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BY
AHMED 1. ZAYED

ABSTRACT. The results of Gilbert on the location of the singular points of an
analytic function f(z) given by Gegenbauer (ultraspherical) series expansion f(z) =
=2_o a,C¥(z) are extended to the case where the series converges to a distribution.
On the other hand, this generalizes Walter’s results on distributions given by
Legendre series: f(z) = =%_, a,C,!/%(z). The singularities of the analytic represen-
tation of f(z) are compared to those of the associated power series g(z) =
2% 0 a,2". The notion of value of a distribution at a point is used to study the
boundary behavior of the associated power series. A sufficient condition for Abel
summability of Gegenbauer series is also obtained in terms of the distribution to
which the series converges.

1. Introduction. Since the publication of the fundamental paper by Nehari [11] on
the location of the singular points of an analytic function given by a Legendre
series, a certain amount of work has been devoted by various people to finding the
singularities of analytic functions given by eigenfunction series expansions.
Nehari’s proof used the same kind of argument that Hadamard [9] originally used
in his proof of the “multiplication of singularities” theorem. This argument, which
is usually referred to as Hadamard’s argument, has been exploited extensively by
Gilbert [3], [4] (also see these references for bibliography), and by Gilbert and
Howard [7], [8] in a series of papers studying the analytic properties of solutions of
some partial differential equations. In studying the singularities of an analytic
function f(z) given by the eigenfunction series expansion f(z) = 5., a,0,(2), they
used Nehari’s technique to get information about the locations of the singular
points of f(z) by comparing them to the locations of the singular points of the
associated power series ¢(z) = =*_,a,z". The cases where the eigenfunctions
{v,(2)}2., are Gegenbauer (ultraspherical) polynomials, Jacobi polynomials, and
eigenfunctions of certain Sturm-Liouville systems have been investigated in [S], [6]
and [8] respectively.

In all the previously-mentioned cases the proof depends on the fact that the
series of eigenfunctions converges to a function f(z) analytic in a complex neigh-
borhood of a real interval. However, if the function has a singular point in this
interval, the proof fails. G. Walter [13] was the first to attack the problem of
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488 A. 1. ZAYED

generalizing these results to the case where the eigenfunction expansion f(z) =
2.0 a,0,(2) has singular points in the real interval. In fact, he considered the case
where {v,(z)}y., are Legendre polynomials. He considered not only the case
where f(z) has real singularities but also the case where f(z) is not even a function,
but rather a generalized function (Schwartz distribution). Evidently, in the case
where the eigenfunction expansion does not converge to a function, the singulari-
ties of f(z) must be interpreted differently. It turns out that in some cases it is
possible to find an analytic function f(z) whose singularities can be related to those
of the associated power series in a fashion similar to that obtained by the authors
cited previously. In §2 of this paper, which deals mainly with eigenfunction
expansions of the form Z°_, a,C¥(x) where C¥(x) is the Gegenbauer (ultraspheri-
cal) polynomial of degree n, we show that this is indeed possible for these
expansions. This is done by using the integral operator method together with
Hadamard’s argument. The results of this section are on one hand an extension of
Gilbert’s results [5], and a generalization of Walter’s on the other.

In §3 we use different techniques to get more information about the relationship
between the analytic properties of the power series and those of the Gegenbauer
series. For example, having characterized the singular points of the power series,
one may ask what about the regular points?: Does ¢(z) approach its limit ¢( 8) as z
approaches B radially, where B is a point on the boundary of the disk of
convergence? The answer will be shown to be affirmative provided that the
Gegenbauer series behaves nicely at the point %( B + 1/B). The technique that will
be used is the technique of value of a distribution at a point. We shall also employ
this technique to derive a sufficient condition for the Abel summability of
Gegenbauer series.

2. Singularities of ultraspherical expansions.
2.0. Preliminaries and notations. We begin by recalling some of the basic proper-
ties of the ultraspherical polynomials C!(x). Fix p > 0, then CK(x), n =

0,1,2,..., are defined by the generating relation
o0
2 CH)Z"=(1-2xZ+ZH)" |ZI<Lx€[-11]. 2.1)
n=0

The set {C¥(x)}~, is orthogonal and complete over (-1, 1) with respect to the

measure (1 — x?)*~!/2 dx. In fact, we have
[ crmcama - 2y dx = s, 22)
-1

where

2! 2T (n + 2p)

nt(n+ m)[T(w)]*

It is also known that C}(x) satisfies the differential equation
(1= x)y” —Qu+ Dxy’' + n(n +2u)y =0. (24)

Rt =

n

(2.3)
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We denote by L the differential operator

L=(1-x»)d*dx*— Qu+ V)xd/dx — p? (2.5)
which we call the Gegenbauer differential operator. Evidently,
LCH(x) = — (n + p)’CH(x). (2:6)
The following two relations are also useful and will be used later.
o _ 2
S (n + p)CHx)r" = p(1 - r) , <, 2.7
n=0 (1 = 2xr + rA)**!
r2(#)22p—ln! n M ! AVl Wall
—_— = - 2.
T 2 CHOICHD) = [ (1= )7 Cl(eos W) i (28)

where cos W = xy + t\/(l - x)(1 -y»),Rep>0.

