m. If convenient, we write W* in
place of W to indicate that it is a k X k determinant in which the jth column
isu(m), ..., u(m + k — 1). We put A%(m) = u(m),

Au(m) = u(m + 1) — u(m) = u* — u and
k .
Ku(m) = 3, (= /(K Jutm + 5, 22)
j=0
so that A = Al, A¥ = A* 1A,
W(u, ..., w) = det(A"'u(m)), wherei,j=1,...,k 2.3)
A(u/v) = W(v, u)/vo*. (24)
We have the following obvious identity
k=1
W(uy,...,u)=Wu/ov,...,u/v) Ho o(m + p), (2.5)
“-
when v # 0. On replacing kK by k + 1, (4, . . ., ) by (4, . . . , %4) and v by
ug, (2.5) implies
k
WE ug, . .., ) = WA(uy/ug), - . ., A1,/ ug)) IIO uo(m + p).(2.6)
p=

By (2.4) and the case v(m) = uyuy* of (2.5), (2.6) gives

k=1
WE[ W2 (ug, wy), . . ., Wug, )] = W  (ug, . .., u) 11 ug(m + p).
p=1

2.7)

The relations (2.6), (2.7) and an induction on j lead to a variant of Sylvester’s
theorem (cf. [, p. 15)),

W W uy, w00, W (. u, 0) |
k=1
= W**(uy, ..., u,0,...,10) I wiu,, ..., w)(m + p).  (2.8)
p=1

By (2.4) and the case £k = 2 of (2.8),



DIFFERENCE EQUATIONS 5

A Wit uy, ..., u,w) Wit (uy, ..., w0, W)W (uy, ..., u)*
Wt uy, ..., u,0) Wit (uyy .oyt YW (- s 1, 0)
(29)

Arguments similar to those used for the proof of Corollary 2.2 of [6, p. 311]
(cf. also [S, pp. 297-298)) give

Wk(x, Uy o« o l?,—, e ey uk)wk_l = Wk—l(x, Upy o« oy ﬁj’ e e ey uk_l)wk
+ W upy o u YW Uy, o ), (2.10)

where #; indicates the omission of u;, x = x(m) is arbitrary, and

W = w(m) = W(uy, ..., u). (2.11)
PROPOSITION 2.1. Let k > 2 and
wo=1 and w; >0,...,0,>0. (2.12)

Then,for 1 < j < k — 1,

Wh(x,upy ooy oo, 1)
k
=0 X W N uy ooy )W Uy, Uy ) 0, (213)
r=Jj

where W(x, uy, ..., u,_) = x for p = 1 and W™\ (u,, ..., 4, u,) = w_, for
p=J

If j = k — 1, (2.13) follows from (2.10). In particular, the proposition holds
for k = 2, and the general case of (2.13) follows from an induction on k by

substituting the case k — 1 of (2.13) into (2.10); cf. [7, p. 442].
We can verify

W WK Ny ool ) =Wy, )

+ W uyy oy w)0R (2.14)
for1 < j < k and k > 2 by writing (2.14) in the form

2 k—1 - — k-2 B *
Wy, Wiy ooty u) | = oWy, o )Y,

and applying (2.8) when k =2 and j + 1 = k — 1. An induction on k then
gives the following proposition (in which (2.15) for j = k — 1 is implied by
(2.19)).

PROPOSITION 2.2. Let k > 2 and (2.12) hold. Then, for 1 < j <k,
k
WEt(uy, ooty ) = 2 W Ny e w0 0,0

n=j

(2.15)
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DEFINITION. We say that the set of functions u,, . . ., u,_, is a w,(I)-system
if they are definedon I, card 7 > n — 1, and
w(m) = W(u,...,u)(m)>0 formeI'"%¥1<k<n (216)
Also, u,, ..., u,_, is a W, (I)-system if

Wk(u,.(l), ey u,.(k))(m) >0 forme Il_k, 1 <k< n, (2.17)

for every set of indices 1 < i(1) < - - - <i(k) <n. .
DEFINITION. We say that a set of functions u,, ..., u,_, is a W, (I)-system
if they are defined on I, form a w,(I)-system, and satisfy

W luy, ooy, )(m) >0 form € 17K 1< <k <n.

(2.18)
Introduce the notation,

D(i(1), ..., i(k); p(1), - . ., pn(k)) = det(u,)(n(9)), P, a =1, ..., k),

(2.19)
is the determinant in which the pth column is (4, (p(1)), - - - ; %, (1(K))),
where i(1) < - - - <i(k)and u(1) < - - - < w(k). Also, let

D(p(1), ..., (k) = D(1, ..., k; p(1), ..., p(K)); (2.20)
so that, in particular, W(u,, ..., w)(m) = D,(m,..., m+ k — 1).
DEFINITION. We say that the set of functions u,, . .., u,_, is a Dw,(I)-sys-
tem if they are definedon I,card 7 > n — 1, and

for 1 <k <n and all sets of indices p(l) < - - - < u(k), u(y) € 1. Also,
Uy ..., U,_, is a DW, (I)-system if

D(i(1), . .., i(k); p(1), ..., m(k)) >0 (2.22)
for 1 <k <n and all sets of indices 1 <i(l) < - - <i(k) <n, u(l)
<--s <k, p() € L
In [6], we introduced the terminology of w,- and W, -systems of functions
as we were not aware of earlier terminology for these notions. We have
continued this notation here to facilitate the adaptation of the proofs of [6],
[7] to the situation here. We should remark that the theorem of [S, p. 296]
shows that a Dw,(/)-system is a Markov system in the sense of [S]. Also,
uy, ..., u,_,is a Dw,(I)-system if and only if it is a Descartes system [10, p.
25).

PROPOSITION 2.3. Let u,, . . ., u,_, be a w,(I)-system. Then a necessary and
sufficient condition that u,, . . . , u,_, be a W,(I)-system is that
W, ...,u)(m)>0 for1<j<k<n (2.23)
hold for m = a,
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This is a slight generalization of a theorem of Fekete [3] in which the
assumption is that (2.23) hold for all admissible m.

PrOOF. The necessity of (2.23) is clear. In order to prove the converse, we
first show that (2.23), for m = a, and (2.16) imply that, for m = a,

Wy, - - - tigy)(m) >0 forl <k <n (2.29)
and arbitrary sets of indices 1 < i(l) < - - - <i(k) <n.Thisisclearif k = 1
or k = 2. And if we assume the set of inequalities in (2.24) for a given k at
m = a, then they follow for k + 1 from Proposition 2.1.

Thus the proof will be complete if we show that (2.23), for m = a, and
(2.16) imply (2.23) for m € %, The inequalities (2.23) hold for 1 = j < k <
n, by (2.16). Assume their validity if j > 1 and j is replaced by j — 1. Note
that A(w;/u;_)) = W(u_,, w)/u,_u*, >0 for m € I~". Thus u(m) >0,
by (2.23) at m = a, implies that u,(m) > 0 for m € I. This gives (2.23) for
k = j. Assume its validity if k is replaced by k — I, when 1 <j < k- 1<n
— 1. By (2.9),

A{ W, ...,u) W)W (. ue )t
Wty ty_y) Wiy oo sty )W (g ooy )

By a similar argument, W(u;, ..., %) >0form € P~ This completes the
proof.
As an immediate corollary, we have

PROPOSITION 2.4. Let u,, . . ., u, be a W, (I)-system,card I > n + 1. Let
ug(m), m € I, satisfy W(ug, ..., u) >0 for me I'™%, 0 <k <n. Then
Ugy « o« » Uy Is @ W, o(I)-system.

An analogue of Proposition 2.3 is

PROPOSITION 2.5. Let uy, . . . , u,_, be a w,(I)-system and satisfy
W(uy, ..., 8, ..., 4)a@) >0 for1 <j<k<n. (2.25)
Then uy, ..., u,_,isa W,,(I)-system, i.e., (2.18) holds.

