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Abstract. A class of infinite-dimensional Lie algebras over the field % of

constants of a universal differential field % is studied. The simplest case,

defined by homogeneous linear differential equations, is analyzed in detail,

and those with underlying set %. X % are classified.

Introduction. Let % be a universal differential field of characteristic zero

with set A of commuting derivation operators and field % of constants. We

study a class of Lie algebras over % called differential algebraic. A differential

algebraic Lie algebra g is, in general, infinite-dimensional but has defined on

it an additional structure that gives it a tractability it might not otherwise

have. We require the additive group g+ to be a differential algebraic group

relative to the universe % (roughly speaking, a group object in the category

of differential algebraic sets in the sense of Kolchin and Ritt). We also

require of the Lie product and scalar multiplication operations that they be

morphisms of differential algebraic sets. The Lie algebra g thus inherits, in

particular, the finite differential dimensionality of its additive group.

Throughout, we will use the prefix "A-" (or "5-" if %• is an ordinary

differential field with derivation operator 8) in place of "differential

algebraic" and "differential rational." The primed letter a' will always stand

for 8a. If i > 0, a(i) denotes 8 ¡a.

A-Lie algebras arise naturally in the development of a suitable Lie theory

for A-groups. If G is a connected A-group and %<G> is the differential field

of A-functions on G, a differential derivation on G is a derivation D of %<G)

over % such that D ° 5 = 8 ° D (8 G A). G acts (through right translations)

on the set of differential derivations. The set of differential derivations on G

that are invariant under this action is readily observed to be a Lie algebra

over the field % of constants. We call it the Lie algebra of G. In a work in

preparation [8], in which he defines "A-group" intrinsically, Kolchin shows

that the Lie algebra g of a connected A-group can be given a structure of
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affine A-Lie algebra, i.e., the additive group of g is isomorphic to a differential

algebraic subgroup of the additive group Gna of the finite-dimensional Gll-

vector space %". In this case, g+ can be identified with the set of solutions in

%" of finitely many homogeneous linear differential equations.

In Chapter I we show that every affine 5-Lie algebra is an extension of a

finite-dimensional Lie algebra over DC by a 5-Lie algebra whose additive

group is isomorphic to G^ where n is its differential dimension (a so-called

vector group). Unfortunately, the assumption that the coefficient field is

ordinary is difficult to remove since the proof uses the fact that the ring of

differential operators in a single derivation operator with coefficients in a

differential field is a left and right principal ideal domain. We also show in

Chapter I that if % is ordinary and g has the property that g+ is a vector

group, then every homomorphic image of g has this property, as does the

smallest 5-subalgebra containing the derived algebra. However, an example in

Chapter IV shows that the additive group of the center is not necessarily a

vector group.

The appearance of affine A-Lie algebras in the Lie theory of A-groups,

together with the extension theorem in the ordinary case, encourages us to

study 5-Lie algebra structures on G"a. (Of course, every finite-dimensional Lie

algebra over % is a special case.) An impetus from another direction comes

from the equivalence of the category of 5-Lie algebras whose additive groups

are vector groups with the category of formal differential groups studied by J.

F. Ritt just before his death. These remarkable formal groups are genera-

lizations of formal Lie groups, which were derived from classical Lie theory

by Bochner in 1946 and which have since been studied extensively in the

foundational papers of Cartier, Dieudonné, Gabriel, and Lazard. An n-

dimensional formal differential group is simply an /i-tupie f of formal

differential power series subject to conditions expressing associativity and the

fact that the origin is the identity element. By antisymmetrizing the homo-

geneous part of f of degree 2 we define a 5-Lie algebra structure on G", which

we call the Lie algebra of f. In Chapter III we show that although Ritt never

explicitly defines the Lie algebra of a formal differential group, his object in

[12] is to show that every 5-Lie algebra whose additive group is G" is the Lie

algebra of a formal differential group and two such Lie algebras are

isomorphic if and only if their associated groups are equivalent.

In Chapter IV we assume throughout that % is ordinary and use Ritt's

amazing classification of formal differential groups of dimension < 2 to list

the 5-Lie algebra structures on Ga and on Ga X Ga up to isomorphism. There

are precisely two 5-Lie algebra structures on the line: the abelian Lie algebra

ga and the so-called substitution Lie algebra ¡>s. The Lie product on gs is

given by the simple differential polynomial xy' — yx'. gs has no counterpart
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in classical Lie theory since it is a nonabelian 1-parameter Lie algebra. In

fact, gs is highly nonabelian since it has trivial center and equals its derived

algebra. Also, in contrast to the classical case of 2-dimensional Lie algebras,

there is an infinity of 5-Lie algebra structures on the plane. They are of

thirteen types, three finite types and ten substitutional types. The three finite

types include an abelian type, a nilpotent nonabelian type and a solvable

nonnilpotent type. The nilpotent 5-Lie algebras are all central extensions of

ga by ga. The solvable 5-Lie algebras are all split extensions of ga by ga

relative to natural actions. We prove in Chapter IV that a 5-Lie algebra

structure on the plane is solvable if and only if it has finite type.

In [3], which we shall refer to as DAG, we showed that if a A-group G is

linear, then so is its Lie algebra. In fact, if G is isomorphic to a A-subgroup of

GLan(n) then the Lie algebra of G is isomorphic to a A-subalgebra of gl%(rt)

whose defining homogeneous linear differential equations are derived in a

natural way from the defining differential equations of G. It is an open

question whether the Lie algebra of an arbitrary A-group is linear. It would be

reasonable to expect that a A-Lie algebra structure on G"a is linear since Ado's

theorem states that a classical Lie algebra structure on Gna has a faithful

representation as a Lie algebra of matrices. However, we show in Chapter IV

that no Lie algebra of substitutional type is linear. That gs is not linear

follows immediately from a necessary condition for linearity established in

Chapter II, namely that the automorphism group not consist of the identity

automorphism alone.

It follows immediately from the results of Chapter IV that a linear 5-group

whose Lie algebra has additive group a vector group of dimension 1 is

abelian. If the additive group of the Lie algebra of G is a vector group of

dimension 2 then G is solvable.

Notation. The multiplicative monoid generated by A is denoted by 0. The

additive and multiplicative groups of %. are denoted by Ga and Gm, respec-

tively. The A-subgroups of these groups, consisting of the additive and

multiplicative groups of %, are denoted by (Ga)% and (Gm)0{> respectively.

The differential polynomial algebra over % in n differential indeterminates

yt, ■ ■ ■ ,y„ is denoted by ^if^,, . . . ,y„). If S is a subset of a A-set the

differential Zariski closure of S is denoted by D(S). If 5 is a subset of an

algebraic set, the Zariski closure of 5 is denoted by A (S).

Chapter I. Differential algebraic Lie algebras

1. Basic notions. A Lie algebra g over the field % of constants of % is

differential algebraic if the following conditions are met:

(1) The additive group g+ of g is a differential algebraic group.

(2). The Lie product map k:  g+ Xg+->g+, defined by the formula
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k(m, v) = [u, v], is an everywhere defined differential rational map.

(3). The scalar multiplication map a: (GJ^ X g+ ->g+, defined by the

formula a(c, u) = cu, is an everywhere defined differential rational map.

A differential algebraic Lie algebra g is called a A-^-Lie algebra if g+ is a

A-^-group and k and a are A-^-maps.

It follows immediately that if u is an element of the A-^-Lie algebra g, then

the endomorphism ad u: g+^>g+, which maps v onto [u,v], and the

homomorphism au: (Ga)5C->g+, which maps c onto cu, are A-^w)-

homomorphisms. If c G DC, then the homomorphism ac: g+ —»g+, which

maps u onto cu, is a A-'5r<c>-homomorphism.

If h is a subalgebra of the Lie algebra g and h+ is a A-subgroup of g+, then

we call h a A-subalgebra of g. If, in addition, h is an ideal of g, we call h a

A-ideal of g. A homomorphism of Lie algebras is a A-homomorphism if it is a

A-homomorphism of the additive groups. The kernel of a A-homomorphism is

evidently a A-ideal and the image is a A-subalgebra.

Let g and h be a A-^-Lie algebras. Kolchin has shown in [8] that the direct

product g+ X h+ of the additive groups can be given a structure of A-ÍF-

group in such a way that the projection maps are A-^-homomorphisms.

g+ X h+ is, moreover, the additive group of the direct product g X h of the

Lie algebras. Thus, g X h is easily seen to be a A-'J-Lie algebra and the

projection maps are homomorphisms of A-'iF-Lie algebras. We say that g acts

on h if the following conditions are satisfied:

(1) The Lie algebra g acts on the Lie algebra h, i.e., there is a

homomorphism from g into the Lie algebra of derivations of h.

(2) The map a:hXg->h, defined by the formula a(uv u¿) = Duul (where

Du is the derivation associated with u2 under the action) is an everywhere

defined A-^-map.

