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IRREDUCIBLE REPRESENTATIONS OF 4,
WITH A 1-DIMENSIONAL WEIGHT SPACE
BY
D. J. BRITTEN AND F. W. LEMIRE!

ABSTRACT. In this paper we classify all irreducible linear representations of the
simple Lie algebra A, which admit a one-dimensional weight space with respect to
some Cartan subalgebra H of 4,. We first show that the problem is equivalent to
determining all algebra homomorphisms from the centralizer of the Cartan subalge-
bra H in the universal enveloping algebra of 4, to the base field. We construct all
such algebra homomorphisms and provide conditions under which two such algebra
homomorphisms provide inequivalent irreducible representations of 4,,.

1. Introduction. In this paper, we classify all irreducible representations (p, V') of
A, = sl(n + 1, F) having at least one 1-dimensional weight space. This classification
includes all irreducible representations having a “highest” weight and hence all finite
dimensional irreducible representations. A precise statement of our main result is
given at the end of this section after we have developed the necessary terminology
and background.

We use Humphreys [8] as our basic reference for notation, terminology and
preliminary results. Throughout this paper, F denotes an algebraically closed field of
characteristic 0, L a simple Lie algebra of rank n over F, H a fixed Cartan
subalgebra, U( L) the universal enveloping algebra of L, C(L) the centralizer of H in
U(L) and (p, V') an irreducible representation of L having a weight space decom-
position with at least one 1-dimensional weight space. If f is a function with domain
D and A C D then we denote by f | A4 the restriction of the function f to the set 4.

A weight space V' of (p, V) is a nonzero subspace of V corresponding to some
element A in the dual space H* of H and is defined by

V*={v e V|(p(h) — A(h))"v = 0 for some positive integer n and for all h € H}.

By our assumptions of the existence of a 1-dimensional weight space and of the
irreducibility of (p, V) we have that for each A € H*, V* =V, = (v € V|p(h)v =
A(h)v for all h € H}. Clearly both V* and ¥V, are p( H)-invariant subspaces of V
and

v=3 @ev*= 3 &V,

AEH* AEH*
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510 D. J. BRITTEN AND F. W. LEMIRE

The adjoint representation (ad, L) of L induces a natural weight space decomposi-
tion of L called the root space decomposition. We write this as
L=L,® ¥ &L,
YED
where ® denotes the set of nonzero roots. Then L, = H and, for all y € @,
dimL = 1.

Let A = {a,...,a,} denote a base of ® and ®* = {B,,...,B,,} the corresponding
positive roots. For each 8, € ®*, we select elements X; and X_g belonging to L,
and L_, respectively and for each a; € A we select elements h, € H such that
{Xs, X g, h,|B €E®",a €A} forms a Chevalley basis of L. If we consider
U= U(L) as an L-module under the adjoint operation, U has a weight space
decomposition U = 2, c 4. @ U, with UU, C U,, . The zero weight space U is a
subalgebra of U equal to C(L). A Poincaré-Birkhoff-Witt basis for U is given by the
set of all monomials

(1.1) u(p,1,§) =X --- X2y hlt - bl Xg - Xgn,

where p = (p,) and § = (g,) are m-tuples of nonnegative integers and / = (/,) is an
n-tuple of nonnegative integers. Using this basis we have that

m

1) ole)= G =tnspunfu(7.0.2)| 3 (0.~ p)h, = of.

=

The following theorem is the key to our classification of all pointed representa-
tions of 4,. Although a proof of this theorem appears in the literature [9], we include
it for the convenience of the reader and to free it from Zorn’s Lemma.

THEOREM 1.3. (i) If V), is any weight space of the irreducible representation (p, V') of
L then V), is an irreducible C(L)-module and if dimV, = 1 and 0 # v, € V, then the
map §: C(L) — F defined by {(c)v, = p(c)v, is a nontrivial algebra homomorphism.

(ii) If §: C(L) - F is a nontrivial algebra homomorphism, then there exists a unique
maximal left ideal M of U containing ker{. Moreover, the irreducible left regular
L-module U/M has (U, + M)/M as a 1-dimensional weight space with weight
A=Y¢H.

PROOF. (i) Let ¥V, be a weight space of (p, V') and 0 # v, € V,. Consider (p, V) as
a representation of U. Since p(U)v, = V and p(U,)v, C Vy,,,, the irreducibility of
(p, V) implies that p(C(L))vy = p(Uy)v\ = V). Thus ¥, is an irreducible represen-
tation of C(L). Suppose now that dim ¥, = 1 and define {: C(L) - F by setting
$(c)vy = p(c)v,. Since p(C(L))v, = V, and p is an associative representation of U,
we have that { is a nontrivial algebra homomorphism.

(ii) Let {: C(L) — F be a nontrivial algebra homomorphism and set ker { = A.
Let I be any proper left ideal of U containing 4. There exists at least one such
proper left ideal since U4 N C(L) = A # C(L) and hence UA # U. Let x be any
nonzero element of / and write x = X x, where x, € U,. We show that each x, €1
by induction on k, =| {u|x, # 0} | . The result is obviously true when k, = 1 and
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hence we assume that k., = n > 1 and that the result is true for all y € I with
k, < k. Thus for each h € H we have
(1.4) hx=2hx"=2([h,xu] +x‘,h)

N

I

=3 (u(h)x, + x,4(h)) modUA

= 2 (p(h) + $(h))x, mod UA.

For each v € H* with x, # 0, define y, , = Z,..,(v(h) — p(h))x,. Then, by (1.4),
Yo.n = (#(h) + §(h))x — hx mod UA and hence y, , € I. Since k , <k, we have
that (v(h) — p(h))x, €1 for all h€ H and all p#v. If p#» then there exist
h € H with v(h) — u(h) # 0 and hence x, € I for all p # » which in turn implies
that x, € I for all p.

From (1.4), we see that x, + UA is a weight vector in U/UA with weight
p + ¢ | H and hence I /UA has a weight space decomposition given by

(1.5) I/UA=3((InUy) + U4)/UA.

Since I is a proper ideal, I N C(L) = A and hence every proper left ideal
containing A has the property that
(1.6) 17 (U4) ¢ 2 (U, + UA)/ (UA).

pn#*0
It follows that the sum of all proper left ideals containing A4 is the unique maximal
left ideal M of U containing 4.

Equation (1.4) implies that (C(L) + M)/M is a weight space of U/M with
weight A= ¢ | H. Since (C(L)+ M)/M = C(L)/(C(L)NM)=C(L)/A, this
weight space is 1-dimensional. [

From Theorem 1.3, it follows that in order to determine all irreducible representa-
tions (p, V) of L admitting a 1-dimensional weight space, it suffices to find all
algebra homomorphisms {: C(L) —» F. An algebra homomorphism {: C(L) - F is
called a mass function, and an irreducible representation admitting a 1-dimensional
weight space is called pointed.

In this paper, we construct all mass functions for the algebras 4, and hence
determine all pointed representations of 4,,.

In order to illustrate how our results extend the standard results on classifying
irreducible representations of highest weight we briefly review these results. If (p, V')
denotes an irreducible representation with highest weight A then the weight space ¥,
is 1-dimensional and there exists a base A of roots such that ¥, ., = {0} for all
a € A. Let {: C(L) - F be the mass function associated with the 1-dimensional
weight space V,. Let ¥: C(L) » F[A,,...,A,] be the Harish-Chandra homomor-
phism relative to the base A.

- 0 ifu( p iq
Y(u(p,l,q)) =
(u(P ‘I)) {All, v Neifu(p, i, g

n

) € C(L) with g #
) € C(L) withp =g =0,
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where the A;’s are indeterminants. Now if & F[A,,...,A,] = F is defined by
e(A;) = §(h,,) for each @, €A we have { = e o ¥. Thus for any base A we can
construct all mass functions associated with highest weight spaces with respect to A
by composing the Harish-Chandra homomorphism ¥ relative to A with any evalua-
tion map e.

Our aim is to generalize the preceding results for the case of L = A4,. For each
pair (4’, A) consisting of a base A of the roots of 4, and a subset A’ of A we define a
map ¥, , from C(L) into a ring of polynomials over F in several commuting
indeterminants. This map generalizes the Harish-Chandra homomorphism in the
sense that the definition reduces to the standard Harish-Chandra homomorphism
relative to A where A’ = @. Our main result is

THEOREM 1.7. Let {: C(L) — F be a mass function. Then there exists a base A, a
subset A’ of A and an evaluation map € such that { = e o ¥, 5.

This paper is organized as follows. §2 contains the definition of the generalized
Harish-Chandra homomorphisms referred to in Theorem 1.7 and the definition of a
group of automorphisms on 4, which we use to change from one base of the root
system of A4, to another and to compute the values of a given mass function relative
to different bases. In §3 we prove Theorem 1.7 for the case 4, and 4,. The proofs of
these results are outlined in [4, 15] but we present them here in full detail since our
approach is different and provides the key to the general result. §4 contains the bulk
of the technical results concerning mass functions on 4;, A, and 4, which we use to
establish Theorem 1.7 for the general case. Many of the results in this section depend
heavily on the use of identities in C(4,). It should be noted that for the sake of
simplicity and convenience these identities have not been expressed in any fixed
linear basis of C(A4,). In §5, we complete the proof of Theorem 1.7. Finally, §6
addresses the problem of selecting a set of mass functions on C(A,,) which label the
equivalence classes of pointed representations of 4, in a one-one fashion.

2. Generalized Harish-Chandra homomorphisms. In the remainder of this paper,
we deal with L = A, = si(n + 1, F). The subalgebra of A4, consisting of all diagonal
matrices in A4, is a Cartan subalgebra which we denote by H. The root system ® of
A, relative to H is then given by

o= {w— wli, j= 1,2,...,n,i #j},
where w, is the map which projects an order n + 1 matrix onto its (k, k)th
component. A base A of ® is given by
A={w,—w,,|i=12,...,n}

and the set of positive roots ®* of ® relative to A is
ot ={w,—wll<i<j<n+1}.
If {e;;} denotes the standard set of matrix units, then a Chevalley basis of 4,, is

givenby {h;, X, _, |i=12,...,nk,1=1,2,...,n+ 1 with k # I} where h, = ¢,
—e i and X, = ey,
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It should be noted that even if we select a different base of ® we always choose a
Chevalley basis of A, corresponding to this base which has the same structure
constants as those arising from the basis {e; — e, 4+, €, ;}. This fact is used in the
computation of identities in C(A4,) which we need later in this paper.