PROOF. It is clear that (2.18) holds for m € I?~* for k = 2 with 1 < j <k.
Assume the validity of (2.18) if k > 2 and k is replaced by k — 1,1 < j <k
—1<n—-1By(28),withk=2andj+ 1=k —1,

Wz[ W luy ooy Wert(uy, o oos e o uk)]
= W(up ..., )W uy, ..., 0, ..., u,_,) > 0.
Hence by the definition of W?,
W(uy, ooy, m)*

> Wy oot ) Wy, ooy w)/ Wy, e, )
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and so, the inequality (2.18) is obtained successively for m=a + 1, a +
2,.

PROPOSITION 2.6. Let I be a finite interval and let (1.2) hold in (1.1). Let
u,...,u,_, be a w(I)-system [and/or a W, (I)-system]. Then there exist
Sfunctions uy(m) and u,(m), m € I, such that uy, . .., u,_,and u,, . .., u, are
W, 1(I)-systems [and/or W, (I)-systems), also (—1)"Puy > 0 and Pu, > 0
forme I

It suffices to choose uy(m) = ¢™ and u,(m) =A™ for sufficiently small
e > 0 and sufficiently large A > 1.
Recall that a standard result on Wronskians of solutions of (1.1) is

PROPOSITION 2.7. Let u,, . . . , u, be solutions of (1.1). Then
W(uy,...,u)(m+1)=(=1"a(m)W(u,,...,u,)(m) formel
(2.26)

3. Reduction to first order systems. In order to make the results of [9]
available, it will be convenient to write the nth order linear difference
equation (1.1) for the scalar u as a suitable first order difference equation for
avectory = (y,,...,y,); cf. [7, pp. 443-445].

ProrosITION 3.1. Let u,,...,u, be a w, (I")-system. Then (1.1), for
m € I, is equivalent to a first order system
Ay = —Ay, ie,y(m+ 1) = (I — A(m))y(m) form € I, 3.1)
where A(m) is an n X n matrix function for m € I,
Ve =W-(uuy, ..., u_)/w, forl <k <n(sothaty, = u/u;), (3.2)
and (3.1) can be written as

Ay, = — Y1/ for 1 <k <n, (3.3)
n n
Ay, = = (wr_,/wy7) 21 kZ.(— D" (Pu)W(uyy ..oy by ooy )i/ sy
j=1 k=j
(34)
Also, we have
det(I — A) = (= 1)"agw,/ws. (3.5)
Ifu,, ..., u,is a set of solutions of (1.1) or is a V~V,,+,(I")-.system and
(-1)""(Pu) >0 formel,1<j<n, (3.6)

then the entries of the matrix A are nonnegative on I and if, in addition,
(= D'ay > O, then the entries of (I — A)™! are also nonnegative on I.

PROOF. By the definition of y, in (3.2), (2.9) implies
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Ay, = =W Y u, uy, . .., w)wf_/wwf forl <k <n; 3.7
in particular, (3.3) holds. When u is a solution of (1.1), we obtain

n
W uuy, .. u) = 2 (D)"Y (Pu)W(u,uy, b, u,)
Jj=1

by adding «; times the ith row of the matrix in W”*! to the last for
i=0,...,n— 1, and expanding along the last row; cf. [7, p. 444]. Hence
(2.13), with k = n, and (3.2) imply (3.4). The arguments leading to (3.3)«3.4)
are reversible, so that (1.1) is equivalent to (3.3)~«3.4) by virtue of (3.2).

If x = (x,...,x,)is a vector, then we can write the equation (I — A)x =
y as

X = MXpoq + i forl < k < n, where A\, = w,, ,08_ /Wy,

X, = > Auxi + ¥, (3.8)
k=1
where, by (3.4),
k .
= (f»v:‘_./tv,t‘)jgl (=)"™M(Pu)W(uy, .., gy . )[4y (39)

Thus, we have

(HJ\)+2yj(HA’,) for1 < k <n. (3.10)

n=k Jj=k p=k
Hence

J=k \p=k

[1 - 2 A,,k(“I_IkA“)] 2 A, 2 ( II )\u) +y,. (G11)

A simple induction on n shows that

det(I — A) =1— 2 A,,k( II A) (3.12)
k=1 p=k
By the definition of A,, . . ., A,_, in (3.8), we have
j—-1
II A =wwt /e, for2<j<n, (3.13)
v=k
so that w¥ det(/ — A) is given by
w +(_l) w, 21 2 ( l)j+l(Puj)W(ul,...,1":,-,...,uk)w,:_l/wk_lwk.
- j-
(3.19)

If we interchange the order of summation over j, k and note that Py; =
Za(m)u(m + i), (3.14) becomes
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n n

af + (1'a 3 a3 (=17 ulm + )

n
* 2 W(ul, e e 0y ﬁj’ « e ey uk)w]:_l/wk_lwk.
k=j

Applying (2.15), with k = n, to the inner sum, this becomes
n n )
G+ (D" o> (- uy(m+ YW (uy, ..., u)% (3.15)
i=0 j=1

The inner sum over j represents the expansion along the first row of the n X n
determinant in which the first row is (u,(m + i), . . . , u,(m + i)) and the kth
row is (u(im + k—1),...,u,(m+ k — 1)) for k =2,...,n. Thus the in-
ner sumisOfori=1,...,n— 1, and is w, and (—1)""'w* for i = 0 and
i = n. Hence (3.15) is (— 1)"ayw, (since a, = 1). This proves (3.5).

The last assertion in Proposition 3.1 is clear from (3.3)«(3.4) and from

(3.100-(3.11).

PROPOSITION 3.2. Assume (1.2) for (1.1). Let u,, . .., u, be a w, . (I")-sys-
tem,u,,...,u,_,a W, (I")-system, and
(—1)"+quj >0 onlforl <j<n. (3.16)
Then, for m € I, (1.1) is equivalent to a first order system for a vector
z2=(z...52,),
Az = —Bz, ie, z(m+1)=(I— B(m))z(m) forme I, (3.17)
where B(m) is an n X n matrix function for m € I,

= Wr(u,uy, ..., u_ )/, forl <k <n, (3.18)
z, = TW™u,uy, ..., u,_1)/ @, (3.19)

T = 1(m) > 0 for m € I", and (3.17) can be written as
Az, = —zp @i WE—/ywf forl <k <n-—1, (3.20)
Az, = _znwnw:—Z/wn—lw:—lT’ (321)

n—1 k .
AZ" = - (T*w:—l/w:) kzl 2] (— l)n+J(Puj) W(ul’ ey ﬁja LI uk)zk/wk—l;
== J:

(3.22)

also, det(I — B) > 0, and the entries in B and in (I — B)™! are nonnegative
Jor me I

ProoF. We indicate how to obtain this from Proposition 3.1. Make the
change of dependent variables given by z, = y, for 1 < k <n and z, = 1y,.
Thus (3.20)—(3.21) follow from (3.3). Write (3.4) as

n—1 n—1

ye—(1- Ap)n = — kzlAnk)’k = - kEl Az
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If we multiply this equation by 7* = 7(m + 1), we obtain (3.22) provided that
T(m) = (1 — A4,,)r(m + 1). Note that, by (3.5) and (3.12),

n—1 n—1
l—AM>2A,,k(H)\,)>O.
k=1 ve=k

Thus, we can choose 7(m), m € I, by letting 7(a) = 1 and

lm + 1) = 7(m)/ (1 = A) = 1/ T (1 = 4.

