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SOLVABILITY OF QUASILINEAR ELLIPTIC EQUATIONS
WITH NONLINEAR BOUNDARY CONDITIONS
BY
GARY M. LIEBERMAN

ABSTRACT. On an n-dimensional domain &, we consider the boundary value problem
(*) Qu=0 inQ, Nu=0 ondQ

where Q is a quasilinear elliptic second-order differential operator and N is a
nonlinear first order differential operator satisfying an Agmon-Douglis-Nirenberg
consistency condition. If the coefficients of Q and N satisfy additional hypotheses
(such as sufficient smoothness), Fiorenza was able to reduce the solvability of () to
the establishment of a priori bounds for solutions of a related family of boundary
value problems. We simplify Fiorenza’s argument, obtaining the reduction under
more general hypotheses and requiring a priori bounds only for solutions of Qu = f,
Nu = g where f and g range over suitable function spaces. As an example, classical
solutions of the capillary problem are shown to exist without using the method of
elliptic regularization.

0. Introduction. Suppose that Qu = a”/(x, u, Du)D,;u + a(x, u, Du) is a quasilin-
ear operator on a domain @ C R” and that Nu = b(x, u, Du) is a nonlinear operator
on 0€. (Here and in what follows, the convention that repeated indices are to be
summed from 1 to n is observed.) Under suitable ellipticity and related conditions
on Q and N, Fiorenza [5] was able to reduce the solvability of the problem

(0.1) Qu=0 inQ, Nu=0 ondQ

to the establishment of certain a priori bounds via a theorem of Caccioppoli
[11, §41.1I1]. Specifically (see [9, Chapter 10]), all solutions of

(0.2) Qu=0 inQ, Nu=0 ond

must be bounded in some Banach space (typically C'**%(2)) uniformly with respect
to ¢ and u for some appropriate family of pairs of operators (Q,, N,),e(0,}- For
Dirichlet boundary conditions, i.e. b(x, u, Du) = u, this reduction is achieved under
very general conditions via the Leray-Schauder theorem (see, e.g., [7,9, 12]); however
for more general boundary conditions, several complications arise in the reduction.
In this work we address ourselves to two of these.

First, Fiorenza used Schauder-type estimates (for related linear equations) which
require explicit knowledge of their dependence on the coefficients. In §2, we show
that simpler estimates may be used.
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754 G. M. LIEBERMAN

Second, Caccioppoli’s theorem requires that all problems (0.2) be uniquely solva-
ble for each ¢ whereas the Leray-Schauder theorem does not require this uniqueness.
In §3, we shall use essentially a theorem of Kirk and Caristi to modify this
assumption.

1. Notations and definitions. We shall use the following norms and seminorms:

| u]o.0 = supg|u]|, )

[u]o;e = sup{|u(x) —u(p)|/|x — y|* x #y, x,y inQ},

| g =400 + [Wlaas |]0 =|tloq + | Dutlgq, and s0 on. Here 0 <a <1,
Du is the gradient of u, and & C R" is a domain. If also 9 is sufficiently smooth,
say 0 € C2**, these norms can also be defined on 9. We shall always assume
(1.1) Q C R*, n=2,is a domain with 9Q € C?*<.

The inner normal to 9§ at x will be denoted y(x) or just y. Its components are
‘Yh e "Yn'

For K > 0, we define

QK)={(x,z2, p)) EQXRXR"|z| +|p|<K}.
QK) = {(x,2z,p) EXRXR"|z| +|p|<K}.

We shall also use the following abbreviations for derivatives: Let g = g(x, z, p, r)
be defined on € X R X R” X R”. Then

_ (98 88) _dg _(_ag_ 33)
g"_(ax"""ax" v 873, &7 3,3, )"

If Gu = g(x, u, Du, D*u), then
G'lu; x] = (G'[u; x'),...,G'[u; x"]) = g,(x, u, Du, D*u).
G’[u; z] and G'[u; p] are defined similarly. For example, if
Qu = a"(x, u, Du)D,u + a(x, u, Du),

then
da'/ da
,u; =—x,u,Du D,--u+——x,u,Du.
Q[ pk] apk( ) j apk( )

If g is defined on @(K) and B = 0, we denote by | g |, x the norm | g |g.g gy, U K)
being considered as a subset of R2"*!. In particular if g depends only on x and z,
then

|8lo;x = sup{g(x, 2): x € Q,|z|< K},
and similarly for | g |s. x where 8 > 0. Moreover if g is defined only on dQ(K), we
also denote by | g g, x the norm | g |g.a0(x)- (By assumption (1.1), this norm can be
defined.)

