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COMPOSITION FACTORS OF THE PRINCIPAL SERIES
REPRESENTATIONS OF THE GROUP Sp(n, 1)
BY
M. W. BALDONI SILVA AND H. KRALJEVIC!

ABSTRACT. Using Vogan’s algorithm the composition factors of any principal series
representation of the group Sp(n, 1) are determined.

0. Introduction. D. Vogan has discovered in [14] a certain algorithm for ex-
pressing the character of any (generalized) principal series representation of a
semisimple Lie group G as the linear combination of irreducible characters. It is
conjectured that this algorithm gives the final result for any G and any such
representation, or, in other words, that it enables one to find all composition
factors (together with the multiplicity) of any generalized principal series represen-
tation.

In this paper we use this algorithm to determine the composition factors of any
principal series of the group Sp(n, 1). In the same way (but much simpler) one can
also proceed for the groups Spin(n, 1) and SU(n, 1), but in these cases the results
were already obtained by other methods (see e.g. [5], [8], [9], [13]). In the subse-
quent paper we will treat the remaining real rank one group-a real form of F,.
These results may be used to prove the existence of some complementary series as
in [17].

1. Notation and preliminaries. Throughout the paper G will denote the group

Sp(n, 1), n > 2, defined as the group of matrices in Sp(n + 1, C) which leave
invariant the hermitian form ‘ZK,,,Z where Z = (zy, . . ., z,,,) € C*"*' and

-1, 0 0 0
-/ 0 1 0 0

K o o0 -1, 0/
0 0 o0 1

Let g be the Lie algebra of G. It will be identified with the Lie algebra Sp(n, 1) of
matrices:

I, the unit matrix of order n.

Z, Zy; Zy Zia Z,; complex matrix; Z,, and Z,; of
Zis Z, 'Z\4 Z,4|| order n, Z,; and Z,, n X 1 matrices,
Sp(n, 1) =<1 Z, Zu 7., -Z,|| Zuand Zy, are skew hermitian, Z,, ’

— - = || and Z,, are symmetric.
Ziy —Zn -'Zy Zy 4
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Let §: g—g be the Cartan involution defined by 8(X) = K, XK, , and let
g =t @D p be the corresponding Cartan decomposition. Let K be the maximal
compact subgroup of G with Lie algebra f and let t be the set of all diagonal
matrices in g. t is a Cartan subalgebra of g corresponding to a compact Cartan
subgroup of G.

Denote by A the root system of the pair (g¢, tc) (the subscript C denotes the
complexification). Then A = {+¢ + ¢, 1 <i<j<n+1; x2¢, 1 <i<n+ 1}
where

g(diag(a, ..., a4, —ap ..., —a,,)) = a;.
Let A, and A, be the sets of compact and noncompact roots, respectively. Then
Ay ={*ex¢g 1 <i<j<n; x2¢, 1 <i<n+ 1) Let Wand W, be the Weyl
groups of A and A,, respectively.

Let bar denote the conjugation of g with respect to g and B the killing form of
gc- Denote by (, ) the dual of the Killing form restricted to it.

We shall need to make computations with root vectors and we fix a normaliza-
tion of them. Namely [4, pp. 155-156] for each a € A we can select a root vector
X, in such a way that B(X,, X__) = 2/(a, &) and 8X, = —X,. Then it follows that
H, defined by H, = [X,, X_ ] satisfies a(H,) = 2 and that

X, — X_,i(X, + X_,)arein g if a is compact and

X, + X_,i(X, — X_,) arein g if a is noncompact.

LetB = ¢ —¢,,,anda = R(Xg + X_p).

a is a maximal abelian subalgebra of p. Let M be the centralizer of a in K and m
its Lie algebra. Let h~ be the subalgebra of t spanned over R by iH,, a« € A and
(a,8) =0. Let h =5~ @ a. Then h~ and h are Cartan subalgebras of m and g,
respectively. Let (, ) denote also the dual of the Killing form restricted to i~ @ a.
Denote by @ (respectively @,,) the root system of (g, b)) (respectively (mg, be))
and by W the Weyl group of ®. If y € A, set u, = exp(7/4) (X, — X_,). Then
Ad u, is the Cayley transform corresponding to y. In particular Ad ug carries tc
onto heand ® = A o Ad(u,) " ".

The roots of ®,, may be identified with the roots y € ® of the form y =
a o Ad ug ', where « € A and (a, B) = 0. Set

ep=¢°Adu;!, = —¢,,,°Adu;’,

e=¢_;°Adu;', 3<i<n+1l

1

Then @ = {*e, * ¢; 1 <i<j<n+1}U{*2¢;1<i<n+ 1}. The compact
roots in ® are
O,={x(e,—e)}U{xexe;3<i<j<n+1}uU{*2e;3<i<n+1}.
The real roots in ® are f = B o Ad uﬁ" = e, + e, and —B. The remaining roots
in @ are complex.

We now define systems of positive roots A*, A/, ®* and @} in A, A, ® and @,
respectively, which will be fixed throughout the paper. They are defined so that the
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corresponding sets of simple roots are the following:

A {e) — &8y — &3 o3 8~ Epyp 26,41 )

Af:{ey — ey ep — &5 .81 = &, 26, 26,41 ),
D*:f{e; —epe; 5.6~ €y 26,4}
Pri{er—epes—epes— €5, = €y, 26,4, ).

Let A be the system of restricted roots (i.e. the root system of the pair (g, a) and
A* = {a|,;; a € ®*, a|, # 0). Let n be the sum of the positive restricted root
space. Let 4 (resp. N) be the analytic subgroup of G with Lie algebra a (resp. n).
Denote by p half the sum of the positive restricted roots, counted with multiplici-
ties. We also set §; =%Eae¢; a. W(a) will denote the Weyl group of the root
system (“the little Weyl group™).

Let U be the universal enveloping algebra of g- and 3 its center. Let b be a
Cartan subalgebra of g, Q the system of roots of the pair (g¢, b), W the Weyl
group of 0, O * a system of positive roots in Q, §,+ = gz,eg* v. For A € b* let x,,
denote the infinitesimal character of the Verma module for g (with respect to Q *)
with the highest weight A — 8,.. As is well known, we have that x, = x, if and
only if A = op for some 0 € Wy; furthermore, any homomorphism 3 — C is of the
form yx, for some A € b*.

Let now M be the set of all equivalence classes of irreducible finite dimensional
representations of M. It is well known [15] that M is in bijective correspondence
with

n+1

Dy = {bo(el —e)+ X beyby> - 35,20,
i=3

ZbOEZ,biEZ,3<i<n+l}.

This correspondence is obtained by attaching to each element § of M its highest
weight A, with respect to @7

For each £ € M we fix an element (¢, H¥) in the class &; it will be supposed that
H¥ carries an inner product such that £ is unitary.

For{e Mand » € a¢ we define the principal series representation (7, ,, H &y
as follows:

(1) H*” is the space of all (classes of) measurable functions f: G — H¢ such that

f(gman) = e~ *P N (m=1)f( g) (@)
for every g€ G, m € M, a € A, n € N (here lg: A — a denotes the inverse of
exp: a —» A);

fK (k)| dk < . (ii)
H*" is a Hilbert space if we introduce the inner product

(f,8) = [ (f(k), (k) ak.
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Q) (7, (NH(x) = flg™'x), g, x €E G, f € HY. 7., 1s an admissible representa-
tion of G of finite length called principal series representation. According to [6), for
example, the infinitesimal character of 7, is x,, Where A(§, »)b¢ is defined by

A(g, V)Ibc— = A + 8, A& )|, =
Set D = (A%, v); £ € M, v € at). Then

i=1

n+1
D= { > ae;a, —a,€Za, —a,>0,a €L,

3<i<n+l,aj>aj+,,3<j<n}.

Obviously, the set D parametrizes the principal series representations. If y € D,
y = A(§, »), we shall write 7(y) instead of m;,. Let D * denote the set of all y € D
such that if y = 71| g.e; then either Re(a;, + a;,) > 0 or Re(a; + a,) = 0 and
Im(a, + a,) > 0. D™ is the intersection of D with a fundamental domain of W(a);
therefore, D * parametrizes the principal series representations up to the action of
W(a). Note that the character of a principal series representation is invariant under
the action of W(a), i.e. this action only changes the order of the composition
factors.

