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FREE COVERINGS AND MODULES OF BOUNDARY LINKS

BY

NOBUYUKI SATO

Abstract. Let L = [K¡, . . . , Km) be a boundary link of «-spheres in S" + 2, where

n > 3, and let X be the complement of L. Although most of the classical link

invariants come from the homology of the universal abelian cover X of X, with

increasing m these groups become difficult to manage. For boundary links, there is

a canonical free covering Xu, which is simultaneously a cover of X. Thus,

knowledge of H Xu yields knowledge of H X. We study general properties of such

covers and obtain, for 1 < q < n/2, a characterization of the groups HqXa as

modules over the group of covering transformations. Some applications follow.

1. Introduction. A link of codimension two is a collection L = {Kx, . . . , Km) of

disjointly embedded smooth «-spheres in Sn + 2. When the K¡ are the boundaries of

smooth, pairwise disjoint, oriented submanifolds Vf+X of Sn+2, we say that L is a

boundary link. If N(K¡) s» K, X D2 is a tubular neighborhood of Zí, in Sn+2, then

the space X = Cl{Sn+2 - U, N(K¡)) is an (« + 2)-manifold with boundary. It is

called the complement of L.

Many of the classical link invariants come from the homology of the universal

abelian cover X of X. These groups are modules over A = Z[Zm], where Zm is the

free abelian group of rank m via the covering transformations. Unfortunately,

A-module theory increases in difficulty with m (at least). However, for boundary

links, there is another covering space which arises naturally, which is also a

covering of X. Thus, knowledge about the homology of this space yields informa-

tion about HtX.

Let px, . . . , pm be the elements of 77,X represented by * X dD2 in Kt X D2 for

each /', oriented so that this circle links K¡ with linking number +1. The p¡ are

called the meridians of L. The following result of Smythe [14] and Gutierrez [3]

gives a necessary and sufficient condition for the link to be boundary.

Lemma 1.1. A link of m components is a boundary link if and only if there exists a

surjection of trxX onto the free group Fm on m generators xx, . . . , xm carrying the

meridians p¡ to the x¡.

Let Xu be the regular covering of X associated to the kernel of this map. It is

called the free cover of X and its homology groups HqXu are left $ = Z[Fm]-

modules via the covering transformations.

We will make a study of the ring í> and characterize a certain kind of 4>-module

called type L. These modules arise in the study of free covers over spaces which are
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homologically an «7-fold wedge of circles. We use these modules of type L to give a

complete characterization of the 4>-modules HqXa in the range 1 < q < n/2,

« > 3. As applications of this result, we obtain a generalization of a result of

Kervaire [7, Theorem II. 1] and a sufficient condition for a polynomial in «i-varia-

bles to be an Alexander polynomial of a high-dimensional link (actually, it can be

shown [12] that this is also a necessary condition for high-dimensional boundary

links).

Some of the results in this paper (including the main result) form part of the

author's Ph.D. thesis, which was written at Brandeis University under the direction

of Jerome Levine and presented in April, 1978. We wish to thank Professor Levine

for much help and encouragement. We also thank Hyman Bass, who pointed out

part (iii) of Theorem 2.1 and the remark after Corollary 2.2.

The results of §3 are generalizations to links of certain results of [9]. See also [6]

for related results.

2. The ring $ = Z[Fm] and free covers. For m > 1, $ is neither noetherian nor

commutative. However, <I> has certain properties which simplify its module theory.

Theorem 2.1. Let & = Z[FA. Then

(i) <I> has no zero-divisors.

(ii) <P has global dimension two.

(iii) í> is coherent, that is, the kernel of any homomorphism between finitely

presented modules is again finitely presented.

(iv) Finitely generated projective <ï>- modules are free.

(v) There is an augmentation map e: $ —> Z which sends 2 ngg to 2 n ■ The kernel

of e is a free module of rank m, with basis {xx — 1, . . ., xm — 1} where xx, . . . , xm

are the free generators of F .

Part (i) is due to [4]. Part (ii) follows from a very general categorical result [11,

Theorem 31.2]. Part (iii) is due to [15]. Part (iv) comes from [1]. For a proof of part

(v), see [5, p. 196].

From part (iii), we have the following corollary.

Corollary 2.2. Let C = {Cq, dq) be a free left chain complex over $ of finite

type. For example, let C be the cellular chain complex of a free covering of a

CW-complex Y with finitely many cells in each dimension. Then for each q, H C is a

finitely presented left (^-module.

Remark. Theorem 2.2 parts (ii)-(iv) actually imply that the kernel of any

homomorphism between free <!>-modules of finite rank is in fact a free module of

finite rank. If Zq = ker 8 in the above, then a canonical finite presentation of HqC

is given by

"q+t
C       -^  7 —> H C -^>0c   +1  —»  z.   —* n  u —> \j.

