TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 267, Number 2, October 1981

SINGULAR INTEGRALS AND MAXIMAL FUNCTIONS
ASSOCIATED WITH HIGHLY MONOTONE CURVES
BY
W. C. NESTLERODE

ABSTRACT. Let y: [-1, 1] - R” be an odd curve. Set

Hf(x) = PV [f(x = v(1)) (dt/1)
and
h
M, f(x) = sup h™! fo |f(x = v(0)] dt.

We introduce a class of highly monotone curves in R”, n > 2, for which we prove
that H, and M, are bounded operators on L%(R"). These results are known if y has
nonzero curvature at the origin, but there are highly monotone curves which have
no curvature at the origin.

Related to this problem, we prove a generalization of van der Corput’s estimate
of trigonometric integrals.

Introduction. Let y: [-1, 1] - R” be an odd continuous curve. For a test function
f on R” we define the “Hilbert transform along y” of f by

(B = PV [ fx = 4(0) F

and the “maximal function along y” of f by
1 3
(M f)(x) = sup — [ |f(x = v(1))] at.
o<e<1 €70

We seek conditions on y which guarantee either of the estimates

(1) for each f € L*(R"), || H,fl|, < C,|Ifll,> or

) for each f € LP@R™), M, fll, < CIfI,
for some p, 1 <p < oo.

The operators H, arise when one applies the method of rotations to nonisotropic
Calder6n-Zygmund operators. Thus estimates of H, lead to estimates of a broad
class of singular integrals. See Nagel, Riviere and Wainger [1], for example.

M, is the maximal operator naturally related to H,. The estimate (2) implies the
following theorem on differentiation of integrals.

(3) If fis locally in L?(R"), then

lim + ) “fx = y(1) dt = f(x) ae.
0

e—0 €
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(1), (2) and (3) are false for arbitrary C* curves. See Nagel and Wainger [4,
Theorem 4] and Stein and Wainger [8] for the counterexamples.

We call a C*® curve y: [-1, 1] > R", y(0) = 0, well-curved if for some ¢ > 0,
¥([~¢, €]) lies in the linear span of {y*(0): k = 1, 2, 3, ... }. Stein and Wainger [8],
[9] have shown that (1) and (2) hold if v is well-curved and 1 <p < co.

Let y(¢) = (¢, ¢(¢)) be a plane curve which satisfies

(4) ¢ is odd, ¢ € C*([0, 1]), $(0) = ¢'(0) = 0 and ¢” > 0 and ¢” is increasing on
[o, 1].

Note that ¢(f) = sgn(f)exp(—|¢|™") satisfies (4), but that y is not well-curved.
Nagel and Wainger [4] have shown that (1) holds for -;- <p <§ and that (1) may
fail if p = 2 and ¢” is not monotone. Stein and Wainger [9, p. 1292] have shown
that (2) holds for2 < p < oo.

In this paper we introduce a class of “highly monotone” curves in R” which
reduces to the curves in (4) when n = 2. The precise definition of this class can be
found in §2. In §§3 and 4 we prove the following theorems under the hypothesis
that y: [-1, 1] > R" is odd, v,(¢) = ¢ and vy is highly monotone on [0, 1].

Turorem 1. || H,fIl, < G, fIl, (f € L*R™)).
THEOREM 2. || M_f||, < C,IIfll, (f € LP(R"),2 < p < ).
THEOREM 3. If f is locally in LP(R™),2 < p < oo, then
.1 e
lim [ S0 = Y1) dr = f(x) ae.
At this point we wish to say a few words about the proofs of Theorems 1 and 2.
Theorem 1 is equivalent to the boundedness of the Fourier multiplier

- U 2migvy 42
m,(§) = PV f e -
In [7] Stein and Wainger introduced the following estimate of trigonometric

integrals into the study of H,.

LEMMA (VAN DER CORPUT). If f is a real-valued function on [a, b}, if | f®(2)| > A
> 0 fora <t < bandif f' is monotone when n = 1, then

b
[ e‘f(’)dtI<Cn>\"/".

a

This lemma has been basic in the study of H, and M, since then.