The equation (I — B)x = z can be written
xk=Akxk+]+Zk fOI‘l <k<n_ 1, xn_l=An_1xn/T+Zn_l,
where A, is defined in (3.8), and
-1

n
X, =T* 2 Ay X, + z,.
k=1

By the arguments in the last proof, we see that

det(I — B) = 1 — (r*/7) "ikA,,k("ff x,) = (1 = 4,)"'det(I — 4),
k=1 v=k

and that the entries in B and (I — B) ™! are nonnegative.

4. A factorization theorem. Standard textbooks give a “variation of con-
stants” formula for the solution of linear inhomogeneous difference equa-
tions, but do not state it in the following form. Let U(m, »), defined on
I" X I, be the Cauchy function for (1.1); i.e., for fixed » € I, u(m) = U(m, »)
is the solution of (1.1) satisfying the initial conditions

Um,v) =0 form=v+1,...,v+n—1 and U+ n,»)=1.
(4.1)

The condition ay # 0 is needed to assure the definition of U(m, ») for
a<m<v.Ifu,...,u,arelinearly independent solutions of (1.1), then

Ulm,v) = 2 (=1)"u(m)W(u,, ..., 40, ...,u)»+ 1) /o, +1),
Jj=1
4.2)
where the sum is the n X n determinant in which the jth column is ((v +
), ..., u(» + n — 1), u(m)). In particular,
U(m, m) = (= 1)""'w,(m)/w,(m + 1). (4.3)

PROPOSITION 4.1. The unique solution of

(Po)(m) = f(m) forme Lo(a)=---=v(a+n—1)=0, (44)
is given by
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m—1
o(m) = X U(m, v)(v) forme I" (4.5)
Note that if 7 = [a, b] is finite, then (4.1) implies that U(m, ») = 0 in (4.5)
for m € 1" — I, v > b, so that we should replace the sum by one over the
range a < » < max(m — 1, b) or define f(m) arbitrarily for m > b.

PROPOSITION 4.2. Let 1 < k < n and u,, . . ., u, be solutions of (1.1) such
that o = W(uy, ..., ) 7 0on I""%*1. Then there exists a unique difference
equation of order n — k,

n—k
Po= 3 B(mo(m+,)=0, mel, (4.6)
j=0
such that
Bi—k =1 and By = (—1) agw,/w} #0, 4.7)

and v is a solution of (4.6) if and only if there is a solution u of (1.1) such that,
on 1"k,

v=W(uu,...,u). (4.8)
This corresponds to the Mammana [15] type of factorization for linear

differential equations (and an obvious analogue of the proof of Proposition
4.2 below can be used to give a new proof of Mammana’s theorem). Let

k
Pw=Ww,uy,...,u)= 2 y(m)w(m+j), me Ik (4.9)
j=0

where yo(m) = w? # 0 and y,(m) = (— 1)*w, # 0. Then Proposition 4.2 im-
plies the factorization

P = PP, (4.10)

PrROOF. Let W(m, v), defined in I” X I"~ % be the Cauchy function for
(4.9), i.e., for fixed », w(m) = W(m, ») is the solution of

P,w =0, w=0 forr<m<v+k and w=1 ifm=v+ k.

(4.11)
Define u = P, 'v as the unique solution of
Pu=v and u=0 form=a,...,a+k—1,
so that
m—1
u=P o= > W(m,r)o(v) forme I" (4.12)

yv=q

We define P,v by P;v = PP, 'v, and show that it has the desired form (4.6).
To this end, note that, fori =0,...,k — 1,
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wm+ ) ="S Wm+ i, vyo(»)

y=q
and that,fori=k%,...,n,

m+i—k

u(m+ i) = ygm W(m + i, v)o(v) + :‘2‘: W(m + i, v)o(»).

Since w(-) = W(-, ») is a solution of P,w = 0 and hence of Pw = 0, it is seen
that P,v = Pu s

n m+i—k n—k
Po= gk a,(m) vgm W(m + i, v)o(y) = 20 B (m)o(m + j),

where the coefficients

n
B(m)= X a(m)W(m+i,j+m) forj=0,...,n—k,
imj+k
are defined for m € I. It follows that 8,_, = a, = 1 and, since PW(-, ») =
0,

k-1
Bo= — 'go a(myW(m + i, m) = —ay(m)W(m, m).

As W(m, m) = (— 1)~ 1w, /w? by the analogue of (4.3), the proof is complete.

5. Disconjugacy. In this section, we prove most of the following result. The
proof is completed in §8 where we obtain the implication (c) = (e) for infinite
intervals.

THEOREM 5.1. The following are equivalent:

(a) (1.1) has a w, . ,(I1")-system of solutions;

(b) there exist positive functions p,(m), m € I"~**! for 1 < k < n such that
if Au = A(pru) = pp(m + Du(m + 1) — p,(m)u(m), then

Pu =pn+|An ct Alu =pn+lA{PnA[ U A(plu)]}’ (51)
where p,., = 1/p,- - - p, form € I,

(¢) (1.1) is disconjugate on I"™;

(d) (1.1) is r-disconjugate on I"™;

(e) (1.1) has a DW,,  (I"™)-system of solutions;

(f) u(m) = O is the only solution of (1.1) having k (> 0) successive zeros at
m=a,...,a+ k—1 and n — k successive generalized zeros at m =
Jrovsj+ n—k—1forsomej,a+ k< jeE It

@) ifu=w(m),m € I"and 1 < k < n, are linearly independent solutions of
(1.1), then the determinants D,(p(1), . .., w(n)) do not vanish and are of the
same sign for all p(1) < - - - < u(n), u()) € I".

The factorization (5.1) of P is the analogue of the Frobenius factorization
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(cf. Polya [17]) for disconjugate differential equations. By virtue of Proposi-
tion 1.1, the equivalence of (c) and (g) is a theorem of Krein and Gantmacher
[, Satz 1, p. 283] (where “m > n” should be replaced by “m > n”).

We can also formulate necessary or sufficient conditions for the discon-
jugacy of (1.1) in terms of its coefficients. To this end, let ® = (¢,,,) be the
rectangular matrix, with j € I as row index and m € I" as column index,
defined by

Sm =0, ¢, =a,_(m) or ¢,=0 (5.2)

according as a < m <j, j < m < j+ n, m >j + n. Thus if one considers
u = u(m) as a vector (u(a), u(a + 1), . . .), then Pu = ®u. Put

(1), ...,jk); u(1), ..., u(k)) = det(@(,-),“(m); im=1,...,k) (53)
fora<jh)<---<jk)elLa< p(l) < --- <wk) e I" also

o, (n(1),...,wk))=®(a,...,a+ k—1;ul),..., k). (54)

The Krein-Gantmacher criterion (g) will be used to prove the first part of the
following theorem in which there is no loss of generality in assuming that 7 is
finite. We shall use an induction on »n and the factorization of Proposition 4.2
to obtain the second.

THEOREM 5.2. Let I =[0,b], d=cardI = b + 1. (i) A necessary and
sufficient condition for (1.1) to be disconjugate on I" is that

()T AETDEEED (u(1), - . ., w(d)) > 0 (5:5)

Jor 0 < p(1) < - - - < u(d) < b + n. (il) A necessary condition for (1.1) to be
disconjugate on I" is that

(- D) HOTEDQ(i(1), . . . j(R); p(D), - ., w(K) >0 (5.6)
Jor 0 < j() < - <jk)<d, 0< (1) < - -+ < (k) <b + n, except in
trivial cases resulting from ¢, =0if 0 <m<jandj+n<m<b+n;in
particular,

(- 1)"+j¢:zj-(m) >0 forO0<j<nme€El (5.7

In particular, a necessary condition for disconjugacy is that the rectangular
matrix (— 1)"® be “sign regular”; cf. [S, p. 86]. The necessary conditions (5.7)
are not sufficient; cf. the example in (1.4).