If g acts on h we can define on the direct product h+ X g+ a Lie product

by   means   of   the   formula   [(«,, w2),(t>,, u2)j = (["i> vi\ + A< üi  —

Dv «,, [u2, v2]). We call the resulting A-'ÍF-Lie algebra the split extension of g by

h. h X 0 is a A-'J-ideal and 0 X g is a A-'J-subalgebra.

Examples of A-Lie algebras. (1) Let G be a connected differential

algebraic group. Let g be the Lie algebra over % of right-invariant

derivations D of the differential rational function field %<G) over % such

that D ° 8 = 8 ° D(8 G A), g can be given a structure of A-Lie algebra

(Kolchin [8]).

(2) The Lie algebra gl^n) over % of n X n matrices with entries in % is

an infinite-dimensional Lie algebra over the field % of constants of % and is

a A-S-Lie algebra. The A-subalgebras of gl%(») are a subclass of the class of

5f-subalgebras, viz. those that are also the solution sets of finitely many

homogeneous linear differential equations.
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Proposition 1. Let g be a A-Lie algebra. Then g+ is connected. If h is a

A-subgroup of g+, then h is a subspace of the vector space g. If <p is a

homomorphism from g+ into gj4", where g, if a A-Lie algebra, then rjp is a

homomorphism of vector spaces.

Proof. Let »6g. The abelian subalgebra % • u is equal to ou(Ga)^ hence

is a connected A-subgroup of g+. Since every element of g is thus contained

in a connected A-subgroup, g is itself connected. Suppose »£h. ou(Ga)z c h,

whence D{au{Ga)^ c h. Since au is a A-homomorphism, D(ou(Ga)2) =

a„(Z)(Ga)z) = ou(Ga)% = % • u. The last statement is clear. For, q>(nu) =

n<p(u) {n G Z, u G g) implies that <p(cu) = c<p(u) (c G %, u G g).

Proposition 2. Let g be a A-Lie algebra.

(1) Let S be a subset and T a A-closed subset of g.

(a) The set Tran(5, T) consisting of all m G g such that [u, v] G T for all

v G S is A-closed.

(b) The normalizer of T is A-closed. The normalizer of a A-subgroup h of g

is a A-subalgebra of g.

(c) The centralizer of S in g is a A-subalgebra of g, and is equal to the

centralizer of D (S).

(2) Let h be a subalgebra of g. Then D (h) is a A-subalgebra of g. If h is an

ideal, so is D (h).

Proof. Tran(S, T) = no6s ad(-c)"'(r), hence is A-closed. The

normalizer of T equals Tran(T, T). Suppose h is a A-subgroup of g. Then the

noramlizer of h is a A-subgroup of g+. Let «, and u2 be in the normalizer of h

and let v G h. [[k„ u2], v] = [m„ [u2, v]] — [u2, [w„ v]]. Therefore, [«,, u2] is in

the normalizer of h, and the normalizer of h in g is a A-subalgebra of g. The

centralizer in g of S is Tran(5, 0), hence is A-closed. Furthermore, u is in the

centralizer of S if and only if S c ker(ad w). Hence, m is in the centralizer of

S if and only if m is in the centralizer of D (S). Let h be a subalgebra of g. We

know that D(h+) is a A-subgroup of g+, and, thus, is also a subspace of the

vector space g (Proposition 1). Let u G h. Then ad «(h) c h. Therefore,

ad w(Z>(h)) = ß(ad «(h)) c Z>(h). The set of u G g such that ad u(D(h)) c

Z>(h) is A-closed (Proposition 2.(l)(a)), and contains h, hence contains D(h).

Thus, D(h) is a A-subalgebra of g. If h is an ideal of g, ad u(h) c h for all

u G g, whence ad w(D(h)) c D(h) for all u G g.

Corollary. The center Z(g) is A-closed.

The following example shows that it is not always true, if the cardinality of

A is > 1, that the derived algebra of a A-Lie algebra is A-closed.

Let A = {5„ 52} and let %¡ be the field of constants of 5„ i = 1, 2. Let g be
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the A-subalgebra of g\qi(3) consisting of all matrices

0    c,     u

m(ct, c2, u) =    0     0     c2

.0     0     0

where c, G %¡, i = 1, 2, and u G %. The commutator

[w(c,, c2, u), m{d\, d2, v)] = m(0, 0, cxd2 - c2dx). Thus, [g, g] can be

identified with the ring compositum DC^XJ, which is clearly not A-closed in

Ga

It follows from Proposition 2, however, that D [g, g] is an ideal of g. The

following lemma is useful in our discussion of solvable and nilpotent A-Lie

algebras.

Lemma 1. Let g be a A-Lie algebra and let h, and h2 be subalgebras of g.

Then Z>[h„ h2] = Z>[£>(h,), ̂(M-

Proof. Since [h„ h2] c [D(h{), D(h2)], Z>[h„ h2] c D [£(h,), ^(h2)]. Let

u G h,, ad w(Z)(h2)) = £>(ad w(h2)) c Z>[h„ h2j. The set of u G g such that

ad u(D(h2)) c £>[h,, h2] is A-closed. Since it contains h, it contains Z>(hj).

Thus, for all u G -D(h,), ad u(D(h2)) c D[h,, h2]. Therefore, since Z>[h,, h2]

is A-closed, D[D(ht), D(h2)] c £>[h„ hj.

Let g be a A-^-Lie algebra and a be a A-^-ideal of g. The additive group

g+/a+ of cosets ¿7 = u + a, u G g, is equipped with two additional

structures-that of Lie algebra over % and that of A-'iF-group (Kolchin [8]).

The Lie algebra structure is easy to describe. rj(c, ù~) =cu (c G %, u G g).

k(ü, v) = [u, v] (u, v G g). The A-^-group structure is more complicated and

is described in [8] (for an analogous treatment for algebraic groups, see

Kolchin [7, p. 269]).

Theorem 1. Let g be a A-^-Lie algebra and let a. be a A-f -ideal of g. The

Lie algebra g/a is a A-'S-Lie algebra and the quotient map m is a A-<5-

homomorphism.

Proof. To show that the A-'iF-group and Lie algebra structures on g/a are

compatible, we must show that ä and k are everywhere defined A-'iF-maps.

We cite a theorem of Kolchin [8]. Let G, H, and I be connected A-^-groups

and let (p: G X H—> I be a map such that for fixed g G G the map <pg: H-* I,

which maps h onto <p(g, h) is a A-^^g)-homomorphism, and for fixed h El H

the map <pA: G-» /, which maps g onto <p(g, h) is a A-5 (Ji)-homomorphism.

Then <p is an everywhere defined A-^-map.

It follows that we need only show that for u G g, ad ü is a A-?r<t7)-

endomorphism of g+/a+ and äü is a A-S:<i7>-homomorphism from (Ga)gcinto

g+/a+, and for c G %, äc is a A-^c^endomorphism of g+/a+. As all the
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proofs are similar, we shall consider only the first assertion. Let a„ =

■n ° ad u. Kolchin proved in [8] that ir is a A-'iF-homomorphism of A-^-

groups. Therefore, e^ is a A-9r<M)-homomorphism from g+ to g+/a+, whose

kernel contains a. Furthermore, ad U is the unique A-<3r<«>-endomorphism of

g+/a+ such that «„ = ad i¡ » ir. We must now show that ad « is defined over

^(îî), the smallest differential field of definition for the coset it. Let v be

generic for g over 5"<m>. Since <n is defined over <?, ̂ (¿T) C ^(w). Let a be a

A-isomorphism over ^(u) of any extension in % of ^:<t/)'3r<t)). Then

a(ad u~(v)) = o[u~, v] = a [u, v]  = [au, av]

= [ au , av] = [ ou, av] = [ ¿7, a« ]

(since a leaves fixed the elements of F(u)). Therefore, a (ad u~(v)) — ad U(av).

Now, m is defined over ^(m). Therefore, mv = ü is generic for g+/a+ over

■#<«>. Thus, a(ad u) = ad w, whence ad ¿7 is a A-"ÍF<w>-map.

Let g be a A-^-Lie algebra, let h, be a A-ÇF-ideal of g and let h2 be a

A-'f-subalgebra of g. Then h, + h2 is a A-^-subalgebra of g. There is a

unique isomorphism <p of Lie algebras over % from h2/(h, n h^ onto

(h, + h2)/h, such that the following diagram is commutative:

inclusion
h2-► h, + h2

natural natural

h2/hj n h2-> hj + h2/hj

Kolchin has shown in [8] that <p is a A-^-isomorphism of A-^-groups.

Therefore, <p is an isomorphism of A-ÍF-Lie algebras.

Suppose h2 is, in addition, an ideal of g and that h, c h2. There is a unique

isomorphism <p of Lie algebras over % from (g/h,)/(h2/h,) onto g/h2 such

that the following diagram is commutative:

natural
g/hj

natural \ y^ f

(g/h^/ov^)

As above, <p is an isomorphism of A-^-Lie algebras.