Let A = {a,...,a,} be some fixed base of ® and let ®* be the corresponding set
of positive roots relative to A. We then select a Chevalley basis {h, = h,, Xz, X_ |
a; € A, B, € @™ } as specified above. Assume that A’ is either @ or A’ = U’._l A; C A
where the A;’s generate mutually orthogonal irreducible root subsystems ®; of .
The subalgebra of A, generated by {X,|p € ®;} is isomorphic to 4, where
n; =|4,|. We identify 4, with this subalgebra. This identification extends naturally
to the universal enveloping algebra U(4, ) and its cycle subalgebra C(4, ). The
subalgebras of U(4,) identified in this manner with U(4,, ) and C(4,,) are denoted
by U(A,) and C(4,) respectively.

Let 3C denote the subalgebra of C(A4,) with 1 generated by {h;|a; € A, a, & A"}
and let C’ denote the linear subspace of C(A,) generated by all elements u( p, I, q)
€ C(4,) of the form (1.1) such that § = (g;) and g; # 0 for some B; & Uﬁ=1 o, It
is shown in [12] that C’ is an ideal of C(4,). It then follows from the proof of the
Poincaré-Birkhoff-Witt Theorem that C(A4,) can be written as a vector space direct
sum C(4,) = IC(A)C(A,) ---C(A,) @ C'. In case A’ = &, we have C(4,) =
JC® C’ and I is the universal enveloping algebra of H.

LEMMA 2.1. Let R be any commutative associative F-algebra with 1. If ¥,: 3C - R
and ¥;: C(A)) > R fori = 1,2,...,1 are F-algebra homomorphisms with ¥,(1) = 1 for
i =0,1,...,1, then there exists a unique F-algebra homomorphism ¥: C(A,) — R such
that ¥ | 30 =¥, ¥ | C(A;) = ¥, and C’ C ker V.

PrROOF. When A’ = @ the result follows trivially from the decomposition. Since
the A’s are mutually orthogonal we have that [U(A,), U(A;)] =0 for all i, j =
.,I with i # j. We also have that [J(, C(A,)] = 0 for i = 1,2,...,/ and hence
every monomial u(ﬁ,i,q) € C(A,) of the form (1.1) is either in C’ or can be
expressed uniquely as a scalar times a product of monomials hc, - - - ¢, where h € 3
and ¢; € C(A,). Thus if there exists an F-algebra homomorphism ¥ satisfying the
condition above it must be unique. On the other hand, if we define ¥ on each basis
element u(p,l q) € C(4,) by setting W(u( p, /, q) =0 if u(p,1,3) € C’ and
Y(u( p, I, 7)) = k¥y(h)¥,(c,) - - - ¥,(c;) where u( p, I, q) = khe, -+ - ¢, with h € I(,
¢; € C(4)) then it readily follows that ¥ is an F-algebra homomorphism satisfying
the required conditions. O
LetA,,...,A,, sp,...,5, be commuting indeterminates over F and

FA A s1,ee008,]
be the corresponding polynomial ring. We use Lemma 2.1 to define the generalized
Harish-Chandra homomorphism associated with the pair A’ C A which we write
Yy At C(4,) = F[A,.. N, 5050 058,)
Our first step is to note that using the Dynkm diagram associated with A, we can
define an equivalence relation on A’ by a ~ B iff the subgraph of the Dynkin
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diagram connecting a to B has all of its vertices in A’. We denote the equivalence
classes of this relation by A;, i = 1,...,l. The root subsystems ®, generated by A,,
respectively are irreducible and mutually orthogonal. According to Lemma 2.1, we
can define the map ¥, , with C’ C ker ¥, , by specifying its restrictions to JC,
C(4,)),..., and C(A)).

LetA = {a,,...,a,} be indexed so that A; = {a; . y,...,@; 4, }- Then I is merely
the polynomial ring in the commuting indeterminates h; = h, for a; & A’. There-
fore, we can define the algebra homomorphism ¥,: 3C - F[A,,...,A,, 5y,...,s,] by
extending the map sending A, to A,. The restrictions to C(A;) are more complicated.
We generalize the construction of [14] and define ¥;: C(A;) = F[A,,...,A,, 81, --55,]
as follows. Let V[i] denote the free F[A; ,y,...,A; ., ,s;}-module with basis
{o(I)|I— (y-.-51,) €Z™}. We now define an Falgebra embedding p; of the
subalgebra 4,, into the minus algebra of End ), ki1 ApsmpSi] V[i] by describing the
action of p; on  the basis of A,.Forj=12,...,n; defme pi(hy, ;) by

(2.2) pi(hk.ﬁ)v(l) My = Loy 25, = 1 )o(D)

and for§ = w, — w, € ®;" = ®, N @™ define p,(Xf) and p,(X_;) by

(23)  p(X)o() = (si= N1 — - —Ngapoy — Loy + 1) o (I + £),
Pi(X-e)”(i) = (si - Ak‘+l e _)\k,+q—1 =l + Iq)"(i_ z)’

where £ is the n-tuple with 1 in the p, p+ 1,...,4 — 1 components and zero
elsewhere. By convention we set A, , /, and /, ., to be zero whenever they occur in
these expressions.

THEOREM 2.4. The map p, is an injective F-algebra homomorphism.

ProOF. Clearly the map p, defined above is injective and F-linear. In order to see
that it is also an algebra homomorphism it suffices to verify that p, preserves the
following multiplication relations in 4,, .

[#,,h,] =0 fork,+ 1<p<g<k,+n,
(25) [h,, X] =&(h,)X, forp=k,+1,... .k, +n;6€Q,
h,+ - +h,_, forn=§(=w,—w, €Q},
[X., x,) = {-(h, +~--+hq_,) forn=-£=w,—w, €,
(8, — 8,) X1y for§ =w, —w,# = —-(w, — w).

A direct computation completes the proof of this result. O

Let p, be the extension of p; to U(4,, ). For each ¢ € C(4;) C C(4,,), define ¥,(c)
by
(2.6) ¥,(¢)0(0) = ,(c)0(0).
We are using here the fact that the operator p,(c) maps v@0) to a
F[Ag 415+ sAg +n,» 5;] multiple of 0(0), that is

¥(c) € F[)\kiﬂ,...,}\ki“,_, si] CF[A,. A, 80,...,5,].
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Now, let ¥,,..., ¥, be the algebra homomorphisms just defined. Then the gener-
alized Harish-Chandra homomorphism ¥, ,: C(A,) = F[A,,...,A,, sy,...,s,] is that
unique algebra homomorphism with C’ C ker ¥,, , which extends all of ¥,,...,¥,.
In the case A’ = &, ¥, , differs from the usual Harish-Chandra homomorphism
only in that normally the codomain is taken to be F[A,,...,A,] while here it is
FIA,.. A, 80, -58,])

The following table is a complete list of all ¥,, ,: C(4,) = F[A, A,, sy, 5,] where
A = {a, B}. The fact that ¥,, , is determined by the values listed in this table is
given in §3. We are writing X__ as Y.

TABLE 2.7
L 7WN ¥(ay.a ¥(gy.8 Yo
hy Ay A A A
hy A2 A A A
VX, si(s = A — 1) si(s; — Ay = 1) 0 0
YbXp (1= AN = A = A=) 0 si(sy — A= 1) 0
YyipXarp sisi = A —A;— D) 0 0 0
Yu_,_ﬁXaXﬁ si(s;y = A — A=A, — 1) 0 0 0

If A" = @, then the image of ¥, , = F[A,,...,A,] C F[A,...,A,, 5),...,s,] and
in this case the evaluation ¢ which we use in Theorem 1.7 is defined by convention to
be 0 on s,,...,s,. If A’ is the union of nonempty 4,,...,A, as described above, then
the image of ¥, , C F[A,,...,A,, 5y,...,5] C F[Ay,...,A,, 5y,...,5,] and in this
case ¢ is defined by conventiontobeOon s, |,...,s,.

We close this section with the definition of a certain class of automorphisms which
are associated in a natural way with the Weyl reflections and the Dynkin diagram
reversing map.

Let a € A and o, be the usual Weyl reflection of the root system ® through the
hyperplane perpendicular to a. If we define, for 8 € A, 0,(hg) = h, () and 0,(X . g)
= X, +p, then by [8, Theorem 14.2], g, extends uniquely to an automorphism of 4,,,
which in turn extends uniquely to an automorphism of U(A,). Each of these
automorphisms is denoted by o,. Since o, (H) = H and o, (X;) = X, (, for all
¢ € @, we have that g, acts as an automorphism on Uy(4,) = C(4,). The set of
automorphisms {0, |a € A} on U(A,) generate a group which is isomorphic to the
Weyl group of 4,. The elements in this group of automorphisms are called the Wey!
automorphisms.

If we let o, denote the isomorphism on ® corresponding to reversing the Dynkin
diagram of 4, so that o,(a;) = a,,,,_; for 1 <i < n, then the map on 4, determined
by o,(hg) = hvx(ﬂ) and o/(X.p) = X.,p) for B €A is an automorphism on 4,
called the flip map.

Our use of these automorphisms o is primarily to keep track of how a mass
function { oo with the property that { oo =¢o ¥, , can be used to give us
Theorem 1.7. This is done by observing that in this case { = ¢ o ¥,,, ;5.

[
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3. Mass functions on C(A,) and C(A,). In this section we prove Theorem 1.7 for
the case n = 1 and 2. Lemire and Pap [15] completed the work begun by Bouwer [4]
and exhibited a complete list of all mass functions on C(A4,). This list is of central
importance in our proof of Theorem 1.7 for arbitrary n. Because of this, we believe
that it is worthwhile to devote the major portion of this section to reworking this
material. Our presentation differs from [15 and 4] in that it is complete and self
contained, it introduces the set of roots S; which is the vehicle allowing us to
generalize to arbitrary n, and its cases are simplified by making an appropriate
choice of base A.

We begin by studying mass functions on C(4,). Let A = {a} be a base of the root
system of 4, let h, = h, and Y, = X_,. Then h,, Y, X, are algebraically indepen-
dent over F and C(A,) is merely the polynomial ring F[h,, Y, X,]. There are only
two generalized Harish-Chandra homomorphisms associated with A = {a}, namely
V¥, » and ¥, ,. The first of these differs from the usual Harish-Chandra homomor-
phism only in that the codomain is normally taken to be F[A,] while ¥, , takes on
values in F[A, 5,]. The second map ¥, , is defined by

\I'A’A(hl) =7, ‘I'A,A(Yaxa) = Sl(sl —A - 1).