In §1 we prove a generalization of van der Corput’s lemma which is particularly
suited to highly monotone curves. The generalization comes in replacing f™ by D"f
when n > 1, where D" is a suitable differential operator of order n. In §3 we use
this estimate to prove Theorem 1 for highly monotone curves.

To prove Theorem 2 we use the method of “g-functions™ introduced by E. M.
Stein in [5] and [6]. This technique has been used to prove many maximal
theorems; for examples see Stein and Wainger [8], Nagel, Stein and Wainger [3]
and Wainger [10].
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The use of g-functions allows one to use the Fourier transform and reduce the
maximal theorem to estimating trigonometric integrals. In §4 we use a variant of
the g-function in Stein and Wainger [9, p. 1292] and our generalization of van der
Corput’s lemma to prove Theorem 2 for highly monotone curves.

It should be noted that the first application of the Fourier transform to the study
of M, was made by Nagel, Riviére and Wainger [2] in the special case y(?) = (¢, ).

I take this opportunity to thank my teacher and advisor, Professor Stephen
Wainger, for the suggestions and encouragement he has given me in the course of
this work. (I would also like to thank Professor Alexander Nagel and my fellow
graduate students, Jim Vance and Dave Weinberg for many useful discussions.)

1. An estimate for trigonometric integrals. In this section, we prove a lemma
which will be of use in §§3 and 4. Before stating the lemma we must introduce
some notation.

Given a smooth function a: [a, b] — (0, o0) we define a differential operator D,
by

D f(1) = (f/a) ().
If a,...,a, are n such functions, then we inductively define operators
D!, ..., D"
D'=D,; D**'=D, D* forl<k<n.

LeMMA 1. Let a, . . . , a, be positive nondecreasing functions defined on [a, b] and
let ay=1. Let f be a real-valued function of class C" on [a, b). If D'f = f' is
monotone and if |D*f(f)] > A > 0 for each t in [a, b), then

[ exp[ ()] ] < C,ha(a) - - - ay(a)) ™"

a

We note that if each a;, = 1, then Lemma 1 reduces to van der Corput’s lemma.
(See [11, Volume I, p. 197] or [9, p. 1258].)

PRrOOF. Suppose that n = 1. To be specific, assume that f’ is nonincreasing and
that f'(¢) > A. Now

b . bd . dt
if() —_ = if()
S et an =[G (™) 5

so integration by parts yields the estimate

i 1 1 1 2 2
f,,be“)d’|<m+m+ffd(7)=m<r

Now assume that the lemma is true for a given n > 1. Assume that f’ is
monotone and that D"*'f(¢) > Afora <t < b.

Set h = D"f. Then D"*'f = (h/a,,,). Choose c in [a, b] so that h/a,,, is
positive on (¢, b) and h/a, ., is negative on (a, c). Such a value of c exists, and is
unique, since h/a,, | is increasing.
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Write [4 e dt = [© + (2= P + Q and estimate P and Q separately. To esti-
mate P suppose that a < u < ¢. Then

u .
f e’ dt‘+ c—u

a

|P| <

If a <t < u,then

a” () < ahH(u) - ah+l(c) —fuc(a" )’(s)ds < A - u).

n+ n n n+1
Hence we have
D7f(r) = h(1) < A, ((t)(c — u) < -Aa,,y(a)(c — u)
for a < t < u. By the induction hypothesis

P < CAy(@) - - - ay(@)ayiy(a)(c = w) "+ e —u

for a < u < c. This estimate actually holds for each u < ¢ since |P| < ¢ — a.

Setc — u = A\ay(a) - - - a,,,(a))"/"*D. Then we get

1P| < (G, + Day(a) - - - oy (@),

The estimate of Q is made in a similar manner. Q.E.D.

2. Highly monotone curves. Let y: [0, N] > R"” be a curve of class C" with
v(0) = 0. We inductively define functions a,, . . . , a, as follows.

a,=1; a,,=D*, forl<k<n.

Here D', ..., D" are the differential operators associated witha, . . ., a, asin §1.
At each stage of this definition we must assume that a, is positive on (0, N) so that
the operator D* is well defined.