It follows immediately that a is a A-ideal of g containing D [g, g] if and only

if g/a is abelian.



254 P. J. CASSIDY

2. Affine differential algebraic Lie algebras. Let A and B be A-^-groups,

with B commutative and written additively. We say that A acts on B if there

is an everywhere defined A-ÍF-map a: A X B -» B, sending (a, b)-*a * b,

such that

(1) (0,02) * b = al * {a2 * b),

(2) 1 * b = b,

(3) a * (6, + ¿2) = (a * 6,) + (a * 62).

We call B an A-module defined over £F. If 5 and B' are /I-modules defined

over f, a A-^-homomorphism <p: B-* B' is called an A-homomorphism

defined over ^ if <p(a * b) — a * fp(b), a G A, b G B.

The additive group of a A-^-Lie algebra g is a (Gm)g(-module defined over

5". The action of (Gm)% on g is by scalar multplication.

Since %." is a vector space over %, its additive group G"a is a Gm-module

defined over Q, where the action is induced by scalar multiplication. We call

this the natural action of Gm on G"a. A A-^-group G (commutative and

written additively) is called a vector group defined over 'S if G is a Gm-module

defined over 'S and there exists a Gm -isomorphism <p defined over 'S from G

onto the Gm -module G"a relative to the natural action (where, of course, n is

the differential dimension of G). G"a is a vector group relative to the natural

action. This is not, however, the only vector group structure on G"a. For

example, another vector group structure on Ga is defined by the action given

by the formula

a * («,, u2) = (ûm„ au2 - a'ux),       a G Gm, ux, u2 G Ga.

If G is a vector group then it is evident that every proper A-closed subset of G

has smaller differential dimension, a phenomenon useful but rare in

differential algebra.

In [4], a 5-subgroup of G" was said to be wound over Ga if there is no

nontrivial 5-homomorphism Ga —> G. Using the fact that the ring of linear

differential operators in a single derivation operator 5 is a left and right

principal ideal domain, we showed that if G is a 5-subgroup of G£ then

G = Gv X W, where G„ is a vector group defined over 5" and IF is a

5-^-subgroup of G that is wound over Ga. Furthermore, there is a finitely

generated Picard-Vessiot extension of 5" such that over this extension W is

5-isomorphic to (Ga)go for some r G N. The subgroup Gv is the unique

maximal 5-subgroup of G that is a vector group (Gv contains all 5-subgroups

of G that are vector groups). We call Gv the vector component of G. Using this

decomposition, we showed that if G is a vector group and <p: G —> G' is a

5-homomorphism, then <p(G) is also a vector group.

Let g be an affine 5-Lie algebra. We denote the vector component of g by
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Proposition 3. Let g be an 'S-affine S-'S-Lie algebra. Then the vector

component gv is a 5-5 -ideal of g and g/g„ is an 'S-affine S-'S-Lie algebra

whose additive group is wound over Ga.

Proof. We know by Proposition 1 that gv is a subspace of g. Let u G g.

Since ad m is a 5-endomorphism of g+, ad w(g*) is a 5-subgroup of g+ that is

a vector group. Therefore, ad H(g„ ) C g„. Thus, for every m G g and v G g,,,

[u, v] G g„.

Now, g+ = gc X W, where H7 is a 5-^-subgroup of g+ that is wound over

Ga. Since g+/g„ is S-^-isomorphic to W, it follows that g/g„ is ^-affine and

g+/g¡¡" is wound over Ga.

Thus, if g is ?F-affine, then over a finitely generated Picard-Vessiot

extension of 'S, g is an extension of a Lie algebra whose underlying vector

space is %r (a finite-dimensional Lie algebra over %) by a 5-Lie algebra

whose underlying vector space is Ghf.

If g is a A-Lie algebra, then g may have many A-subalgebras of differential

dimension 0. However, if g+ is a vector group and the differential dimension

of D [g, g] is 0, then D [g, g] = 0 and g is abelian.

Proposition 4. Let g be a A-Lie algebra and let h, and h2 be A-subalgebras

of g, with (h2)+ a vector group. If Z>[h„ h2] has differential dimension 0, then

Z)[h,, h2] = 0 and h, centralizes h2.

Proof. If the dimension of h2 is 0, then h2 = 0 since h^ is a vector group.

So, we may assume that h2 has positive dimension. Let u G h,. Let a =

ad u\h2. a is a A-homomorphism from (h^"1" to D [h,, h2]. Now,

diff dim(ker a) + diff dim(a(h2)) = diff dim(h2)

(Kolchin [8]). Since a(h2) c D\hu h2], the differential dimension of aih^ is 0.

Therefore, the differential dimension of ker(a) equals the differential

dimension of h2. Since h2 is a vector group, h2 = ker(a). Therefore, u

centralizes h2.

Corollary 1. Let g be a A-Lie algebra such that g+ is a vector group. If the

differential dimension of D[g, g] is 0, then g is abelian.

Corollary 2. Let g be a A-Lie algebra such that g+ is a vector group of

dimension 1. Either D[g, g] = g or g is abelian.

Proposition 5. Let g be a 8-Lie algebra such that g+ is a vector group. Then

the additive group of D [g, g] is a vector group.

Proof. We may assume that g has positive dimension. Let g' = D [g, g] and

let m G g. For every x G g'v, [u, x] G g' since g' d [g, g]. Therefore, ad w(g'„)
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C z'v Therefore, g'c is a 5-ideal of g (Proposition 1). Now, g/g' is 5-

isomorphic to (g/g'v)/(g'/g'v). (g/g'0)+ is a vector group, g/g' is abelian,

whence g'/g'0 D D[g/g'v, g/g'J- g'/g'„ has differential dimension 0

(Proposition 3). Therefore, g/g'^ is abelian (Corollary 1 of Proposition 4).

Thus, g'„ D g'.

3. Nilpotent and solvable differential algebraic Lie algebras. If g is a Lie

algebra over %, the derived series of ideals of g is defined as follows: g° = g,

g1 = [g. g]> - • • > £ — [g1-1, g1-1]» ' > 2. The central descending series of ideals

of g is defined as follows: g„ = g, g, = [g, g], . . . , g, = [g, g,._,], i > 2. g is

solvable (resp. nilpotent) if there is a natural number r such that g7- = 0 (resp.

gr = 0). If g is solvable (resp. nilpotent) the smallest such r is called the solv

class (resp. nil class) of g.

It follows immediately from the definition that every nilpotent Lie algebra

over % has nontrivial center. Every abelian Lie algebra is nilpotent and every

nilpotent Lie algebra is solvable. Furthermore, g is solvable if and only if we

can find ideals h° = g, h1,. .., hs = 0, such that h' d h'+1 and h'/h'+1 is

abelian, for 0 < / < s — 1.

Suppose g is a A-Lie algebra. Then, for every natural number i D (g') and

Z)(g,) are A-ideals of g. Clearly D(¿)d D(gi+i) and D(g,) D Z>(gi+I).

Furthermore, it is evident that g is solvable (resp. nilpotent) if and only if

there is a natural number r such that D (gr) = 0 (resp. D {gr) = 0). Thus, g is

solvable if and only if we can find A-ideals h° = g, h1, . . ., h* = 0 such that

h d h'+1 and h'/h' + 1 is abelian, for 0 < 1 < s - 1.

The following two propositions are obvious:

Proposition 6. Let g be a Lie algebra over %.

(a) If g is solvable, then so are all subalgebras and homomorphic images of g.

(b) // a is a solvable ideal of g such that g/a is solvable, then g is solvable.

(c) If a and b are solvable ideals of g, then so is a + b.

Proposition 7. Let g be a Lie algebra over %,

(a) If g is nilpotent, then so are all subalgebras and homomorphic images of g.

(b) If g/Z(g) is nilpotent, then so is g.

Let g be a A-Lie algebra and let u G g. We call u ad-nilpotent if ad u is a

nilpotent endomorphism of g+, i.e., there is a natural number r such that

(ad u)r = 0. If g is nilpotent, then every element of g is ad-nilpotent.

In addition to the differential Zariski topology on gl^n) we have the

Zariski topology. The Zariski closed subalgebras of gl^n) are defined by

homogeneous linear equations and thus are the subalgebras over % of gl^/i).

As we remarked earlier, the A-subalgebras of gl%(«) are those subalgebras

over % that are defined by homogeneous linear differential equations (for a
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full discussion see Chapter III of DAG). Thus, every Zariski closed subal-

gebra of gl^«) is, in particular, a A-subalgebra. If g is any subalgebra over %

of gl%(«), then the Zariski closure A (g) is a subalgebra over % of gl^(n) and

is, in fact, the subspace % • g over % generated by g. If a is an ideal of g,

then A (a) is an ideal of A (g). Clearly, A (D (g)) = A (g).

