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THE LATTICE OF CLOSED CONGRUENCES
ON A TOPOLOGICAL LATTICE
BY
DENNIS J. CLINKENBEARD'

ABSTRACT. Our primary objectives are:
(1) if L is a lattice endowed with a topology making both the meet and join
continuous then
(i) the natural map which associates a congruence with the smallest topo-
logically closed congruence containing it preserves finite meets and
arbitrary joins;
(i) the lattice of such closed congruences is a complete Brouwerian lattice;
(2) if L is a topological (semi) lattice with the unit interval as a (semi) lattice
homomorphic image then the lattice of closed (semi) lattice congruences has no
compatible Hausdorff topology.

Introduction. Given a topological lattice L, we investigate 8*(L) the lattice of all
congruences on L which are topologically closed in L X L. This collection of
congruences is particularly interesting when L is compact Hausdorff since each
member of §*(L) will then preserve many algebraic and topological properties of
L.

It is well known that for any lattice L its congruence lattice 8(L) is both
algebraic and satisfies the infinite distributive equation (\/,cg¢X,) Ay =
Vaee Xa N\ »)* which characterizes complete Brouwerian lattices (cf. [1, pp. 188,
138]). Yet the only known result for #*(L) similar to the defining equation for
Brouwerian lattices is by A. R. Stralka, who proved that if L is a compact
Hausdorff distributive topological lattice of finite breadth, then §*(L) is a distribu-
tive lattice (cf. [6]).

In §1 we demonstrate that (L) and #*(L) are much more similar than the above
result suggests. By merely assuming L has a topology (not necessarily Hausdorff)
such that both the meet and join are continuous we prove that #*(L) is also a
complete Brouwerian lattice. Furthermore, the preservation properties of the natu-
ral map between #(L) and 6*(L) mentioned in the abstract allows us to obtain
another fact: L is Hausdorff iff the pseudo-complements of (L) and 8*(L) are
identical. From this we conclude immediately that L is compact Hausdorff iff all
pseudo-complements in #(L) have compact Hausdorff images.

As mentoned previously (L) is also algebraic. In general, the congruence lattice
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on any partial algebra is algebraic. Thus, 8(L) is algebraic when L is also a
semilattice. Moreover, any algebraic lattice admits a compact Hausdorff (zero-di-
mensional) order-compatible topology® (cf. [5]). In contrast, the only known
analogue for 8*(L) was proven by K. H. Hofmann and M. W. Mislove in [4]. The
result can be stated as follows: if L is an algebraic lattice such that all its quotients
are also algebraic when only maps preserving arbitrary meets and directed joins are
considered® then the opposite lattice of #*(L) is an algebraic lattice; hence, in
particular, #*(L) has a compatible compact Hausdorff (zero-dimensional) topology.
In §2 we prove that whenever L is either a topological lattice or topological
semilattice then #*(L) has no compatible Hausdorff topology if L has the unit
interval as a homomorphic image. Hence, topologically #(L) and 8*(L) are, in
general, quite different.

In the Appendix we exhibit some examples which expand on the material in §1.

Preliminaries. Given a lattice L, let D = {(x, x)|x € L}. A subset X of L X L is
said to be a D-ideal iff D U (D \/ X) U (D A X) C X. A lattice congruence (or
merely congruence) [¢] is an equivalence relation on L which is also a D-ideal of
L X L.

Note that for any lattice L, D and L X L are congruences.

For each lattice surmorphism ¢ from L onto a lattice M, there is a unique
congruence [¢] = {(x, y)|¢(x) = ¢(y)}. Conversely, for each congruence [¢] we
obtain both a unique image of L, ¢(L) = {x C L|y € x iff (x,y) € [¢]}, and a
unique lattice homomorphism ¢ from L onto ¢(L) such that ¢(x) = X.

By a topological lattice L we mean that L is a lattice endowed with a topology
such that both the meet and join are continuous binary functions from L X L
into L.

Given a topological lattice L, we assume that for any [¢] € (L), ¢(L) has the
inherited quotient topology; thus, ¢ becomes a continuous homomorphism.’

If X is some predetermined topological space and Y C X then Cl Y will denote
the closure of Y in X.