We now consider the matrix W, = [D"yj]l< kj<n- 1t is €asy to see that W, is
upper triangular:

DY, D%, --- DY,
D%, --- DX,

[:V7 = .
D"y,

This follows since row k + 1 of W, is obtained by dividing row k by D*y, and
differentiating.

We say that y is highly monotone if it has the following two properties.

(DIf1 €k <j<n, then D"yj is positive and nondecreasing on (0, V).

(2 If 1 < k <j < n, then D*y(f) = o(D*y, (1)) as t > 0+.

LEMMA 2. Let v: [0, N]—> R” be a highly monotone curve. If 1 < k < j < n and
0 <t <N,then

Dy() > v(0)/thay(0) - - - e (0). (@)
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ProoF. We note that if ¢ € C'([0, N]), ¢(0) = 0 and ¢’ is nondecreasing, then
we have
o(1) < 19/(2). (ii)
Fix j. We prove (i) by induction on k.
Dly;(1) = vj(1) > y(1)/t = y{(1)/ teey (1)
follows from (ii) with ¢ = y; and the fact thata; = 1.
Assume (i) for some k, 1 < k <. Then we have
D'y ’(t) . D*y(1) v,(?)
D%y, tog ()~ R lay(0) - - a(Dag, (1)
The first inequality follows from (i) with ¢ = D*y,/ D%y, and from the fact that
a,,, = D*y,. The second inequality follows from the induction hypothesis.

Q.E.D.
We conclude this section with some examples of highly monotone curves.
ExampLE 1. Let y(¢) = (t*, ..., t*) for t > 0. Suppose that a, > 1 and g;,, >
a; + 1. Then v is highly monotone and

Dk+l'}fj(t) = (

altal_l aztaz—l .. a,,t"""
ct@2 a1 e ct%— a1
W, =
ctah_an—l_l
The various constants ¢ are positive and depend onlyon aq, . . ., a,.

ExXAMPLE 2. Let n = 2 and let y(¢) = (¢, ¢(#)). Then v is highly monotone if, and
only if, ¢(0) = 0, ¢’(0) = 0 and ¢” is positive and nondecreasing on (0, N).

1 ¢
W, = .
i [0 9" ]
EXAMPLE 3. Let y(f) = (1, t%™ ™, ..., t%™" ™) for t > 0. We assume that

g, >a+landB, >, , > - > B,>0. For N sufficiently small vy is highly
monotone on [0, N].

3. The Hilbert transform. Let y: [-N, N]—> R” be a continuous curve with
v(0) = 0. For 0 < ¢ < N we define the truncated Hilbert transform by

dt
Hof) = [ fox=v(0) 7.

In [9, p. 1284] it is shown that H, yf is a well-defined measurable function if f is
locally integrable on R”.

THEOREM 1. Let y: [0, N]— R" be a highly monotone curve with v,(t) = t. For
0 < ¢ < N define y(-t) = —y(t). There exists a constant C,, which depends only on n,
so that if 0 < ¢ < N and f € L*[R"), then

I Ho S ll2 < Cllfll2- )
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Furthermore, for each f € LAR"), Hyf = lim,_,, H, \f exists in the L* norm and

I Hpfll2 < Gl fll2- (ii)

The case n = 2 of Theorem 1 is due to Nagel and Wainger [4].

Let y be the curve in Example 3 of §2. Then y has “no curvature” at the origin,
ie. yY®(0) = 0for k =2,3,..., y(0, N)) lies in no proper subspace of R", but, by
Theorem 1, the Hilbert transform associated with y is bounded on L%R"). This is
in contrast to the work of Stein and Wainger [9, p. 1261, Theorem 3(B)] and the
counterexample of Nagel and Wainger [4, Theorem 4.1}.

PROOF OF THEOREM 1. An easy computation shows that (H, yf)"= m, Nf where ~
denotes the Fourier transform and

mu(®) = [

e<|t|<N
(N dt
= -2i f sin(2§ o (1)) <~

Conclusion (i) is equivalent to the estimate
[m, ()] < C, for§ ER"and 0 <e < N. (iii)

We prove (iii) by induction on n. The case n = 1 is well known.