According to Theorem I1.3.1 in [11] if y € D is such that Re(a, + a,) > 0, then
7(y) contains the unique irreducible quotient. It is usually called the Langlands
quotient and will be denoted by #(y).

Let L denote the set of integral forms on ¢, i.e. those that lift to characters of T
(the Cartan subgroup of G with Lie algebra t). Then

n+1
L= {)\Et(‘:;)\= > ag,a,€Z,1 <i<n+1}.
i=1

We say that A € t& (resp. y € bg) is nonsingular if (A, a) # 0 (resp. (v, @) # 0)
for each a € A (resp. ®). Otherwise, A is called singular. Let L’ be the set of
nonsingular elements of L. To each A € L’ Harish-Chandra has attached certain
invariant eigendistributions ©, on G [2]. Two of these coincide precisely when their
parameters are related by an element of W, [3]. Each ©, is the character of a
discrete series representation and in this way all such representations are exhausted
(up to equivalence). The discrete series representation with character ©, will be
denoted by #(A). Its infinitesimal character is Xx,.

2. Sufficient condition for irreducibility of a principal series representation. Recall
our choice of the real positive root 8 = e, + e, and let y = 72! a.e, € D. Let ¢
be a homomorphism of SL(2, R) into G such that (denoting by ¢, the tangential

RVIERY PR T i

Set m = ¢,([;" °,])- Then m is in the center of M; hence it is represented by a scalar
in any irreducible finite dimensional representation of M. Let y(m) be this scalar
for the irreducible representation of M with the highest weight y|,- — 8. Fix a
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positive system P in A such that B is simple (8 = ¢, — ¢, ). Let

5=% > . S o« , (8. B) I(y) = (Y,B)

aEPNA, 2 a€EPNA; ’ (B B) (B’ B)

We need the following technical lemma.

LEMMA 2.1. Let y = 3"} a,e, € D. Then the following two conditions are mutually
equivalent:

() () € Z and y(m) = (-1)**1®,
(ll) a,a, € Z.

ProoF. By [12] (i) is independent of the choice of P. Choose P so that the
corresponding simple roots are &, — €,.1, €41 — € € — €3, ..., &) — &, 26,
Then 8= —(n— e —Z]_(n—j+ g+ (n—2e¢,,, and k= —2n+3.
Furthermore, I(y) = a, + a,.

Let us compute y(m). We have

[0 S)=esl-[} 7))

and X_; — X3 = — iHpg; hence m = exp(—imHp). Now,
Hg = diag(1,0,...,0,-1,-1,0,...,0, 1)
and, for a = ¢, — e,, H, = diag(1,0,...,0,1,-1,0,...,0, -1). Therefore, m =

exp(— iwH,). In this way we obtain

y(m) = exp(—in(y — 8,.)(H,))-
a is simple for ®7; hence 8, (H,) = 1. Furthermore, y(H,) = a, — a,. Therefore,
(1) takes the form

a,+a,€Z and exp(—im(a, — ay)) = (-1)""*
As a; — a, € Z, this is obviously equivalent to (i)). Q.E.D.

THEOREM 2.2. Let vy = 2" ae; € D and suppose that the principal series repre-
sentation m(y) is reducible. Then g€Z1<j<n+l

PROOF. As y € D, we have only to prove that the reducibility of w(y) implies
that a, and a, are integers.

Suppose first that y is nonsingular. By Proposition 6.1 in [12] the reducibility of
a(y) implies that one of the following two possibilities holds true.

(1) There exists a complex root a € ® such that 2(a, v)/(«, a) € Z.

The complex roots in ® are e, + ¢, *e, * ¢,3 <i <n+1, x2e, *2¢, An
easy computation shows that for any of these roots a, 2(a, v)/(a, a) € Z implies
a,,a, €Z.

() I(y) and y(m) = (-=1)¥*/® (notation as before). By Lemma 2.1 this is satisfied
if and only if a,, a, € Z.

In this way we have proved that if y is nonsingular and if #(y) is reducible, then
g €Zforl<j<n+1l

Suppose now that y is singular. Let P be a positive system in @ such that y is
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dominant with respect to P. Let u = =72/ b.e; be the highest weight (with respect
to P) of a finite dimensional irreducible representation of G, such that y + pu is
dominant with respect to P and nonsingular.

Let y.)** be the Zuckerman’s functor as defined in [16]. Then ¢/ *#(n(y + p)) =
7(y) by Corollary 5.9 in [12]. y** is an exact functor by [16]. Therefore, the
reducibility of #(y) implies the reducibility of #(y + p). By the first part of the
proof, @, + b, €Z for 1 <j <n+ 1. p being a weight of a finite dimensional
representation of G, we have b/ € Z for 1 < j < n + 1. Therefore, a € Z for

1<j<n+1 QED.

3. Composition factors for nonsingular infinitesimal characters. Let y be in t&
(resp. ¢ ). We shall say that vy is integral if y = 372 L ae, (resp. y = 272! ae)
with ¢, EZ, 1 <i < n + 1. An infinitesimal character x will be called integral if
X = X, for some integral vy.

If y is a nonsingular integral element of ¢ (resp. hg) we denote by A7 (resp. @)
the unique system of positive roots in A (resp. ®) with respect to which y is
dominant.

By Theorem 2.2 if y € D is not integral then «(y) is irreducible. Therefore, in the
rest of the paper we can restrict ourselves to the representations with integral
infinitesimal characters.

Throughout this section x will denote a fixed nonsingular integral infinitesimal
character. We need to parametrize all the discrete series and the principal series
representations with infinitesimal character x.

If C is a system of positive roots in A (resp. ®) we shall denote by C the
corresponding closed Weyl chamber in it* (resp. (i)~ + a)*).

For 0 < j < nlet G, be the system of positive roots in A defined by

n+1
Cj={2aie,.;a,>-'- >aj>a,,+,>aj+,>--'a,,>0}.

i=1

Let o; € W be defined by g;C, = C,. Then o, is the identity and for 0 < j <n —
I:
oig; = &, 1<i<y,

4 1

9&+1 = &1
o =¢_, Jj+2<i<n+l

Forj€{0,1,...,n}let )g denote the unique element in C."J such that x = Xy By
[3] every discrete series representation with infinitesimal character x is equivalent
to m();) for exactly one j € {0, 1, ..., n}. We shall also use the notation m(X) =
T(N).

Up to the action of W(a) all the principal series representations with infinitesimal
character x are 7(y), y € D*(x), where D*(x) = {y € D*; x, = x}. We are
going to parametrize the set {®; y € D *(x)).
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For 0 < i <j < nlet P, ; be the system of positive roots in ® defined by

n+1
Py = { D e ay > G343,
k=1

>aj+|>az>aj+2>”‘ >an+|>0}.

For0<i<n—-1,n+1<j<2n—iletP, be the system of positive roots in ®
defined by

n+1
P..={2akek;a3>~- >a,,>a, >8,,> "

LJ
k=1
> a2”+2_j > —02 > azn+3_j 2P an+| > 0}.

Then {®;yED ()} ={P,;;0<i<n—1i+1<j<2n—i}
Let w, ; € W be defined by w, ;P,, = P, ;. Then we have for0 < i <j < n:
W€k = €42 1 <k<i,
Wij€iv1 = €p
W€ = €41 i+2<k<}j

W i€+1 = €2

we=¢, Jj+t2<k<n+l,

andfor0<i<n—-1,n+1<j<2n—i
W€ = €42 1<k<i
Wi j€iv1 = €
W€ = €4y i+2<k<2n+1—}
W, j€m+2—j = — €
Wi € = €, 2n+3—-j<k<n+1.