We first prove Theorem 5.1 and then Theorem 5.2.

PrROOF OF THEOREM 5.1. In this section, we prove the implications a < (b)
and (a) = (c¢) for arbitrary intervals I, and the implications (d) = (a), (a) =
(e), and (f) = (a) for finite intervals, while (c) = (d), (c) = (f) and () = (a)
are trivial. This gives a complete proof of Theorem 5.1 for finite /. Theorem
8.1 below gives (c) = (e) for infinite intervals. As (d) = (a) and (f) = (a) on
finite intervals imply (d) = (¢) and (f) = (c) on arbitrary intervals, the validity
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of Theorem 5.1 for infinite intervals follows.

On (a) = (b). This can be obtained from Proposition 4.2 and an induction
on n or, as we shall proceed, directly from Proposition 3.1. Let u,, . . ., u, be
a w,, ,(I")-system of solutions. Then (1.1) is equivalent to the first order
system (3.3)+3.4), where (3.4) is merely Ay, = 0. Hence (5.1) holds with
pr=1/u,pp = 0 /ywf_rfor2 <k <n,andp,,,=1/p,- - - p, =
W, W _,Ww,.

On (b)= (a). Define u, successively for Kk = 1,...,n as solutions of
A, - - - Ay, = 0 such that w, > 0; cf. Proposition 2.7.

We shall use here (and later in the paper) the following analogue of Rolle’s
theorem.

PROPOSITION 5.1. Suppose that the finite sequence v(l), ..., v()) has N;
nodes [or generalized zeros] and that Av(l), . .., Av(j — 1) has M; nodes [or
generalized zeros). Then M; > N, — 1.

Proor. The proposition is obvious if j = 2. Assume j > 2 and that the
proposition is valid if j is replaced by an integer i <j. If N; = N;_,, then the
proposition holds. Suppose therefore that m = j is a node, so that N; = N,_,
+ 1. We can also suppose N,_, > 1.

Case 1.v()) = o(j — 1) = 0. Clearly, M; = M;_, + 1.

Case 2. v(j) = 0, v(j — 1) # 0, say o(j — 1) > 0. Let m = i be the largest
node for o(1), v(2), ..., withi < j — 1. Hence N; = N,_;and M; > N;_, —
1. We consider the alternatives v(i) = 0 or v(i)v(i — 1) < 0. In the first
alternative, i <j — 1 and v(i + 1) > 0, so that Av(i) > 0, while Av(j — 1) <
0, so that M; > M; + 1 > N,_, = N; — 1. In the second alternative, o(j — 1)
> 0 implies that v(i) > 0, v(i — 1) < 0, so that Av(i — 1) > 0. Again Av(j —
1) < 0 implies the desired result.

Case 3. v(j)v(j — 1) < 0, say v(j) < 0, o(j — 1) > 0. The arguments here
are as in the last case.

This proves the proposition for the case of “nodes”. Similar arguments are
valid in the case of “generalized zeros™.

On (a) = (c). In order to verify (a) = (c), assume (a) and that u,, ..., u,
are defined as in the proof (a) = (b). Suppose, if possible, that (c) does not
hold, so that (1.1) has a solution ¥ 2 0 which has at least n generalized zeros

on I". Then there'is a k, 1 <k < n, such that u = c,u; + - - - + qu,
¢ #0, and so A,_,-- - Aju = const w, # 0 does not change signs on
I"~**1 But this contradicts Proposition 5.1 which implies that A, _, - - - Au

has at least n — k + 1 > 0 generalized zeros on 1"~ %*1,
We next verify the following result which seems of interest in itself.

PROPOSITION 5.2. Suppose that (1.1) is r-disconjugate on I". Let u = ud(m),
m € I" and 1 < k < n, be a solution of (1.1) satisfying the partial set of initial
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conditions
u(m)=0 fora<m<a+n—k and (=D 'u(a+n—-k)>0.

(5.8)
Then, for 1 < k < n,

D(p(D),...,m(k)) >0 fora+n—k< ul)eI* ' (59
and all sets (1) < - - - < w(k), u(j) € I". In particular,
d(m)y=W(ul,...,u)) >0 fora+n—k <meI""**'. (510)

PROOF. It is clear that (5.9) holds for kK = 1. Suppose that 1 <k < n and
that (5.9) holds if k is replaced by k — 1. Suppose first that, if possible,
D (p°1), ..., p%k)) =0 for some set of indices a + n — k < p°(1)
<+ -+ < p%k). Then, since ay(m)# 0, there is a solution u = cu}
+ -« +cul=0 of (1.1) such that u(m)=0 for k values of m =
po(1), . . ., p%k). But u(m) = 0 also for the n — k valuesof m=a,...,a +
n—k — 1 (< p(1)), so that u = 0 has n nodes. Hence D,(p°(1), . . . , p°(k))
= (0 cannot hold.

Arrange the possible sets of indices (u(1), . . ., p(k)) lexographically. It is
clear, from (5.8), that the inequality in (5.9) holds for the first set of indices
(p(), ..., mk))=(a+ n—k,...,a+ n— 1). Suppose that there is a first
set of indices (p'(1), ..., u'(k)) such that D,(p'(1),...,n'(k)) <O. Let
(p°(D), . . ., p%k)) be a set of indices preceding (u'(1), . . . , u'(k)) which has
k — 1 elements in common with it, and which has the property that, for some
index J, p°(J) # p'(j) and po%J) + 1 = p'(J) # %) for 1 < j < k. Since
(1.1) is r-disconjugate, there exists a solution # such that

u(m)=0 form=a,...,a+n—k— 1landm = p°3),j #J,
u(m) #= 0 form = p°(J).
Thus u is a linear combination u = c;ul + - - - + ceup of uf, ..., u) and
¢, # 0. We can therefore suppose that ¢, = 1 and, in fact, we can consider u

to be u, (without affecting any of the considerations above). Thus
D,(p°(1), . . ., u%k)) > 0 implies that

('— l)k+1uk( MO(J))Dk—I(f"O(l)’ AR ] ﬁo(")’ MR ] I"O(k)) > 09
while D, (p'(1), . .., pl(k)) < 0 gives

(=) u (W' D) Dy (B (), - - -, G, - -, 1 (R)) <O,
so that u, (p%(J))u,(p'(J)) < 0. Hence u = u, has a node at m = po(J) + 1
= p!'(J) # u°Q). But then u, has n nodes which is impossible. This completes
the proof of Proposition 5.2.
On (d) = (a), I finite. For t > 0, let u = u{(m), 1 < k < n, be the solution
of (1.1) determined by the initial conditions
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u(m) = (=D Yynk*a-m/(n—k+a—m)! form=a,...,a+n—k,
uf(m)=0 form=a+n—-—k+1,...,a+n-1,
where 0° = 1, so that u/ satisfies (5.8) for + = 0. Hence w = W(u{, ..., u))
satisfies

wi(m) > 0, 1<k<n, (5.11)

fort=0,a+n—k <me€I" % by (5.9). It can also be shown that (5.11)
holds for t >0 and a < m < a + n — k by noting that w/(m) on this
m-range is a Wronskian determinant [= det(d’'~'x;/dt'~")] of k of the func-
tionsx; = * #//jlforj =0, 1,...; cf.[5, p. 322] or [4, Lemma 8, p. 95].

Since [ is a finite interval, it follows from the case r = 0 in (5.11) and from
continuity, that (5.11) holds for small t >0 and a+ n — k <m € "k,
Consequently, for small 1 > 0, 4, . . ., ¥} is a w,(I")-system.

On (a) = (e), I finite. This can be proved by an induction on n. We omit
the proof as it can be modeled on the proof [6, pp. 319-320] of the necessity
of B,(I) in Theorem 1.1, p. 309; cf. the proof of Theorem 6.1 below.