Since every mass function {: C(A4,) — F is uniquely determined by its values on A,
and Y, X, we see that there is an evaluation map e: F[A, s,] » F such that
§ = e o ¥, ,. This proves Theorem 1.7 forn = 1.

We now start our investigation of mass functions on C(4,). Let A = {a, 8} be a
base of the root system ® of 4, and let

hl = ha, Xﬂ’

hy,=hg, Y,=X_,,
(3.1) PR R

Xa’ Xa+,8’

Ya = X—a’ Ya+ﬁ = X—(a+B)

be a Chevalley basis of 4, relative to A with structure constants as indicated in §2.
The elements h,, h, and

(32) G = YuXa’ = )IBXB’ = a+BXa+B9
=Y, g X, X, ¢5= YBYaXa+ﬂ

are called the basic cycles of C(A,) relative to {a, B}. When it is necessary to
emphasize the base A = {a, B} we speak of the basic cycles of C(a, 8). Also, when
we write C(a, B) for C(A,), we are using the basic cycles of C(a, 8) unless
otherwise specified. By direct computation, one can establish the following multipli-
cation relations in C(a, B).
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hh, = h,h,,
h,.cj= c;h; fori=1,2;1<j<5,
€16y = Cy¢) + €5 — ¢y,
€€ = ¢3¢, — €5 + ¢y,
C1C4 = €4y — €3¢ + ¢3¢, — ¢ 4hy + c3hy — ¢5 + ¢y,
€165 = ¢5C + ¢3¢ — ¢3¢ + ¢cshy — ¢c3h) + ¢5 — ¢y,
€03 = €3¢, + €5 — ¢4,
(33)  cc4 =4y + cy0y — 505 — c4hy + €5 — 4,
CyC5 = C5Cy — €€, + €3¢, + cshy, + ¢ — ¢y,
C3C, = 4¢3 + €3¢, — €3¢ + c4hy + ¢ hy — c3hy,
€3C5 = €5C3 + €3¢, — €365 — ¢shy — ¢cshy + ¢3hy — 2¢5 + 2¢y,
C4C5 = €36,C, T C303h) + c5¢,hy + c3hyhy + 2050, + 2030, — 2040,
Fc4cy — C4c) — €4y — cshy — cshy, — 2¢5 + 2¢, + c504,
C5Cq = C305¢) T Cyc Ry + ey hy + c5e5 — c by +ocqe, + 205¢

=46y — 20405,

LEMMA 3.5. The set of elements of C(a, B) of the form
(3.6) (eso0rcy)csscsecshzhs
where the exponents e; are nonnegative integers, constitutes a basis for C(a, B).
PrOOF. In §1 we noted that a basis of C(a, B) is given by the set of all elements of
the form (1.2)—i.e.
u( P, 1,q) = Y2 aY YD ik XD X XD, p
where ¢, + ¢; —p, —p; =0 and g, + ¢; — p, — p; = 0. If g5 = p, this element
can be written as
u(p,1,3) = cPPschscf2cPhlh’y + terms of lower degree.
If p; = ¢, this element can be written as
u(p,1,3) = I BefefreP hith + terms of lower degree.
Hence, using induction on the degree, we have that the elements of the form (3.6)

generate C(a, B) as a linear space.
It is clear that the element cjsc55c54ci3h52hf' can be written as

Yis Y5 Yo hfhy X et 2 Xgetea X2, o + terms of lower degree

and similarly c$sc53cs4ci2h52h§! can be written as
Yi5 gYso T aY et hhy X5 Xge X2o'ss + terms of lower degree.
Since the term of highest degree in the expansion of each element of the form (3.6) in

the basis of C(A4,) of the form (1.2) is unique, we have that the elements of the form
(3.6) are linearly independent. [J
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REMARK 3.7. Let (W) be the free semigroup generated by w,,...,w,, and F{W)
the corresponding free algebra. Let E be the subset of F(W) obtained from the
equations (3.3) by replacing A, by w,, h, by w,, and each ¢, by w,  ,, and let I be the
ideal of F(W') generated by E. Then Lemma 3.5 implies that C(a, 8) ~ F(W) /I,
and that the problem of determining all mass functions on C(a, B8) is equivalent to
finding all algebra homomorphisms 7: F(W)— F with I C ker 7. Such a map 7 is
uniquely determined by the 7-tuple (7(w)),...,7(w;)) in F’. We define
(a, b, zy,...,25) € F" to be admissible provided there exists an algebra homomor-
phism 7: F{W)— F with I C ker 7 such that (a, b, z,,...,z5) = (T7(W,),...,7(W;)).
Equivalently, we could require that there exist a mass function ¢ on C(a, 8) such
that (a’ b’ Zyees ,Zs) = (g(hl)s g(hZ)’ g(cl)a' .. :f(cs))-

Let : F(W)— F be an algebra homomorphism with (7(w,),...,7(w;)) =

(a, b, zy,...,2z5). Then if we apply 7 to the elements of E, equate the result to zero
and simplify, we obtain the condition that (a, b, z,,...,z5) is admissible if and only
if its components satisfy the equations

(3'8) 25 - 24 = 0,

(3.9) a(z4 — z3) — 2(23 — 2,) =0,

(3.10) bz, — 2,(z; — z3) =0,

(3.11) (z4 —23)(2y — 2z, —a—z,) + z,(z, + b)(z, + a) = 0.

Let a, b, and p be arbitrary elements of F. Then the 7-tuple (a, b, z,,...,z5) is said
to be T; for 1 <i < 6 provided it equals the 7-tuple headed by T; in Table 3.12, and
it is said to be T; provided it equals the 7-tuple headed by T in Table 3.12 and
0 5 z,z,(z, + a)(z, + b). A mass function { on C(a, B) is defined to be T, provided
(), $(hy), (e, 8(es)) is T

TABLE 3.12

T, ] . [n]n] T
a a ala a ala a
b b b|b b b|b b
z, p(p—a-—1) r|O -a 0| -a P
z,| (p—a)p—a—b—1) |0 [-b )4 p|O -b
24 p(p—a—>b-—-1) O|p|l-a—b|O0|p -a—b
zg|p(p—a)p—a—-b-1)|0|p p 0|0 f-a—-b-p
zg|p(p—a)p—a—-b—-1)|0|p p 010 f-a—b-p

We now prove a sequence of lemmas which establish

THEOREM 3.13. The 7T-tuple (a, b, z,,...,z5) in F" is admissible if and only if
(a, b, z,,...,25) is T, for some i = 0,1,2,...,6.

By direct computation one can verify that for arbitrary values of a, b and p, each
of the 7-tuples listed in Table 3.12 satisfies equations (3.8) through (3.11) and hence,
is admissible.
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The proof of the converse amounts to the determination of all admissible 7-tuples
(a, b, zy,...,25). We break this investigation into two main cases defined by whether
2,2,(z, + a)(z, + b)a + b) is nonzero or zero.

LeEMMA 3.14. Let (a, b, z,,. .. ,z5) be an admissible 1-tuple such that

2,2,(z, + a)(z, + b) # 0.

Then:
(1) if N = z,b + z,a + ab, the equations
(3.15) 23— 2, =0,
(3.19) Nz;— (a+ b)z;z, =0,
(3.17) Nz, — (2, +a—2z,)z,2,=0,
(3.18) N(a+b)—(z;—z, +b)(z,—2,—a) =0,
hold,

(i) ifa+ b+#0, then (a, b, z,,...,z5) is T, where the p needed to satisfy Table 3.12
isp=(z,—z;,+b)/(a+b).

PRrOOF. Since (a, b, z,,...,25) is admissible, it satisfies equations (3.8) through
(3.11). These equations can be used to obtain equations (3.15) through (3.18) by
following the outline given now.

(1) Equation (3.15) is identical to equation (3.8).

(2) Equation (3.16) is equal to a times equation (3.10) minus b times equation
(3.9).

(3) Equation (3.17) is z, times equation (3.9) plus (z, + a) times equation (3.10).

(4) Equation (3.18) is obtained by using (3.16) and (3.17) to simplify

N/ (z2,25(z, + a)(z, + b))
times equation (3.11).

This proves part (i). For part (ii), we may assume (a, b, z,,...,z) satisfies (3.15)
through (3.18), and p = (z, — z; + b)/(a + b). Substituting z, = p(a + b) + z; —
b into equation (3.18), we find

(3.19) (a+b)(z,—p(p—a—1))=0.
Since a + b # 0, we have z;, = p(p — a — 1). From the definition of p it follows
that z, = (p — a)(p — a — b — 1). Finally from equations (3.15) through (3.17), we
have z;=p(p—a—b—1) and z,=2,=p(p —a)p —a—b—1). Thus any
7-tuple (a, b, z,,...,25) € F’ satisfying (3.15) through (3.18) with

2,2,(z, + a)(z, + b)(a+ b) #0
is equal to one of the admissible elements of F of the form T, in Table 3.12. O

LEMMA 3.20. Let { be a mass function on C(A,), ® the root system of A, and
S; = {y € ©|{(Y, X,) # 0 or <{(h;)}. Then:

(ii) Sy = {*a} for some a € ® or

(iii) §; = 2.
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PROOF. Suppose S; # ®, & or { =a} for some a € ®. Then since for each y € S,
—Y € §;, it must be the case that | S; |= 4. From this it follows that S; contains some
base A = {a, B} of ®. Let h,, hg, ¢;, 1 <i <15, denote the basic cycles of C(a, B),
and let a = {(h,), b = {(hg) and z; = {(¢;), 1 <i<>5. Then since a, B € S; we have
2,z5(z, + a)(z, + b) # 0. By part (ii) of Lemma 3.14, if a + b # 0 then { is T,
contrary to a + B & S;. Therefore, a = -b.

Since {(h, + hg) =a + b =0and a + B & S, it must be the case that z; = 0. In
this case (3.9) and (3.11) become

(3.21) az, + 2,2, =0,

(3.22) z24(zy—2z;,—a—2,)=0

respectively. From (3.22), we conclude that a + 0 ¥ z, and hence (3.23) implies

z, — z; — a = z,. Substituting this into (3.22), we get
0=a(z,—z,—a)+zz,=az,—az; —a*+ z;z, = (z, + a)(z, — a).

Therefore, z; = —a or z, = a = -b either of which is a contradiction. O

LEMMA 3.23. Let § be a mass function on C(A,) such that Sy = {y € ® | {(¥, X,) # 0
or §(h,)} = ®. Then { is T, for every choice of base A = {a, B} used to describe the
basic cycles.