ForO0<i<n—1,i+ 1<, <2n—ilety,; be the unique element in f‘,l such
that x = x; ;. Weset i, ;(x) = 7(v; ;) and 7, (x) = 7(Y, ;)

By [10] every admissible irreducible representation of G with infinitesimal
character x is infinitesimally equivalent either to a discrete series representation or
to 7, (x) for exactly one pair (i, ), 0<i<n-1,i+1<,<2n-—i

If 7 (resp. X) is an admissible representation of G of finite length (resp. a
Harish-Chandra module of finite length [16]) we shall denote by () (resp. ©(X))
its global character. For each (i, ), 7 (x) is an admissible representation of G of
finite length and has infinitesimal character x. Therefore, every composition factor
of 7, ,(x) is infinitesimally equivalent to some m,(x), 0 < k < n, or to some 7, ,(X),
0<k<n-—1, k+1<1t<2n— k. Hence there exist unique nonnegative in-
tegers m(i, j; k), m(i, j; k, t) such that

n n—1 2n
(7, ;(x)) = 20 m(i, j; k)O(m(x)) + zo ,-%1 m(i, j; k, 0)8(, (X))
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Our goal in this section is to determine all these numbers m(i, j; k), m(i, j; k, t). To
do this we shall use Vogan’s results [14]. For the convenience of the reader we shall
state these results in our situation.

Let II denote the set of simple roots in C,, ie. Il ={g —&,,...,¢, —
€41 28,4} For a €11 let ¢, and ¢, be the Zuckerman’s functors as defined in
[15] (after Lemma 3.1) with respect to A,. If 7 (resp. X) is an admissible representa-
tion (resp. a Harish-Chandra module) of finite length with infinitesimal character
x, let 7(r) (resp. 7(x)) be the Borho-Jantzen-Duflo r-invariant of « (resp. X).

It is defined in [14] as the set of all « € II such that y,(7) = 0 (resp. Y,(X) = 0),
or, equivalently, ¢, ¢, (7) = 0 (resp. ¢,¢,(X) = 0).

Let X be an irreducible Harish-Chandra module with infinitesimal character x.
For each a € IIN7(X), ¢,¥,(X) contains X as the unique irreducible quotient and
as its unique irreducible subrepresentation [14]. The remaining subquotient of
¥, (X) will be denoted by U,(X) as in [14]. Therefore, O(U (X)) = O(¢,¥,(X))
—20(X). If 7 is an irreducible admissible representation of G and X is the
corresponding Harish-Chandra module of K-finite vectors, we shall sometimes
write U, () instead of U (X).

Let © be a virtual character (i.e. an integral linear combination of irreducible
characters) with infinitesimal character x. If p € t& is a weight of a finite dimen-
sional representation of G, let S,(®) denote the coherent continuation of © as
defined in [12] or [14].

PrOPOSITION 3.1 [14, PROPOSITION 3.2). Let X be an irreducible Harish-Chandra
module with infinitesimal character x.

() Ifa € 7(X)and k = 2(a, \,)/(a, @), then S _, (O(X)) = — O(X).

@) If a€Il — 7(X) and k = 2(a, A\,)/(a, a), then S_, (O(X)) = O(X) +
O(U,(X)).

Using Corollary 4.13 in [14] we easily find

PROPOSITION 3.2.

®
IIN{¢, — &}, i=0,
m(m(X)) = TIN{& — g1 &1 — Eiv2)s 1<i<n-—-1,
IN\{e, — &,4,}, i=n.
(i)

n, i=0,,=1,

(g —g,,), i=02<j<n,

MN{2e,,,}, i=0j=n+1,

_ IN{ep42-; = €2n43-j)> i=0,n+2<j<2n,

(7, (0) = IIN{g — &1}, i>lLj=i+1,

IN{e — €416 — g4 )s i>1L,i+2<j<n,

IIN{g — €415 26,,1 ) i>lLj=n+1,

IN{g — &1 €p02-; — E2pa3—j)s 2 L,n+2<,j<2n—i
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Theorem 4.12 in [14] in our situation reads

THEOREM 33. Let 0 < i<n—1,i+1<j<2n—i. Let a > a be the dual of
the Cayley transform of tc onto tc such that C_‘,, = P, ;. Let a € IINT(7, (X)) and let
k = 2a, A,) /(e a).

() If a is complex then O(U(7; (x))) = O(7(y, ; — ka)) + O,

(i) If & is real then O(Uy(7; (x))) = ©,.

In each case ©, is the character of a representation, every irreducible constituent of
O, is the character of a subquotient of m; (x) which contains a in its T-invariant.

Following [14] we shall call O(U, (7, (x))) — ©, the special constituent of
O(U(T, ,00))-

Theorem 4.12 in [14] implies also an analogous asssertion for the discrete series
representations. To describe it we have to attach to each a € IIN7(m(x)) the
parameter of a principal series representation.

Let 0<i<n and let o, € W be defined as before (5,C, = C)). Let a €
IIN7(7,(x)) and set a = o,a, az; = R(X; + X_3) and by = {(H €t; a(H) = 0}.
Then b; = b7 + a; is a Cartan subalgebra of g and the corresponding roots are
¥ = Ao Ad(u;)"'. Let ¥* = C, o Ad(u;)~". Denote by m; the centralizer of a; in
f. Then the roots ¥, of the pair ((mz)c, (b3 )c) may be identified with the roots of
(8> tc) which are orthogonal toa Set ¥y =¥*"NY,. Letda € ¥ be the real
root (¥* contains exactly one real root). Define A% € (b, )E by

Nie =M (A5 8) = (8, @).

Finally, let ¢ be the dual of the restriction to h¢ of an inner automorphism of g¢
which carries b to (b;)c and such that (¥ *) = Py ;. Set A* = ¢(A%).

THEOREM 3.4. Let 0 < i < n, a € IIN1(7,(x)). With the notation introduced above
we have

O(Uy(m(x))) = O(7T(A))-

As we shall see, the proof of the main theorem in this section will be immediately
reduced to the case when x is the trivial infinitesimal character (i.e. the infinitesi-
mal character of the trivial one-dimensional representation). In this case

é(ﬂ+2—j)ej+ é (n+1-))g

2 Jeq j=1 j=i+1
+(n+1—-1i)g,., 0<i<n (1)
1 i+2
Vi, =% a=(n+1—de, +(n+1—-jle+ > (n+4—k)e,
2aEP,~__,- k=3
Jj+1 n+1

+ 3 (n+3-kle+ X (n+2-kle, 0<i<j<n (2

k=i+3 k=j+2
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i+2 n+2—j
Vi, = (n+1—i)e — je, + S(h+4-—klee+ X (n+3— ke,
k=3 k=i+3
n+1
+ > (n+2-klg, O0<i<n—-lLn+1<j<2n—i (3
k=n+3—j

Direct computation gives

PROPOSITION 3.5. Let 0 < i < n and let x be the trivial infinitesimal character. Let
o =¢&— g, ifl<i<nand ;= ¢, — €,5,0<i<n— 1 Then

A = Yis1ane1-0 A= Yizn—i>
(v, are given by (2) and (3)).

THEOREM 3.6. Let x be an integral nonsingular infinitesimal character.
() For0<i<n-1

G(Wi,Zn—i(X)) = 9("—7:',2;:—.'()()) + O(7(x) + O(7., (X))
(i) For0<i<n-2

@("’i,zn—i—l(X)) = 9(‘7_&,2’.—.'—1()()) + G(i,zn—i(x»
+O(7T 4 120-i-1(X)) + O(7,41(x))-
(lll) 0('”"—1,"()()) = G(ﬁn—l,n(X)) + ®(ﬁr:—l,n-O-l(x))‘
(iv) O(7, - 2,(0) = 2} 5=0 O34 40+500) + O(m,(X))-
(V) 9("rn—2,n—l(X)) = @(ﬁn—Z,n—l(X)) + e(ﬁn—Z,n(x)) + G(Wn(x»'
Let0<i<n—1,i+1<j<2n—i—2andsetk =i+ j.
(i) Ifkisoddand 0 < i < [(k — 1)/2)— lorifk is even and 0 < i < (k/2) —
2’
1

9('”1‘,1'(7()) = 2 09(77i+a,j+b(x))~

a,b=

(vii) If k is odd and i = (k — 1)/2, then
9("':,,()()) = 9(77:',1'()()) + e('7?1‘,j'+1(7()) + e("_fi+2,j+2(X))~
(viii) If k is even and i = (k /2) — 1, then

1
9("’:‘,/()()) = bz-oe("?maj-&b()()) + ®("-’Ti+2,i+1(X))'

ProOOF. Using the results on the Zuckerman’s functor (Theorem 1.2 in [16],
Theorem 6.18 and Corollary 5.12 in [12)) it is easy to see that it suffices to prove
the theorem in the case that x is the trivial infinitesimal character. Then A, v, ; are
given by (1), (2), (3). For convenience we shall write =, =, ;, 7, , instead of 7,(x),
w, (X)» ; j(x), respectively.