On (f) = (a), 1 finite. 1t is clear that the last part of the proof (d) = (a) can
be adapted here if we verify

PROPOSITION 5.3. Suppose that (1.1) satisfies (f). Let u = ud(m), m € I and
1 < k < n, be as in Proposition 5.2. Then (5.10) holds.

PrROOF. It is clear that (5.10) holds for k£ = 1. Suppose that 1 < k < n and
that (5.10) holds when k is replaced by i < k.

Note that (f) implies that (5.10) holds if “> 0 is replaced by “# 0”. For if
wP(mg) = 0 for some my, a + n — k < my € I""**!, then a linear combina-
tion (2 0)of u?,...,udhasn — kzerosatm=a,...,a+n—k — 1 and
k zeros at m = my, . .., my + k — 1. Note also that wd(@a + n — k) =1 > 0.

Suppose, if possible, that there is at least mg, a + n — k < my € 1"~ %+,
such that wd(my + 1) < 0. By virtue of (f), (1.1) has a solution u = u(m)
satisfying

u(m) =0 form=a,...,a+n— k-1,

u(m) =0 form=my+ 1,...,my+ k — 1and u(m,) # 0.
Thus u is a linear combination u = c,u? + - - - + c,u with ¢, # 0. We can
suppose first that ¢, = 1 and second that u = u?. Then w2(my) > 0 and
wp(my + 1) < 0 give

(=D ' u@(me)wl_(my+ 1) >0 and ud(my + k)w?_,(mg) < O.

Since w?_, > 0 by the induction hypothesis, we have (— 1)Yud(mg)ud(m + k)
>0 and hence m = my + k is a generalized zero for u = u. This is a
contradiction, and completes the proof.

PROOF OF THEOREM 5.2(i). Let u,, . . ., u, be linearly independent solutions
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of (I.1) and w, = W(u,,...,u,). Then, by (g) in Theorem 5.1, (1.1) is
disconjugate on /" if and only if
D,(»(1),...,v(n))/w,(b+1) >0 forO<»(1)<--- <v(n)<b+n
(5.12)

In particular, (1.2) is necessary for disconjugacy; cf. Proposition 2.7. Thus,
the desired result follows if we show that

O (u(1), ..., w(d)) = (=1)°F' +(""’+2"(’"’[ II ao(m)]

mel
D, (v(1), ..., »(n))/w,(b + 1), (5.13)
where the sets of integers { u(1), . . ., u(d)} and {¥(1), . . ., »(n)} are comple-

mentary sets in I” = [0, b + n].

In order to verify (5.13), let W be the n X n matrix having the determi-
nant w,(b + 1), ie, W® = (u(m + b)), j,m =1, ..., n, and let ®® be the
d X d matrix consisting of the first d columns of ®, so that det @ =
a(0) - - - ag(b), since the elements below the main diagonal are 0. Let ® be
the (d + n) X (d + n) matrix in which ® is the set of first 4 rows, the n X n
matrix (W®)~!is in the lower right corner, and the other elements in the last
n rows are 0. Also, let M be the (d + n) X (d + n) matrix in which the last n
columns are (#4,0), ..., u (b + n)), k=1,...,n; (®9)! is in the upper
left corner, and the other elements in the first d columns are 0. As Py, = 0, ®
annihilates the last n columns of M. Hence ® and M are inverse matrices,
and (5.13) follows; cf., e.g., [5, p. 15].

REMARK. Before beginning the proof of part (ii), we might mention that
certain cases of (5.6) are immediate consequences of part (i). For example, if
we replace I = [0, b] by a subinterval [a,, a, + k — 1], then (5.6) follows in

the nontrivial cases of (j(1),...,j(k)) =(ay,...,a, + k — 1). Also, since
Pu= W(u, ..., u, u)/w, (5.7) follows from
. S
(-D)"Va(m)=D,(m,...,m+],...,m+ n)/w, (5.14)

The proof of (ii) can be completed by the use of a Fekete type of theorem; cf.
Proposition 2.3. We indicate another type of proof.

PrROOF OF THEOREM 5.2(ii). If (1.1) is disconjugate on I”, then there exists a
solution u = uy(m) > O such that if one applies Proposition 4.2, with k& = 1
and u, = u,, then the resulting difference equation (4.6) of order n — 1 is
disconjugate on I; cf. the proof of Theorem 6.1 below. In this case, (4.9)
corresponds to

— Pyw = W(uy, w) = us(m)w(m + 1) — ug(m + 1)w(m).

If ¥,, ¥, are the matrices belonging to P,, — P, as ® belongs to P, then (4.10)
implies @ = ¥,¥,. Thus one can easily prove Theorem 5.2(ii) by an induction
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on n, using the Cauchy-Binet identities for subdeterminants of matrix prod-
ucts; cf. [S, p. 12].

6. Sturm comparison theorem. The Sturm comparison theorem for n = 2
has the following generalization:

THEOREM 6.1. Assume (1.2). Then a sufficient condition for (1.1) to be

disconjugate on 1" is that there exist a set of functions u,(m), . . ., u,_,(m) for
m € I" which is a w,(I")-system satisfying (2.23) at m = a (so that
Uy o oo s U,y is a W, (I")-system) and (— l)"'*quj 20formel, 1 <j<n.

If n =2, these sufficient conditions mean that there exists a positive
function u,(m), m € I", such that Pu, < O on I; cf. this with [4, p. 223],
where the condition seems to be given incorrectly as Pu, > O [and where
u,(a) > 0 is permitted, but 72 is replaced by I']. It will remain undecided if
the condition “(2.23) at m = a@” can be relaxed to “(2.25)”; cf. [7, Theorem
18.1,, p. 449].

COROLLARY 6.1. Assume that (1.2) holds and that, for fixed m € I, the
polynomial

P(m,A) =A"+ a,_,(mA\"" '+ - - - + ag(m) 6.1)
has positive real roots (0 <) A(m) < - - - < N,(m), and let there exist
constants o, . . . , 0,_, satisfying

0 < Al(m) < 01 < Az(m) - < 0”_1 < A"(m) form € I; (6.2)

in particular, (—1)"**P(m, a,) > 0. Then (1.1) is disconjugate on I".

If0<o,<:-- <a,_,, this is a consequence of Theorem 6.1 with the
choice w,(m) = of" for m € I", 1 < k < n. The proof in the case o, = 0;,,
for some k can be modeled on that of [6, Theorem 6.1, pp. 320-321], and will
be omitted.

PrROOF OF THEOREM 6.1. There is no loss of generality in assuming that I is
a finite interval. In this case, there exists a function u,(m), m € I”", such that
w, = W(uy,...,u)>0 on I', Pu, >0 on I, cf. Proposition 2.6. Thus
u,, ..., u, satisfies the conditions of Proposition 3.2, so that this proposition
and the arguments of [9] imply that there exists a solution u = uy(m) of (1.1)
such that x; = u; > 0 and x, = W(ug, . . ., #y)) > 0forme ["F*1,2 <
k <n. Thus uy,...,u,_; is a W, ,(I")-system; Proposition 2.3. The re-
mainder of the proof can now be modeled on that of first part of Theorem
1.1, of [6, p. 309].

7. Green’s functions. If (1.1) is disconjugate on I = [a, b}, then for any
function f = f(m), m € I, the boundary value problem,

(Po)(m) = X a(myo(m +j) = flm), mel, (7.1)

Jj=0
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v(m) =0 form = m(1),...,m(n), (7.2)
where a <m(l1) < - - - <m(n) < b + n, has a unique solution. Further-
more, there exists a Green’s function G(m, »), defined on I” X I, such that
the solution is given by

v(m) = é G(m, v)f(v) form € I". (7.3)

ry=q
The Green’s function is characterized as follows: for a fixed » € I, v(m) =
G(m, ») is unique solution of the boundary value problem, (7.2) and
(Pv)(m) =6, formelI", (7.4
where §,,, is 0 or 1 according as m 5 or = ». See Bocher [1, pp. 83-88] (or [4,
Chapter IX], for a reproduction of this part of [1]).