Note. If g, and g2 are subalgebras of gle^(i), we shall reserve the notation

[g,, g2] for the subspace over K generated by the set of commutators [uv u2],

u¡ G g„ / = 1, 2.

Proposition 8. Let g be a subalgebra over % of gl^n). Then A(g') =

%(A(g)<) and A(gi) = %(A(g)<).

Proof. We first state a lemma whose proof parallels that of Lemma 1.

Lemma 2. Let h, and h2 be subalgebras over % of glc^/i). Then A [g„ g2] =

A[A(gi), A(g2)].

To prove the proposition, we use induction on /'. A(gl) = A[g, g] =

A[A(g),A(g)] = %(A(g)1). A(gi+i) = A[g', g] = A[A(¿), A(g)] = A[<& ■

A(g)', %-A(gy] = %[A(gy,A(gy] = %(y4(g)'+1) (since the Lie product on

gl%(«) is %-linear).

The proof for the lower descending series is parallel.

Corollary. Let g be a subalgebra over % of gl^(«). Then g is solvable of

solv class r (resp. nilpotent of nil class r) if and only if A(g) is solvable of solv

class r (resp. nilpotent of nil class r).

In particular, if g is a Zariski closed subalgebra over % of gl%(n), then g is

solvable (resp. nilpotent) as a Lie algebra over % if and only if g is solvable

(resp. nilpotent) as a Lie algebra over %.

Let g be a subalgebra over % of gl<^(«) consisting of nilpotent matrices, u is

a nilpotent matrix if and only if 0 is the only eigenvalue of u. Clearly, A(g)

consists of nilpotent matrices. Since A (g) is a finite-dimensional Lie algebra

over %, Engel's theorem (Humphreys [5, p. 12]) implies that ^i(g) is a

nilpotent Lie algebra over %, hence also over % (corollary to Proposition 8).

Therefore, g is a nilpotent Lie algebra over % (Proposition 7). So, we have

proved the following proposition.

Proposition 9. Let g be a subalgebra over % o/gl%(«) consisting of nilpotent

matrices. Then g is nilpotent.

Engel's theorem also says that under these circumstances there is a matrix

s G GLc^n) such that the matrices in sA (g)s ~ ' are upper triangular with

zeros on the diagonal.
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Proposition 10. Let g be a subalgebra over % consisting of nilpotent

matrices. Then there is a matrix s in GLc^n) such that every matrix in sgs ~ ' is

upper triangular with zeros on the diagonal.

Lie's theorem applied to the Zariski closure of a solvable subalgebra g over

% of g\e^{n) implies the next proposition.

Proposition 11. Let g be a solvable subalgebra over % o/gl<^(«). Then there

is a matrix s in GL%(n) such that every matrix in sgs ~ ' is upper triangular.

Corollary 1. Let g be a solvable subalgebra over % of gl^«). Then [g, g]

consists of nilpotent matrices and, in particular, is nilpotent.

Corollary 2. Let g be a solvable A-subalgebra of gl^n). Then D [g, g]

consists of nilpotent matrices and, in particular, is nilpotent.

If g is a solvable Lie algebra of solv class r or a nilpotent Lie algebra of nil

class r then for every i such that 0 < i < r — 1, £ J= g1"1"1 (resp. g, ¥= g,+i).

Proposition 12. Let g be a solvable (resp. nilpotent) A-Lie algebra of solv

class r (resp. nil class r). Then D(g) * D(gi+l) (resp. Z)(g,) *= D(gi+i)), if

0 </</•- 1.

Corollary. Let g be a solvable 8-Lie algebra whose additive group is a

vector group of dimension 1. Then g is abelian.

Proof. D[g, g]+ is a vector group (Proposition 5). D[g, g] ^ g (Proposition

12). Therefore, D[g, g] = [g, g] = 0.

We can relax the condition on the coefficient field if we strengthen the

condition on g.

Proposition 13. Let g be a nilpotent A-Lie algebra whose additive group is a

vector group of dimension 1. Then g is abelian.

Proof. Let »6g. Then u is ad-nilpotent. Therefore, there is a natural

number k such that (ad u)k = 0. Let a: g+ -» Ga be a A-isomorphism. Then

a°adw°o-_1isa A-endomorphism of Ga such that (a ° ad u ° a ~ ')* = 0.

There exists a linear differential operator L such that a ° ad u ° a~l(u) =

L(u). Since there are no nonzero nilpotent linear differential operators,

0°adw°o_1 = O, whence ad u = 0 and g is abelian.

Now, suppose %. is an ordinary differential field. Suppose g is a solvable

5-Lie algebra whose additive group is a vector group of dimension 2. The

additive group of D [g, g] is a vector group of dimension < 1 (Propositions 5

and 12). If the dimension is 0, g is abelian, and is isomorphic to ga X ga. If

the dimension is 1, D[g, g] is isomorphic to ga (corollary to Proposition 12).

g/ D [g, g] is solvable and its additive group is a vector group (see the remarks
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at the beginning of this section) of dimension 1 (the additivity of differential

dimension), hence is isomorphic to ga. So, the solv class of g is < 2 and g is

an extension of ga by ga. A parallel argument shows that if g is nilpotent, the

nil class of g is < 2 and g is a central extension of ga by ga.

Chapter II. Linear and integrable A-Lie algebras

A A-^-Lie algebra g is 'S-linear (or simply linear) if g is A-^-isomorphic to

a A-ÍF-subalgebra of g\<s¿n). If, in addition, the image of g is the Lie algebra

of matrices of a A-ÍF-subgroup of GLa^n), we call g 'S-integrable (or

integrable) in GL%(/j). In this chapter we investigate the integrability in

GLs¿n) of certain A-subalgebras of gl^n). This work, which is the

differential algebraic analog of Chevalley's work on algebraic Lie algebras,

was begun in DAG, Chapter III.

Recall that a matrix x G gl^/i) is the Lie algebra 1(G) of matrices of a

differential algebraic subgroup G of GLs^n) if and only if Dx(a) c a, where a

is the defining differential ideal of G in the differential polynomial ring

tyL{(y¡J)} and Dx is the unique derivation of %{(>'/,)} such that Dx(y¡f) =

(xy)ij and Dx ° 5 = 5 ° Dx (S G A). The Lie algebra of matrices of G is equal

to that of its identity component G°. We can relate the defining differential

ideal of 1(G) to the defining differential ideal a of G in a very natural way.

We define a %-linear map D of ^{O^)} such that D ° 5 = 5 ° D (8 G A)

and D(PQ) = P(l)D(Q) + D(P)Q(l) (P, Q G %{(^)}) by the formula
D(P) = 23^/3^(1)^, summed over 9 G 0, 1 < i < n, 1 < j < n. The

defining differential ideal of 1(G) is then the differential ideal generated by

the homogeneous linear differential polynomials D (P) (P G û).

We recall some results from DAG (which also hold for algebraic groups

defined over fields of characteristic 0) that will be useful in the sequel. If

(Gi)iei « a family of A-subgroups of GL%(/i) then l(n,6/ G,) = n,6/ !(<?,)

(Proposition 28, p. 933). Thus, the intersection of a family of integrable

A-subalgebras of glq^n) is integrable. If G is a A-subgroup of GL^jî) and p:

G —* GLqi(r) is a A-homomorphism, then the differential p#: 1(G) —» gl^/-) is a

A-homomorphism and p*(l(G)) = l(p(G)) and ker(p#) = l(ker(p))

(Propositions 22, p. 930 and 29, 30, p. 934). The following proposition, whose

proof we omit since it uses the same techniques as that of Proposition 29, has

Proposition 29 as a corollary.

Proposition 14. Let G be a A-subgroup of GL^ri) and let p: G -» GL^r)

be a A-homomorphism. Let H be a A-subgroup of GLq^r) and let N = p~x(H).

Then \(N) = p*~\\(H)).

We identify %" with the vector space over % of column matrices. Let a be

a A-subgroup of G" (and hence, in particular, a % -subspace of Gli") and let b

be any subset of %." containing a. We denote by T(b, a) the set of all
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x G gl%(«) such that xb c a. It is easy to see that T(b, a) is a X-subalgebra

of g\cn(n). The next proposition shows that T(b, a) is, in fact, an integrable

A-subalgebra of gl^«).

Proposition 15. Let a. be a A-subgroup of G"a and let b be a subset of G",

with a c b. The set G of s G GL^n) such that su = u mod a for all u G b, is

a connected A-subgroup of GL^(n) such that 1(G) = T(b, a).