PrROOF. Let h,, hg, ¢, 1 <i<35, be the basic cycles of C(a,B) and let
(a, b, zy,...,25) = (§(h,), §(hg), §(cy),- - -,8(cs)). 1f a + b # O, this result becomes
part (ii) of Lemma 3.14. Therefore, we may assume a + b = 0 and reduce equations
(3.8) through (3.11) to

(324) 25 T Z4 = 0,

(3.25) a(zy — 23) — 2(23 — 2,) = 0,

(3.26) az, + z,(z, — z3) =0,

(3.27) (z4 = 23)(z2y — 2z, —a—z,) + z3(z, — a)(z, + a) = 0.

Since z, # 0, equations (3.25) and (3.26) imply z, = z, + a. If a = 0 then z, = z,
= z;. From this and equation (3.27) one can show that z, = ((1 = |1 + 4z,)/2)z,.
Define p so that z, p = z,,. It is easy to show that this p is the one needed in column
T, of Table 3.12.

If a # 0, then using (3.26) and z, = z;, + a we obtain z, = L(z; — z,)(z, + a).
Define p so that z, p = z,. it is easy to show that this p is the one needed in column
T, of Table 3.12.

If a # 0, then using (3.26) and z, = z, + a we obtain z, = 1(z; — z,)(z, + a).
Define p = 1(z; — z,), so that z, = z, + a, z; = ap + z, and z, = p(z, + a). Sub-
stituting these into (3.27) we obtain

(p— l)zn(—P(Zl +a)) + (ap+2)z(z, +a)=0
which simplifies to z; = p(p —a — 1). Now, one can readily show using the
expressions for z; in terms of z, and a given above that { is T; on C(a, B). O
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LemMA 3.28. If § is a mass function on C(A,) such that S = {*a} or & then
(a, b, zy,...,25) = (§(h,), §(hs), §(cy), - - -,8(cs)) appears in Table 3.12 for some base
{v, 8} where the c;’s are basic cycles described using A = {v, 8}.

PROOF. Let y be a root which is not in S. Then either {(Y, X,) = 0 or {(X,Y,) = 0.
Hence we can pick y € S; such that {(Y, X)) =0. If S§;={*a} let § =« if
8 +a € ® and let § = —a otherwise. In either case y + § € ® and we can take
{v,0) asabase of . If S = I, let § be any root such that {y, 8} is a base.

Define the basic cycles ¢;, 1 <i <5, in terms of this base. In particular, z, = {(c,)
= {(¥,X,) = 0. The lemma follows, once we have shown that every admissible
7-tuple (a, b, z,,...,25) for which z; = 0 appears in Table 3.12.

Under the condition z, = 0 equations (3.8) through (3.11) become

(3.29) 23— 2,=0,

(3.30) a(zy—2;) =0,

(3.31) bzy + 2,2, =0,

(3.32) (z4 — 23)(z, —a — z,) + az4(z, + b) = 0.

Our proof continues by studying two cases a = 0 and a # 0.

Case I. a = 0. Equation (3.32) then implies that (z, — z;)(z, — z,) = 0.

Subcase i. z, = z;. Then equation (3.31) becomes z4(z, + b) = 0. This leads to
two families of solutions. If z; = 0 we have

(a,b, z,,...,z5) = (0, b,0, p,0,0,0)
where b and p are arbitrary. If z, = —b we have
(a, b, z,,...,25) = (0, b,0,-b, p, p, p)

where b and p are arbitrary. Both of these families occur in Table 3.12.

Subcase ii. z, = z,. The argument is similar to subcase i.

Case 1I. a # 0. From equation (3.30) we have z, = z,. Using this in equation
(3.32) we obtain zy(z, +b)=0. If z; =0 we have (a,b, z,,...,25) =
(a, b,0, p,0,0,0) where a, b and p are arbitrary. If z, = -b we have (a, b, z,,...,25)
=(a, b,0,-b, p, p, p) where a, b and p are arbitrary. Both of these families of
solutions occur in Table 3.12.

Thus every admissible 7-tuple (a, b, z,,...,25) such that z; = 0 is listed in Table
3.12. O

The reader should note that the preceding lemmas establish Theorem 3.13.

THEOREM 3.33. For mass functions { on C(A,), Theorem 1.7 holds. Moreover, if
S; = @ then Theorem 1.7 holds for every choice of base A used to describe the basic
cycles.

PROOF. According to Lemmas 3.20, 3.23 and 3.28, we need only consider 7; mass
functions. Let {; be a T, mass function relative to A = {a, 8}. The following table
gives the type of mass function that §; becomes relative to the bases 0,A and gzA
where o, g; denote Weyl reflections.
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TABLE 3.34
$o $) $ $s $a $s $6
o,A T, | T, T, T, T, T, T,
o5 T, | T T, T, T, | T T,

From this table one sees that by an appropriate choice of base we may assume that
the given mass function { is Ty, T, or T,.

If { is T;, then by Lemma 3.23 { is T;, for every base A. From this and Table 2.7 it
follows that { = e o ¥, , where &(s;) = p and p is the value given in column T; of
Table 3.12.

If § is T, relative to A = {a, B}, then { = e o ¥, , where ¥, , is given by Table
2.7 and &(s,(s; — A, — 1)) = p = {(c,). The proof in the case of T, mass functions is
similar. O

COROLLARY 3.35. If { is a mass function on C(A,) with S, = {y € ® |{(Y, X,) # 0
or {(h,)} = O, then there is a base A = {a, B} such that if A is used to describe the
basic cycles then { = € o ¥, , where € is an evaluation map satisfying e(\,) = §(h,)
and e(A,) = {(hg).

ProOF. By Lemmas 3.20 and 3.28 and Table 3.34, there is a base A = {a, B8} such
that relative to A, { is T, with p = 0 or —{(h,) or { is T, with p = —{(h,). Suppose {
is T, relative to A = {a, B} with p # 0. Then { relative to {-a, a + B} is T, with the
corresponding p = 0. A similar change of base for 7, maps permits us to assume that
{ is T, relative to A and p = 0. The result then follows directly. [

4. Mass functions on C(A4;) and C(A4,). In this section, we prove a series of
technical results concerning mass functions on C(A4,) and C(A4,). We make use of
the convention laid down in §2 that e(s;)) =0 for /+ 1<i<n if ImV¥, , C
F[A,... N, 80, .58])

We continue to use A = {q,,...,a,} to denote a base of the root system ® of 4,.
A basic cycle of C(4,) relative to A is either an element of the form 4, = h, or an
element u( 5,0, 7) € C(A,) of the form (1.1) having the property that no proper
factor (ignoring commutativity) of u( 5,0, ) is in C(4,). It follows immediately
from the proof of the Poincaré-Birkhoff-Witt Theorem that the basic cycles generate
C(A4,) as an associative algebra with 1. Thus any mass function is completely
determined by its values on the set of basic cycles relative to any fixed base A. In
[15] it is shown that this statement can be considerably improved to read

PROPOSITION 4.1. Any mass function §: C(A,) — F is completely determined by its
values on the set of all basic cycles of degree < 3 relative to a base A.

We now suppose that we are given a mass function §: C(4,) - F and wish to
determine an appropriate Harish-Chandra homomorphism required in Theorem 1.7.
We begin this determination by specifying a subset of the root system ® associated
with {, namely

(42) S; = {a € 2|§(Y,X,) #0,-§(h,)}.
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PROPOSITION 4.3. (i) S; is a root subsystem of ®; (ii) S; is a disjoint union of a
mutually orthogonal irreducible subsystem ®; of ®.

PROOF. Let ( , ) denote the Killing form on ® and define an equivalence relation
“~ ” on S; by setting a ~ B for a, B € S; iff there exist y,, v,,. .., ¥,, € S; such that
Y, =&Y, =Band (y;,v,4,) # 0 for 1 <i<m— 1. Let ®/ denote the equivalence
classes of S; under “~ . The proposition follows easily once we show that @/ is a
root subsystem of ®. By [8, p. 42], it suffices to show that if a, 8 € ®/ then
0,(B) € @] where o, is the Weyl reflection through the hyperplane perpendicular to
a.Leta, B € 9. If (o, B) = 0 then o (B) = B € ®,. If (a, B) # 0 then

+B if B = *a,
o(B)={a+B ifat+BEOD,
B—a ifa—BEd.

Clearly in the first case o (B) E®;. If a + B € ®, then let A,(a, B) be the
subalgebra of A4, isomorphic to 4, and generated by { X,, Y,, X;, Yz}. By employing
Table 3.12 for ¢ restricted to C(a, B) one verifies that ¢,(8) = a + B € ®,. Simi-
larly, by considering ¢ restricted to C(a,—8) we have that g (8) = 8 —a € @/ in
the third case. This completes the proof that ®/ (and hence S;) is a subsystem of ®.
a

Our proof of Theorem 1.7 in the general case requires a number of technical
results concerning mass functions on C(A4,). To facilitate the presentation of these
results we introduce the following notation for C(4;). A base for the root system of
A, will be denoted by A = {a, B, v} and the set of basic cycles of C(4,) relative to
this base are given as follows.

(4.9)

h,=h,, hy = hg, hy=h,,

=YX, ¢, = Y Xg, =YX,

s = Yo 5 Xosp, s =Yg, Xpy,, €6 = YorpryXatprys

€7 = Yy p Xo Xp, cg = Ygu, XpX,, ¢ =YY, X,

co=Y, %X, &n = Yoipey Xorp X, €12 = Yoipiy XaXpiys
€3 = Y, Y1 g Xaipty Cla= Y, Yo Xoipiys C1s = Yorpiy XaXp Xy,
e = Y Y Y, Xoipiys €11 = Yu Yo pXoipiy Xps

Cig = Y;JYa+p+yXa+ﬂXp+y’ Ci9 = YyYa+BXaXB+7’
€20 = YoryYaXarp Xy

The fact that this list exhausts the set of all basic cycles of C(A4;) relative to A
follows directly from the results of van den Hombergh [16] or from [15]. In the
remainder of this paper whenever we refer to the basic cycles of C(a, 8, y) we mean
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those listed above. The subalgebras of C(A;) which are isomorphic to C(A4,)
together with their basic cycles in this notation are
(4.5) Ca, B) = {{hy, hy, c1, ¢z, ¢4, €1, Co}),
C(B,v) = ({hy, h3, €3, ¢35, €5, ¢35 €10} ),
Cla+ B,v) = {{h, + hy, ks, cq,¢5,¢6, €115 €13} ),
Cla, B+7v) = ({hy, hy + hy, ¢;,¢5, ¢6, C1p5 €14} )-
By Proposition 4.3 the set S; for any mass function §: C(A4;) — F must have order
12,6, 4,2 or 0.
Our first case is | S; |= 12. By using Lemma 3.23 we see that the restriction of { to
each C(4,) of C(A4,) must be a T mass function relative to any base. Let a = {(h,),

b = {(h,) and ¢ = {(h;). Then there must exist unique elements r, ¢, u, v € F such
that

(4.6) r(ir—a—1)=¢(¢)=u(u—a—1),

(4.7) (r—a)(r—a—-b—1)=¢c,))=t(t—=b—1),

48) (t—=b)(t—b—c—1)=¢(¢;)=(v—a—-b)(v—a—b—c—1),
(4.9) r(r—=a—b—-1)=¢(c,) =v(v—a—b—-1),

(4.10) tt—b—c—1)=¢(cs)=(u—a)(u—a—b—c—1),
(4.11) v(fo—a—-b—c—1)=¢cs)=u(u—a—b—c—1).