For more details on the ultraspherical polynomials see [2] and [12].

2.1. Singularity theorem. Borrowing the original Hadamard idea, Nehari [11]
proved the following theorem: Let {a,} be a sequence of complex numbers such
that

Iim |a,|'/"=p <1

n—oo
and let f(1), ¢(z) be defined by the expansions
) 2
=3 aP(), |+ 1]+ - 1< ’;" :
n=0

(P,(?) is Legendre polynomial of degree n)

o0
o(z) = zoa,,z", lz| <p~!
which converge in the regions indicated, then a point r # * 1 is a singular point of
f(p) if and only if T =3(o + 1/0) where o is a singular point of ¢(z).

The proof of Nehari’s theorem depends essentially on the fact that lim, _, , |a,|'/"
=p < 1. Butif lim,__)|a,|'/" = p = 1 the proof fails.

In fact this is not surprising at all since the series £_, a,P,(¢) may diverge
everywhere. The case where lim,_,_|a,|'/” = 1 with a, = O(n?) for some integer P
was investigated by Walter [13]. He showed that the series 2., a,P,(¢) converges
in (-1, 1) to a distribution f whose analytic representation f(#) is given by the series
f&) = ==_o(i/m)a,0,(&) for Im £ # 0, where Q,(£) is the Legendre function of the
second kind. In addition to that, f(£) has a singular point at ¢ =3(c +1/0) in
(-1, 1) if and only if ¢(z) = Z;°_, a,z" has a singular point on the unit circle at
o # *l and ato.

Analogous to, but more general than, Nehari’s result is the following theorem
due to Gilbert [5): Let {a,}7., be a sequence of complex numbers such that
lim,_, |a,|'/" = p < 1, and let f(f) and ¢(z) be given by

) 2
)= 3 acrw, -1 <
n=0
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where C}(?) is Gegenbauer polynomial of degree n, and

o) =3 ———P§'(’2:)f,‘,‘) 4",

n=0
Then f(¢) has a singular point at t = 7, 7 # *1 if and only if 7 =%(o +1/0)
where o is a singular point of ¢(z).

We obtain Nehari’s theorem as a special case of Gilbert’s by setting p =3 since
C,)/%(x) = P,(x). The main purpose of this section is to extend Gilbert’s theorem to
the case where lim,_,_|a,|'/” = 1 and a, = O(n”) for some integer P. From this
generalization, which is done in a fashion similar to the one given by Walter for
Legendre series, we can obtain Walter’s result as a special case by setting p = 3.
Indeed some difficulties arise in the extension due to the fact that the Gegenbauer
operator L is not selfadjoint. In fact, L is selfadjoint if and only if u =%, ie.
C,/H(1) = P,(1).

One side effect of this is the lack of symmetry in some of the results which was
found to a greater degree in Walter’s results.

lz]<p "

THEOREM (2.1). Let {a,}%., be a sequence of complex numbers such that

n=0
la,] < M(n+1)",  n=0,123,...,

for some integers M and P. Then there exists a distribution f with support in [-1, 1]
such that:

(i) The series 2_, a,C}(t) converges in (-1, 1) to f.

(ii) If either f has a compact support in (-1,1) or p — % is an integer, then
g(t) = (1 — »*~V2(¢) is also a distribution with support in [-1, 1].

(iii) The analytic representation $(§) of g is given by the series £(§) =
=®_o a,0(&), where (1 — £2)*~'/2QH(§) are the Gegenbauer functions of the second
kind, and g(£) is holomorphic in the §-plane cut along [-1, 1].

(iv) 8(¢) has a singular point at B = 3(a + 1/a) in (-1, 1) if and only if

X T(n+2
o(z) =3 —(-—|——”—)a,,z"
N0 n!
has one at z = a on the unit circle and a # *1.