Proof. G is nonempty since the identity matrix 1 satisfies the defining

condition, and GG c G. Since a is a A-subgroup of G"a, a is the set of zeros of

a homogeneous linear differential ideal a in fyL{yu . . . ,y„}. Let L be a

homogeneous linear differential polynomial in a and let u G b. The function

that sends a matrix s onto L(su) is a homogeneous linear differential

polynomial function. G is the set of all í G GL^n) such that L(su - u) = 0

(L a homogeneous linear differential polynomial in o, u G b). Thus, G is a

A-subgroup of GLo^n). Let \> be the differential ideal generated by the

differential polynomials L(yu) — L(u), u G b. p is a proper linear differential

ideal and thus is prime. Therefore, p is the defining differential ideal of G

(DAG, p. 894). In particular, G is connected. As we remarked earlier, the

defining differential ideal of 1(G) is generated by the set DP, P G p. Suppose

P = HlQ(y)(L(yu) — L(u)), where L is a homogeneous linear differential

polynomial in a, u G b, and Q(y) = 0 for all but finitely many L and u.

DP = ZQ(l)(D(L(yu) - L(u))) + DQ(L(\ ■ u) - L(u)) = 2Q(l)L(yu)
(since L(u) G % and L(yu) is linear). Therefore, the defining differential

ideal of 1(G) is generated differentially by the L(yu). Thus, 1(G) is the set of

all x G gl%(«) such that L(xu) = 0 (L a homogeneous linear differential

polynomial vanishing on a, u G b). It follows that 1(G) = T(b, a).

Let j G GLc^(n) and let Ad s: gl^(/j) -> gl%(n) be the %-Lie algebra

automorphism defined by the formula Ad s(u) = sus~l(u G gl%(«)). Let Ad:

GLq^n) -» GLe^n2) be the A-homomorphism that assigns to j the matrix of

Ad s relative to the canonical basis. The differential Ad* of Ad is the

A-homomorphism ad:gl%(«) —>gl%(«2) that sends u onto the matrix of ad u

relative to the canonical basis. If a is a A-subgroup of the additive group of

gl%(«) and b is a subset of gl%(«), with a c b, then by Proposition 15, T(b, a)

is the Lie algebra of the A-subgroup H of GLq^n2) consisting of all t such that

tv — v G a for all v G b. If G is the set of all s G GL^n) such that

svs~l - v G a for all c£b, then G = Ad_1(íO. By Proposition 14, 1(G) =

Ad#-'(1(#)) = Ad*-\T(b, a)) = Tran(b, a). So, we have the following

result:

Proposition 16. Let a be a A-subgroup of the additive group of g\qL(n), and

let b be a subset of glc^n), with a c b. The set Tran(b, a) of elements

u G gl^(n) such that [u, v] G a/or all v G b is the Lie algebra of the connected
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A-subgroup G of GL^n) consisting of all s G GLe^n) such that svs     — v G a

for all v G b.

Corollary 1. Let G be a A-subgroup of GL<^(n) and let g = 1(G).

(1). Let b be a subset of g containing the zero matrix. The centralizer in g of

b is the Lie algebra of the A-subgroup H of G consisting of all s G G such that

sus~x • ufor all u G b.

(2). Let abe a A-subgroup of g. The normalizer in g of a is the Lie algebra of

the A-subgroup H of G consisting of all s G G such that sus ~ ' G a for all

« G a.

Proof. The centralizer in gl%(«) of b is Tran(b, 0). By Proposition 16,

Tran(b, 0) = 1(Z), where Z is the A-subgroup of GL^n) consisting of all s

such that sus ~ ' - u = 0 for all u G b. H = Z n G. By our earlier remarks,

1(H) = 1(Z) n 1(G) = Tran(b, 0) n g, which is the centralizer in g of b. The

normalizer in gl<^(«) of a is Tran(a, a). By Proposition 16, Tran(a, a) is the Lie

algebra of the A-subgroup N of GL^n) consisting of all s such that sus ~ ' —

« G a for all m G a. Clearly, N is the set of all s G GL^n) such that

sus'1 G a for all m G a. As above, the normalizer of a in g is the Lie algebra

of N n G, which gives us 2.

Corollary 2. Let G be a connected A-subgroup of GL^n). The Lie algebra

of the center of G is the center of the Lie algebra g of G.

Proof. By Corollary 1, Z(g) is the Lie algebra of the A-subgroup H oî G

consisting of all s G G such that sus ~ ' = m for all u G g. We must show that

H is the center of G.

Let s G GL^(n). We first observe that Ad s is the differential of the

rational automorphism as = Ad slGLq^n). We next observe that if C(s)

denotes the set of all t G GL^(n) such that ts = st and c(s) denotes the set of

all u G gl%(«) such that us = su, then \(C(s)) = c(s) (Humphreys [6, p. 76]).

If j G G, then (as\ G)# = Ad s|g. Thus, the center of G is a subset of H. Also,

if s G G, \(C(s) n G) = c(s) n g. Now, suppose s E H. Then c(í) n g = g

= 1(G). Therefore, since G is connected, C(s) n G = G (DAG, Proposition

26, p. 933). Thus, H is a subset of the center of G.

Corollary 3. Let G be a connected A-subgroup of GL^(n) and let N be a

connected A-subgroup of G such that a = \(N) is an ideal of 1(G). Then N is

normal in G.

Proof. 1(G) is the normalizer in 1(G) of a. Let H be the A-subgroup of G

consisting of all j G G such that sus~x G a for all « G a. Then 1(H) = 1(G),

whence H = G. So, if s G G, \(sNs~l) = Ad s(l(A0) = Ad 5(a) = a. So,

\(sNs ~ ') = 1(A0, whence, N = sNs ~ ' and N is normal in G.
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Proposition 17. The group of A-automorphisms of a nonzero linear A-Lie

algebra g is nontrivial.

Proof. We may assume that g c gl%(«) for some n. Suppose the only

A-automorphism of g is the identity automorphism. Let Z (resp. N) be the set

of all s G GLqJin) such that sus ~ ' = u (resp. sus ~~ ' Eg) for all u E g.

Clearly, Z c N. Let s E N. Ad i|g is a A-automorphism of g, whence the

hypothesis implies that s E Z. So, Z d N, and therefore, 1(Z) = 1(7V). By

Corollary 1 of Proposition 16, 1(Z) is the centralizer and l(A^) is the normali-

zer of g in glc^/i). In particular, since g is contained in its normalizer, g is

abelian. But, then, scalar multiplication by any nonzero element of % is a

A-automorphism of g, which contradicts the hypothesis.

Chapter HI. Ritt's theory of formal differential groups

and 5-Lie algebra structures on G"a

J. F. Ritt's study of formal differential groups began in [11] with an

examination of the so-called "substitutional group in one parameter." He

says: "The operation of substituting one function of x into another is

associative, and confers to an extent upon the functions of x, the status of a

group." If we formally substitute x + u(x) in x + v(x) the result is the

function x + u(x) + v(x + u(x)). If we expand u + v(x + u) in powers of u

by "Taylor's theorem" we obtain the formal power series u + v +

"Z^=l(v(k)uk/k\), where vw is the kth derivative of v. Since substitution is an

associative operation, this formal power series is a formal group. Ritt defines

on his category of formal differential groups a natural equivalence. He proves

that up to equivalence, the operations of addition and substitution furnish the

only 1-dimensional formal differential groups. He remarks that "the substi-

tution operation, with its quality of noncommutativity, has no counterpart in

1-parameter Lie groups."

If the underlying coefficient field is ordinary, we attach to an n-

dimensional formal differential group a 5-Lie algebra whose additive group is

G"a. Although he never defines the Lie algebra of a formal differential group

explicitly, Ritt's object in [12] is to show that every 5-Lie algebra whose

additive group is G"a is the Lie algebra of an «-dimensional differential group

and two such groups are equivalent if and only if their Lie algebras are

5-isomorphic.

In this penetrating but little known study, carried out when the work on

formal groups was in its infancy, Ritt used structure constants relentlessly in

his proofs. This makes his papers difficult for the modern reader. Ritt's

approach to formal groups seems to be close to that of Lazard and Cartier

(Cartier [1] and [2]; Lazard [9], Lubin [10]), and his work richly deserves to be

expressed in their language. We apologize for not having done so. Our main
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interest is in the classification up to equivalance of formal differential groups

of dimension < 2.

In the theory of formal differential groups two differential algebras of

power series arise that are somewhat dual in nature. We shall describe them

briefly here and refer the reader to Kolchin [7, Chapter I, 12] for details.

Uyx, . . . ,yn are differential indeterminates over %, the power series ring

^[[(Wi6e,i<i<»]] 's a l°cal differential ring. A typical element can be

written as an infinite sum 2J10jÇ-> where f. E ^{y^ ■ . . ,y„) and is homo-

geneous of degree j. If 5 G A, then 5/ = 2ji0 8fj is again in the power series

ring since 8fj is homogeneous of degree j. The unique maximal ideal consis-

ting of all power series 2jl, ^ is a differential ideal. We denote this ring of

power series by Gii{{yl, . . . ,y„}} and call its elements differential power

series in y u . . . ,y„.

If t is a constant transcendental over % the power series ring %[[r]] is a

local differential ring. If 5 = 2JL0 aft? and 5 G A we define 8s to be the

power series 2°10 SajtJ. The unique maximal ideal m = r%[[f]] is clearly a

differential ideal.