Direct substitution shows that the roots of these quadratic equations must satisfy
the following conditions.

Column A Column B
4.12) r=u or r=1+a—u
4.13) r=t+a or r=1+a+b—1t
4.14) =v—a or t=1+a+2b+c—v
4.15) r=v or r=1+a+b—v
(4.16) =u—a or t=1+a+b+c—u
4.17) v=u or v=14+a+b+c—u

The possible choices for s, ¢, u and v are reduced by the following observations.

(4.18) If three equations from Column A are valid and all four of r, ¢, ¥ and v are
involved in these three equations then r = u = v =t + 4. In particular, if four
equations from Column A are valid, thenr=u=v=¢t+a. Ifr=u=v=17t+a
and some equations from Column B are valid then constraints are imposed on a, b
and c.

(4.19) If five equations from Column B are valid, then all equations from Column
B are valid and certain constraints are being forced on a, b and c.

These two observations aid us in the case study which makes up the proof of

LemMA 4.20. For any mass function {: C(A;) - F with | S;|= 12, there is an
evaluation map e: F[\,, A,, A3, 5|, 5,, 53] > F and an automorphism ¢ such that
g °og =¢o ‘I,A,A'
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ProorF. If the condition of remark (4.18) holds, then define ¢ by &(A,) = {(h,) = a,
&(A,) =§(h,) = b, &(A;) = §(h;) =c and &(s)) =r =u =0 =1t + a. In this case
then { = e o ¥, , for all basic cycles of degree <3 and Theorem 4.1 implies that
{ = e o ¥, , as required. Therefore, in the remainder of the proof, we assume that at
most three equations from Column A hold.

Case 1. The condition of (4.18) fails and exactly three equations from Column A
hold. This is equivalent to the following subcases.

Subcase i. (4.12), (4.13), (4.16) Column A hold.

Subcase ii. (4.12), (4.15), (4.17) Column A hold.

Subcase iii. (4.13), (4.14), (4.15) Column A hold.

Subcase iv. (4.14), (4.16), (4.17) Column A hold.

Table 4.21 indicates the action of { on the basic cycles of degree < 3 relative to
the base {a, B, v} in each of these subcases.

The analysis of these four subcases can be simplified by observing that if
satisfies subcase ii then { o o, together with a change of variable replacing r by r — a
yields a map which satisfies subcase i. Similarly with an appropriate change of
variable, we again arrive at subcase i by using { © o, to alter subcase iii and { © g, ° g5
to change subcase iv where o, is the flip map defined in §2. Thus, it suffices to prove
Case I of Lemma 4.20 assuming subcase i holds.

Let {: C(a, B, y) » F be a mass function satisfying subcase i and consider the
following identities in C(a, B, v).

TABLE 4.21
Subcase i Subcase ii Subcase iii Subcase iv
b= -a a=0 a=b=0
c=0 b=c=0 c=-b
t=r—a t=14+a—s t=r t=1—r
u=r u=r u=1-—r u=1—r
v=1—r v=r v=r v=1—r
$(hy) a a 0 0
$(hy) —-a 0 b 0
$(hy) 0 0 -b c
§(ey) n(r—a-—1) r(r—a-—1) r(ir—1) r(ir—1)
$(cy) (r=1r—a) |(r—a)r—a—1) (r—b—-1) r(r—1)
$(c3) r(r—1) (r—a)(r—a—1 (r=1)r—=»5b) [(r—I)(r+c¢)
$(cq) r(r—1) r(r—a-—1) r(ir—b—1) r(r—1)
$(cs) (r—=1)r—a) |[(r—a)r—a—1) r(r—1) (r—=1)r+c¢)
$(ce) r(r—1) r(r—a-—1) r(r—1) (r—1I)r+c¢)
$(er)=8(cg) |H(r—D)(r—a)|r(r—a)Xr—a-—1) rPr—=b—-1 |r¥r—1
$(cg) =8(cyo) [r(r—1r—a)|—(r—a)r—a— D2 r(r— )(r— b | -(r— DX r+o)
Len) =¢(es) | -r(r — 1)? rr—a)r—a—1) |r(r—1)(r—>0)|-(r— D*(r+c)
$erp) =8(crg) | H(r—I)r—a)|r(r—a)r—a—1) |-r(r— 1)? —-(r—=D¥r+o)

(4.22)
(4.23)

€617 = (CM - Cs)(c7 —¢q) +(cg— cs)cl’

cip(ey +hy) =(c; — cs)(crg —¢s) + (c13 — ¢6)(ey + hy).
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(4.22) and (4.23) are obtained by rewriting c,,c; and c,;c,,. Since {(c,) and
$(c, + h,) are nonzero we can use each of (4.22) and (4.23) to find {(c,,). This yields
(4.24) ¢(ey) = r(r = 1)%(r — a),

(4.25) o) =r(r—1(r>—ra—3r+a+1).

From this, it follows that r = . In this case, we select an evaluation map ¢ satisfying
éA) =a, &X,) = -a, &(A;) =0 and &(s;) =3. Then { =¢eo ¥, , on all basic
cycles of C(a, B, v) of degree < 3 and hence by Theorem 4.1, { = e ¥, ,.

Case 11. Exactly two equations from Column A are valid. One can verify that
there are only three subcases.

Subcase i. (4.12), (4.14) Column A hold.
Subcase ii. (4.13), (4.17) Column A hold.
Subcase iii. (4.15), (4.16) Column A hold.
This is established quickly by noting that any other pair of equations from Column
A implies a third equation from Column A.
We list these solutions in the following table.

TABLE 4.26
Subcase i Subcase ii Subcase iii
a=c=0 c=-a b=-a
b=0 c=a
t=1+b—r t=r—a t=1—r
u=r u=1+a-r u=l+a—r
v=1+b—r v=1l+a—r v=r
$(hy) 0 a a
{(h:!) 0 —-a a
$(ey) r(r—1) (r—a-—1) r(r—a-—1)
$(cy) r(ir—b—1) (r—a)Xr—a-—1) (r—1)r—a)
$(c3) r(ir—1) (r—1)(r—a) r(r—a-—1)
$(cq) r(ir—b-1) Kr—a—1) r(r—1)
$(¢s) r(r—b—1) (r—1)(r—a) r(r—1)
$(ce) r(r—=5b—-1) (r—a)Xr—a-—1 r(r—a-—1)
$(eq) = $(co) r’(r—=b-1) r(r—a)r—a—1) r(r—1)(r —a)
$(cg) = $(co) r(r=1(r=b=1 | (r=1)r—a)’ -r(r—1)(r—a—1)
$Ceny) = 8(er3) -r(r=1)r—=5-1) —(r—1I)(r—a)(r—a-—1) rAr—a—1
) =era) | rAr—b—1) ~r=1r—a)r—a—1) | -r(r—1r—a—1)

Once again we can use the Weyl automorphisms to simplify our analysis. If {
satisfies subcase ii, then { ° o, © oz with r replaced by r — a satisfies subcase i and if
{ satisfies subcase iii then { o g, satisfies subcase i. Hence, we may assume the {isa
mass function on C(a, 8, v) satisfying this subcase i. By applying { to equations
(4.22) and (4.23), we obtain

(4.27) ter)=-(r=1)(r—a)r—a—1),
(4.28) ¢ey) = -r(r—a)(r—a—1),

and hence r = 3(1 + a). Select an evaluation map &: F[A, A,, A3, 5, 5,] » F which
satisfies &(A;) = —e(A;) = a, &A,) =0 and &(s,) = 3(1 + a), and observe that
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§{ =¢eo ¥, , on all basic cycles of C(a, B, v) of degree < 3. Thus, by Theorem 4.1,
we have { = eo ¥, 4.

Case 111. Exactly one equation from Column A is valid. Remark 4.19 reduces this
case to

Case IV. Every equation from Column B is valid. For the remainder of this proof
the numbers (4.12) through (4.17) refer to equations (4.12) Column B through (4.17)
Column B. By adding (4.12) and (4.13) and then using equation (4.16), we get

(4.29) 2r=2+4+2a+b—t—u=1+a—c.
Similarly, (4.14), (4.16) and (4.17) give us

(4.30) u=41(1+a+c),

and

(4.31) t=v=3(1+a+2b+c).

Therefore, the mass functions described by this case are uniquely determined by the
set of equations

(4.32) §(hy) = a,

(4.33) §(hy) =b,

(4.34) §(hy) =c,

(4.35) $e)=-1(0+a—-c)(1+a+o),
(4.36) ;) =-3(1=—a—-c)1+a+2b+c),
(4.37) $(e;) =-3(1+a+c)(1 —a+o),
(4.38) () =-5(1+a—-c)1+a+2b+c),
(4.39) $(es)=-4(1—a+c)1+a+2b+c),
(4.40) $(cg)=-31+a+c)(1+a+2b+c),

441) () =8(cs)=-t(1+a—c)1—a—c)1+a+2b+c),
(4.42)  $(cg) =8(cp)=-t(1—a+c)A+a+c)(1+a+2b+c),
(4.43) $(cpy) =8(cy)=-t(1—a+c)1+a+c)(1+a+2b+c),
(444) $(cp)=8(cy)=-3Q—a+c)1+a+c)(1+a+2b+c).

From identities (4.22) and (4.23), we may deduce that
(4.45) $(cy))=t(—a+c)l—a—-c)(1+a+2b+c)(1—a—2b—c),
(446) $(cp))=1t(Q+a—-c)l+a+c)1+a+2b+c)(1—a—2b—c)
and hence we must have one of
(1+a+2b+c)(1—a—2b—¢c)=0, or a=0.