If [¢] = Cl[¢] in L X L, then [¢] is called a closed congruence. The complete
lattice #*(L) of all closed congruences has the same meet as #(L), namely
set-theoretic intersection. Thus, we use the usual intersection symbol “N” to
represent both meets. However, we distinguish between the joins of §(L) and §*(L)
by letting “\/” denote the join in O(L) and “V” the join in #*(L). In general, all
that can be said regarding the joins is that if {[¢,]la € &} C 6*(L) then \/ ¢ [¢,]
- Vae@ [¢a]‘

The primary reasons for examining closed congruences occur when L is a
compact Hausdorff topological lattice. First, it is well known from general topology
that for any compact Hausdorff topological space X and any equivalence relation

3By compatible we mean that order convergence of chains implies topological convergence.

“In other words, L and all of its compact semilattice quotients are zero dimensional.

51t is not difficult to show that ¢(L) is a topological lattice. But the fact that the composition of the
two continuous functions, meet (respectively, join) in L and ¢, produces a continuous function does not
suffice to prove that the meet (respectively, join) in ¢(L) is continuous.
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E on X, E is closed in X X X iff the quotient space X/ E is Hausdorff. Thus,
whenever L is compact Hausdorff, §*(L) contains exactly those congruences whose
images are also compact Hausdorff. Second, it is not difficult to show that if L is
compact Hausdorff then [¢] € 0*(L) implies ¢ preserves arbitrary meets and
arbitrary joins. The importance of this last statement is twofold:

(i) every compact Hausdorff topological lattice is complete;

(ii) a homomorphism of a complete lattice that does not preserve arbitrary meets
and arbitrary joins may produce an image radically different from the domain (cf.
(2.

Finally in all that follows, unless otherwise stated, L will always be a topological
lattice, and I will denote the unit interval [0, 1] with the usual topology.

1. Let us first state some facts concerning the construction of both congruences
and closed congruences.

Throughout this section X is assumed to be a subset of L X L, and X* will
denote the transitive closure of X.

(1.1) REMARK. If X is a D-ideal then X’ is a D-ideal.

ProOF. Note that D U (D \/ XU (DA XH)YCDuUD VXY UDAX)C
X' 0O

When X is also symmetric (that is, (x, y) € X implies (y, x) € X), we get

(1.2) REMARK. If X is a symmetric D-ideal then X’ is a congruence.

PrOOF. Since X is symmetric and contains the diagonal, X* is an equivalence
relation. By Remark (1.1), X is a D-ideal. [J

If X satisfies Remark (1.2), then X' is the smallest congruence containing X.
However, there is no guarantee that X* is topologically closed. Thus, to construct
the smallest closed congruence, we adjoin the limit points of X‘ obtaining CI(X*).
Although this set is a symmetric D-ideal (as will be shown), it may not be
transitive. Furthermore, the number of times topological and transitive closure
must be alternately applied to guarantee a closed congruence may depend on the
cardinality of L X L. What we, in fact, create by this alternation process is a
collection of sets satisfying the following.

(1.3) DerINITION. For X € L X L, let TX = CI(X’), and for each ordinal j we
define TVX by transfinite induction such that:

() T'X = TX,

(i) TVX = T(T’~'X), if j is not a limit ordinal,

(i) VX = U ,,; T'X, if j is a limit ordinal.

It is evident from this definition that:

(a) for any X, X C TX; hence in particular, 7VX C T*X wheneverj < k;

(b) a symmetric D-ideal is a closed congruence iff 7X = X.

To further clarify the sets produced in Definition (1.3), we present a series of
propositions; the first two of which are used to generate the smallest closed
congruence containing a given symmetric D-ideal.

(1.4) PROPOSITION. If X is symmetric then all T’X are symmetric. If X is a D-ideal
then all T’X are D-ideals.
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PrOOF. Since both transitive and topological closure preserve symmetry, 7" must
also. A straightforward transfinite induction yields the symmetry of all 7VX.

For the second assertion, note that since L is a topological lattice, the topological
closure of a D-ideal is a D-ideal. This together with Remark (1.1) implies that 7X is
a D-ideal. By constructing another transfinite induction, all 77X are D-ideals. []

Note that set-theoretic considerations require the existence of an ordinal & such
that T*X = T/K for all j > k, since otherwise L X L would have arbitrarily high
cardinality. Let X* denote T*X.

(1.5) PrOPOSITION. If X is a symmetric D-ideal then X* is the smallest closed
congruence containing X .