Let z,, . . . , zr be differential indeterminates and let /„ . . . ,/„ be the

maximal ideal of Gil{{zx, . . . , zr}}. The substitution of /„ . . . ,/„ for

yx,.. ■ ,yn defines a homomorphism of local differential algebras over %

from %{{>-„ .. . ,y„}} to <?L{{z„ . .., zr}}. Also, if su ..., sn are in /<&[[/]]

the substitution of íx, . . . , s„ foryx, ... ,yn defines a homomorphism of local

differential algebras over % from %{{>>„ . . . ,yn}} into %-[[r]].

Let x - (xx, . . ., xn), y = (yx, . . . ,yn), and z = (zx, . . ., z„) be n-tuples of

differential indeterminates over %.

An n-dimensional formal differential group is an «-tuple f = (/,, ...,/„) of

differential power series in the maximal ideal of %{{x, y}} that satisfies the

following conditions:

(1) f(x, 0) = x and f(0, y) = y,

(2) f(f(x, y), z) = f(x, f(y, z))

(Ritt [12, p. 708]).
The first condition implies that for i = I, . . . , n f¡ = x¡ + y¡ + a¡(x, y)

mod deg 3, where a¡ is a homogeneous differential polynomial of degree 2

and, moreover, for fixed x (resp. fixed y) is a homogeneous linear differential

polynomial in y (resp. x). We write

f = x + y + a(x, y)    mod deg 3.

For those of us who feel uneasy about groups without elements, we observe

that f gives us a bona fide group C (f), which was used to great effect by Ritt

in his final paper [14]. The elements of C(f) are «-tuples of power series in

m = r%[[r]], where Ms a transcendental constant. The law of composition in
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C (f) is given by the formal group f. We might, following Cartier (see Lubin's

review of Lazard [10]) call the elements of C (f) "curves in /." Power series in

a transcendental constant were used in DAG, Chapter III, to define "1-

parameter subgroups" of differential algebraic matric groups. Although we

make no further use of the group C (f), it is perhaps mildly interesting to note

that C (f) can be given a structure of prodifferential algebraic group.

We shall assume until further notice that % is an ordinary differential

field.

Let b be a % -bilinear differential polynomial map from G"a X G"a to G"a.

Then for fixed x (resp. y) the z'th coordinate function b¡ is a homogeneous

linear differential polynomial in y (resp. x). Therefore, b¡ is homogeneous

quadratic and every term in bi involves some derivative of an x, and of ayk.

Thus, b¡ = 2¿ a, kt ß Cjakßxja)ylß), where cjak/} E <%, and equals 0 for all but

finitely many (j, a, k, ß). We define a product operation, written (u, v) ->

[u, v], on G"a by the formula [u, v] = b(u, v).

Given a family c = (cjakß)x<i<njya,ktß6N of elements of %, with all but

finitely many of the components equal to 0, we associate to it a unique

% -bilinear differential polynomial map b from G£ X G"a -» G"a by defining the

ith coordinate function b, of b to be b, = 2y> a k< ß cjakßxja)y^ß\ We call b(x, y)

the product defined by the family c.

We now describe the conditions that the family c must satisfy in order that

the product defined by it be a Lie product. These identities, which resemble

the usual structure conditions, are somewhat complicated by the presence of

derivatives of the differential indeterminates. Let b be the product defined by

c and let X be a natural number. Let 6,A be the Xth derivative of b¡; in

particular, b¡ = bi0. Let cjakß be the coefficient of xj^y^ in b¡. For given (i, X)

there are only finitely many nonzero cj^kß and cj„kß is a homogeneous linear

differential polynomial in the cj^kß. It is tedious but straightforward to show

that the product b is skew-symmetric and satisfies the identity [x, [y, z]] +

[y, [z, x]] + [z, [x,y]] = 0 if and only if c satisfies the following structure

conditions:

(!) cfK + cü = 0,

(2) 2 5 (cIS • cJK + cJS • cKI + cKS • cu) = 0,

where / = (i, A), / = (j, a), K = (k, ß), P = (p, 0), S = (s, a). If c satisfies

identities 1 and 2 its components are called structure elements.

Let f be a formal differential group and write f = x + y + a(x, y) mod deg

3. As we observed earlier, a¡(\, y) is a SC-bilinear differential polynomial. Let

b(x, y) = a(x, y) — a(y, x) be the antisymmetrization of a. Then b is clearly a

skew-symmetric % -bilinear differential polynomial map from G£ X Gna to G£.

Ritt proves [12, pp. 710, 722] that if we write b¡ = 2Mi8 c^xj^y^ then the

associativity of f implies that the coefficients of the b¡,  1 < / < «, are
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structure elements. Therefore, the product defined by (cjakß) is a Lie product

on G". We put on the % -vector space G"a a structure of 5-Lie algebra by

defining [u, v] = b(u, v). We call this 5-Lie algebra structure on Gna the Lie

algebra of the formal differential group f and denote it by £(f)- We call the

cJakß me structure elements off.

Conversely, if g is a 5-Lie algebra such that g+ = G" then the Lie product

is an everywhere defined differential rational map from G"a X Gna to Gna and

hence is given by a % -bilinear differential polynomial map b. b¡(\, y) =

^•jakß cjakßxja)ykß)- Since b is a Lie product on Gna, it follows from the above

remarks that its coefficients are structure elements. The following theorem,

which parallels Lie's theorem, and is the subject of Ritt's beautiful and

difficult paper [12], states that the cjakß are the structure elements of a formal

differential group.

Theorem 2 (Ritt [12, p. 722]). Let there be given a family c =

(cjakß)\tii<,nja,k,ß(EN of structure elements. There is an n-dimensional formal

differential group f whose structure elements are the cjakß.

We paraphrase the theorem in the following corollary.

Corollary. Let g be a 8-Lie algebra whose additive group is G". There is an

n-dimensional formal differential group whose Lie algebra is g.

We must discuss the degree of uniqueness of the formal differential group

whose Lie algebra is g.

We define a natural equivalence of formal differential groups. Let m denote

the maximal ideal of %{{>',,... ,y„}}. Let G„ be the set of transformations

9 of m x • ■ • x m such that <p = X mod deg 2 and X is a 5-automorphism
*— n—> «

of Gna. Thus, <p = (<p,, . . . , <p„), where <p, G m and <p, = L, mod m , with L, a

homogeneous linear differential polynomial and X = (Lx, . . ., Ln) is inver-

tible. We see easily, by the well-known method of "successive approx-

imation", that there is a transformation $EGn such that i|/ = X ~ ' mod deg 2

and (¡p and \j/ are inverse to one another. Thus, G„ is a group relative to

composition. Let f, and f2 be «-dimensional formal differential groups. Then

f, is equivalent to f2 if there is a transformation <p in G„ such that f2 =

<pix((p~l(x), <p_1(y)).' We write f2 = <pf,<p~'. Clearly, equivalence of formal

groups is an equivalence relation.

Theorem 3 (Ritt [12, p. 719, italicized remark]). Let f, and f2 be n-dimen-

sional formal differential groups. If f, and f2 have the same structure elements,

then they are equivalent.

'If two differential groups with coefficients in F are equivalent, then they are clearly equivalent

over a finitely generated Picard-Vessiot extension of F.
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Corollary. Let f, and f2 be n-dimensional formal differential groups. If

£(f,) = £(f2) then f, is equivalent to f2.

We prove a stronger statement.

Theorem 4. Let f, and i2 be n-dimensional formal differential groups. Then

£(f)) is 8-isomorphic to £(f2) if and only ifix is equivalent to f2.

Proof. Let fy = x + y + a, mod deg 3, and let b, = a,(x, y) - a,-(y, x),

j - 1, 2.
Let <p G G„ be such that f2 = (pf,<p '. 9 = X + jn, 9 ' = X l + v, where À

is a 5-automorphism of G£ and the components of ¡i and v are in m2. We shall

show that X is an isomorphism of 5-Lie algebras. Since X is a 5-automorphism

of G"a we need only show that b2(x, y) = Ab,(A_1(x), A-1O0). Write /x = q

mod deg 3 and v = r mod deg 3. We compute f2 = qpfjtp- ' through terms of

degree 2.

«pf.tp"' = ^(A-'ix) + r(x), A-'(y) + r(y))

s <p(A-'(x) + r(x) + A-'(y) + r(y) + a^A^x), X"l(y)))

s A(A-'(x) + A-'(y) + r(x) + r(y) + a,(A-'(x), A"'(y)))

+ q(A-«(x) + A-,(y))

= x + y + A(r(x) + r(y)) + Aa,(A-'(x), A"1^))

+ q(A-1(jc) + A -\y)).

Therefore,

a2 = Aa,(A-'(x), A">(y)) + A(r(x) + r(y)) + q(A-'(x) + A-'(y)).