If the first of these holds then (4.36) implies either {(c,) = 0 or {(c,) = —$(h,)
but this contradicts our assumption that | S, |= 12. Thus we must conclude that
a=0.
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We may assume that { o o is of the type described in Case IV for each Weyl
automorphism o for otherwise { ¢ o falls into one of the previous cases. Here we are
using the easily established fact that | S;|= 12 implies | S; ., |= 12 for each Weyl
automorphism o.

The above assumption along with the fact that a = 0 quickly yieldsa = b = ¢ = 0.
From this and equations (4.29) through (4.31), we obtain r = t = u = v = 4. There-
fore, §{ = & o ¥, , where ¢ is defined by &(A;) =0, 1 <i < 3, and &(s,) = 3.

This concludes the proof of Lemma 4.20. O

The key to the proof of Lemma 4.20 also unlocks the generalization of this lemma
as stated below in Corollary 4.47. Therefore, we emphasize this point now. If {:
C(A,) — F is a mass function with S; equal to the entire root system of 4, then
§{ =eo ¥, , for some evaluation map e. Thus the choice of ¢ corresponding to { is
uniquely determined by A. One can check this easily by consulting Table 3.12.

COROLLARY 4.47. Let A be any base of the root system ®, of A,, and { be a mass
function with S, = ®,. Then there is an evaluation map ¢: F[A,,...,A,,s,,...,s,] > F
such that { = eo Y, 4.

PROOF. If n = 1, then C(A4,) =~ F[A,, s,] and the result is clear. For n = 2,3, we
use Corollary 3.32 and Lemma 4.20 respectively to conclude that there is an
automorphism and an evaluation map ¢’ such that { o 6 = ¢ o ¥, , or equivalently
{ =¢ ¥, 007" In both of these cases, define »: Im¥, — F[A,,...,A,, s5,,...,5,]
by »(¥y(c)) = ¥y(67'(¢)) for all ¢ € C(A,) where ¥, denotes W, 4. Clearly » is a
homomorphism which makes the following diagram commute.

a”! ‘I’A
c(4,) -C(4,)-> F[A,... A, 5,..5,]

‘I,A l / l ¢
Im¥, b F

The lemma for n = 2, 3 follows after one defines € to be ¢’ o ».
We assume now that n = 4 and proceed by induction. Let A | be the subalgebra
of A, which is isomorphic to 4, _, and has A as a base for its root system where
AV = {a,,...,a,_,},
A? = {a,,...,a,_5,a,_, +a,}

A(a) = {a yeees 3, @, + Q- ’a”}’
(4.48) ' S ]

AP = {a, + ay, as,...,a,},
AD = Aa,,...,a,}.
Let ¢ be the evaluation map given to us by the induction hypothesis so that
$LC(AQ ) = ? o ¥y» pw. Now define &: F[A,...,A,, 5,...,5,] > F by e(A,) =
$(h;) and e(s;) = e)(s,). Since 4,{a,, a,} is a subalgebra of both A" | and 4? |,
we have £(s,) = é€?(s,). In a similar manner e*~V(s,) = e¥)(s)), k =2,...,n.
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Viewing 4,{a,, a;} as a subalgebra of both A, and 4{"*,", one can conclude from
Table 3.12 that e(s,) = &"*D(s,) + {(h,). Definee(A;) = {(h;) and &(s,) = eV(s,)
and extend this to an algebra homomorphism on F[A,,...,A,, s,,...,s,]. To show
that { =eo ¥, we introduce a set of maps #: F[A,,...,A,_|, §,...,5,_,] =
F[A,,....A,,s,,...,s,] defined by

7(s;)=s; fori=1,...,n+1andj=1,2,...,n—1,

A j<n+1-—i,
,,(i)(;\j)z AN+ANg j=Ent+ 1l
A j>n+1-—i.

The 7(’s have the property that ¥, | C(A{) ) = 7® o ¥,» y» and & has the
property that

go ‘I’A J,C(Ag:ll) =goqgo \PA(:')’AU) =Moo ‘I'A(’),A(’) = {J/(Af:)_l).

Since every basic cycle of C(4,) having degree < 3 is contained in at least one of
C(AY) ), Theorem 4.1 implies{ = e ¥,. O

In the case of S; = ®, the preceding corollary proves that Theorem 1.7 holds for
every choice of base A. However, in general this is not the case, and we must choose
a base A corresponding to {. We do this by using Weyl automorphisms as indicated
in §2.

We now proceed to investigate the mass function { on C(4;) such that | S;|= 6.
Without loss of generality, we may assume that the base A = {a, B, v} is such that
S{ = {iB$ iY) i(ﬁ + Y)}'

LEMMA 4.49. Let ¢ be as above, then the restrictions of { to the three subalgebras
C(a, B), C(a + B, v) and C(a, B + v) are either all T, or all T,.

PRrOOF. By using Table 3.12, one can verify that the restrictions of { to each of
C(a, B), C(a + B,y) and C(a, B + v) is either T; or T,. Therefore, it suffices to
show that if the restriction of { to one of these algebras is T}, then the remaining two
are also T,.

Assume first that { | C(a, B) is T, and { | C(a + B, v) is T;. Then the following
equations hold.

§(er) = 8(cs) = 8(cq) = $(c5) =0,
§(c)) =p#0, —$(hy),
§(e3) = 8(en) = $(ei3) = ¢ # 0, =£(hy),
S(hy+hy) =0,  $(cg) = -¢(hy).
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Applying { to the identities

(4.50) [er,es] =g —cp,

(4.51) [ers 5] = e — <15,

(4.52) [ess 9] = €15 = ey,

(4.53) [e3, ¢l = e = cu6;

(4.54) L1 eir] = (es = c6)(e7 = ¢4) + (14 = ¢6)(cs — ¢3)
e Gl T G5t i,

(4.55) €10¢7 = ¢3¢, + (19 = €13) €3,

(4.56) [er,ci0] = (A + D(erg —cp) + (e3 —cp)ea — s+ epa
one sees that (4.55) implies {(c,9) = ¢ and that (4.54) implies {(¢,,) = ~{(h;). Then,
from (4.56), we obtain (p + §(h,))(q + {(h;)) = 0, which contradicts the assump-
tions on p and ¢. Thus whenever { | C(a, B) is T,, then § | C(a + B, v) is also T},.
We may now use Weyl automorphisms to complete the proof as follows. By direct
computation one sees that { | C(a + B, y)is T,if and only if { © 6, © 65 © 6, | C(a, B)
is T,. From this and the first part of the proof we have the implications
§1C(a+B,y)isTy=§co,ca°0,lC(a,B)isT,
ofoa o000, |ClatB,y)isT,
«{1C(a,B)is T,.

Combining this with the first part gives us that { | C(a, B) and { | C(a + B, y) are
both T, or both T;. From this and direct computation, we obtain the following chain
of implications.

$1C(a,B)isTy =500 C(a,B)is T,
={oolClatB,y)isT,
=¢{|C(a,B+7v)isT,.

By combining the above arguments, we see that if any one of the restrictions is T,
then they all are. O

COROLLARY 4.57. If ¢ is a mass function on C(a, B, y) with
S{ = {ia, iB, i(a + B)})

then the restrictions of ¢ to each of C(B,v), C(a, B+ v), and C(a + B,v) are all T,
orall Tg.

PrOOF. By using Table 3.12, one can verify that the restriction of { to each of
C(B,v), C(a, B+ v) and C(a + B,7) is either T, or T;. According to Table 3.27,
corresponding to each such restriction there is some Weyl automorphism ¢ such that
the same restriction of { o ¢ is either T; or T,. The corollary now follows from
Lemma4.49. O

We postpone the proof that mass functions { on C(A4,) with | S;|=0,2,4 or 6
satisfy Theorem 1.7 until we are treating the general case. We conclude this section
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with an analysis of the structure of mass functions §: C(A4;) - F with | S;|= 2 and 4
which is similar to the analysis for | S;|= 6 and we establish two technical results
about the structure of mass functions {: C(4,) —> F.

LEMMA 4.58. Let § be a mass function on C(a, B, v) such that S; = { *a, *v}, then
the following are equivalent.

@) ¢iC(a, B)is T,.

@) $LC(B, y)is Ty

(i) § 1 C(a, B+ v)is T,

V) $1C(a+ B,y)is T,.

ProoF. First we prove the implication
§1C(a,B)is T, =8 1C(B,Y)is T;.

Assume { | C(a, B) is T; so that {(c;) =p #0, —{(h,), ${(c;) = §(cs) = §(cy) =
$(cg) = 0.If { | C(B, ) is not T, then according to Table 3.12, it must be T;, and in
this case we have

K(CB) = {(Ca) = g(c]()) =qF 0, —f(h:;),
$(es) = =8(hsy), $(hy) =0.

Applying ¢ to the identities
(4.59) [ess Cs] = ¢5(cs — 03) + (cq—¢))(cg—¢5) + c19— €155

(4.60) [c3, ¢;] = Cis — €9

and using the above values of {, we get {(cgz) = {(cs), contrary to g # —{(h;).

Next we prove { | C(B,v) is T, = ¢ | C(a, B) is T;. The combined assumptions of
¢ L C(B, ) being T, and ¢ | C(a, B) being not T, imply that { | C(a, B) is T and the
following hold.

$(ey) = (es) = $(eg) = $(cy0) =0,
§(e;) =g #0, {(hy),
§(e)) =p #0, {(hy),
§(es) = ~8(h),
§(eq) = 8(eg) = —p = $(hy).

When ¢{ is applied to the identities (4.59) and (4.60) we obtain the contradiction
(p + §(h,))q = 0. This proves the implication we are after.

The remaining equivalences can be obtained from this and direct computation
through the use of appropriate Weyl automorphisms. We outline this by the
following chain of equivalences.
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$1C(a+ B,y)isTy=§0,lC(B,Y)isT,,
o0, lC(a,B)isT,
= ¢1C(a,B)is Ty,
“toa,LC(B,Y)is T,
efo0,1C(a,B)isT,
e¢lC(a,B+y)isT,.
This concludes the proof of Lemma 4.58. O
LEMMA 4.61. If §: C(a, B, yv) — F is a mass function where
i s;, = 9,
(ii) §(h,) # 0 and {(h;) # 0, and
(iii) §(¢;,) =0 for i = 1,2,...,5
then {(c¢) = 0.

PrOOF. Assume ¢: C(a, B,v) — F is a mass function satisfying (i) through (iii)
and {(c) # 0. Since S; = &, and {(c¢) # 0 we must have

¢(cg) = =t(hy + hy + hy) #0.

Since ¢ | C(a, B + v) is a mass function with {(4,) # 0 then by Table 3.12 we must
have {(h, + h;) = 0. Similarly, considering the restriction of { to C(a + B, v), we
have {(h, + h,) = 0 and hence {(h,) = -§(h,) = {(h;) # 0.