(i) follows by an application of Schmid’s identities ([12]; see also [1]). The
method of the proof of the rest is based on the following algorithm. Suppose we
know all the computation factors of , ; for every i, j such thati + j = k.

Let i/ + j/ = k — 1. Then we find a pair i, j such that i + j = k and a simple
root « in P, ; such that v, , = v, ; — a. Let ¢, ; be the dual of the restriction of an
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inner automorphism of g¢ transforming f¢ into tc and such that ¢, (C,) = P, ;. Set
a = ¢,;'(a). By Theorem 4.3 in [14] we have O(7, ;) = S_,0(, ;). Using Proposi-
tion 3.1 and 3.5 and Theorems 3.3 and 3.4 together with Theorem 4.14 in [14]
(which will be called the multiplicity theorem) we compute S__ 8(w) for each
composition factor 7 of o7, ; and we get the desired result.

We shall need ¢, ;’s explicitly. If 0 < i <j < n, we have

(ern 1<k<i

e, k=i+1,

o (&) =&+, i+2<k<

ey, k=j+1,

€ j+2<k<n+1

IfO<i<n—-—1,n+1<,<2n- i wehave

€+ 1 <k<i
e, k=i+1,
b (8) =14, i+2<k<2n+1-,
—e, k=2n+2-—j
€0 2n+3—-jj<k<n+1
(i) We have v,,, ;| = Y,4120—i—1 — &, Where a = ¢,,; — e, is simple for
Py 2n—i—1- By (i) it follows
O(Tipn—i-1) = S_aO(Tis120-iz1) + S_aO(74 1) + S_oO(7;,,), 4)
with & = (@4120-i-1) (@) = €41 — &2
By Proposition 3.2 a € IIN7(7,, 1 ,,_;_,); thus by Theorem 3.3(i) the special
constituent of O(U,(7;,2,-,-1)) is O(7;5,_;_;). All the other constituents must
occur in 7, ,,_;,_; and must have « in their 7-invariants. By (i) and by Proposi-
tion 3.2 the only candidate is O(w,,). Let B =¢,, — ¢,5 Then B €
(T4 12n—i—1)> B & 7(m,,,); so by that multiplicity theorem the multiplicity of
O(Ty12,—i—1) In O(Upg(m,,)) is equal to the multiplicity of ©(w,,) in
O(U,(T; 4 120_i_1))- But one checks easily that ©(7,, ,,,_,_,) is the special con-
stituent of ©(Up(, . ,)), so this multiplicity is one. Hence
9( Ua("_ri+l,2n—i—])) = E‘)("_ri,2n—i—l) + e(‘”i+2)
and, therefore,
S _oO(Tp12n-i=1) = O(T 4 120—im1) + O(T gy y) + O(m,,). (%)
Since a & 7(w,,,) and ;@ = ¢, — ¢&,,, using Theorem 3.4 and Proposition
3.5 we get
S_aO(m;11) = O(7,5,_;) + O(m,.)). (6)
Finally, a € 7(m;, ,) so
S_a0(7; ) = —O(m,). @)
Now, (4), (5), (6), and (7) give (ii).
(i) We have v,_,, = v,_,,4+; — & where a = — 2e, is simple for P,_, ;.
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Furthermore a = ¢, . ,(a) = 2¢,,, and we get from (i)

@(Wn—l,n) = S—ae("'—'n—l,n+l) + S—ae(wn—l) + S—ae(ﬂn)' (8)

Since a € 7(m,_,) and a € 7(m,) we have
S—ae(ﬂn—l) = _G(Wn—l)’ (9)
S_.8(m,) = —06(m,). (10)

a & 7(7,_, ,.1) and the special constituent of O(U,(7,_y,+1)) is &7, ,)- All the
other constituents of O(U,(7,_, ,4,)) must occur in #,_, .., and must have a in
their 7-invariants. The only candidates are O(m,_,) and ©(,).

Let 8 =¢, — ¢,,,- Then B € 7(7,_,,,,) and B & 7(m,), B & 7(m,_,). Since
0,8=¢,—¢,,,and o,_, B =¢,,, — &, then by Proposition 3.5 and Theorem 3.4
it follows easily that

®( Uﬁ(ﬂn-l)) = €")('7—’11--l,n+l)’
6( Uﬂ(’”n)) = g(ﬁn—-l,n+l)‘

By a multiplicity argument as before we conclude that both ©(z,) and O(m,_,)
occur once in O(U,(7,_, ,.)- So

S—ae(in—l,n#—l) = G‘)('7.-T'r|--l,n+l) + 9( Ua("?n—l,n+l))
= G‘)(77n—l,n+l) + 6(77"—1,") + ®(Wn) + G(Wn-i-l)’ (11)
The equations (8), (9), (10) and (11) imply (ii1).
(iv) We have y,_,, = v,_,, — @ where@ = ¢,,, — ¢, and a = (¢,_,,) " (@) =
| — ¢&,. Therefore, by (iii)
@(Wn-—Z,n) = S—a®(ﬂn—l,n) = S—ae(ﬁn—l,n) + S—ae("_rn—l,n+l)' (12)
a & 7(y,_,,); therefore the special constituent of O(U,(7,_,,)) is O(7,_,,). The
other constituents must occur in 7, _, , and have a in their 7-invariants, but there
are no such constituents, and hence
S—ag(ﬁn—l,n) = @(-ﬂ-n-—l,n) + g(ﬁn—Z,n)' (13)
Guotpe1® = €y — e and Y, .41 — (€4y — €) = Yy_2,4). Therefore
O(U,(Ty_ 1 ps1) = O(T,_3,41) + Oy, where 0 is as in Theorem 3.3. The only
candidate for 0 is ©(,).

Using 8 = ¢, — ¢,,, and the usual multiplicity argument it follows that @, =
©®(=,) and hence

[

n—

S—ae('r—rn—l,n+l) = @)(7_7'"—2,11) + e(ﬁn—2,n+l) + g(ﬂn)‘ (14)
The equations (12), (13) and (14) imply (iv).
(v) We have y,_,_, = Y,_,, — @ where @ = e,,, — ¢, and a = ($,_,,)” (&)

= en

— g, Therefore, by (iv)
O(7,_30-1) = S_oO(7,_5,) = S_O(7,_,,) + S_.O(7,_,,)
+ S—ae(‘;’_n—z,nﬂ) + S—a@(';’—n-l,nn) + S_,0(m,). (15)
Since a is in the r-invariants for 7, 5,1, Ty_1 441> Tp_1,.» WE have
S—ag(ﬁn—2,n+l) = —@("?n—z,nu), (16)
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S—ae(ﬁn—l,n-o-l) = —0(7?,,-”,4.])’ (17)

S—ag(ﬁn—l,n) = _e(ﬁn—l,n)' (18)

a & 7(7,_,,); therefore O(U(7,_,,)) = O(7,_,,_,) + Oy Candidates for ©, are

e(in—Z,ni-l)’ G)("7n—l,n+l) and e(ﬁn—l,n)' Let B =& — en; then ﬁ € T(’il—Z,n)’

and B & ™(7,_,,), B & T(7,_,,+)- By the usual multiplicity argument we may

conclude that ®, contains ©(7,_,,) once and does not contain &(7,_, ,,,)- For

the fact that the multiplicity is one we need to use the first three character

identities. Using B = 2e,,, for @,_,,,, we also get that ®, contains O(7,_, )
once. Hence

G(Ua(ﬁn—ln)) = 6(7711—2,'1—1) + G(En—l,n) + e(in—Z,n+l)’
and, therefore,
S~a®(ﬁn—2,n) = e(ﬁn—l,n) + ®(ﬁn~2,n—l) + e(ﬁn—l,n) + e(ﬁn-—2,n+l)‘ (19)
By a similar but much easier argument one gets
S—ae(ﬂn) = @(‘77") + 9("7r|—l,n+l)‘ (20)

Now, putting together (15)—(20) we get (v).