Thus,

b2 = Ab1(A-'(x),A-'(y)),

whence A is an isomorphism of 5-Lie algebras.

Conversely, let A: £(f,) -> £^2) be a 5-isomorphism. Then A is a 5-

automorphism of G^. The Lie product on £(fy) is given by b,-(x, y). Since A is

a Lie algebra isomorphism, b2(x, y) = Ab,(A~ '(x), A~ '(y)). Since A is clearly in

G„, Af,A"' is an «-dimensional formal differential group equivalent to /,.

Since AfiA"1 and f2 have the same structure elements they are equivalent by

Theorem 3. Therefore, f, is equivalent to f2.

Chapter IV. 5-Lie algebra structures on Ga and on Ga x Ga

1. The 5-Lie algebra structures on Ga. Corollary 2 of Proposition 4 states

that if g is a A-Lie algebra whose additive group is a vector group of

dimension 1, then either g is abelian or D [g, g] = g. Thus, a A-Lie algebra
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structure on Ga is either abelian or extremely nonabelian. These extremes are

exemplified in the ordinary case by ga, where the Lie product is 0, and by the

substitution Lie algebra g^, where the Lie product is xy' — y'x. If the

cardinality of A is 1, we can show that there are precisely two isomorphism

classes of 5-Lie algebras with additive group Ga-the isomorphism class of

abelian Lie algebras, represented by ga, and the isomorphism class of Lie

algebras equal to their derived algebras, represented by gs.

In the Ritt theory of formal differential groups, the 1-dimensional additive

group is of course the differential power series x + y. The 1-dimensional

substitution group is the differential power series x + y + "2k°=x(y^k)xk/k\).

When we antisymmetrize the degree 2 terms we see that the Lie algebra of the

additive group is ga and the Lie algebra of the substitution group is gs.

Theorem 5 (Ritt [11, p. 757]). A l-dimensional formal differential group

("associative differential operation of the first rank") either is equivalent to the

additive group or else is equivalent to the substitution group.

Corollary. A 8-Lie algebra g whose additive group is Ga either is

isomorphic to ga or else is isomorphic to gs.

Just as there is no counterpart in 1-parameter Lie groups of the noncom-

mutative substitution group, there is no counterpart of the 1-parameter

nonabelian Lie algebra g_,. gs can be realized as a Lie algebra of derivations.

Indeed, in the Lie algebra % ■ 8 over % of derivation operators on %,

[u8, v8] = u8 o v8 — v8 ° u8 = (uv' — u'v)8. However, gs cannot be realized

as the Lie algebra of invariant differential derivations on a linear differential

algebraic group, i.e., gs is not integrable in GL^ri) for any n.2 In fact, this

1-parameter Lie algebra, which is equal to its derived algebra and has trivial

center, also has trivial automorphism group, and thus provides a 1-

dimensional counterexample to the analog in the category of 5-Lie algebras of

Ado's theorem.

Theorem 6. The substitution Lie algebra gs is not linear.

Proof. We show that the only 5-automorphism of g^ is the identity

automorphism. Suppose a is a 5-automorphism of gs. Then a is a 5-

automorphism of its additive group Ga. Therefore, there is an element

a E Gm such that a(u) = au for all u E % (since HomÄ(Ga, GJ = %[S], the

ring of linear differential operators). Since a is a Lie algebra homomorphism,

a[u, v] = [a(u), a(v)]. Therefore, a(uv' - u'v) = a2(uv' - u'v) for all u, v E

Ga. Thus, a = 1, and a is the identity auomorphism. Proposition 18 now

implies that gs is not linear.

2Thus, if G is a linear 5-group whose Lie algebra g has additive group a vector group of

dimension 1, then G is abelian.
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2. The isomorphism classes of 5-Lie algebra structures on Ga X Ga. In [13]

Ritt determines up to equivalence all 2-dimensional formal differential

groups. It follows from his theorems, restated here in Chapter HI, that to do

this it suffices to compute all possible families of structure elements, which is

what he does. Thus, Ritt computes the 5-Lie algebra structures on Ga X Ga

up to isomorphism.

In contrast to the classical case of 2-dimensional Lie algebras, where there

are only two isomorphism classes, 5-Lie algebra structures on the plane

abound. It is a tribute to Ritt's formidable computational ability that he was

able to determine all of them. There are infinitely many isomorphism classes,

divided into thirteen types, three finite types and ten substitutional types. We

list the isomorphism classes according to type by giving in each case the Lie

product of a representative (which we call a basic representative). In this list,

for all / > 2 we will denote 5'z by z(,). We will continue our practice of

writing z for z(0) and z' for z(l).

First Finite Type

[x, y] = (0, 0);

Second Finite Type

[x,y] = (   2     a^y^-y^o),       (a0, . . .,ag)*(0, .. .,0);
\0</<g /

Third Finite Type

[x, y] = (      2       a0(xiW - >4'M>), o),   not all ay = 0;
\0</<y<g /

First Substitutional Type

[x, y] = (0, x2y'2 - y2x'2);

Second Substitutional Type

[x, y] = (xxy'x - yxx\, x2y2 - y2x2);

Third Substitutional Type

[x, y] = (c(xxy'2 - yxx'2) + x2y\ - y2x\, x2y'2 - y2x'2),       c E %;

Fourth Substitutional Type

[x, y] = (x2y\ - y2x\ + a(x2y2 - y2x2), x2y2 - y2x2),       a G Gll, a ¥= 0;

Fifth Substitutional Type

[x, y] = (x2y'x - y2x\ + x'2yx - y'2xx + a(x2y¡2) - y2x¡2)), x2y2 - y2x2),

a G %, a ¥=0;
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Sixth Substitutional Type

[x, y] = [x2y\ - y2x\ + 2(x'2yx - y'2xx) + a(x2y¡3) - y2x¡3)), x2y'2 - y2x'2),

a E%,a^O;

Seventh Substitutional Type

[x, y] = (x2y\ - y2x\ + x'2yx + y'2xx + a(x2y^2) - y2x?))

+ x'2yP - y'2xP, x2y'2 - y2x'2),       a G % ;

Eighth Substitutional Type

[x, y] = (x2y'x - y2x\ + 2(x'2yx - y'2xx) + a(x2y¡3) - y2x(23))

+ x'iyP - y'243\ x2y'2 - y2x'2),      a E % ;

Ninth Substitutional Type

[x, y] = (x2y'x - y2x\ + 5(x'2yx - y'2xx) + xfM» - y^x^, x2y'2 - y2x'2);

Tenth Substitutional Type

[x, y] = (x2y\ - y2x\ + l(x'2yx - y'2xx) + (9/2){x^y^ - x^y^)

+ x?yP-y?x?\x2y'2-y2x'2).

Ritt discusses the distinctness of the equivalence classes of the formal

differential groups whose Lie algebras are represented in the above list, in the

last paragraph of [13].3 An isomorphism class cannot be of two different

types. So, if two 5-Lie algebras are isomorphic they must be of the same type.

Distinct (a0, . . . ,ag) give rise to basic representatives of distinct isomorphism

classes of second finite type. The only isomorphisms holding among the

representatives of third finite type are diagonal transformations A = (Lx, L2),

where Lx(x) = axxx and L2(x) = a2x2. Distinct constants c give rise to distinct

isomorphism classes of third substitutional type. So, we have a 1-constant-

parameter family of isomorphism classes of third substitutional type. Two

isomorphism classes of fourth or fifth or sixth substitutional type are equal if

and only if the ratio of their parameters a is in %. Distinct a G % give rise to

distinct isomorphism classes of seventh and eighth substitutional type. There

is only one isomorphism class of first, second, ninth and tenth substitutional

type, respectively.

3. Solvability of 5-Lie algebra structures on Ga X G„. In the 1-dimensional

case, the Lie algebra ga of finite type is abelian, hence solvable, whereas the

Lie algebra gs of substitutional type is clearly not solvable since it is equal to

its derived algebra. This linking of solvability with finiteness carries over to

3 Ritt actually displays the differential power series in twelve of the thirteen cases. The series all

involve exponentials and logarithms of series of substitutional type.



270 P. J. CASSIDY

the 5-Lie algebra structures on the plane. We shall first show that the 5-Lie

algebras of finite type are all solvable, which parallels the case of the classical

2-dimensional Lie algebras.

A 5-Lie algebra of first finite type is abelian, hence solvable. Suppose g is a

basic representative of third finite type. The center of g has additive group

G0 X W, where W is the set of zeros in Ga of a homogeneous linear

differential polynomial. The derived algebra of g has additive group Ga X 0,

hence is central.4 Therefore, g is nilpotent (hence solvable) of nil class 2. In

particular, g is a nonabelian central extension of ga by ga. So, every 5-Lie

algebra of third finite type is a central extension of ga by ga.