PrOOF. By Proposition (1.4) X* is a symmetric D-ideal. Thus, since T(X*) =
T**1X = T*X = X*, X* is a closed congruence. Let [¢] be a closed congruence;
then for any Y C¢], Y‘ C[¢] and CI(Y) C [¢]. Therefore, if X C [¢] then
TX C[¢] and, by transfinite induction, 7YX C [¢] for all ordinals j. Hence,
X*Clel O

At this point the reader might question whether such transfinite inductions as in
the above propositions are actually necessary to construct a closed congruence. The
answer is affirmative and example (3.1) of the Appendix illustrates this fact.

It follows immediately from Definition (1.3) and the definition of *, that * can be
considered as a closure operator on the power set of L X L; that is, for X,
Y C L X L we have

HXx cXx*,

(1) X* = X** and

(iii) if X C Y then X* C Y*.

Similarly, Proposition (1.5) implies that the restriction of * to (L) is also a closure
operator.

The following two propositions introduce a set of functions necessary to our
investigation of the * operation.

(1.6) PrROPOSITION. Let f be a continuous function from L X L into L X L such

that (X") C (fX)'; then f(X*) C (fX*).

Proor. If f is continuous then f(CI(Y)) C CI(fY) for any Y C L X L. This
together with the condition, f(X*) C (fX)', yields ATX) = ACIX")) C CI(A(X*))
C CI((fX)") = T(fX). By applying yet another transfinite induction, we obtain
AT/X) C T/(fX) for all ordinals j. Hence, f(X*) C (JX)*. O

(1.7) PROPOSITION. Let (u, v) € L X L and define f: L X L— L X L by f(x,y)
= (o AWV x), v A(u\/ y)). Then f satisfies

(a) Proposition (1.6),

(b) (u A\ v, v) = f(u, v),

(¢) if X is a D-ideal then fX C X,

(d) if [¢] is a congruence and (u, v) € [¢p] then f(L X L) C [¢].
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PRrOOF. (a). Since L is a topological lattice, f is clearly continuous. Moreover, the
inclusion, f(X*) C (fX), is straightforward.

(b) Clear.

(c) Note that for any D-ideal X, fX = (0, ) A((v, ) V X)C DA (D V X)C
X.

(d) (u, v) € [¢] implies (v A u, v), (v, v A\ u) € [¢). Thus, by letting “o repre-
sent transitivity such that (a, b) ° (b, ¢) = (a, ¢), we have f(x,y)= (v A(uV
x),0)e (Lo ANUVY) =A@V X), o AN@V X))V @A) [(vAW
VLo ANV y) Vo ANl €D VgD (D VoD =[] °[¢]l=[¢] O

The following lemma provides the fundamental observation in establishing that
the * operation preserves finite intersections when restriced to members of 8(L).

(1.8) LeMMA. If X is a symmetric D-ideal and [¢] € O(L) then X* N [¢] C
(X N [¢])* = smallest closed congruence containing X N [¢].

PrROOF. Let (u, v) € X* N [¢]. Using the same notation as in Proposition (1.6)
and (1.7), recall that (u A\ v, v) = f(u, v) which is certainly a member of f(X*). By
applying Proposition (1.7a) we obtain f(X*) C (fX)*. Now Proposition (1.7)(c) and
(d) implies fX C X N [¢], and the monotonicity of * gives (fX)* C (X N [¢]*.
Together these inclusions imply that (¥ A v, v) € (X N [¢])*. A symmetric argu-
ment shows that (u A v, u) € (X N [¢])*. Thus, by relying on the symmetry and
transitivity of (X N [¢])* we obtain (u, v) € (X N [¢]*.

Finally, note that X N [¢] is a symmetric D-ideal; so Proposition (1.5) justifies
our last assertion. [J

To expedite the remainder of our investigation, we define a map, *, from 8(L)
onto #*(L) such that *([¢]) = [¢]*. That is, the map * is the restriction of the
canonical map associated with the operation * such that the domain and range of
the map are restricted to (L) and 8*(L) respectively. Of course the * map may
also be viewed as a closure operator on 8(L).

(1.9) THEOREM. The map * from O(L) onto 0*(L) preserves finite meets (i.e.
intersections) and arbitrary joins.

PROOF. Let [¢], [¥] € O(L). Then *([¢] N [¥]) C *(¢]) N *((¥)) is derived from
the monotonicity of the * operation. For the reverse containment, we have

([ 1 *([¥]) =[4]* N[¥]* € (6] N[¥])* by Lemma (1)
C([¢] n[¥])** by Lemma (1.8) and the monotonicity of *
C([¢] n[¥])* by the idempotency of *
=*([¢] n[¥])

Thus, the * map preserves finite meets.