(vi) Suppose now i + j = k, 1 < k <2n — 2. We want to prove (vi) by back-
wards induction on k. To start the induction we have to prove that if k = 2n — 2
then0 <i<n -3,

O(Miap_2-i) = O(Tpp_;_2) + O(7,20—i—1)

+ O(Ty 1 2n—i-2) + O(Tis120—i-1)- 21
We have v,,, ;2 = Yign—i-1 — & witha = —e, - ¢,,and a = (¢i,2n—i—|)_](&)
=&43 7 Eiva
By (ii) we have
Q(Wi,zn—i—z) = S—a@("Ti,zn—i—l) = S—a@)(q_ri,Zn—i—l) + S—ae("—’i,zn—i)
+S_ 074 00-im1) + S_O(7 ). (22)

a & (T 5,_;_1); thus O(U,(T5,_;_)) = O(T,,,_;_)) + O, Candidates for 6,
are O(7,,,_;) and O(m,,,). Using B = ¢,, — ¢,; we conclude easily that ©, =
O(7; 5, _,;)- Therefore

S—ae(ﬁi,Zn—i—l) = G(ﬁiln—i—l) + 9(‘7?1',2n—i—2) + 9(7?1',2'1—1')' (23)
By a similar argument we get

S_ O Ty 1an—io1) = O(Ts120-im1) + O(Ts 1 20-i—2) + O(m4 )
Since a is in the r-invariants for 7 ,, _; and 7, , , we get the required results.

Suppose now that we know that (vi) is true up to a fixed 1 <k < 2n — 2 and let
us prove it for k — 1. We have to distinguish two possibilities, k — 1 even or k — 1
odd.

We first prove it in the case k — 1 even. So we want to prove that 0 <i <
(k= 1)/2] =2, O(m ) = O(m; ;) + ®('”i,j+|) + O(mpy,) + 9(7’,'+1,j+|) where j =
k — 1 — i, knowing that it is true with ¢ instead of k — 1, ¢t > k. (Note that
5<k<2n-3)
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Wehavey,, ;| = Yis14-i—1 — @ Witha = ¢,; — ¢, and
a = (¢i+l,k—i—l)—](&) = &4 T &y
Hence, by the induction hypothesis
O(my_iy) = S_ 9( e tk—i=1) = S_oO(T 1 kmiy) + S_oO(Ty 1 4-2)
9("":‘+2k i-1) + S_.0(7 i+2,k— -

a is in the 7-invariants for 7, ,, _;, and @, , 5, _,_, while it is not in the T-invariants
for Ty v k—im1> Tig1he—ir THUS O(Up(T414-i-1)) = O(T 4 —;—1) + O, Where O, has
the usual meaning. By means of the root 8 = ¢,,, — ¢, we may conclude that

By = O(7,; 4 34—i-1)-

Girrk-i{@) = €3 —epand Yoy — (€43 = €) = Vip—ss thus O (Up(7 41 4-1))
= O(m,_;) + 6O Since k + 1 is even and 1 <i + 1 <(k+ 1)/2 — 2 by the
induction hypothesis we know that the constituents of 7, ,,_;, are ., ,_;

Tivtk—i+1 Tivak—i and T, 5, ;). a is in the 7-invariants of only the last two;
hence the candidates for ©, are O(7,,,,_,) and O(7,,,,_;,,). Using B = ¢,
€3 and the multiplicity theorem we get that ©, = O(7, ., _;)-

With all this information we get the result.

The proof in the case k — 1 odd is a little more complicated; we indicate the line
of proof. We have to distinguish two cases: (a) 0 <i < (k/2) —3 and (b) i =
(k/2) - 2.

Let us consider (a) first.

Yik-i-1 = Yivrk—i-1 ~ & a=e,3— €,
a = ($ir1h-i-1) @) = g4y — &4
Then by the induction hypothesis we have
6( ik—i— l) = S—a@(wr+lk i—- 1) = S—ae( i+ Lk—i— l) + S—a®( i+ 1,k— )

O Tapmio) + S_ 0Ty gp—)-

Since @ € T(Ty24-)s @ € T(Typpeiz) @ & T(Tipyp_ioy), @ & T(TW; 4y 4 -;) exactly
as in the case k — 1 even we may conclude

S_ 9(7_71'+2k i)— ( i+2,k— :)
9(774+2k i- 1)"—9( i+2,k—i— |)

~.O(7, i+ Lk—i— l)"®(771+1k i 1)+@('”xk i— |)+®( i+2,k—i— V-
Also @( UTiyrp—) = O(T,, ) + Oy where ©; has the usual meaning. To find
candidates for ®, we have to know the constituents of =, ,,, ;. If Kk <2n -2
again we do not have any problem and we may conclude by the induction
hypothesis that

S_aO(Tipip—i) = O(Tp1p=i) + O(Tp)) + O(Tpppi)- (24)
If kK = 2n — 2, then by (ii) we have that
O(T i1 h=i) = O(Tiy120-i-2) = @('”.+12n i-2) + O(7, i+22n—i— 2)
+®('”:+l2n i— 1) + 9( +2)
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& € (W yp00-i-2) @ € T(W43), & & T(Wyy2n_i—2), @ & T(T; 4y 20— 1)- Therefore
the candidates for ©, are O(7,,,,,_;_,) and O(,,,). Using the root 8 = ¢, —
&3 we may conclude @y = O(7,, ;,,_;_2) and O(Uy(T; ;1 20-i-2) = O(T;3,_;_>)
+ O(7;4 32, —;—2)- Therefore (24) is true also for k = 2n — 2 and so the result holds
true for (a).

Let us now consider (b), i.e. i = k/2 — 2. Recall that 2 < k < 2n — 2. We need
to distinguish two subcases

b)2<k<2n—-4

(b k=2n-2.
For (b)) using ¥4 _;,_; = Yix—; — (€&—;+1 — €,) the proof goes on without any
problem and we omit it; we have only to be careful in the choice of the root to
apply the multiplicity theorem; it will be different depending on whether & — i + 1
=n+lork—i+1<n(Ifk—i+1=n+1choose B =2, ;ifk—i+1
S nchoose B =& ;4 — &_i42)

Let us consider (b,). In this case i =n —3 and Kk — i — 1 = n, so we want to
prove

@(77,,_3’,,) = G(ﬁn—S,n) + @(7?"_3,,”_') + 9("7"-2,") + e(ﬁn—Z,n+l)' (25)
Yo-3n = Yn—3ne1 — & @ = —2e,and a = ($,_3,,,) (@) = 2¢,,,. By the induc-
tion hypothesis, we have
G(Wn—ln) = S—a®(ﬂn—3,n+l) = S—ae(ﬁn—3,n+l) + S—ae(ﬁn—3,n+2)
+S—a®(ﬁn—2,n+l) + S—ae("—rn—Z,n‘fZ)‘
It follows immediately that

S_a®(7_7"_3,n+2) = _G(En—ln+2)’ S—a®(7_rn—2,n+2) = _O(ﬁn—Z,n+2)'
Furthermore, we find easily

S—a@)(ﬁn—3,n+l) = G(ﬁn—S,n-H) + €")("_T-n—Ba,n) + 9(7—7"—3;1+2)'
For the last equality we use the root 8 = ¢

n

compute S_,0(7,_, ,,,) we use (ii) and the root B = ¢, — ¢,
argument to get

S—ag(q_rn—Z,rH-l) = e(ﬁn—Z,n-#-l) + @(7_7,,_2’") + Q(ﬁn—Z,n+2)‘
From these equations (25) follows.