We shall now show that a 5-Lie algebra g of second finite type is solvable,

and in fact, is a split extension of ga by ga. It suffices to consider basic

representatives. The classical 2-dimensional nonabelian Lie algebra whose Lie

product is given by the formula [x, y] = (xxy2 — yxx2, 0) is, of course, of

second finite type. If g is any basic representative of second finite type, g is

not nilpotent. However, the additive group of the derived algebra is Ga X 0.

The derived algebra is readily seen to be an abelian 5-ideal of g isomorphic to

ga. Thus, g is solvable of solv class 2. Now, for fixed u2 E ga, the map DU2

from ga to ga defined by the formula Du ux — ux(—2f=0 a,M2I>) is a derivation

of the %-Lk algebra ga (and, in fact, since it is merely scalar multiplication,

it is even %-linear). It is easily seen that the map that sends (ux, u^ h» Duux

defines an action of the 5-Lie algebra ga on itself. Evidently, the Lie algebra

whose Lie product is given by the formula [x, y] = (2f_0 <*i(x\y-P ~

yxx^), 0) is the split extension of ga by ga relative to this action. So, the 5-Lie

algebras of second finite type are all split extensions of ga by ga.

Theorem 7. Let g be a 8-Lie algebra whose additive group is Ga X Ga. Then

g is solvable if and only if g is of finite type.

Proof. We must show that none of the 5-Lie algebras of substitutional type

is solvable. We first observe that g^ is not solvable since [gj; gj = gs.

Let g be a 5-Lie algebra of first substitutional type, g is isomorphic to

ga X g^. The derived algebra of g is isomorphic to gs and the center to ga. g is

not solvable since it contains a 5-subalgebra isomorphic to g^. If g has second

substitutional type, g is isomorphic to gs X gs, which is clearly not solvable.

The derived algebra is equal to g and the center is trivial.

A 5-Lie algebra of third substitutional type is isomorphic to a 5-Lie algebra

g in which the Lie product is given by the formula

[x, y] = (c(xxy'2 - yxx'2) + x2y\ - y2x\, x2y'2 - y2x2),       c E %.

4Note that D [g, g] has as additive group a vector group as expected, but that the center does

not.
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We claim g is not solvable, and in fact, g is a split extension of gs by ga. It is

easy to see that the 5-subgroup Gfl X 0 of the additive group of g is the

additive group of a 5-ideal isomorphic to ga, and 0 X Ga is the additive group

of a 5-subalgebra isomorphic to gs. In particular, g is not solvable. The 5-Lie

algebra gs acts on ga. For fixed u2 in gi; the map DUi from ga into ga defined

by the formula Duux — u2u\ — cuxu2, c E %, is a derivation of ga and the

map that sends (ux, u2) i-> Duux defines an action of gi on ga.

A 5-Lie algebra of fourth substitutional type is isomorphic to a Lie algebra

g whose Lie product is given by the formula [x, y] = (x2y\ — y2x\ + a(x2y2

— y2x2, x2y2 — y^'^). We show that g is not solvable by showing that the

derived algebra is equal to g. Let u = (0, 1) and let (vx, v2) G g. We can solve

simultaneously the differential equations

y\ + ay'2 = vx,       y2 = v2.

Therefore, ad u is surjective, whence [g, g] = g.

The same technique shows  that if g is a basic representative of an

isomorphism class of substitutional type > 4, then [g, g] = g, whence g is not

solvable. In each case, we let u = (0, 1). We then solve the following systems

of linear differential equations:

Fifth and Seventh Substitutional Types

y\ + oy'í = üi>    y'i = v2-,

Sixth and Eighth Substitutional Types

y\ + ay^>= vx,      y2 = v2;

Ninth and Tenth Substitutional Types

y\ = vx,      y'2 = v2.

4. Linearity of 5-Lie algebra structures on Ga X Ga. The dichotomy between

finite and substitutional types carries over to the question of the linearity of

5-Lie algebra structures on the plane. The 5-Lie algebras of substitutional

type give us an infinity of 5-Lie algebras with no faithful representation as

matric algebras.

Theorem 8. Let g be a 8-Lie algebra whose additive group is Ga X Ga. Then

g is linear if and only if g is of finite type?

Proof. ga X ga is clearly linear. Suppose g is a basic representative of

second finite type. We define an isomorphism a of 5-Lie algebras from g into

5It follows from Theorems 7 and 8 that a linear fi-group whose Lie algebra g has as additive

group a vector group of dimension 2 is solvable.
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the Lie algebra of 2 X 2 upper triangular matrices by the formula

-anu-, u,

a(ux, u2)

-<0"2 "1

0 ¿  aM°
i=\

,   if a0 ¥* 0,

and

0      2  «¿«4° + "2 ,   if a0 = 0.

If g is a basic representative of third finite type we define an isomorphism a

of 5-Lie algebras from g onto a Lie algebra of upper triangular nilpotent

matrices as follows: The entries of a(u) are 0 except for those in the first row

and  last  column.  If not  all a0J  equal  0,  the  first  row is  the  «-tuple

an„u
,(«)

0g"2> • •
,(g)

(0, a0xu2,

(«i, W2, . .

row is the «-tuple (0, u2, aX2u'2, . . .

column is  the  «-tuple  (ux, 0, w2,

ag-i,gM28  l\ wi)> and the last column is the «-tuple

, 0). If a0j = 0, 1 < j < g, the first,(«)

aXgu2, . . . , ag_Xgu^g  l\ ux) and the last

4.!#>,..., Up\ 0).  For,(s)

example, if the Lie product is given by the formula (x2y'2 — y2x'2, 0), then

«00 =
0 u2 ux

0 0 «2

0    0     0

If g is a basic representative of first, second, or third substitutional type

then g is not linear since g contains a 5-subalgebra isomorphic to gs.

If g is a basic representative of substitutional type > 4, then it is easy to see

that the 5-subgroup Ga X 0 of g+ is the additive group of an abelian ideal a

of g. Now, (vx, v2) centralizes a if and only if for every u E %[(«, 0), (t>„ v^]

= (0, 0). In each case, (vx, v2) must satisfy an equation of the form u'v2 + bv2

= 0 for all u E %. Therefore, v2 = 0. Thus, a is its own centralizer in g.

Moreover g/a has additive group a vector group of dimension 1 (Chapter 1,

§2). Since g = [g, g], g/a cannot be abelian. Therefore, g/a is isomorphic to

g, (corollary of Theorem 5). Suppose g is linear. We may suppose that

g c gl%(«) for some «. The Zariski closure A (a) of the abelian ideal a of g is

an abelian ideal of the Zariski closure A(g) of g. Since every finite-

dimensional Lie algebra over % is linear by Ado's theorem, there is a

homomorphism a: A (g) —> gl%(/"), for some r, with kernel A (a). The

restriction a\g is a homomorphism of 5-Lie algebras from g into gl^/-) with

kernel A (a) n g. Since A (a) n g is clearly abelian and contains a it is

contained in the centralizer in g of a. Thus, A (a) n g = a. But, a(g) is a

matric 5-Lie algebra isomorphic to gs, which contradicts Theorem 6.



DIFFERENTIAL ALGEBRAIC LIE ALGEBRAS 273

References

1. P. Cartier, Groupes formels associés aux anneaux de Witt généralisés, C. R. Acad. Sei. Paris

265 (1967), 50-52.
2._, Modules associés à un groupe formel commutatif. Courbes typiques, C. R. Acad. Sei.

Paris 265 (1967), 129-132.

3. P. J. Cassidy, Differential algebraic groups, Amer. J. Math. 94 (1972), 891-954.
4. _, Unipotent differential algebraic groups, Contributions to Algebra, A collection of

papers dedicated to Ellis Kolchin, Academic Press, New York and London, 1977.

5. J. E. Humphreys, Introduction to Lie algebras and representation theory, Springer-Verlag,

Berlin and New York, 1972.

6._, Linear algebraic groups, Springer-Verlag, Berlin and New York, 1975.

7. E. R. Kolchin, Differential algebra and algebraic groups, Academic Press, New York and

London, 1973.

8. _, Differential algebraic groups (in preparation); Abstract distributed in conjunction

with the Colloquium Lectures delivered at the Seventy-Ninth Summer Meeting of the Amer.

Math. Soc, Kalamazoo, Mich., 1975.

9. M. Lazard, Commutative formal groups, Lecture Notes in Math., vol. 443, Springer-Verlag,

Berlin and New York, 1975.

10. J. Lubin, Review of " Commutative formal groups" by M. Lazard, Bull. Amer. Math. Soc. 82

(1976), 535-537.
11. J. F. Ritt, Associative differential operations, Arm. of Math. (2) 51 (1950), 756-765.

12. _, Differential groups and formal Lie theory for an infinite number of parameters, Ann.

of Math. (2) 52 (1950), 708-726.
13._, Differential groups of order two, Ann. of Math. (2) 53 (1951), 491-519.

14._, Subgroups of differential groups, Ann. of Math. (2) 54 (1951), 110-146.

Department of Mathematics, Smith College, Northampton, Massachusetts 01060