The argument for arbitrary joins is not difficult and can be shown directly, or
may be based on the fact that a closure operator on any lattice preserves arbitrary
joins whenever they exist. []
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There are quite simple examples which show that the * map does not preserve
arbitrary meets. Example (3.2) of the Appendix illustrates this for the * map from
8(1) onto 8*(I).

(1.10) REMARK. If g is a function from a complete Brouwerian lattice 4 onto a
complete lattice B such that g preserves finite meets and arbitrary joins then B is a
complete Brouwerian lattice.

PRrROOF. g preserves the defining infinitary equation for Brouwerian lattices. []

(1.11) THEOREM. 0*(L) is a complete Brouwerian lattice.

PROOF. A(L) is a complete Brouwerian lattice. Hence the theorem follows from
Theorem (1.9) via Remark (1.10). [

(1.12) CorROLLARY. 8*(L) is a distributive lattice.

PROOF. Any Brouwerian lattice is distributive (cf. [1, pp. 45-46]). [

Since #*(L) satisfies one of the infinite distributive laws, a natural question is:
does it satisfy the other? That is, for [¢,], [¥] € 0*(L), a € &, is (N 4eq [P DVI[¥]
= N 4eq (¢.JV[¥)) also true? The answer is negative, and in fact even more can
be said. A complete lattice M is lower continuous if whenever there exists a
monotone decreasing chain {d,|a € €} in M then

(A d)ve= A @V
aER® a€R

for any x € M. In Example (3.3) of the Appendix we show that §*(1) is not lower

continuous.

To obtain the final results of this section a few preliminary remarks are in order.

If a and b are elements of the lattice M, then the maximal element of {x € M|a
/\ x < b} (when it exists) is called the relative pseudo-complement of a in b, and is
denoted b: a.

A Brouwerian lattice M (not necessarily complete) is defined to be a lattice such
that any pair of elements in M have a relative pseudo-complement (cf. [1, pp.
45-46, 128)).

If M is a lattice with a least element, 0, and a € M, then the element 0: a (when
it exists) is referred to as the pseudo-complement of a.

In a complete Brouwerian lattice every element is pseudo-complemented, and it
is well known that the set of pseudo-complements with the inherited order form a
complete Boolean algebra in which the meet is the same as in the original lattice
(cf. [1, p. 129)).

The following proposition provides sufficient information to relate the * map
and the relative pseudo-complements of #(L) and §*(L).

(1.13) PROPOSITION. Let M be a lattice and C a closure operator on M that
preserves finite meets. If a, b € M, Cb = b, and (b: a) exists then (b: a) = (b:
Ca) = C(b: a) = relative pseudo-complement of Ca in b with respect to the lattice
CM.
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PRrOOF. Let “f” denote the meet in CM.

CLAM. For any ¢, d € M, Cc N\ Cd = C(c A d) = Cc t Cd = C(Cc A d).

Proor ofF CLAIM. Using the closure and meet preserving properties of C, the
following chain of inequalities proves our claim:

CeNCd >C(cNd)=Cct Cd=C(Cc)l Cd=C(Cc ANd)
= C(Cc) ¢ C(Cd) = C(Cc A Cd) > Cc N Cd.
To show (b: a) = (b: Ca), we have
a A (b: Ca) < C(a A (b: Ca)) = C(Ca A (b: Ca)) (by the Claim)
< b, since Ca A (b: Ca) < b and Cb = b.
Thus, (b: Ca) < (b: a) by the maximality of (b: a). For the reverse inequality,
Ca A (b: a) < C(Ca A (b: a)) = C(a A (b: a)) (by the Claim)
< b.
So, (b: a) = (b: Ca).

For the second equality we have Ca A C(b: a) = C(a A (b: a)) (by the Claim)
< b. So, C(b: a) < (b: Ca) = (b: a) < C(b: a). Therefore equality holds.

To show that (b: a) is the relative pseudo-complement of Ca in b with respect to
CM, note first that (b: a) = C(b: a) € CM. Now if x € CM (i.e., x = Cx) and
Ca [ x < b, then Ca A x < b by the Claim. Thus, x < (b: Ca) = (b:ad).