(vii) We will use again the backwards induction on k. Suppose k = 2n — 4; then
we want to prove that

e(ﬂn—ln—l) = @(7_7"_3‘,‘_') + @(ﬁn—Z,n—l) + e(ﬁn—ln) + G(ﬁn—z,n) + g(ﬁn-l,n)'

Yn—3,n—l = Yn—3,n - & Wlth & = en+l - e2 al’ld a = (¢n—3,n)_l’ & = en - en+l'
Then, by (vi)
9(”71—-3,"—1) = S—ae(wn—S,n) = S—a@)(ﬁn—ln) + S—-ae(ﬁn—3,n+l)
+S—¢x®(ﬁn—2,n) + S—ae(ﬁn—Z,n+l)'
a is in the 7-invariants of #,_,, ., and @,_,,,, while it is not in those of 7, _; ,,

Ty _gp Thus O(U (7, _3,)) = O(7,_;,_,) + 0, Candidates for ©, are &(7,_; )

n

— &, in the multiplicity argument. To
+1 in the multiplicity
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and O(7,_, ). Using B = 2¢,,, we get that Oy = O(7,_; ,,1). $,_2.(2) = €,,,
—e and v, 5, = ($-24®) = Yn_24-1 SO0 O(U(T,_3,)) = O(T,_5,_;) + O,
Combining the character identity for &(#,_,,) and Proposition 3.2 we conclude
that candidates for ©, are O(7,_, ), O(7,_, ) and O(7, _, ., ,). Using B = 2¢,,,
form,_,,, and7@,_,,.,and B =¢, | — ¢, for@,_,, and 7,_,, we conclude that
Q) = OT,_3n11) + OF,_,,) and O(Uy(@, ) = OF,_3, 1) + OF,_5,,)) +
O, _1,)-

The desired result is now straightforward.

Suppose now that (vii) is true for ¢ > k and prove it for k — 1. We have to
consider the two possibilities

(a) k — 1 odd.

(b) kK — 1 even.

We first consider (a); 1 <k —1<2n—5and i = k/2 — 1 and we want to
prove O(m; ;1) = O(7;_; 1) + O(T ;) + O(T 4 qp_i1)-

Yik—i—1 = Yik—; — @ where a=¢_,,  — e and a=(¢,_)"'a=¢_, -
€&, _;+- Therefore, by the induction hypothesis

@('”i.k—i—l) = S—ae(ﬂi,k—l) = S—aG(ﬁi,k—i) + S—ae(q?i-o-l,k—i)
+S_ o O(Tp_in) + S_oO(Ty i hminvt) + S_oO(Tpahinn):

Since a is in the 7-invariants of 7, , _;, T, _;,,and 7, ,_;,, We have

S—a@)(’;iﬂ,k—i) = —G(Ei-ﬂ-l,k—i)’
S-a@(‘ﬁi.k—in) = _e(ﬁi,k~i+l)’
S—ae(ﬁi+l.k—i+l) = '@(‘77.'+|,k-i+1)’
a & (7, _;); hence
o( Ua(7—ri.k—i)) = O(ﬁ,k—i—l) + 6,

Candidates for @ are O(7, ;4 —;), O(T; 4 _;+1) and (7, 4 ;). Using B = ¢
—gypform,, yand my o, and B =g, — g4, for T, we get
that Oy = O(7, , _; ;) + O(7,,4_;); hence S_O i) = O(Ty_;) + O(T 4 _y)
+ O(T i) + O 4 )

Let us now compute O(U,(7, ;5 -;4+1))- It is easily obtained that

6( Ua(q_Ti+2,k—i+ I)) = @(ﬁi+l,k—i+l) + 60' (26)
To find candidates for ®;, we must distinguish three possibilities
)k =2n—4,
)k =2n — 6,
(B)k <2n-38
If k = 2n — 4 then (26) becomes O(U (7, _,,)) = O(7,_,,) + Ogand a = ¢,_, —
€,
By (iii) together with Proposition 3.2 we are forced to conclude that ©, = 0. If
k = 2n — 6 then (26) becomes O(U, (7,_,,_)) = O(7,_3, ) + Oyand a = ¢,_,
— &,
By (v) together with Proposition 3.2, the only candidate for @, is ©(w,). Using
B = ¢, — ¢, the usual multiplicity argument gives ®, = 0. If k < 2n — 8 then by
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the induction hypothesis the only candidate for G is O(7;, 44 —;+3)- Using 8 = €4
— &,5 We get again ©, = 0.

So in each case O(U,(T; 4 o4 _is1) = O(T; 41 4—;4+1) It is now a simple matter to
get the required results.

The proof in the case k — 1 even goes on without any problem and we omit it.
The theorem is thus completely proved.

4. Composition factors for singular infinitesimal characters. In this section we shall
consider the reducible principal series representation m(y) such that y € D™ is
singular. By Theorem 2.2, the reducibility of #(y) implies that y is integral. So we
have to consider y, contained in at least one wall, such that

n+1
Y= 2 ae, (1)

j=1
a €L, 1<j<n+1, 2)
a,>ay, a, > —a, a3>--->a,., >0 3)

If v satisfies (1), (2) and (3), then it is easy to see that y can be contained in at most
two walls.

In the proof of the character identities we shall use very often a result from [12].
For the convenience of the reader we shall state this in terms of our notation. Let
A € t¢ be integral and contained in the wall separating ¢, from C~',. a1 O0O<i<n).
We denote by 7+ (A\) (resp. #~(A)) the limit of discrete series representation with
infinitesimal character x, and determined by C~‘,.+, (resp. (f,.) (see [7] and [16]).

Let C be a Weyl chamber in it* (or (i)~ + a)*). Let y be dominant with respect
to C. Let y be the highest weight (with respect to C) of an irreducible finite
dimensional representation of G. Suppose that y + p is strictly dominant with
respect to C. Let Y *# denote the Zuckerman’s functor as introduced in §2. Recall
that for the dual 7 of the restriction to t¢ (or h¢) of any inner automorphism of g,
Y+ = yy+e Especially, for w in the Weyl group y,f **# = ¢y *+.

THEOREM 4.1 [12, THEOREM 6.18 AND COROLLARY 5.12]. (a) Let Q be a chamber in
bE, v € b¢ integral and dominant (with respect to Q). Let p be highest weight (with
respect to Q) of an irreducible finite dimensional representation of G such that vy + p
is strictly dominant with respect to Q. Then

Y (y + w) = 7(y).

If there exists a root a simple for Q such that (a,y) = 0 and either compact
imaginary, or real, or complex with © a negative, then
W+ W) = 0.
If such a root does not exist, then Y " *(7(y + p)) = 7(y).
(b) Let X € t¢ integral and contained in the wall separating C, from C;,, (0 <i <
n — 1). Let u be the highest weight (with respect to C,, C,,,, respectively) of an
irreducible finite dimensional representation of G, such that A + p is strictly dominant
with respect to C,, C,,,, respectively. If there is a compact root a simple for C, C;,,,
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respectively, such that (a, A) = 0, then

W+ ) = 0.
If such a root does not exist, then \pi”“(vr(k + w)=7"(A), xp,}\‘*“(vr()\ + ) =
7 (N), respectively.

Let now y = 27*! a,e, € D* be integral and contained in only one wall. We
have the following possibilities:

Da,=—a,a,#4a,3<j<n+1la>0.

(IDa,=0,a,>0,a,#a,3<j<n+ 1L

(IIl) a, = g, forsome i € (3,...,n+ 1},a,>0,a,#a,3<j<n+1,4a >
a,.

(V) a; = g, for some i € {3,...,n+1}, a,<0, —a,#a;, 3<j<n+1,
a, > — a,

(V)a,=a;forsomei € (3,...,n+1},a,#a,3<j<n+1l,a >a,

(VI)a, = — g, forsomei € {3,...,n+ 1},a,#a;3<j<n+1,a > — a,

Let such y be given. If y is of type (I), (II), (III), (IV), (V), (VI), let b denote q,,
a,, a,, —a,, a,, a,, respectively. Letj € {1, ..., n} be defined as follows: if b > a,
we set j = 1; if a,,, > b we set j = n; otherwise, j is the unique integer such that
G >b > a5,

In what follows, 7 (or 7;) will always denote the dual of the restrictions to /¢ of
an inner automorphism of g¢ carrying ¢c to hc and such that 7(P) = C, where P
and C will be specified systems of positive roots in ¢ and A.

If a is a root, w, will denote the reflection with respect to a.

THEOREM 4.2. Let y = E;: ! ae €D * be integral and contained in exactly one
wall. Let j be defined as above.