We will see that <I>-modules with certain seemingly strange properties play a

crucial role.
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Definition. A 4>-module M is said to be of type L if

(i) Af is a finitely presented 4>-module, and

(ii) Tor*(Z, M) — 0 for all q, where Z is regarded as a right <ï>-module with

trivial action via the augmentation map e.

Remark. Condition (ii) is equivalent to the condition that the homology of Fm

with twisted coefficients in M is zero in all dimensions. In fact, Tor*(Z, M) at

Hq(Fm; M) and the isomorphism is often taken as the definition of group homol-

ogy.

We now characterize modules of type L in such a way that we will be able to

construct many examples easily, showing that the definition is far from empty.

Proposition 2.3. Let M be a finitely presented left ^-module. The following are

equivalent.

(i) M is of type L.

(ii) The map ©?1, M —> M given by (tx, . . . , tm) h» 2(x, — 1)/, is an isomor-

phism.

(iii) M has a free resolution

0^ <i>r-><&*-> fc'^M^O
Co)     (*«)

with the a¡j and bkl in $, such that

(a) r + t = s.

(b) The greatest common divisor of the r X r minor determinants of the integral

matrix (e(a¡j)) is 1.

(c) The greatest common divisor of the t X t minor determinants of the integral

matrix (e(bkl)) is 1.

Proof. Since M is finitely presented, we need only check that (ii) and (iii) are

equivalent to Tor*(Z, M) ss 0 for all q. But (ii) is a reformulation of this condition

using the canonical free resolution of Z given by Theorem 2.1 part (v). Any finitely

presented module M has a short free resolution as in (iii), and it is easily verified

that conditions (a)-(c) are necessary and sufficient conditions for the complex of

abelian groups formed by tensoring this free resolution with Z to be exact, either

directly or by applying the theory in [2].

An example. Let g be any nonunit in 4> such that e(g) = ±1, for example,

g = 2x, - 1. By part (i) of Theorem 2.1, g is not a zero-divisor so that the module

M defined by the following sequence is of type L:

0 ^ $_*<!> ̂ M-+0.
g

This construction extends easily to the cokernel of any diagonal matrix over O

whose diagonal entries satisfy the conditions on g above.

The relevance of the concept of type L is seen in the following result. Let Y be a

CW-complex with finitely many cells in each dimension, and suppose Y has a free

cover Y„.
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Proposition 2.4. (i) HqYu is of type L for all q > 0 if and only if HtY«

//»(vr.,^1).
(ii) If Y has the homology of an m-fold wedge of circles through dimension n, then

Hq y„ is of type L for 0 < q < n.

Proof. One can see this using the Cartan-Leray-Serre spectral sequence of the

covering Xu —> X, or alternatively, one has the short exact sequence of chain

complexes

m p

The proposition follows easily by analyzing the resulting long exact homology

sequence as in [10] using the characterization of type L given in Proposition 2.3(h).

3. Modules of boundary links. We now specialize to the case where X is the

complement of a boundary link L = {Kx, ... , Km) of dimension « > 3. Let Xu be

the free covering of X. The main result is the following.

Theorem 3.1. (i) HkX01 is a i>-module of type L for 0 < k < n.

(ii) Let A2, . . . , A be any sequence of $-modules of type L. There exists a

boundary link L of dimension n = 2q + 1 such that, if X is the complement and Xu is

the free cover, then HkXw = Ak for 1 < k < q. If Aq has projective dimension one,

then we may take « = 2q.

Note that part (i) follows from Proposition 2.4, since X has the homology of

V,11 5 ' through dimension n by Alexander duality. Part (ii) will follow from a

method analogous to that in [9, §§9 and 10], which goes back to unpublished work

of C. T. C. Wall. We begin by constructing CW-complexes with the desired

homological properties.

Lemma 3.2. Let A be any ^-module of type L and let q > 1. Then there exists a

finite CW-complex P of dimension q + 2 such that

(h) zz,z>«zz,(vr-.s').
(iii) If Pa is the universal cover of P, then HkPa = 0 unless k = 0 or q, and

HqP^A.

(iv) 77ic I-skeleton of P is \/jL\ Sl. If A has projective dimension one, we can

choose P to be (q + I)-dimensional.

The proof is analogous to the proof of [9, Lemma 9.4].

Lemma 3.3. Let A2, . . . , A be any sequence of ^-modules of type L. Then there

exists a finite CW-complex P of dimension q + 2 such that

(iï)H,P^H,(V7^Sx).

(iii) If Pu is the universal cover of P, then HkPu = Ofor k > q and HkPu = Ak for

1 < k < q.

(iv) The I-skeleton of P is \Jf=x Sx. If Aq has projective dimension one, then we

can choose P to be (q + I)-dimensional.
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Proof. For each k = 2, . . . , q let Wk be that complex of dimension k + 2

constructed by Lemma 3.2. The complex P is formed from the disjoint union of the

Wk by identifying their 1-skeletons. It is easily verified that P has the correct

homological properties.