(1.14) REMARK. Proposition (1.13) implies that the relative pseudo-complements
in b with respect to the lattices M and CM are the same. Therefore, upon
substituting #(L) for M, and * for C in Proposition (1.13) we see that for
[¢] € *(L) the set of relative pseudo-complements in [¢] with respect to either

O(L) or 8*(L) is the same. In particular, when considering pseudo-complements we
obtain the following result.

(1.15) THEOREM. L is Hausdorff iff the pseudo-complements of (L) and 0*(L) are
identical.

Proor. If L is Hausdorff then D is a closed congruence. Substituting D for [¢] in
Remark (1.14) implies that (L) and 8*(L) have the same pseudo-complements.

Conversely, since D is the pseudo-complement of L X L in #(L), we get
D € 6*(L) which implies L is Hausdorff. [

(1.16) COROLLARY. L is compact Hausdorff iff the pseudo-complements of (L)
have compact Hausdorff images.

ProoF. L is compact Hausdorff iff the image of each closed congruence is
compact Hausdorff. This together with Theorem (1.15) gives the result in the
forward direction. The converse is identical to that of Theorem (1.15). [

2. In discussing the topological nature of lattices of closed congruences, the
following definitions and remarks will be useful.

A topological semilattice is a semilattice endowed with a topology such that the
semilattice operation (whether meet, or join) is continuous. If S is a topological
semilattice such that the meet (join) is continuous, then we define a semilattice
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congruence [¢] as an equivalence relation on S such that D U (D A [¢]) C [¢] (or,
D U (D V[¢]) C [¢] in the join case). Of course,the remarks in the preliminaries
are also applicable in the context of a topological semilattice S, its semilattice
congruences 6(S), and its closed semilattice congruences 8*(S).

Also, note that any semilattice congruence on [ is a lattice congruence. Thus,
0*(I) denotes both the closed semilattice congruences and the closed lattice
congruences.

The key to our result lies in the following theorem where we employ an argument
similar to one used by E. E. Floyd in [3].

(2.1) THEOREM. There does not exist a compatible Hausdorff topology on 6*(I).

o0

PrROOF. Suppose I is a compatible topology on 8*(I). Let {U;}{2, be an open
base for the topology on I such that CI(U) n Ci(U,_,) = &. Let [{;] = {(x, y)|x, y
€ CI(U))} U D; thus, [§;] € 6*(J) and [{,] N [§;_,] = D. It is not difficult to show
that for each positive integer i there is a sequence {[¢;]};=; C §*(]) such that the
terms of the sequences have the following relationships.

Ol Clpl#1 %1,

@A) [ 4] € [¢),

(iii) ;] C [#i¢j+ )

(V) V2 lel =1 X I

Let O be any neighborhood of the congruence I X I in 9. By the compatibility
of J, the sequence {[¢,,]}2, converges to I X I in J. Hence, there exists [¢,;] € O
for some . Let [p,] = [¢,,] for some such j. Now [p,] = (I X I) N [p] = (V;Z,[dy])
N [p1] = V2,(¢,] N [p,)) by Theorem (1.11). Since the sequence {[¢,] N [p,1}52,
is monotone increasing, the compatibility forces convergence to [p,]. Therefore, this
sequence is also eventually in O. Define [p,] = [¢,] N [p,] where [¢,;] N [p;] € O.
Note that [p,] does not contain U, in any equivalence class.

Similarly, [p,] = (I X 1) 1 [p5] = (¥2[$5,]) N [p;] = V32 (] N [p,)) and, by
compatibility, {[¢;;] N [p,]}j=, converges to [p,]. Again, pick j such that [¢5] N [p,]
€ O and call this element [p;]. Note that [p;] does not contain U, or U, in any
equivalence class.

Continuing, we obtain the sequence {[p;]};=, such that [p, ;] C [p;].

By the compatibility of 9, {[p;]};2, must converge to N2,[p,]). Also, since
{[e: 1), € O we have N 2,[p;] € CI(O). However, N {2,[p;] contains no U, in any
equivalence class. Therefore N {2 ,[p;,] = D. This means that every neighborhood O
of the element / X I in 9 contains the congruence D in its closure CI(0). So F is
not Hausdorff. []

(2.2) CorOLLARY. If L is a topological (semi) lattice with the unit interval as a
(semi) lattice homomorphic image, then the lattice of closed (semi) lattice congruences
has no compatible Hausdorff topology.