() If v is type 1, then
O(n(y)) = Oz~ (1)) + O(=* (7)), T(Pi_120j-1) = G1-
(i) If y is of type Il and j = n, w(y) is irreducible.
(i) Ifyisoftype V,i=n+ 1,j = n — 1, then
B(m(y)) = 6(7(y)) + O(z*(17)),  7(P,_,,) = C,.
V) IfyisoftypeV,i < n,j =i— 2, then
B(7(v)) = 6(7(y)) + O(7(wy))

wherew = w, _.w, . (i.e.wP,_3; =

(V) Ifyisoftype Vlandj = i — 2, then

O(7(y)) = O(7(v)) + O(77(17)), TP, 33542 = Cia
(i) Ifyis of type IV and j = i — 1, then

O((y)) = O(7(v)) + O(7* (1)), TP, 32442 = Gz
(vii) In all the other cases

O(7(y)) = 6(7(y)) + O(7(wy))

i—1,i)-
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where
Wei—eup Y of ype I, V, VI,
Weimep Y ofypelll,j < n — 1,
. Wae, yof ype 111, j = n,

Werrter Y of type 1V.

ProoF. The method of the proof is the following. For each such y we specify a
system of positive roots P in ® with respect to which y is dominant. Then we
choose an irreducible finite dimensional representation of G with highest weight p
(with respect to P) so that y + p is strictly dominant with respect to P. Using
Theorem 3.6 we know the composition factors of #(y + p). All of them are of the
form w, () or m(x), where x = x,,,. For each composition factor = we use
Theorem 4.1 to compute ‘p]*"(w). Since *¥a(y + p)) = 7(y), we shall get the
required character identities due to the exactness of the functor yY **.

Letybeof type I. Take P = P,_y,, ., b= €, + it e (= e, if j = 1). By
Theorem 3.6(i) we have (with x = x,,,)

O(7(y + p)) = 9('";'—1,2n—j+1(X)) = 9(771'—1,2n—j+|(7()) + 9("_’1'-1(7()) + 9(771(?())
Therefore,

O(m(1)) = O(¥) M7 _1.20—j+1(0))) + O (m;_1(0))) + O(¥y **(m(x)))-
B = e, + e, is simple for P, 2,—j—15 it is real and orthogonal to y. Therefore,
YT -1 2n-j+100) = ¥ TH(E(Y + p) = 0.

Let 7P;,_ 5, j—1 = C;_,. Then e, = ¢,,, 16, = ¢, Te, = g_5, 3 <k <j + 1,
Te, =& _,J +2 <k <n+1; hence

Jj—1 n
Y= 2 Gt — gt 2 G& + ae,.
k=1 k=j+1
&,4+1 — & is the only root simple for C;_; and orthogonal to 7y. But ¢,,, — ¢ is
noncompact; therefore

YT () = ¥ (a(r(y + ) = 7 ().

Let 7/ P;,_y5,_j+1 = C;. Then 7y = 1y. ¢ — ¢, is the only root simple for C;

and orthogonal to 7,y. But ¢ — ¢, is noncompact; therefore
¥ (1 00) = R0 (a(ny(y + ) = 77 (1yy) = 7 (1y).
In this way the theorem is proven if vy is of type L.
Let y be of type II. Take P = P,_, ,, p = i €, X = Xy+u We distinguish
three cases:
(a)j < n — 2. By Theorem 3.6(vi) we get
1

6('”(7)) = b2=0 e(tpy?*.“(ﬁj— 1 +a,n+b(X)))'

2e, is simple for P,_,,, complex, 6(2e¢,) = — 2e, is negative for P,_,, and

1,n
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(2e,, v) = 0. Therefore,

YT 1.00) = (T (Y + 1) = 0.
Similarly, ¥ *H(7,00) = Y Gy + W) = 0 where w = w7}, =
Wei—e.s (use again the root 2e,).

Ty 1(0) = T(W(y + ), where w = w,_ .. \W,_}, = Wy, The only root sim-
ple for P,_, ., and orthogonal to wy = y is —2e,. Since 0(—2ey) = 2e, is positive
for Py_y pyps W et TH(T_ 1, 100) = WY P(EW(y + ) = T(wy) = 7(3).

T i1 (X) = T(wy(y + p)), where w, = w, wy,.- Exactly as above we find

ST 00) = VT PFE 0y + ) = 7wy = TOwr)

wherew = w

€ —¢, N

(b)j=n—-1 Bzy Theorem 3.6(iv) we get

1
O(r(1) = X O " M(Tyossans+s(X))) + O H(7,(x))).

a,b=0
Exactly as before we obtain the following identities:

¢:+“(7—Tn—2,n(X)) =0,
¢]+M(ﬁn—l,n(x)) =0,
U (T2 01 (0) = 7(7),
‘P]+"('En—1,n+1(X)) = ‘E(Wﬂ) = 'E(W'Y),

where wp = Wel_‘nuwzez’ w = We|—e,.+|’
7,(x) = 7n(r(y + p)), where 7P, _, , = C,. Then

n—2
™Y = 2 a; 428 + a &, + Ay 418, + a6, 41

i=1

The compact root 2e, ,, is simple for C, and orthogonal to 7y; therefore

Y H(m,(x) = ¢ P (a(r(y + ) = 0.
(c)j = n. By Theorem 3.6(iii) we get

8(7(y)) = O " M(7u_1,,(x))) + O (T _ 1 0s1(X)))-

It is easy to see that " *¥(7,_, ,(x)) = 0 and ¢ **(7,_, ,,1(X)) = 7(y). Therefore
O(7(y)) = O(7(y)), i.e. w(y) is irreducible.

Therefore, the theorem is true in case v is of type II.

Let y be of type IIl. Take P = P,_;;, p = =5 ¢, + €, X = X, 4, We have to
distinguish three cases:

(a)j > i. By Theorem 3.6(vi) we get

1

O(n(y)) = 2 0®(¢J+“(;ﬁ—3+a,j+b(X)))~

ab=
Since e, — ¢ is a complex root simple for P,_s, orthogonal to y and 8(e, — ¢€;)
& P,_s, it follows that 4y " *(7,_; (x)) = 0.
Ti_3;+100 = T(w(y + p)) wherew = w, _, ifj <n—1landw = w,, ifj=n.
By means of the root e, — ¢ we easily get Y.V **(,_5 ;. (X)) = 0.
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72,00 = #(w(y + p)) where w = w, _, and wy = y. The only root simple for
P,_,,; and orthogonal to wy is ¢; — e,. But it is complex and (¢, — ) € P,_,,.
Therefore,

Yy (70 /(X)) = T(wy) = 7(3).

Ti—2j4100 = #(w\(y + p)), where wy=w,_, w, _, if j<n-—1 and w =
WaeWe,— fj=n.Setw=w, . ifj<n—1andw=w,, if j=n We have
wyy = wy. The only root simple for P,_,;,, and orthogonal tow,y ise, — e,.

It is complex and 8(e; — e,) € P;_,;,,; hence

¢]+”(7_Ti—2,j+l(X)) = 7(w,y) = 7(wy).
(b)j =i — 1,i < n. By Theorem 3.6(vii) we get

1
B(n(y)) = bZ_OG)(%’ T3 vai-14500)) + O KT, _1i(X)))-

One easily obtains that
Y (T3,1(X)) =0 (use theroot ey — ¢),

U M7 _3:(x)) =0 (usetheroote, — ¢ simplefor P,_,, =w, ., P, 3, ),
WEHT_021(0) = 7(v),

¢77+”(7.1_"._2’,.(x)) = i(WlY) = ﬁ(WY)9 W, = wez—e,»ﬂwe,—e.’ w= wez—e,“'

Ti—1,,(X) = 7(w(y + p)) for wP,_;, | = P,_,,;. The compact root ¢, — ¢, is
simple for P;_, ; and orthogonal to wy. Therefore y.) **(7,_, ,(x)) = 0.

(¢)j = n,i = n + 1. By Theorem 3.6(iv)

1

O(n(y)) = bZ 0@(\14 (T 24an+s(X))) + O H(m,(X)))-
ab=
In the same way as in the case (b) (only using 2e, everywhere instead of e, — ¢, ,)
we get

¥ +”("7n—2,n(X)) =0,
¥ (T 2mer(X) = 0,

W (-1 (0) = 7(9),
‘P‘:+F(ﬁn—],n+l(X)) = 7(wy), W= Wy,

We have 7,(x) = #(7(y + p)) where 7P,_,, = C,. The compact roote,_, — ¢, is
simple for C, and orthogonal to ry. Therefore, y.) **(m,(x)) = 0.