THEOREM 7.1. Let I = [a, b}, let (1.1) be disconjugate on I", and let G(m, v)
be the Green’s function for (1.1)«(7.2). For m € I", put

o(m) = card {j: 1 < j < n, m(j) < m}. (7.5)
Then we have, for | < k < cardI =b — a + 1,
(= 1)*+ 2D gey(G(p(i), v(j); i,j=1,...,k) > 0, (7.6)
Jora< p(HN< -+ - <wk)<b+n, a<r(l)<--- <wk)<b; strict in-
equality holds in (7.6) when k = d and u(i) # m(l), . . ., m(n). Also if m(1) =
a and m(n) = b + n, then
(=D"°"G(m,») >0 form#=m(l),...,m(n); (7.7)

in particular, if 0 <k <nandm(j)=a+j—1for 1 <j<kand m(j)=05>
+ jfor k < j < n, then

(=D""*G(m,») >0 fora+ k<m<b+k. (7.8)

It will be clear from the proof (cf. (7.9) below) that we can easily determine
when strict inequality holds in (7.6).

Proof. For convenience, let a =0, I =[0,b], d= b + 1. Let ® be the
d X (d + n) matrix defined in connection with (5.2). Consider G = (G(m, »))
to be a rectangular matrix with m € I" = [0, b + n] as row index and
v € I = [0, b] as column index. Hence, the characterization of the Green’s
function involving (7.4) is equivalent to the matrix equation G = E, where
E is d X d identity matrix, and to be requirement that the entries in the mth
row of G are 0 for m = m(1), ..., m(n).

Let @, be the d X d matrix obtained from ® by deleting the mth column
for m = m(l), ..., m(n), and G, the d X d matrix obtained from G by
deleting its mth row for m = m(l), . . ., m(n), consisting of zeros. Then @,
and G, are inverse matrices. Hence, if u(i) # m(1), . . . , m(n), then

det(G( (i), »())) = (= DFWO* N2 det(g, ) o)) /det Day,  (7.9)
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where { u(i)}, {p(q)} are complementary sets in I” — {m(1), ..., m(n)} and
{r())}, {A(p)} are complementary sets in I; cf. [5, p. 15]. By (5.6),

(_ 1)(4_ k)n+z}‘(p)+2p(q)det(¢>\(p),p(q)) >0
and, by (5.5),

(_ l)nd+d(d—l)/2+2y(i)+2p(q)det (p(d) > 0.
Since X»(j) + EN(p) = d(d — 1)/2, (7.6) follows. When k = d, so that the
set of indices {A(p)}, {p(g)} are vacuous, (7.9) should be replaced by
det(G(p(d), ¥(/)) = 1/det &,

If the first and last column of ® are deleted, then any (d — 1) X (d — 1)
subdeterminant of the resulting matrix is not 0. Hence (7.7) follows from
(7.9).

In the next theorem, we let I = [0, o) and use Theorem 8.3 below.

THEOREM 7.2. Let (1.1) be disconjugate on I = [0, 0). Let 0 < k <n,b >0
and G(m, v) = G*(m, v; b) be the Green’s function associated with

(Po)(m) = f(m) for m €]0, b], (7.10)
v(m) =0 forO<m<kandb+k<m<b+ n. (7.11)
Then the limit

vk(m, v) = blim G*(m,v; b) existsonl X I; (7.12)
—00

o(m) = y*(m, v) satisfies (1.4),

v¥(m,v) =0 for 0 < m <k, (7.13)

(=D *y*5(m,») >0 for0 <k <n, (7.14)
k

v¥(m, v) = y°(m, v) — '21 Y7\ = 1, »)y(m), (7.15)
j=

where u = v;(m) is the unique jth principal solution of (1.1) satisfying n,(m) = 0
Jor 0 <m <j — 1, m( — 1) =1 in Theorem 8.3.

PrOOF. We begin with the case k = 0. It is easy to see from the characteri-
zation of Green’s functions involving (7.4) that G%m, »; b) = y%(m, ») is

independent of b. In fact, y%(m, ) form = 0, . . ., v is the last column of the
inverse of the (v + 1) X (v + 1) triangular matrix (¢,,), j, m=0,..., »; so
that

Yo(m, ») = (—1)"*"det(¢;; 0 < i <»,i %=m, 0 < j <v)/ Il ag(i)
i=0

(1.16)
for 0 < m < v, while Y%(m, ») = 0 for m > ».
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Note that, by (7.8), (—1)"**G* > 0 for 0 <k < m < b + k, so that (7.14)
follows when the limit (7.12) exists.

We complete the proof by an induction on k. Let k > 1. Then, if G*~'(k
- 1L, v;b)# 0,

u (m, b) =[ G*~'(m, v; b) — G*(m, »; b)]/G*~'(k — 1, »; b)
is independent of » and is the unique solution of (1.1) satisfying u(k — 1) = 1,
and u(m)=0for0 < m <k — 1 and b + kK <m < b + n. Thus, whether or
not G~k — 1, »; b) =0,
G*(m, v; b) = G*~'(m, v; b)) — G*"(k — 1, »; B)u(m, b). (7.17)

By Theorem 8.3 below, n,(m) = lim w,(m, b) exists as b — oo. Thus, by the
induction hypothesis, (7.12) holds and

Y*(m, v) = y*7'(m, v) — ¥*7(k = 1, v)m(m). (7.18)
This completes the proof.

8. Principal solutions, / = [a, ). The proof of Theorem A in [6, Appendix
A, pp. 352-355], implies

THEOREM 8.1. Let (1.1) be nonoscillatory on I = [a, 0); c¢f. §1. Then (1.1)
has solutions u = w,(m) Z 0, 1 < k < n, such that

u,_(m) = o(w(m)) asm—>o0,1 <k <n. 8.1)

If u,,...,u,is a family of solutions of (1.1) satisfying (8.1), we call «, a
kth principal solution. It is clear that a first principal solution is unique up to
a constant (# 0) factor and that, for 1 < k < n, a kth principal solution is
unique up to a constant (7 0) factor and the sum of a linear combination of
the first k — 1 principal solutions.

When (1.1) is disconjugate and (1.2) holds, we can obtain other properties
of principal solutions. As a basis for an induction, we begin with properties of
the first principal solution.

THEOREM 8.2. Let (1.1) be disconjugate on I = [a, o). (i) Let b > a and
u = u,(m, b), m € I, be the solution of (1.1) determined by
u(b+1) >0 and u(m)=0 forb+1<m<b+n, 8.2)
|lu(a)|+ - - - +|u(@a+n—-1)|=1, (8.3)
then the limit
m(m) = blgr()lo u,(m, b) existsonl (8.4)

and is, of course, a solution of (1.1). (1) Also,
m(m) >0 onl; (8.5)
so that (i) is valid if the normalization (8.3) on u,(m, b) is replaced by
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ui(a, b) =1, (8.6)
in which case, n(a) = 1. (iii) If U\, . . ., U, is a w, . ,(I)-system of solutions of
(1.1), then W(n,, Uy,..., U) >0 for 1 <k <n. (iv) If U,,...,U, is a

W, . ((I)-system of solutions of (1.1), thenn,, U,, . . ., U, is a W, (I)-system.

We omit the proof which can be modeled on that of Theorem 7.1, in [6].
As in that theorem, we could enumerate other properties of 7,. See also [2,
Theorem 12, pp. 110-111] for an analogue of a proof of a simpler theorem,
similar to Theorem 8.2 above.