ProoOF. The following proof suffices for both cases. Suppose 9 is a compatible
Hausdorff topology for 8*(L). Let ¢ be the homomorphism from L onto ¢(L) = 1.
Thus, [¢] € 8*(L). If [p] € 8*(L) such that [¢] C [p] then there exists a homomor-
phism p, from I = ¢(L) onto p(L) such that the following diagram commutes.
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o(L) =1
¢ 2 NPy
L e p(L)

Let (1[eD = {lp] € 6*(L)|[¢] C [p]}. It is easy to show that the map g from (1[¢])
into 8*(7) such that g([p]) = [p,] is a complete lattice isomorphism. Moreover, the
restriction of 9 to ([¢]) is a compatible Hausdorff topology. Therefore by making
U open in #*(1) iff g ~'(U) is open, we obtain a compatible Hausdorff topology for
8*(i), a contradiction to Theorem (2.1). []

Appendix.

(3.1) ExampLE. The transfinite inductions in §1 are necessary. For S ¢ L X L,
let [ S'] be the smallest congruence containing S. Let [a, b], a < b, be a line segment
from the unit interval. Let [{,] denote the following congruence on [a, b]: {(x, y)|b
—(b-a)/2"<x,y <b—(b—a)/2"*" for some n =0, 1,2,...}. Pictorially,
[¢¥,] may be represented as

(a, b) ] (b b)

(@ a (b, a)

It is not difficult to show that [Cl[y,]] has the following diagram.

C )] I (b, b)

1
:
|
|
|
|
1
|
!
|
|
|
]
|
|
|
|
|
|
I
|
J

(@ a) (b 2

Thus, CI[Cl[y,]] = [a, b] X [a, b] is the closed congruence generated by [y,].
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Let
[¥2] = {CepNb = (b —a)/2"*)(A +1/27) < x,
<b-((b-a)y/2"*H(1+1/2"*Yforn,m=0,1,2,3,... }

Note that [y,] is also a congruence on [a, b], and has the following diagram.

Moreover, it is not difficult to show that [Cl[y,]] = [,]. Hence to obtain the closed
congruence generated by [y¢,], we must alternate the closure and congruence

generating operators such that the closure operator is applied three times.

(a, b) 7] &, b)

(a, a) (b, a)

Similarly, we can define a congruence [{;] such that [Cl[y;]] = [¢,]. Continuing,
a congruence [y,] can be defined for each positive integer such that [Cl[y,]] =

[¢,_,] whenever n > 2.
Starting with the diagonal D, we construct our example as follows.

First replace {(x, x)|1/3 < x < 2/3} with the congruence [,] on [1/3,2/3] to
get the diagram

©,1 Ly

(0, 0) (1,0

Next, replace {(x, x)|1/9 < x < 2/9} and {(x, x)|7/9 < x < 8/9} by [y5,] on

the intervals [1/9, 2/9] and [7/9, 8/9], respectively.
For the nth step replace the middle third of each untouched segment of the

diagonal with [y, ). Let [S] denote the resulting set. Thus, [S] can be represented as

follows.
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xlj
\
‘D.'

]

[‘//3]

l [v.]

It is not difficult to show that [S] is a congruence, and moreover, no finite
number of applications of closure and congruence generation will suffice to
produce the closed congruence associated with [S]. [

(3.2) ExampLE. The map * from 6(I) onto 8*(I) does not preserve arbitrary
meets.

PROOF. Let [p,] = {(r, )|k/2" <s,r <(k+ 1)/2" k=0,1,...,2" — 1} U D,
for each positive number n. It is easy to show [p,] € (L) for all n. Now
N2ile,] = D, so *(N2-\lp,)) = D. However, [p,]* =1 X I for all n, so
NZlel* =1 x 1. O

(3.3) ExaMPLE. #*([]) is not lower continuous.

Proor. For each positive integer n, let [p,] = {(r,s) €I X I|k/3" <r,s <
(k+1)/3,k=0,2,4,6,...,3"— 1} U D. It is not difficult to see that [p,] is a
closed congruence for each n. Let [¢;] = N :_,lp,) so [¥;] € 6*(L). Let [¢] =
{(r,s) € I X I|r, s are in the same component of / — C where C is the Cantor
set} U D. It is also easy to see that [¢] € 8*(L). Now [{,] V [¢] = I X I for all n.
Hence M,(¥,] V¥ [6) = I X 1. But NZ[,] = D, so (N[¥,D V [¢] = [¢].
Therefore (N 2,[¥,) V [#] # N (%] Y [¢). O
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