Let n > 1 and assume that (iii) holds for n — 1. Let y: [-N, N] — R”" satisfy the
hypotheses of Theorem 1. Set ¥ = (yy, ..., v,_;) so that y = (¥, v,). Take £ € R",
¢=(¢ L) If £ =0, then |m, 5(§)| < C, follows from the induction hypothesis
applied to ¥. So assume that §, # 0. Define a to be the solution of |£,|y,(a) = 1,
0 <a <N, if it exists. Otherwise set a = N. (Recall v,(0) = 0 and v, is increasing.
Thus a = N iff |§|y,(N) < 1.)

exp[ —2mif © y(1) ] %

—;—:me,zv(i) = f: {sin(27£ o y(£)) — sin(27E ° ¥(1))} %

+ [“sin(2at o 70) %+ [V sinant o 1(0) &

P+ Q+R

|@| < C, follows from the induction hypothesis.

a dt a ,
1P < 2| [ 1) < 2| [ (o) e
= 27, lv,(a) < 2m.

If a= N, then R = 0. So assume that 0 <a < N. By the Second Mean Value
Theorem,

b
R = %f sin(2w§ o y(t)) dt forsomeb,a <b < N.
a

Set f(t) = £ o y(¢). Then |D*f(2)| = |£,|(Dy,)(t) > |§,/(D"y,)a) fora <t < N. So
Lemma 1 will imply

IR| < Cua™ (5, I(D™,)(@)ay(a) - - - e,(a))™"
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if we can divide [a, N] into a bounded (in a and £) number of subintervals on each
of which f’ is monotone. Applying Lemma 2 we see that

6.la"(D™v,)(@)ey(a) - - - ay(a) > [§,]v,(a) =1
so that |R| < C,. Thus it suffices to prove (iv) below.
(iv) V£ € R, f"(t) = £ o y”(¢) has at most n — 2 zeros in (0, N).
Note that f(£) = £ + Z7_,§v;(?) so that

n n
fr(0)=2 §v/(1) and D¥(r) = 3 §D*(r)
j=2 j=k

for 2 < k < n. D"f(¢) = §,D"™,(¢) has no zero in (0, N). Since D" = (D"~ 'f/a,),
Rolle’s theorem implies that D"~ 'f/ a, has at most one zero in (0, N). But ay > 0.
Thus D"~ !f has at most one zero in (0, N). Repeating this argument n — 2 times
shows that f” = D?f has at most n — 2 zeros in (0, N). This proves (iv) and with it
@).

(ii) follows from (i) and the fact that Hyf = lim, o, H, yf exists in L? if
f € C/R". QE.D.

Let y(¢) = sgn ¢(|¢|, ..., |¢|*) where @, > 1 and g;,, > g+ 1 for 1 <j <n.
The proof of Theorem 1(i) goes through for this y with a few minor changes. This is
essentially the proof given by Stein and Wainger in [7].

4. The maximal function. Let y: [0, N] - R” be a continuous curve with y(0) = 0.
We define the maximal function by

1 e
Mf(x) = sup — [ |f(x = ¥(1))| dr.
0<e<N &J0

In [9, p. 1284] it is shown that Mf is a well-defined measurable function if f is
locally integrable on R”.

THEOREM 2. Let v: [0, N] — R" be a highly monotone curve with y,(t) = t.

(i) There is a constant C,, which depends only on n, such that for each f € L*R"),
IMfllz < Gl fll2-

(i) If 2 < p < oo, there is a constant C,, such that for each f € LP(R"),
I Mfll, < Copllfllp-

THEOREM 3. Let v: [0, N] — R" be a highly monotone curve with y,(t) = t. If f is
locally in L?(R"),2 < p < oo, then

lim lf‘zf(x = y(?)) dt = f(x) a.e.
0

e—0 €

The case n = 2 of Theorem 2 is due to Stein and Wainger [9, p. 1292).

The curve in Example 3 of §2 has “no curvature” at the origin, lies in no proper
subspace of R”, but the L? differentiation theorem (Theorem 3) is true for this
curve. This is in contrast to the work of Stein and Wainger [8].

PROOF OF THEOREM 2. We prove (i) by induction on n.