ProOOF. (i) Consider the function

et (_l)kan
F(r) = 2 —;C,ﬁ‘(t), t E[—l, l], 2.9)
n=0 (n +
and zero otherwise, where 2k > 2pu + P + 1. F(¢) is continuous on [-1, 1] since
|CE(1)| < An**~! and hence we have

© P 0 APpg 2u+P—1
|F(t)|<A 2 M(”—+12)k,,2u—1 <A 2M"—2k
n=0 (n+ p) n=0 (n+ p)

The last series converges by our choice of k. Since the Gegenbauer differential
operator

L=(1-1)d* d*— Qu+ \)td/dt — ?
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is continuous in %) * (the space of distributions) and the defining series of F(¢)
converges uniformly, hence, converges in ) *, then it follows that

f=LFF(t) = S a,CXt) in (-1, 1). (2.10)

n=0

Clearly, supp f C [-1, 1].

(i) If p — § is an integer, then (1 — »*~'/2is a C*-function, hence a multiplier
of f. If supp f C (-1, 1), then (1 — t?)*~ /¥ is also a C*-function in a neighbor-
hood of supp f, for all p.

(iii) Since g has compact support, then the analytic representation g(£) of g is
given by £(&) = (1/2#i)(g, 1/(t — §), £ & supp g (see Bremermann [1]). Since
1/(t — ¢ is analytic in [-1, 1] for Im £ # 0, then its expansion in terms of
Gegenbauer polynomials converges uniformly to it. In fact, since 1/(¢ — §) is
analytic in some ellipse E; with foci at *1, then its expansion in a Gegenbauer
series and all its derivatives converge uniformly on compact subsets of E, [12].
Hence, the convergence of the series

M) &1 (- w)* V2 CH(u) du
t—s“ngo(h_:f.. u—¢

where A(f) € C°, A =1 in [-1, 1] and supp A is in E, N R ! may be regarded as
convergence in the sense of ¢ . Therefore, we have

50) = (1/2m)(8 MO/ (1 = §) = (1/2mi)(s, 1/ (¢ ~ §)
o0 _ 2\ 1/2
- L.(g, S (%) e aw du)c:(t))

) CHA(2)

2 n=0 n ¥ —1 (u - {f)
=L $ Loote cru).  te-11], @11)
n=0 ""n
where
u _ 1 (1 _ uz)n—l/z 1
orw = [ S Crw e, p> —qe#0 (1)

and (1 — £2)*~1/20¥(§) is known as the Gegenbauer function of the second kind
(see [12]). But

(g CHn) = ((1 = 272 f(0), CH)) = (f, (1 = A*T2CH(D)
= (L*F, (1 = 27 '2¢r(n) = (F, L*(1 = 2*72ci(n).  (213)

On the other hand, it is not hard to see that the adjoint operator L* of L is given
by
L*= (1 — A d*/d? + 2u — 3)td/dt — (p — 1)} (2.14)
and that
L*(1 — 27 V2CH1) = - (n + p)’(1 — A 2CH). (2.15)
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Thus, by substituting equation (2.15) in (2.13) and using (2.9) one gets
(& CHD) = (-D)(n + p)**(F, (1 = A*72CH(0))
= (-1 (n + W) (-)*/ (n + p*)a,ht = a,ht,  (2.16)
and consequently
. 1
80 =75 2 401®),  fe[-11] (2.17)
To show that g(£) is analytic in the cut plane, we need to estimate Q}(£) as follows:

fl (1 = &*'2¢H)

|2 (4] = ) dt
1 _I t 1,5“"(1 LS SR el ) dt‘
SRS S I LT R NPE V7 S k1 n*~'M(§)
nt o f_l(l BTG g | < e

where M(£) is a constant that depends on £ but not n. Therefore,

S a,000)|< 3 la,| |QH(®)| < S M+ )"n?~'M(§)
n=0 n=0 o ( +“)

and hence the series converges absolutely and by standard argument it can be
shown that it converges uniformly on compact subsets of the cut plane.
(iv) First we show that the function

K(z, %) = 2 or@)z"" (2.18)

n=0
which is analytic for |z| > 1 and £ & [-1, 1] can be continued analytically so that
the only possible singularities in the set {(z, £)|(z, £) € C X C and |z| > 1} are at
¢§= +1and £ =1(z + 1/z). The argument used in the proof is similar to the one
given by Walter. It goes like this.

< oo,

_ 2\mu-1/2
keo=- 3 L —awa

n=0
1 = 2 r—1/2 oo
=f_ll(—ﬁ—— 202_"(?:(1) dt
— tZ)#_ 1/222;4

= gt dt (2.19)
-1(t =& — 2tz + 2H)*

Interchanging the summation and integration is possible since the series
3%.02 "C¥(t) converges uniformly to /(1 — 2tz + zH)* for t €[-1, 1] and
fixed |z| > 1. Now by using the Hadamard argument we deduce that K(z, §) has
possible singular points only at £ = =1 and at the common singular points of
1/(t — & and 1 /(1 — 2tz + zH)*ie, £ =3(z + 1/2).