Therefore, the theorem holds true also if v is of type III.

Let y be of type IV. Set P = P,_;,,,,_j, p = ;23 €, X = X+, We have to
distinguish two cases.

(a)j > i. In this case we have by Theorem 3.6(vi)

O(7(y)) = %09(¢]+"("7i-3+a,2n+1—j+b(X)))-

a,b
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The complex root e; — ¢; is simple for P;_3,,,,_;, orthogonal to y and f(e, — ¢,
& Pi32n41-j The}'efore, (T 3 2n41-,00) = 0.

Ti_32ne2-;0) = T(W(y + ), w=w,,, . e — ¢ is again simple for
P;_33n42-j orthogonal to wy and 60(e, — €) & P;_3,,,,_; Therefore,

1

¢J+“('Ei—3,2n+2—j(x)) =0.
T —22n+1-;00 = T(w(y + p)) where w = w, _,. We have wy = y. ¢, — ¢, is the
only root simple for P,_,,,,,_; and orthogonal to y. But ¢; — e, is complex and

O(e; — ) € P;_33n+1-;- Hence, ‘wa."(’—’i—z,znﬂ-j(x» = @(Yy).
Ti—ane2-;,(X) = T(wi(y + p)), where w, = Wei—eWeyte, Setw = Wertgur Since
w,Y = wy we get easily that

‘Pyy+”(‘;i—2,2n+2—j(X)) = "_'(WIY) = 7(wy).
(b)j = i — 1. By Theorem 3.6(ii) we have
O(n(y)) = 9(¢J+“(;i—3,2n+2—i(X))) + 9(¢J+"("7i—3,2,.+3—i()()))
+ 9(‘P{'+“(ﬁi—2,2n+2—i(x))) + 9("/{”"("’:'-2()()))-
In a quite similar way as above we get:
¢J+“(ﬁi—3,2n+2—i(x)) =0, ¢:+F(ﬁi—3,2n+3-i(x» =0

(use the real root e, + e, which is simple for P;_;,,,;_; = We e Lim32n42-4)

(T - 3 me2-i(0) = T().

m_2(X) = 7(7(y + p)), where 7P,_5,,,,_;, = C,_,, we have
i—-3 n
Y = kZ Garb + A& — @y + X Gy 6 + ag,, .
=1 k=i

&_, — &,,; is the only root simple for C;,_, and orthogonal to 7y. But it is
noncompact; hence ¢ " *(7,_,(x)) = 7 ¥ (7y).

Therefore, the theorem is proven in case IV too.

Let y be of type V. Set P = P,_,, |, u=e, + Zy_3 €, X = X,+, We have to
distinguish three cases.

(a)j < i — 2. By Theorem 3.6(vi) we have

6(‘”(7)) = E.o@(‘l’77+"(7_’j—1+a,i—1+b(X)))-

The only root simple for P and orthogonal to y is the complex root e, — e,. But
0(e; — e,) is in P; therefore Yy *#(m,_ ,_,(0) = 7(¥).

Tio1(X) = 7(w(y + p)) where w = w, _ gur The only root simple for P;;_, and
orthogonal to wy is ¢, — e,. But f(e; — e;) € P;;_,; therefore ¢ "7, _,(x)) =
m(wy).

Finally, we easily find

‘P';,+"(7_Tj— l,i(x)) = Oa ‘PJ.’."(‘F/,:(X)) = O'
(In both cases use theroote;, — ¢, ,ifi <nande, + ¢,,,iffi=n+ 1)
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(b)j = i — 2,i < n. By Theorem 3.6(vii) we get
1

o(r(y) = X ®(¢J+M(7?i—3+a,i—l+b(x») + 9(4’7"“(77:'—1,:(7()))-

a,b=0
We easily get as before
¥ (T3 (0)) = 7(v),
W 0,00) = O,
W75, (0) =0 (use the complex root e, — e,, ),
YT _2,21(x)) =0  (use the compact root e, — e;).

Finally, 7,_,,00 = #(w(y + w)), w=w, _.w,,_. . The only root simple for
P,_,; and orthogonal to wy is the complex root ¢,,, — e,. But f(e;,, — ¢)) €
Pi—l,i; therefore ‘Pyy +”(7_Ti—l,i(x» = 7(wy).

(©)j=n—1,i = n+ 1. By Theorem 3.6(iv)

1

O(n(y) = X O M(@y_24an+s(X))) + O (7,(x)))-

a,b=0

By similar arguments we easily get:

¥ (T 20 (X)) = 7(y),
¥ M (Ty_2ne1(X)) =0 (use theroote,,, + e)),
(T, 1a(x)) =0 (use the root e, — e,),
(T 1a+1(X)) =0 (use the root e, + e,).

7,(x) = m(7(y + p)) where 7P,_,, = C,. Then
n—2
TY = kE AGyrb + A, +a,, 8, + a,,,
=1

The noncompact root ¢, — ¢, , is the only root simple for C, and orthogonal to ry.
Therefore ¢, *¥(m, () = 7 (7v).
Therefore, in case V the theorem is also true.
Finally, let y be of type VL. Set P = P;_ 5,5 i b =€, + 235 X = Xyspr
We have two cases.
(a)j < i — 2. By Theorem 3.6(vi) we have
1

O(7(y)) = 2 ®(¢J+“(7-rj—I+a,2n+2—i+b(X)))‘

a,b=0

Since ¢; + e, is a complex root simple for P, orthogonal to y and such that
f(e; + e,) & P, we conclude that ) (7, _ 5,,,_;(0)) = 0.

We have 7,,,,,_(xX) = 7(w(y + p)),w =w, Using the root ¢; + e, we find
WM 2p 02— (X)) = 0.

We have @, 5,,3_,(x) = #(w(y + p)) where w = w, ... Then wy = y. —e, —
¢; is the only root simple for P;_,,,,;_, and orthogonal to y. —e, — ¢; is complex
and 0(—e, — &) € P,_,5,.5_;. Therefore Y *M(7,_, 5,,5_,(0) = #(wy) = (y).

17642
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Finally @,,,,;_,(x) = #(w\(y + p)) where w, = w, w Set w =w,

. 17 €+2 €tey” 1=+
Then w,y = wy. The only root simple for P;,,,;_; and orthogonal to wy is the
complex root —e, — ¢, but (—e, — ¢) € P,,,,;_;; therefore

W (T 2na3-i (X)) = T(wyy) = F(wy).
(b)j = i — 2. By Theorem 3.6(ii) we get
O(7(y)) = ®(¢yy+“(7—ri—3,2n+2—i(X))) + 9(4’]“(;’—3,2”3—;(7()))
+®(\P]+"(77i-2,2n+2—i(X))) + 9(‘1’]“("’;—2(7()))-
Exactly as before we get
¢J+"(7—Ti—3,2n+2-i(X)) =0,
‘pyy+“(7_r}—2,2n+2~i(X)) =0 (use e, + e,),
¢-7+"('Fi—3,2n+3—i(X)) = 7(7).
Finally, 7;_,(x) = #(r(y + p)), where 7P, _;,,,,_; = C,_,. Then

1

i—3 n
TY = D Gt t A1y — Gy + 2 Gy & + G
k=1 k=i

‘I’~7+“("’i—2(x» =7 (1)
By this the theorem is completely proven.

€,,1 — &_; is the only root simple for C;_, and orthogonal to 7y. Therefore,

THEOREM 4.3. If Yy € D™ is integral and contained in two walls, then w(y) is
irreducible.

ProoF. The possibilities for y are as follows.

(@) a, =0,a, = g;forsomei € (3,...,n+ 1}.

(b)a, =a,a, = ajforsomei,j,3 i<j<n+ 1L

(¢c)a, = a;, = —a,forsomei € {3,...,n + 1}.

(d)a, = a,a, = -g;forsomei,j,3 <i<j<n+ 1.

The method of the proof is the same as that in the proof of Theorem 4.2. In each
case we show that ¢ *#(r) = 0 for every but one composition factor 7 of w(y + w).
But this is an immediate consequence of the proof of Theorem 4.2; for each of the
cases (a), (b), (c), (d) (or its subcases) one should only combine the two parts of the
proof of Theorem 4.2 which correspond to the two walls containing y.
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