Table 3.12 and the conditions that {(c,) = {(c¢,) = {(c,) = 0 imply that {(c;) =
{(cy) = 0. Similarly considering the restrictions of { to C(B,y), C(a, 8 + v) and
C(a + B,v) yields {(cg) = $(c0) = §(cpy) = $(c13) =0 and {(cy,) = §(cyy) =
={(hy) # 0.

Then, using these values for ¢, in the identities

(4.62) ler, eg] = 0 — cus,
(4.63) [ess 7] =15 — ¢y,
(4.64) [ ei5] = ei(eny — ¢g) — (B + D(eys — epy) + e = cuys
(4.65) [e7,c0] = (By + ey —€p2) + (e —cp)ey — s+ epp

we obtain {(h,) = 0 whichis a contradiction. |

LEMMA 4.66. If §: C(a, B, y) — F is a mass function where S, = { a}, §{ | C(a, B)
is T, $ LC(a, B+ v) is Ty and {(c;) = 0 then {(h;) = 0.

PrOOF. Assume {: C(a, B,v) — F satisfies the hypotheses and {(h;) 0. The
restriction of § to C(B, y) then must be either 7, with p = 0 and {(4,) =0 or T;
with §(h,) = 0 and p = ~{(h,). In either case {(¢5) = ~§(h;) and {(cg) = §(cy0) = O.
A similar analysis of { | C(a + B, v) yields {(h, + h,) = 0 and {(¢;;) = §(¢y3) = 0.
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Since § | C(a, B)is T, and § | C(a, B + v) is Ty, we have that {(c;) = {(cy) = 0 and
$(cp) = $(cyy) = $(h, + h, + hy) — §(c,). Now applying { to the identities

(4.67) L7, 5] = ¢7(es — ¢3) + ealcg — ¢5) — (5 — ¢5)¢,
—Cp T et ey~ cy,

(4.68) Ler, €] = c0 — €1,

(4.69) [esserl =eis— e

we have that {(c,){(h;) = 0. This contradicts our assumptions and hence we may
conclude that {(h;) =0. O

LemMma 4.70. If §: C(a, B, ) — F is a mass function where S, = { =B}, { L C(a, B)
is Tyand £ L C(B,v) is T, then {(cg) = 0.

PROOF. Assume that { satisfies the conditions and {(c4) # 0. Since S; = { =} we
have that {(c;) = -§(h, + h, + h;) # 0. Now { satisfies the conditions of Lemma
4.66 relative to the base {8, vy, —a — B — y} which implies that {(k, + h, + h;) =0
contrary to our assumption. Therefore {(¢;) = 0. O

LEMMA 4.71. There does not exist a mass function §: C(A,) — F such that, relative
to a base {a, B, v, 8} of the root system of A,, we have:

(l) S{ = {ta’ tY}a

(i) § L C(a, B), C(a, B+ ) and C(v, 8) are T},
(iii) ¢ | C(a + B, v) and C(B, v) are T,, and
V) §LC(a, B+ y+8)is Ty

PROOF. Assume that {: C(a, 8,v,8) > F is a mass function which satisfies
conditions (i) through (iv) and seek a contradiction. Since { | C(a, 8 + v, 8) and
¢ 1 C(a, B, vy + 8) satisfy the conditions of Lemma 4.66 we have that

§(hs) = $(hy + hs) = 0.

Also since { | C(a + B, v, 8) and ¢ | C(B, v, 8) satisfy the conditions of Lemma 4.70
we have that {(h, +hg+ h, + hs)={(hg+h, + hs) =0 and hence we may
assume that {(h,) = §(hg) = §(h,) = {(hs) = 0.

Let ¢ = (Y, 1 5Yo4 g Xgryrs XX V5Y, X, 15) € C(a, B, v, 8). Since § | C(y, 8) is T,
we have {(Y,Y, X, , ;) = 0 and hence {(c) = 0. On the other hand we have

c= (Yy+8Xy+8)(Ya+BXB+y+8XaYSYy)
+ (K/+8y;+ﬁXaXB+y+8 - Yy+8Ya+ﬁXa+B+y+8)
(%X, - ¥,X,~ h).

Since § | C(y, 8) is T, we have {(Y,,;X,,5) = {(¥;X;) = 0. Also by considering
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{LC(a+ B,y + 8) we have that §(¥,..s¥, 45 Xarp4y+s) = 0 and hence 0 = {(c) =
$(Y, 1 §Yyi p Xo Xp1y+5)8(Y, X, ). Finally by applying { to the following identities

(4.72) [Yan Yy+sy}3xp+y+8] =Y, 1 sYgYaXospiy+s — YyrsYarpXaXpiy+ss

(4.13) [YaXe, YoryraYaXarpryra] + Yourysa¥orpXarpiyrsXa
- Yy+8Y;3YaXa+,e+y+8 + Yﬁ+y+sYaXa+B+y+s’

(4.74)
(),ﬂ+‘y+8YaXa+ﬂ+y+8) : (Ya+ﬂXaXB) = (Y;s+7+aYaXa+p+y+s)(Ya+an+p)
+ (Yb+y+sxp+y+s)(ya+anXp - Ya+BYa+ﬂ)
+ (YB+7+8Ya+BXa+B+y+8Xﬁ - Yﬁ+y+8XBXy+8 + y}a+y+sxp+y+s)(yaxn)

we have that {(Y,,,Y,.pX,Xpi,15) = —$(Y,X,) and hence 0 = {(c) =
$(Y, X, )4(Y, X,) which contradicts our assumption that S, = {*a, *y}. O

LEMMA 4.75. There does not exist a mass function {: C(A,) — F such that, relative
to a base {a, B, v, 8} of the root system of A,, we have:

@) S; = (*a, =8),

(i) ¢ L C(a,’B) is T,

(i) { L C(a, B + v) is Ty and

@iv) $ 1 C(y, 8) is T,.

ProoF. If ¢: C(a, B,v,8) > F were a mass function satisfying conditions (i)
through (iv) then ¢ satisfies the conditions of Lemma 4.71 relative to the base
{a,—a — B — vy — 8,8, vy} and this is impossible. [

5. Proof of main theorem. In this section, we complete the proof of Theorem 1.7.
First, we introduce some notation and terminology.

Let { be a mass function on C(4,), ® a root system of 4, and S; = {y € ®|
§(Y,X,) =0 or ={(h,)}. By Proposition 4.3, S, = U!_, ®; where ®; are mutually
orthogonal irreducible root subsystems of ®. Let A’ be a base of ®/. By [6, Theorem
5.2), we can extend U/_, A’ to A as a base of ®. By permitting some A,’s to be void
if necessary, we may present the Dynkin diagram for 4, by

Al+l

o

a
(5.1) ' k

o o o m—

where A;= @ or A} for some j and |{i|A;# @}|=1 A base with such a
presentation is called a {-base. By convention, we set k, =0, ay =0 and k,., = n
+ 1. If A is a {-base of the form (5.1) and A, # @ then A is assumed to be labeled
such that A; = {a; 4y, @) 425m-es0 1}
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Let A be a {-base of the form (5.1), ®* be the positive roots relative to this base,
®, be the set of roots generated by A;, and ;" =®, N®* . For 1 <i<j<t+1,
we define

(52) B;(A)= {a” +--ta,|a,€A,U {a}anda, €A, U {ak,--l}}’
(5.3) I,;(A)={(a,B)|a €E® ,BEB, (A)anda + BE D"},

(5'4) Jij(A)={(B’Y)|B€Bij(A)9qu)j+ andB+'Y€(I)+}'

These definitions allow us to get control over the value of { on entire blocks of
basic cycles as illustrated by

PROPOSITION 5.5. If there exists a pair (@, By) € I, (A) such that § | C(ay, By) is
T, or a pair (B, Yo) € J; j(A) such that § L C(By, Y,) is T, then § | C(a, B) is T, for all
(@, B) € 1,,(A) and § LC(B,v) is T, for all (B, Y) € J; (A).

PROOF. Suppose first that A; = & and (B, v,) € J; ;,(A) with { | C(B,, v,) being
T, Then By =ay + -+ +a,andyo =@, + - -+ +a, wherea,,,,...,a, EA, and
hencea, € A; U {a, _}. By Lemma 4.49, we have that

{lC(BO, YO) is T4 < g“Lc(akz +-- +¢ij—|, akj—|+l + - +av) is T4,
e $1C(ay, + - +akj_l,akj_,+,) is T,.

Thus § L C(By, vo) is T, iff $ L C(B,v) is T, for all (B,y) €J;,(A). Since A, = &
implies that /; (A) = & we have that the proposition is valid for A; = &.

A similar argument, applying Corollary 4.57, proves the proposition if A; = &.
Thus we may assume that A, # & # A,. In this case the proposition follows directly
from

LEMMA 5.6. With notation as above and assuming A; # & # A we have:
(@) for (a, B) € I, (8), § 1 C(a, B) is Ty iff § L Claty—y, 0, + -ty )is T,
(i) for (B, v) € J; (A), §LC(B,v) is T, iff § L Cloyy—y, o, + - - +ak ) is Ty

PROOF. (1)SetB—ak ey and write 8 = o + B + y’ where o eEd, N
®" ora’=0and vy’ € <I> N &* or y’ = 0. Applying Corollary 4.57 and Lemma
4.58, we have the sequence of equivalent statements

§1C(a, B)is Ty «“ ¢ 1C(a, B+ Y)is Ty,
@O C(o, B )is T,
«@N¢ Clay 1, B )is T,

(Note that if a’ = 0 we may start at the second statement replacing a’ by a to obtain
the required result.)
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(ii) Applying Lemmas 4.49 and 4.58, we have the sequence of equivalent state-
ments

CLC(B, ) is T, =@ ¢ L (o + B, v) is Ti,
@(4'58) { ! C(E’ ,Yl) iS T:‘,
«@9¢ C(ay, B )is T,

(Note that if y* = 0 we may start at the second statement replacing y’ by y to obtain
the required result.) 0O

DEFINITION 5.7. Let A be a {-base given by (5.1). Then the pair (i, j) with
1 <i<j<t+ 1isbad relative to A if

(i) when | B; ;,(A) |= 1 we have

g(Yaki+'”+akj—IXa"i+'”+akj—l) = _{(h“k,- +e- +h°‘k- ) #0

or
(ii) when | B, (A)|>1 we have {|C(a, B) is T for all (a,B) € I,(A) and
§LC(B,y)is T, for all (B, ) €J, ().