Now we use K(z, &) to construct an integral operator that maps g(§) into
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fi)(z)_= ~0a,2". Consider
80 = 2= S 4,000 = ﬁ@Z%f*“— (220)
1 p=0 ( ) n=0 Y

where y is the contour |z] = p < 1 and the last expansion is obtained from the
observation that

1 & k—n 4z
a,==— > a |z " —. (2.21)
"2m T "f, z

Since the series :i»(z) = 3%_, a,z* converges uniformly on y and because |z 1>

we can interchange the sums and the integral to obtain
-1 < el dz -1 ~ dz
5(¢) = — ( ,{‘gz"‘)( az")—=——- K(z, £)o(z) —.
80 =5 | 2 0r0:7)( 2 act) T =15 [KG 93:) S

(2.22)
This is valid for Im £ sufficiently large since K(z, §) = 3., 0F*(§)z™" converges
uniformly in |z] = p < 1 for Im ¢ sufficiently large by the asymptotic formula
orE) = 0¢ ™" 12]

Again by the Hadamard argument we can show that g(£) is analyuc for all ¢
except possibly at £ = *1 and the common singularities of K(z, ¢) and ¢(z). Thus,
if ¢(z) has a singular point at z = a, then g(f) may have one only at 8 =
2(a: + 1/a) except at 1.

On the other hand, if ¢(z) has a singular point at z = a, then so does #(z) and
conversely. This follows from the original Hadamard’s theorem applied to the
series
i I‘(n-';zy') ”Z , § r(n -.; 2"") n, 2 a,,z".
n=0 n: n=0 n: n=0
Conversely, since g has compact support, then by the representation theorem for
distributions [1], we have

lim [ 4t + ie) — &(t — i) ]9() di = (8,9) forally € C=. (223)

Choosing (1) = A(1 — z3)/(1 — 2tz + z})**!, where 4 = pI*(p)/72' "% and ||
< 1, we get

(8(’)’ 202 ) B ((1 e Y Uk )

(1 — 2tz + 22)**! (1 =21z + !

(S oo A0 =2r 0

n=0 (1 — 2z + o)+

=(§acor41zW””§w+mqmﬂ)
k=0

n=0
hd A
=2 a,~ S (k+ w2 hi, ,
n=0 k=0

-3 F(n’-:Z;L)

n=0

= ¢(2). (2.24)
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Let

,(2) =f_‘ (1-:9 [&(r + ie) — §(1 — ie)] db.

T(1 = 2zt + Z2)**!

This integral can be expressed as a contour integral with end points at —1 and 1 so
that the contour avoids the singularities of the integrand. We invoke the Hadamard
argument once more to conclude that ¢,(z) is analytic except possibly at a zero of
1 — 2(B + ie)z + 2z*, where B is a singular point of g(£). Taking the limit as ¢ — 0,
we deduce that ¢(z) is analytic except possibly at a where 8 = 3(a + 1/a).
Q.E.D.

3. On the Abel summability of Gegenbauer series: Point values of a distribution. In
this section we use the concept of value of a distribution at a point as introduced
by Lojasiewicz [10].

DEFINITION. Let f be a distribution on R. Then f has a value at X if and only if
lim,_, f(Ax + x;) exists in the sense of distributions. A point at which the distribu-
tion has a value is said to be regular, otherwise it is singular.

It has been proved that a distribution f(x) has the value y at a point X if and
only if there exist an integer k > 0 and a continuous function F(x) such that
F® = fandlim,_, F(x)/(x — xo) = v/k!.

In this section we utilize the concept of value of a distribution at a point to
extend the results of the last section. In Theorem (3.2) we look at the boundary
behavior of the power series ¢(z) = 7., a,h/z" as z — B radially; | 8| = 1, as it is
related to the behavior of the associated series of ultraspherical polynomials
f =270 a,Cl(1). More specifically, we will show that if f{*) which is a distribu-
tion in general has a value y at the point a € (-1, 1) then ¢(z2) —>¢B)asz—> B
radially where g is the image of a under the conformal mapping

z=t+ (2 -1~

We also investigate the Abel summability of series of ultraspherical polynomials. It
will be shown that the series 27, a,C*a), a € (-1, 1), is Abel summable to Y

n=0

whenever the distribution 2_, a,C¥(x) has a value y at a. We shall use the

n=0

following two lemmas which are well known.