If n =1, then Mf is the Hardy-Littlewood maximal function and (i) is well
known in this case.
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Let n > 1 be given and assume that (i) holds for any highly monotone curve ¥ in

R"~!. Let y be a highly monotone curve in R”. Set ¥ = (Y- -5 Yp—1)- Then ¥ is
highly monotone and y = (%, v,,)-
We set

M) = 5 [ = vl a

and
1
Y.(h)

Nof(x) = % fh 2 fo "® g% —5(1), x, — s) ds dr.

We define
N/2 dh\'?
s = { [ 1) = NP G} tors € 22
The argument in Stein and Wainger [9, p. 1265] shows that if f > 0, then
Mf(x) < C(g(f)(x) + sup  Nyf(x))-
0<2h<N
So it suffices to prove the following two estimates.
Vf € LR, |sup NI | < Glifl, (i
h>0 2
vf e L*R"), [lg(N)lz < Gl fll (iii)

J sup NP dx = [ [ sup N d d,

2
€
<[ ¢ (suplfu(x,x,,—s)ms) d% dx,
R! R*! £>0€ 0

1

= C"fn'--'fnl(fl;% ; foe|f()?, x, — 5)| ds)z dx, dx
<Cf | J A x)P dx, dx
= G f |fC)P .

The first inequality follows from the induction hypothesis; the second inequality
follows from the Hardy-Littlewood maximal theorem. Hence, only (iii) remains to
be proved.

Note that (M, f) = m,j and (N,f)" = n,f, where for each £ = (2, £)inR”,

2k
m, (§) = —;l' j; eV gy

and

1 2k (VD) ami(Er () +605)
n(®) — fh L e ds dt.



SINGULAR INTEGRALS AND MAXIMAL FUNCTIONS

Using Fubini’s theorem and the Plancherel theorem

443
LIgneax = [ [ [Myfx) = NP ax 5
= [ [ Im@ - PR dt
dh
= L[ m - mior S )A0F e
So to prove (iii) it is sufficient to prove (iv)
veer, [“im@ - n@F 5 < )
Define a to be the solution of v,(2a)
5+ 13+ 1

1/|¢,|- Write the integral in (iv) as

L mi@ = m@p G < 4G = 41082
since |m,(§)| < 1 and |n,(§)] < 1

|m,,(§) — n,(8)] <

(W) ity (t) _ -2mits
hy, (h) fh f |7 — eS| ds dt
2ﬂ|£ | 2h [ ya(h)
hY (h)f f (v.(2) — 5) ds dt < 27|t,|y,(2h)
so that

L1m© - n@F G < 4 [ vom T

< 4nle P (2a) [ 20 4

< ani P, 2a) [ () de

= 47, >, (2a)’ = 472
L im@ = nor St <2 [ imor G+ 2 inor 5

and we estimate each of the last integrals separately

Making use of Lemma 1 and the argument in the proof of Theorem 1 we see that

Imy &) < C,(&I(D™,)(h)ay(R) - - - a (R))™"/"h7.
Squaring and integrating shows that

L im0 2 < . (eKD e 2a0) - - - a2 [ &
= Cn(lgnl(za)nD" ,,(20)(11(20)

- a,,(2a))'2/ "
-2/n

< G(&I(2a)) " = C,

The last inequality follows from Lemma 2
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Ya(h) e~ 2mik&s
[AGIE (h)f e ds| <

follows from van der Corput’s lemma. Hence

N/2 dh 4 N/2 dh
®r
f I ny, l |£n|2 ‘[Za h[Y,.(h)]z

4 fN/2 v.(h) dh < 2 _
I£, 1 (M)  [Klv.a)]?

This completes the proof of (iv) and with it the proof of (i).

We have just proven (ii) in the case p = 2. The case p = oo is obvious with
C,« = 1. The remaining case 2 <p < co follows from these results and the
Marcinkiewicz interpolation theorem. Q.E.D.

Since Theorem 3 is obvious for continuous functions, the estimate in Theorem
2(i) and a standard argument imply Theorem 3.

It is known that if y is a plane curve parametrized by arc length and the
curvature of y is increasing, then M is bounded on L*R?). It is an interesting
problem to determine similar geometric conditions on y in higher dimensions
which would guarantee that M is bounded on L3(R").

[AO) Iy,.(h)
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