THEOREM 8.3. Let (1.1) be disconjugate on I = [a, o0). Then there exists a
unique set of n solutions of (1.1) characterized by (i), . . . , m, is an ordered set
of principal solutions; (ii) u = n,(m) satisfies

u(m) =0 fora<m<a+k—-1landu(a+k—1)=1, (8.7)

u(m) >0 form>a+ k—1; (8.8)
(iii) if u = w,(m, b) is the solution of (1.1) satisfying (8.7) and
u(m) =0 forb+ k<m<b+n, (8.9)
then
m(m) = lm w,(m, b); (8.10)

finally (iv)n,, . .., n, is a DW,  (I)-system.

The analogous results (i), (ii), (iv) for differential equations are given in [6}],
while (iii) was given in [8, Appendix 3].

PrOOF. The existence of u = 7,(m) satisfying (ii) and (iii) is clear from
Theorem 8.2. Assume n > 1 and the validity of Theorem 8.3 for difference
equations of order n — 1. Make the “variations of constants” v = A(u/7,) =
W(n,, u)/n,n} to obtain a difference equation of order n — 1,

n—1

Qv = §(m)o(m +j) forme I, (8.11)
j=0

with §,_(m)=n(m + n— Dy (m+ n) >0 and (—1)""'64(m) > 0; cf.
Proposition 4.2 with k = 1 and §(m) = Bi(m)n,(m + j)n,(m + j + 1). The
equation (8.11) is disconjugate on 7"~ ! by virtue of (iv) in Theorem 8.2; cf.
the proof of Theorem 6.1. Thus, by the induction hypothesis, (8.11) has

solutions v,, ..., v,_, satisfying the analogues of (i)«(iv) in Theorem 8.3.
Thus, there are solutions 7, . . ., 1, of (1.1) such that
v,_; = const A(n,/7m,), whereconst = 1/n,(a+ k—1),1 <k <n,
(8.12)

and m, is unique up to the addition of a constant multiple of 1,. We can
determine 7, uniquely by putting
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m—1
m(m) = n,(m) ga o-1(#)/m(a + k = 1), (8.13)

where “const” was inserted in (8.12) to achieve the normalization in the last
part of (8.7).

It follows that u,, . . . , 7, satisfy assertion (ii). Also, they satisfy (iii) for
vx_1(m, b) = const A(u,(m, b)/n,(m)), const = n,(a + k — 1),
or equivalently,

m—1

w(m, b) = 1,(m) yga O—1(», b)/m(a + k — 1).

We can verify (i), i.e., that ,, . . ., 1, are ordered principal solution as in [6]
orin [2, p. 113].

In order to show that,, . . ., n, isa DW, , (I)-system, consider a determi-
nant (2.19). Divide the first row by 9,(u(1))/9,(a + i(1) — 1) > 0, the second
by m(u(2))/n(a + i(1) — 1) > 0,..., so that we obtain a determinant of
the matrix in which the mth element in the jth column is

n(m)—1
yga v—1(#) ifi(j) > L

If we subtract the first row from the second, the second from the third, etc.,
the mth element in the jth column is

p(m)—1
2 v,'(j)—l(V) for m > 1, i(_]) > 1.
ve=p(m—1)
Thus, according as i(1) > 1 or i(1) = 1, the resulting determinant is
p()~1 pk)—1 n(k)—1
. 2 det(U“(j)_l(Vm);j, m = 1, e eey k) >0
ni=a  y=p(l) ve=p(k—1)
oris
r2)—1 r(k)—1
2 ¢t 2 det(vi(j)_,(vm);j, m = 2, v e ey k) > 0.
vy=p(1) v=p(k—1)

This completes the proof.

9. Inequalities, / = [a, c0). An analogue of Theorem 14.1, of [7, p. 440] on
differential equations holds for (1.1). Recall the notation: u* = u(m + 1).

THEOREM 9.1. Let (1.2) hold and let I = [a, ). Let uy, ..., u,_, be
Sfunctions on m € I satisfying

(=1)""*Pu, >0 for0<k<n, (9.1)
Uy, ..., u,_,is a W,(I)-system, (9.2)
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W(ug, ..., ) >0 forO<k<n. (9.3)

Then (1.1) has positive linear independent solutions u = x,(m), m € I and
1 < k < n, satisfying

xt/x S up/uy <xp/x, <o <upoJu,oy <xF/x,,  (94)
W(x,, ug) < 0, so that u§/uy, < xt/x, where uy > 0, (9.5)
and the inequalities
W(xy,....,x)>0 forl <k<n,
W(x,,...,xk,up,...,uq)>O[or > 0]

for1<k<p<g<n[orl<k<p<g<n], (96)

W(x,,...,xk,uk_l) g 0, W(xl,...,xk,uk 1 p,...,u) < 0
Jor1 Kk <nandk <p < q<n.
If, in addition, u = u,(m), m € I, satisfies

Pu, > 0, 9.7
W, ...,u)>0 forl <k<n, (9.8)

then the solution u = x,(m) can be chosen to satisfy
xy/x, <ut/u, (9.9)

and q = n is permitted in (9.6).

We omit the proof which can be modeled on that in [7, pp. 442-448).
Theorem 9.1 remains correct if there are no assumptions or assertions
concerning u,. (But if no u, is specified, 4, = 0 is a possible (trivial) choice.)

COROLLARY 9.1. Let I = [a, o0) and let (1.2) hold. Let there exist positive
constants oy <o) < - - - <o, such that the polynomial (6.1) satisfies
(=1)"**P(m, 0,) > 0 for m € I, 0 < k < n. Then (1.1) has positive linearly
independent solutions u = x,(m),m € Iand 1 < k < n, satisfying

0<op<xt/x, <0,<x3/x,< -+ <x*/x,<o,.
This assertion is valid if there are no assumptions or conclusions concerning o,
and/or a,.

This follows from Theorem 9.1 by the choice wy(m) =0, m >a and
0<k<n.

10. Complete monotonicity. In (1.1), let a;(m) = a;(m, A\) be defined on
I X A, where A is a (bounded on unbounded) interval on the real axis, such
that a;(m, - ) € C*(A) and, for a fixed k, 0 < k <n, (— 1)"**day(m, )/ d\
are completely monotone functions of A € A for0 < j < n, i.e.,

(=)™ dig(m,N)/dN > 0 fori=1,2,.... (10.1)
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ProposiTION 10.1. In (1.1), assume (10.1) for some k, 0 < k < n, and that,
for every fixed A € A, (1.1) is disconjugate on I", I = [0, b). For fixed A, let
Gk(m, v) = G*(m, v; N) be the Green’s function for (1.10)«(7.11) and let
u,(m, b) = w,(m, b; N\) be the solution of (1.1) defined in Theorem 8.3. Then
(= D"**G*(m, v; -) and w(m, b; -) are completely monotone functions of
A € A (for fixed m € I, v € I).

ProOF. This follows as in [8]. In (7.4), let v(m) = G*(m, »; A). Differentia-
tion with respect to A gives

PG*'(m,v; \) = — X &/(m,\)G*(m + j, »; ), where’ = d/dA.
Jj=0
(10.2)
Thus, by (7.3),

b
(=) TIGR (m, v ) = Z (1) G (m, s M)
n=0

-3 (= 1) el A= 1) G + jy 73 N).

j=0
(10.3)

Since (— 1)"**G* > 0 by (7.8), it follows from (10.1) that (—1)"***!G*" > 0.
Successive differentiations of (10.4) show that (—1)"***d‘G*/d\* > O for
i=12....

The proof for the assertion concerning u,(m, b; -) is similar, using the
result on G*.