LemMMA (3.1). Let f € L'[-1, 1], lim,_,, f(t) = y where a € (-1, 1) and suppose
that there exists a summability kernel K(a, t, r) with the following properties.

(1) K(a, t, r) — O uniformly for |t — a| > e > 0asr—1".

(i) /X \|K(a, t, r)|dt < M, a constant for r € (0, 1) and a € (-1, 1).

(i) [ K(a,t,r)dt—>1 as r—>17; a €(a, b) and [a,b] C (-1, 1). Then
JL f(OK(a, t,r)dt > yasr—1".

PROOF. See Zygmund [15].
A summability kernel K(x, ¢, r) that satisfies the three conditions of Lemma (3.1)
is called quasi-positive.
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LEMMA (3.2). Let f € L'(-1, 1); then the Abel sum f(x, r) of the series

f(x) ~ §0 a,Ci(x) where a, = % f_ll(l — A2 () CH(r) dr

is given by

fr, x) = %f_'l f_ll(l e R o (=r) — f(t) dt du

(1 —2rcosy + r?)*
where cos y = xt + u\/(l -1 -x?),0<r<1.

SKETCH OF THE PROOF.

o0

fxin) = 3 aci@r = 3 grcxr [ o - A ocHo 4
-3 o [ 00 - Ay e CH) (3.1)
n=0 n

On account of relations (2.7), (2.8) and (3.1) the result follows easily.
Let us denote the kernel of the Abel summability by H(x, ¢, r) i.e.,

H(x, t,r) = 20%(1 - A2 eKx) e (32
Bl np-1/2 np—1 (1 _’2)
== (1= -ud du  (33)
'”f" (1 -2rcosy+ r)**!

and let us also define

6"t = 1y B0 S Lriy L - apacponm

n=0 n
. 0K<r<lLp>P-1/2 (3.4
_ED =0 et 45 (L=
= - Pl f—l(] )(1 ) dt (1 — 27 cos y + rz)p+l
(3.5)

Some important properties of G”(x, ¢, r) are given in Lemma (3.4).

LemMma (3.3).

P _ 2\n—1/2 _ 2\n—1/2-P
& a-a I (all ), P(tv,r) (36)

(@)

" (1=2rcosy+ A (1 =2rcosy + r)**'**

where P(t, v, r) is a polynomial in t and r with coefficients as bounded functions of
cos v, (3 cos v/01), ..., (3 cos y/dt)", (3% cos /%), ..., (3F cos y/atP).
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d}’ (1 _ 12)”_1/2
dt® (1 - 2rcosy + rA)**!

(ii)

k<P g (1, r)(1 — 2)PTV2E (acosv P-2
= ot )

k=0 (1 —2rcosy+ rR)r+'+r7k

(1= P4, v, r)
2)n+l+n

+ 3.7)

(1—2rcosy+r

where A(t, vy, r) and a,(t,v,r) are of the same type as P(t,v,r) in part (i) and
n = (P —2)/2 or (P — 1)/2 according to whether P is even or odd.

ProoF. For simplicity we write R = (1 —2rcosy + rd), u=(1—13), v = p +
I, A = p — 3. We prove the lemma by induction on P.

(i) The formula is true for P = 1 since

d (1 - )12 = (p+ D -— tz)"_'/z(—2r)(a cosy)
@ (1 - 2rcosy + rA)**! (1 =2rcosy + rA)**? 3
. (b —3) = 2 (-20)
(1 = 2rcosy + r)**!
1 —)r 32 9 cos
(- —[2ru+ - 2L
(1=2rcosy + r)*

+(p—3)(=20(1 = 2rcosy + r?)|.
Assume it is true for P; then by taking the derivative of equation (3.6) one gets

aP*t W 4 JF — (v + P)(—2r)(3 cos y/dtyur~*

WF_E R"+PP(t’ L& r) = Rr+P+l P(t’ Y ")
A - P)(—20)u P! =P 9P(t, v, 1)
+ R P(t, vy, r) + T 5
ut P! d cos
= S| 6+ Pen( 5 et v
9P

+ (A= P)(—20)RP(t,y,r) + uRE(t, Y, r)

u)\—P—l

= RV+P+I Q(t’ Y’ r)’

where O(t, v, r) is a polynomial in ¢ and r since P(t, v, r) is. Hence the formula is
true for P + 1.
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(ii) The formula is true for P = 1, 2, since

iu_" _ (—v)(—2r)u)‘(8 cosy) + AM(—20)u!

dt R’ R+ ot R’ ’