LEMMA 5.8. For any mass function §: C(A,) — F, n = 3, there exists a {-base A such
that there are no bad pairs relative to A.

PROOF. Our proof is by induction on ¢. For ¢t = 0, the lemma is vacuously
satisfied. Let { be a mass function on C(4,) and A be a {-base having the property
that among all such bases the number of bad pairs is minimal relative to {. Evidently
we must show that this number is zero when ¢ = 0.

Assume first that there is a bad pair (i, j) relative to A with i <j <z + 1. If
§1 =8 1C(ay,...,a, ;) then by our induction, there exists a {,-base AD of the root
subsystem generated by {a;,...,a; _;} such that there are no bad pairs relative to
AD. Also, there is some product o of Weyl reflections o, with a € {a,...,a;,_;}
such that o(ay,...,a, _;) = AD. From the form of ¢, we have that o leaves A,
pointwise fixed and maps B, ,, ,(A) to some B, ,,,(A). Therefore, the number of bad
pairs of { relative to oA is strictly less than the number of bad pairs of { relative to A.
This contradiction implies that there are no bad pairs (i, j) of { relative to A with
i<j<t+ 1.

By a similar argument, there are no bad pairs (i, j) of { relative to A with
1 <i <. Thus, if { has a minimum number of bad pairs relative to A, then the only
possible bad pair must be (1,  + 1).

We now assume that (1, ¢ + 1) is the only bad pair of { relative to A and seek a
contradiction. Our argument splits into two cases.

Case 1. One of A, or A, is nonempty. If A, = @ and A, |, ¥ @ we can replace
the {-base A = {a,,...,a,} by the {-base A = {a,,...,a,}. From Table 3.12 we have
that { | C(a, B) is T, iff {1 C(B, a) is T,. It follows then that (1,7 + 1) is the only
bad pair of { relative to A and moreover A, # @. Therefore, without loss of
generality we may assume A, # @.
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If t = 1 then there is only one pair (1, 2),

A= {akl_l,...,al,— (ay+ - +a,), a”,...,akl_,}
is a {-base, and { | C(a,;, —(a; + - +a,))is T;. Hence by Proposition 5.5 the only
pair relative to A is not bad. This contradiction completes Case I for ¢t = 1.

If t = 2 we consider two subcases.

Subcase (i). A, # 2. In this case, { restricted to

C(oq,oz2 + .- +°‘k,—2’°‘k,—1’“k, + .- +an)

satisfies the hypothesis of Lemma 4.71 and hence there is no such mass function.
Subcase (i)). A, = @.1f A, | # @ then { restricted to

C(a,,a2 to ey a0t +a,,)

satisfies the hypothesis of Lemma 4.75 and no such mass function exists. Thus we
may assume that A, = A, , = @. Then { restricted to C(a;, a, + --- +a,_;, a,)
satisfies the hypothesis of Lemma 4.66 and hence {(4, ) = 0. Now o, A is a {-base
and ¢ admits exactly one bad pair namely (1, ¢) (and hence a minimum number)
relative to o, A. This contradicts our previous argument again and hence completes
this subcase.

Case 1I. A, = @ = A, ,. If, in addition, there exists some i with A, # & the
restriction of { to C(a; + -+ - +a,_y, a;, a;,, + - -+ +a,) where a; € A, satisfies the
hypothesis of Lemma 4.70 and hence

I(},al+-~-+a,,Xa|+-~+a,,) =0.

Since | B, ,,1(A)|= 1, this implies that the pair (1,  + 1) is not bad contrary to our
assumption. Thus we may assume that A, = @ for 1 <i <t + 1. This implies that
t=n,8=0,|B ;(d)|=1forl1 <i<j<n+1and{(YX;) = 0 for all positive
roots B excepta; + --- t+a,,.

If {(h, ) = 0 or {(h,) = O then by an argument similar to subcase (i) of Case I
we arrive at a contradiction and hence we may assume that {(h, ) 7 0 # {(h, ).
From this we see that {|C(a;,a, + --- +a,_;, a,) satisfies the hypothesis of
Lemma 4.61 and hence {(Y, , ... 4 X, +...4+4,) = 0—ie. the (1,7 + 1) pair is not
bad. This contradiction completes this case and hence the entire theorem. [

We now have all the facts needed to prove our main theorem.

PrOOF OF THEOREM 1.7. In §3, we proved this result forn=1and 2. Let Abe a
¢-base as given to us by Lemma 5.8 so that A has form (5.1). By Corollary 4.47, there
is an evaluation map ¢: F[A,,...,A,, s;,...,8,] = F such that

§1C(A) =eo ¥y 4, 1C(A)).
Since A is a {-base described by Lemma 5.8, { is zero on all degree 2 and 3 basic
cycles of C(A4,) relative to A which are not in U:“C(A,.). Therefore, {(c) =

e o ¥y, y(¢) for all basic cycles c of degree < 3. By Proposition 4.1, this implies that
$=¢eo¥. O
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6. Pointed representations of 4,,. In the introduction we proved that corresponding
to each mass function {: C(A4,) — F there exists a unique (up to equivalence)
pointed representation of A,. Unfortunately this correspondence is not one-one
since a pointed representation of 4, may admit many 1-dimensional weight spaces.
In this section we indicate how one may select a set of mass functions which label
the pointed representations of 4, in a one-one fashion. A first step in this direction
is provided by the following theorem.

THEOREM 6.1 [11, THEOREM 4]. If §,, §,: C(A,) — F are mass functions then the
pointed representations corresponding to §, and §, are equivalent iff there exist elements
x, y € U(A,) such that yx € C(A4,), {,(yx) =1 and §(c) = §(yex) for all ¢ €
C(A4,)-

To motivate our approach to the general labelling problem, we first review the
known results on highest weight (Verma) representations and show how these can be
interpreted in the setting of pointed representations. Fix a base A of the root system
of A, and let ¥: C(4,) — F[A,,...,A,] be the usual Harish-Chandra homomor-
phism relative to A. For any evaluation map &: F[A,,...,A,] > F,{=¢o V¥ isa
mass function and moreover it is clear that the left ideal I, of U(4,) generated by
{Xg|BE @YU {h, — §(h,) - 1|a € A} contains the kernel of {. Then the regular
representation of 4, on U(A4,)/I; is the Verma representation with highest weight
A = ¢ | H relative to the base A. By the argument given in the proof of Theorem
1.3(ii), I, is contained in the unique maximal left ideal M; of U(4,) which contains
ker {. Thus, for any mass function {, as described above, the associated pointed
representation of A, admits {| H as its highest weight relative to the base A.
Conversely, if (p, V) is an irreducible representation which admits A € H* as a
highest weight relative to A then the mass function corresponding to this 1-dimen-
sional weight space V, is equal to € o ¥ where &: F[A,,...,A,] » F with &) =
A(h,) foralla; € A.

If we restrict our attention to irreducible representations having a highest weight
relative to a fixed base A, it is well known that such representations are labelled in a
one-one fashion by their highest weight. To address the analogous question for
pointed representations we first restrict our attention to those pointed representa-
tions which are associated with mass functions of the form e o ¥, , for some fixed
base A. These representations will be called A-pointed representations. Theorem 1.7
states that every pointed representation is a A-pointed representation for some base
A. We now specify a set of mass functions which label the A-pointed representations
in a one-one fashion.

DEFINITION 6.2. A mass function {: C(4,) — F is said to be A-complete for some
base A of the root system of A4, iff { =¢o ¥, , where the evaluation map e:
F[A,...,A,, sy,...,8,] = Fsatisfies the two conditions

(D) es) EZU(Z+{(hy)U---U(Z+{(h, +---+h,)) where A=
{a,...,a,} and



IRREDUCIBLE REPRESENTATIONS OF A n 539

(i) eo ¥y , | H= aa; + aya, + - -+ +a,a, where the coefficients a, are normal-
ized as follows. Select a linear basis of F as a rational vector space where the first
basis vector is 1. Each a;, when expressed in terms of this basis must have first
coordinate greater than or equal to 0 and strictly less than 1.

In [14] it is proven that the pointed representation of A, associated with a mass
function { = e o ¥, , where &(s,) satisfies condition (i) in Definition 6.2 has the
property that its set of weight functions consist of {{ | H + 2_, n,a;|n, € Z} and
each of these weight spaces is one-dimensional. The role of condition (ii) in
Definition 6.2 is to provide a method to select a unique mass function for such
representations. In a sense we are selecting the unique mass function which is closest
to the center in the lattice of weights of such representations.

DEFINITION 6.3. A mass function {: C(A,) — F is said to be A-extreme for a base
A iff there exists a subset A’ of A such that { = ¢ o ¥, , where the evaluation map &
satisfies the property that for each nonempty connected component A; of A’, the
restriction of { to C(A,) is A -complete.

Under the assumption that Theorem 1.7 holds, it has been shown in [15] that for
each pointed representation (p, V') of 4, there exists a base A such that ¥ admits a
A-extreme mass function. It is also shown that distinct A-extreme mass functions
yield inequivalent pointed representations. Thus the A-extreme mass functions play
the same role for A-pointed representations as the elements of H* play for irreduci-
ble representations admitting a highest weight with respect to A. In particular it
should be noted that for any A € H* the mass function { = e o ¥, , with &(),) =
A(h,,) for all a; € A is A-extreme and yields the irreducible representation of 4,
admitting A as a highest weight relative to A.

The general problem of classifying all irreducible representations of 4, is as yet an
unsolved problem. Block [3] has recently completed a classification of all irreducible
representations for the case n = 1. In order to place the category of all pointed
representations of A, in the perspective of all irreducible representations of 4, we
summarize some of the known types of such representations. In [1, 13] it is shown
that there exist irreducible representations of 4, (even of 4,) which do not admit a
weight space decomposition with respect to any Cartan subalgebra. It is known [10]
that if an irreducible representation of 4, admits a weight space decomposition then
either all weight spaces are infinite dimensional or all are finite dimensional. There
are examples [7] of irreducible representations of A, having weight space decomposi-
tions with all weight spaces being infinite dimensional. More recently, Benkart [2]
has constructed an irreducible representation of 4, with all weight spaces being
2-dimensional by choosing an irreducible submodule of the tensor product of a
fundamental representation of 4, and a pointed representation coming from an
{a, B}-complete mass function.

Combining the results of this paper with the general remarks in [14] we can
construct large families of mass functions for the other finite dimensional simple Lie
algebras over F and hence construct pointed representations for these simple Lie
algebras. The question of whether these exhaust all pointed representations is an
open question.
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