The idea now is to make P into a handlebody, and show that this handlebody is

in fact the complement of a boundary link. Let d = dim P. Note that d > 3.

Proposition 3.4. P embeds in R" + 3, where « > 2d - 3. Let Y be the boundary of

a regular neighborhood N(P). Then the composite map

Y    -*    N(P)     -+     P
inclusion retraction

is (n + 2 — d)-connected. Y has nonzero homology only in dimension 0, 1, « -(- 1 and

n + 2.

For a proof, see [9, Lemma 10.1]. Let tpx, . . . , <pm: S1 X D"+x —> Y be embed-

dings with disjoint images representing the free generators of trxY = Fm, and let

X = Cl{Y - U/imrjp,}. By general position, the pair (Y, X) is «-connected.

Performing surgery on these maps yields a manifold 2"+2 and embeddings

xpx, . . . , xpm: D2 X S" —> 2 with disjoint images. It is not difficult to check that 2 is

a simply connected homology (« + 2)-sphere, and hence a homotopy sphere. Since

« + 2 > 5, 2 is in fact a PL sphere, by arguments of Smale [13]. Hence, we may

change the differentiable structure of 2 at a point not on the image of the uV to

obtain the standard sphere Sn + 1. Let L be the link defined by taking

K) = *,.(() x Sn).

Then the complement of L is X. By construction, <nxX is the free group generated

by the meridians, so that by Lemma 1.1, L is a boundary link. The case when A

has projective dimension one is done by embedding Pq+X in R" + 3 where « = 2q.

This completes the proof of 3.1.

4. Some applications. We now mention two applications of the main result. The

first is a generalization of a theorem of Kervaire.

Corollary 4.1. Suppose that L is an n-dimensional link of m components, « > 3,

with complement X. Suppose that X satisfies, for some q, 1 < q < n,

for0<k<q. (*)

Then nqX, as a module over Z[itxX] = <ï>, is of type L. Conversely, if A is any

^-module of type L and q > 1, there exists a boundary link L satisfying (*) such that

trqX*A.

Remark. Kervaire [7, Theorem II. 1] proved this result when m = 1 (for knots).

Proof. One needs only to remark that under hypothesis (*), irqX as HqXa.

Theorem 3.1 now applies to prove this result.

The next application requires some introduction. As for knots, the Alexander

polynomials of links are the elementary divisors of the homology groups of the

universal abelian cover of the complement (see [8]). Briefly, the group of covering
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transformations of the universal abelian cover X of X is the free abelian group Zm

of rank m. Thus, the groups H+X are finitely generated modules over A = Z[Zm],

which we identify with the localized polynomial ring Z[x,, . . ., xm, xjx, . . . , x~x]

by writing Zm multiplicatively. A is a noetherian commutative ring. For each group

H X, take a k X I presentation matrix for HqX as a A-module. We may assume

that k (the number of relations) exceeds the number of generators /. The elemen-

tary divisors A* of HqX are the greatest common divisors of the (/ — /) X (/ - /)

minor determinants of the presentation matrix. It is not difficult to see that they are

independent of the choice of matrix, and are defined up to units of A. Since

elements of A are all polynomials up to this sort of equivalence, we call the

collection {Af} the Alexander polynomials of the link. It is clear (by the process of

expansion by minors) that Af+ ,|A? for each /', q.

Theorem 3.1 applies here to yield a sufficient condition for a sequence of

polynomialspf(xx, . . . , xm) to be the Alexander polynomials of a boundary link of

dimension «, for a range of q.

Corollary 4.2. Let pf(xx, . . . , xm), i = 1, . . . , k, q = 2, . . . , [n/2], be any

sequence of polynomials satisfying

(i)pf+l\pf for each i,q,

(Ü)pf(l, 1_, 1) = ± 1 for all i, q.
Then the pf are the Af for some n-dimensional boundary link, for the values of q

specified above.

Proof. Let \i = pf/'pf+l for each q, i = 0, . . . , k - I, and let Xf = pf. Then

for each i, q, \f(l, 1,...,1)=±1. We will construct an «-dimensional boundary

link such that, if X is the universal abelian cover of the complement, HqX has the

diagonal matrix (Xf, . . . , Xf) as presentation matrix. Then this link will satisfy the

conclusion of the theorem.

The first step is to lift the diagonal matrices (Xf, . . . , Xf) to 4>. This may be

done, for example, by imagining that the variables no longer commute in the

polynomials A/?. We apply Theorem 3.1 to realize the <I>-modules presented by these

matrices. It is easy to check that, in X, we are in effect realizing the A-modules

presented by the original matrices. This completes the argument.

As remarked before, one can show that the above sufficient condition can be

shown to be necessary for boundary links (see [12]). In that work, we also obtain

results for HXX, and HqX when « = 2q — I, cases which are not covered by the

techniques of this work.
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