2w (=2r)(v + l)u"( d cos 7)2 (= »)(=2r)A (-2 ! ( d cos y)
—_——— = +

dt2 R? Rv+2 ot R,+l at

+ (—»)(—2r)u* 3% cos y + (=v)A)(—=20)(=-2r)u>! ( ad cos y)

Rv+l at2 R""l ot
_Th MM - (=202
R’ R’
_ a6 W (dcosy\r a6 )wtT!  A®, ut
- Rr+2 ( ot ) + Rr+l + R?

where a,, a,, and A are polynomials satisfying the condition of the lemma. Assume
it is true for P, then by taking the derivative of both sides of equation (3.7) one gets

AP d (k<[P/2] ak(t, Y ,)ux—k ( 39 cos Y)p—zk N u"'PA(t, Y, r))

dttt! _R—” = E =0 R?P-k oJt R¥*"
_ k<[P/2] akl“)‘_k 3 cos y \P-2k+1
- k=0 Rr+P—k+l ot
aut k=1 1§ cos y \ P2k + aut "k 19 cos y\P2k-1
RY+P-k at Rv+P—k ot
ak4u}\_k dcosy P2k uA_PAl d cos y + “}‘—P-IAz
Rv+P—k ot Rv+11+l ot R"""
_ k<[P/2] ag % (9 cos ¥ \(P+D-2
- o RIHETDK At
A—k—1 P-2k-1
u d cos y d cos y d cos y
+ RHP_k( Y, ) (akz(——at ) + au + a,“u(—at ))
u P4, dcosy u)‘_P"A
Rv+1p+l at R""‘"l 2
B k<[P/2] byt * 3 cos y \P+1-2
k=0 R7*P+Dh-k ot
b ¥ 19 cosy\Pm%k-t  wr P4 dcosy  wr P! 4
R*+PK ot Rr+11+l ot R*M 2

where a,;, i = 1,2, 3,4, and b, 4;, j = 1, 2, are all polynomials in r and ¢ with
coefficients as described in the statement of the lemma. Changing k to k — 1 in the
second sum and combining similar terms, yield

4P+l g k<122 Bku""‘ (acosy)("")‘z" WPl

dtp'”?: Py R*H(P+D—k a9t Rr++l
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where B, and B are polynomials of the required type.

LEMMA (3.4). Let x € (-1, 1); then G*(x, t, r) satisfies the following conditions.

@) GP(x,t,r) >0 uniformly for 0 <8 <y<w as r—>17; in particular, for
|t — x| > 8, >0.

®) fL1IGP(x, t, r)| dt < M, a constant that depends only on x for all r € (0, 1).

© . G¥(x,t,r)dt > 1asr— 17, x €(a, b) and [a, b] C (-1, ).

PRrROOF. (a) From equations (3.5) and (3.6) we have
P - (_ Pﬁ(x_’)P L VPR
G (x, 1,r) = ()£ E f_l(l )1 - u?)

dr (1 _ tz)M—|/2
a® (1 = 2r cos y + rA)**!

- (_1)”%("—1:!’{[_'1(1 ~ (1 — u)*!

(1- tz)y.—l/2—P

(1—2rcosy+ rz)'”l” Pt v r) e

= e B2 1y

(1 _ t2)p-l/2—P

[(1 = 7 + 4rsin’(v/2)]** "7
Then, for 0 < § < y < 7, we have
-7 a-~Aa-Aer
P [(1 = 9 + 4rsin’(8/2)]**'*7

P(t, vy, r) du.

P p|(x
|G®(t, x, r)| < -

.]' |P(t, v, P)|(1 — u?)* " du—0
-1

asr— 1~ provided that r # + 1 or p >3 + P with no restriction on ¢. By the same
argument it follows that [o_sc,</G (%, 2, 1) dt >0asr—1".
(b) From equations (3.5) and (3.7) we obtain

GP(xt,7) = (-DFE x-0 ;!’) f_ll(l — (1 = !

k<[P/2] a,(1 - ,2)u—l/2-k (8 cos y )P—Zk
ot

k=0 (1 —=2rcosy+ rA++!*Fk

(1= A V241, v, r)
2)#+l+n

+

du (3.8)
(1-2rcosy+r
where a,, A(t,y,r) and n are defined in Lemma (3.3). We show that
SLIG®(x, t, r)| dt < M, independent of r by showing that each individual term in
equation (3.8) has the same property. Indeed, by part (a), we need only show that
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the integral of each of these terms taken over 0 < y < § is uniformly bounded. Let
us write

a (1 — A)r-1/2k

GF(x,t,r) = %gx_;!’_)(l - rz)f_l,(l — W)