Since nothing is altered (except the normalization a,(m) = 1) if we multiply
(7.4) by a factor a(m, A) > 0 before differentiating to obtain (10.2), condition
(10.1) can be replaced by

(=) @ { [a(m, Na(m, )] /a(m,N\)} /d\' > 0 fori=0,1,...,
(10.4)
(—1)d'[a’(m N)/a(m,N)]/d\' >0 fori=0,1,..., (10.5)
a(m,A) >0 onlI X Aanda(m, -),a(m, -) € CP(A). (10.6)

REMARK. It will be clear from the proofs that Proposition 10.1 and
Theorem 10.1 are valid if A is a discrete variable and if differentiation
"= d/dA is replaced by a difference operator.

THeOREM 10.1. Let I = [0, o0) and (10.4)~(10.6) hold for some k, 0 < k < n.
For fixed A, let (1.1) be disconjugate on 1.

(@) Let y*(m,v) = y*(m,v; N) be defined as in Theorem 12 and let
n*(m) = n*(m; A) be the kth principal solution of (1.1) satisfying n*(m) = 0 for
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0<m<k—1and n“(k — 1) = 1. Then (—1y"**y*(m, v; N) and n,(m; N)
are completely monotone functions of A € A.

(b) In particular, if k = 1 and u,(m) = u,(m; A) is a first principal solution of
(1.1), then u(m; N)/u,(M; N) is a completely monotone function of \ for
m>M > 0.

Part (b) complements a result of [9] dealing with the complete monotonicity
of a solution u = u;(m) as a functionof m =0, 1,....

PRrOOF. Part (a) follows from the last proposition and Theorems 7.2 and 8.3.
The case M =0 of part (b) is contained in (a) for u,(m, A) =
u,(m, \)/u,(0, ). The cases M >0 follow by replacing I =[0, ) by
[M, o0).

EXAMPLE. As a simple illustration, consider the recursion relations

wk"'l - 2At_IWA + W)\_] = O (10.7)
satisfied by the standard solutions w, = J,(¢) and w, = Y,(¢) of the Bessel
equation of order A,

tdy /di* + tdy/dt + (12 — A3y = 0. (10.8)
For a fixed (not necessarily integral) A > 0, let

u(m) = 72", .. (10.9)
to obtain an analogue of (1.1) withn = 2,
u(m +2) —2A + m+ D)t u(m + 1) + t~u(m) = 0.  (10.10)

Let ¢ = j,, be the kth positive zero of J,(), then u(m) = t=>~"J,, () > 0
for m=0, 1,..., 0<r <j,,. Thus, by the Sturm separation theorem,
(10.10) is disconjugate on I = [0, o) for fixed (A, /), A > 0 and 0 <z <Jjy,.
From the Wronskian relation Y,J, ., — Y\, ,Jy = 2/7t (cf. [20, p. 77]), we
see that Y,,,/Jy,, decreases to —oco as m— o00; so that u,(m)=
t7"mJ, . (D) is a first principal solution of (10.10) for fixed A, z. If we apply
Theorem 10.1 with a(m, A) = 1, we obtain

PROPOSITION 10.2. For fixed (t, m),0 <t <j,,andm=0,1,...,
Insem+ 1)/ Ix o+ m(2) is completely monotone on X > 0. (10.11)

We can apply Theorem 1.1 of [8, p. 270] to the Bessel equation (10.8) to
obtain the following related result:

ProPosITION 10.3. If v > 0 and 0 <1 <t < i, then J5, (7)/Jr+ (D) is a
completely monotone function of \* > 0 and has a representation

TrarD) ) = [3,0)/2,(0)] [ exp(~Nr) W(ar, 1, DA > 0,
(10.12)
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where W(r) = W(r, t, 7) is an infinitely divisible distribution function on 0 < r
< o0,

W(.’ ’rn’ Tl) = W(., Tn, Tn—l) * 00 % W(', 737 1'2) * W(', 72, 7]) (10.13)
Jor 0< 7, <. <1, <j,;, W(r, t,7) is nondecreasing in r and in v and

nonincreasing in t and, finally, W(r, t, ) — 8q(r) as 11t,, tlty for 0 <ty <j,,
and 8y(r) is 0 or 1 according as r = 0 or r > 0.

In view of the product representation (cf. [20, p. 498]) of J,(¢) in terms of
its zeros jy,, it might be expected that we could deduce the results (10.11) and
(10.12) directly if we knew suitable monotonicity properties of j,,. But these
are hard to come by. We mention the following;:

PROPOSITION 10.4. Let A > 0 and {(A) = (A, ) be the kth positive zero of
the solution J\(t)cos @ — Y,(1) sin 8 of the Bessel equation (10.8). Then

(=" (d/EAN)aN(A) >0 forn=1,2,... and X > 0. (10.14)
In particular, if y > 0 (not necessarily an integer), then
(=1D"(d/dN)'$"YA) >0 forO<n<y+1,A>0. (10.15)

See also [20, p. 508] and [14] for monotonicity properties of ¢ (A).
The relations (10.14) follow by an induction on n and the fact that { = {(\)
satisfies the differential equation d¢/dA = I'(, A)¢, where

T, A) = 2f°°1<0(2§ sinh s)e~2 ds,
0
[20, p. 508], and (—1)**/ 9"*/T/3{/dA" > 0, since
Ky(x) = f °°exp( —x cosh r) dr
(i
(cf. [20, p. 446]). The relations (10.15) are consequences of (10.14).

11. A positive solution. This section concerns the existence of a positive

solution of a (not necessarily disconjugate) difference equation of order
n + N of the form

N-—1
[(PoAM)u](m) + (—1)"*N! EO(— 1)*c,(m)A*u(m) = 0 (11.1)

on [0, o). The result to be obtained generalizes Theorem (ii) of [9, p. 732] in

the same way that Theorem (}) of [9, p. 204] generalized Theorem (i) of [9, p.
731] on differential equations.

THEOREM 11.1. Let (1.1) be disconjugate on I = [0, o0). In (11.1), let c,(m),
defined for m € I and 0 < k < N, satisfy

c(m) > 0, (11.2)
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N—1
1—- > c¢(m)>o0. (11.3)
k=0
Then (11.1) has a solution u = u(m) satisfying
u>0 and (—1)*Au>0 forO<k<N,mel (11.4)

See also (11.8) below.

PROOF. We use the factorization (5.1) for Pu and write (11.1) as a first order
difference equation

Av = — Ao (11.5)
for an (n + N)-vector v = (v, . . ., vy, ,), Where
o, =(=1)*"A*"' for1 <k <N, (11.6)

One1 = (— l)Np]ANu, Onya & (_ 1)N+IP2A(plANu), e e ey

On4n = (—1)N+n_an—1A{Pn—|A[ to (PlAN“ ]} (1.7)
Then (11.1) goes over into (11.5), i.e., to
Ay, = —v,, forl <k <N,
Aoy, = Onygyp forl <k <n,

N-1

PnsBOyy, = — 2 Ck Ok +1-
k=0

In other words, the entries in the (N + n) X (N + n) matrix A(m) are zero,
except on the superdiagonal and the last row: the first N — 1 elements on the
superdiagonal are 1I’s and the last n are 1/p,, ..., 1/p,, while the last row is
(cop---5¢ny-1,0,...,0)/p,,,. Thus the entries in 4 are nonnegative. It is
not difficult to verify that (11.3) assures that / — 4(m) is nonsingular and
that the entries in (/ — A(m))~"' are nonnegative; cf. the proof of Theorem
3.1. It follows from Theorem (I) of [9, pp. 733-734] that (11.5) has a solution
satisfying v, > 0 and v, > 0 for 1 <k <n + N on I. This implies (11.4),
where ¥ = v,, and the additional inequalities

(=" 'A{p_A] - - - (PiAM4)]} > 0 for2<,j<n (11.8)
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