(1= 2rcosy + PRr+!I*P
P2k
.(9";’1”) du, 0<k <[§], (39)

FP(x, t,r) = %%a - ) f_ll(l -

_ 2w-1/2-P
uz)u—l (1 ! ) A(t’ 7; r) du.
(1 —2rcosy + PA)**1*"

(3.10)

We make use of the well-known relation

_ 2w—1/20y 2 \u—1
ﬁ(l—rz)f' f‘ Uil “)l didu=1 (3.11)
4 “17-1 (1 =2rcosy + r)**

and the fact that the integrand is positive. Relation (3.11) holds since the left-hand
side is just

I ' GOx, 1, r) dit = I "H(t, x, 1) dt
-1 -1

where H(t, x, r) is the regular Abel kernel (see equation (3.3)). Now by equation
(3.9) we obtain

G -r — WP Y1 = 212
f | kP(x,t,r)| dt<ﬁ(_l-_Qf fl (1 -4 ' -1
0<y<$§ T o<y <8

P! -1 (1 —2rcosy + r?)**!
. |x — |a| doosy P
(1 -0 =2rcosy + r)"7* o

The proof will be completed if we show that the quantity in braces is bounded
when r — 1. Since |a,|/(1 — t?)* is bounded for ¢ € [a, b] C (-1, 1) we investigate
only the behavior of

P-2k

|x — ¢f 0 cos y

L(x, t,u,r) = %

(1 —2rcosy + r2)F*

when r —» 1. As a function of u, L(x, t, u, r) attains its maximum at u = 1, i.e.,
cosy = xt + \/(l — t*)(1 — x?) . Expanding cos vy in terms of (x — f) yields

cosy—1=(x—[1+o(1)] and % = (x = N[1 + o(1)].
Hence, (1 — 2r cos y + r)P % = (x — £)** "1 + o(1)] as r — 1 and
(x = 0"(x = )" *[1+ o(1)]

K~ P71+ o(1)]

=0(l) asr—1.
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As for F¥(x, t, r), we have
(x—=0°
(x = O”"[1 + o(1)]
since from Lemma (3.3), we have n = (P — 2)/2, (P — 1)/2 according to whether
P is even or odd.
(c) It is easy to see that G%(x, ¢, r) — 8(t — x) as r — 1 (see [14]); then it follows

from the relation 78 ®)(r) = (-1)"P!8(¢) that GP(x, t, r) - 8(¢t — x) as r - 1. That
is

FP(x,t,r)~

=0(1) asr—1

lim (G*(x, 1, r), #(1)) = <8(t — x), (1)) = &(x)

forall¢p € C®,supp ¢ C (-1, 1).
Take ¢ = 1 on [a, b]; then lim,_, {G”(x, 1, 1), $) = 1, i.e.

([ [+ f) 67 ot e =

But from part (a), we immediately get

lim [ GP(x,t,r)di = 1. QED.
r-1 Jg

COROLLARY. G (x, t, r) is a quasi-positive kernel.

THEOREM (3.1). Let f be a generalized function with support in (-1, 1) given by
f=3%_0a,Cl If f has a value y at a € (-1, 1), then Z3_0a,C}(a) is Abel
summable to vy.

PrOOF. By hypothesis there exists a nonnegative integer P and a continuous
function F(#) such that
F® = f ‘ (3.12)
in a neighborhood of a and lim,_,, F(7)/(t — a)f = y/P!. Without loss of general-
ity, we may assume that (3 12) holds globally. Therefore,
S a,Cl@)r" = 2 h,. —5 CH)r"(£, (1 = 72 Cl(0))

n=0

= 2 C"(a)r (F7. (1 = " 2cx)

n-O
= B a)r 2\r—1/2~p
1" th"c() " Fo<s (1 P VECH() db
v F@pr \[ (=D (z—a)’  rn
—f—l( (t — a)P)( P! ngoF

-c:(«)(;‘jti,(l - r’)“"/’cm)) d

=f' ((i(—t-)—P!—P)G"(a, t,r)dt.
-1

t— a)
Applying Lemmas (3.4) and (3.1) finishes the proof. Q.E.D.
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REMARKS. (i) If P = 0, i.e., if f(x) is a function in the classical sense for which the
coefficients {a,}¥., exist, we obtain the well-known result that the series
=%, a,CH(x) is Abel summable to f(x) where x is a point of continuity of f(x) in
-1, 1.

(ii) It is natural to ask whether the converse of Theorem (3.1) is true. That is, if
2 0 a,Cl(a) is Abel summable, does 5., a,Cl(x) have a value at x = a? The

n=0

answer is negative and §’(x) is a counterexample. For
0 =2 S L cuo)dcr
O =4 3 3 CHO 5 CHO),

and C*©0) = 0 if »n is odd and (d/dr)C#(0) = 0 if n is even. It is very interesting to
find sufficient conditions for the converse; however, we will not pursue this here.

COROLLARY. Under the same assumptions of the previous theorem if

g(1) = (1 - 2*~"f(0),
then lim, _of §(a + ie) — g(a — ie)] = (1 — a)*~ /2.

PRroOOF. From Theorem (2.1), we obtain g(z) = 277, a,0}(z). Hence

o0 .
g + ie) — g(a — ie) = a,,f' a- x’)"“‘/zc,;‘(z)(;'i—) at
n=0 Y-—1 (t — a)’ + ¢
Taking the limit as ¢ — 0, keeping in mind that the quantity in brackets is just the
Poisson kernel for the upper half-plane and that the series £_, a,Cl(a) is Abel
summable to y, we immediately get

lim [ &(a + ie) = gla—ie)] =(1- a2

Y.

THEOREM (3.2). Let f(x) be a generalized function with support in (-1, 1) given by
the series f(x) = 2%_, a,C!(x). Suppose that FU(x) = d'¥f/ dx!¥ has a value v at
a € (-1, 1); then

00

o(z) = D a,h’z" >¢(B) asz— B radially,

n=0

where a =3(B + 1/B).

ProoOF. From the identity 3%, C*0)z" = (1 — 2tz + z%)7*, |z| < 1, and the
fact that (1 — 3*~"/2/(1 — 2tz + z%* is in C*(I) where [ is a neighborhood of
supp f, we obtain

(l _ 12)“_'/2 ) _ © (CI‘ (l _ t2)p—l/2 )
(f’ (1 -2z + )" 'goa,, A0, (1 =2z + zH)*

§ an(C,:‘(t), (-2 § C,’,‘,(t)z"‘)
n=0 m=0
S 0, S 2m(Cre), (1 - PF2CHD))

n=0 m=0

- o0

o0
2 a, 2 zmhr'r:snm = 2 anh,‘,"z" = 4’(2)’ |z‘ <L

n=0 m=0 n=0
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Since f{*D has a value y at a, then there exists a continuous function F such that
F® = fU# in a neighborhood of a and F(¢)/(t — a)* > y/k!ast —> a.

Without loss of generality we may assume that k > [p] and F® = fU#D globally
where F is continuous and has support in (-1, 1). Let P = k — [pu]; then

_ 2\r—1/2 P _ 2\n—1/2
#(z) = (Fm, _(1_’2_____) - (F, (_1)Pd_P L)
(1 =2tz + 23" ar” (1 =2z + zH*
1 dP 1 — 12 r—1/2
=f F(t)(—l)"—P;
-1 ar® (1 — 2tz + 22"
As in the proof of Lemma (3.3) we can show that

A Ol & A Bl & WA «{ )

at® (1 — 2tz + )" 1 = 2tz + H*+F

dt.

where P(t, z) is a polynomial in ¢ and z. Then, we have

1 — tz)y.—l/2—P

o) = [ Fi

P(t, z) dt
1 (1 = 2z 4 P

(1 _ tz)p—l/Z-P
- ( [« )F(t) P(1, z) dt.
li=al>8  Je—al<s) (1 - 24z + z)**F

Let us denote the first integral by /(z) and the second by J(z). Then,

1 (1 — t2)n—l/2—P
I(z) = — 7 F(t P(t,2) d
’ (22" flt—a|>8 ( )[t 1)z + z)]nﬂ' (¢, 2) dt

and by choosing z sufficiently close to 8 we can make |3(1/z + z) — a| < §/2.
Therefore,
_ tz)#—l/2-P

@y B

where
g()= sup |P(s, z)/(—22)"”’|, g€ L'[-1,1],

0<r<z<1
and by the Lebesgue dominated convergence theorem it follows that lim, 4 I(2)
exists.
As for J(z) we have
tz)u -1/2-P

a-AH"=
) < jl‘t—a|<8|F(t)| |¢

— a|n+P

|g(2)] dt
[F@I__ |t = o+ — =127
lt—af<s |t — a|F*1M |t — a|t+?

|F()| (1= * 2P g(0)|
= a.
lt—al<s |t — a|P*H |t — alt—¥

|g(2)| at
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The last integral is bounded since | F(#)| /|t — a|F*!" is bounded and

(1= 277 g()]
|t — a|n—lul

is integrable in a §-neighborhood of a. Hence, applying Lebesgue dominated
convergence once more yields that lim,_,z J(z) exists. Q.E.D.
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