Finally we shall denote a matrix (a’/) by the corresponding script letter @, a
vector (a') by a, and the sum a'b, by a - b.
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2. Schauder estimates and convergence results. In [7, Theorem 6.30] a Schauder
estimate for the linear oblique derivative problem is given. A slight modification of
the proof of this theorem yields

LEMMA 1. Let Lu = a"(x)D,;u in @, Mu = B'(x)D,u(x). Suppose that
€l t|Bla<A,
|B(x)v(x)|=X 0ondQ, d¥(x)¢E,=N|E)F forx EQEER"

where a, X, A are positive constants with a < 1. Then any solution u € C***(Q) of
Lu = fin Q, Mu = @ on 3R satisfies the estimate

|u|2+a < C(a’ }" A’ ",9)(|“|o + Iq)ll+a + If'a + |D“|o : [B]l+a)‘ g

REMARK. (1) This estimate is similar to Fiorenza’s [5, (5.2)].

(2) In fact the constant C depends on B only through | 8|y, A, and a modulus of
continuity for .

From this estimate, we obtain our basic result on convergence of solutions for the
nonlinear oblique derivative problem.

LEMMA 2. Define
(2.1) Qu = a"(x, u, Du)D,.ju + a(x, u, Du), Nu = b(x, u, Du),
and suppose that
(2.2a)  aY6¢,=N|EP,  b,-y=N for(x,z,p) €EQK),EER,
(2.2b) | @k t @]k < A,
(2.2¢) |bpll+a;l(+ bl +asx < A,

where a, K, A, A are positive constants with a < 1. Suppose also that for each positive
integer m, there are functions u,, € C**%(Q), f,, € C*(Q), ¢,, € C'**(0R) such that

(2.3a) Qu,=f, inQ  Nu,=¢, ondQ,

(2.3b) inla + 19 hiva < K,

(2.30) the seq.uences (£n)s (,.), (u,,) converge uniformly to f, @, u
respectively,

where K, is a constant independent of m. Suppose finally that

(2.4) lu, |y <K, |unliss <K, forsomed € (0,1)

where K, > 0 is a constant and K is the constant in (2.2). Thenu € C 2+%(Q) and

(2.5) Qu=f inQ, Nu=¢ ondQ.

REMARK. Clearly f € C%(®), ¢ € C'*%(3R), ¢,, ~ ¢ in C'(38), and u,, — u in
c\(Q).

PrOOF. Let v = u,, — u, where m, k are positive integers. Then v is a solution of
the linear problem

Lv=g inQ, Mv=4¢ onadQ
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where
Lu=a"D,u, Mu= B'Du,
- 1
@ = @(x, u,,, Du,,), B =f bp(x, u,,, Du, + t(Du,, — Du,)) dt,
0

g = (fu— 1) + (a(x, uy, Duy) — a(x, u,,, Du,,))
+(a"(x, u,, Du,) — a’(x, u,,, Dum))D R7A
¥ = (@, — 9) +(b(x, uy, Duy) — b(x, u,,, Duy)).
|8les < &(m, k)(1 + K5+ K;) + K3, |¥|i1as <e(m, k)(1+K; +K,),
| Blas < ¢ [Blivas <c(1 + K3+ K,)
where ¢(m, k) is a constant depending on a, §, k, K, K, K,, A, m, Q such that
e(m,k) >0 asm,k— oo,

2.6
@6) K;= max{l DZ“m lo> | Dz“k |o}’ K,= max’{[DZ“m]as’ [Dzuk]aS}’

and ¢, is a constant depending only on K, K,, A. Lemma 1 then applies giving
(2.7) [0)24as < (1 + K;) + &(m, k)K,

where ¢, depends on @, §, K, K, K,, A, and £, ¢ depends on these quantities as well
as m and k, and ¢’ satisfies (2.6).

We now apply the well-known interpolation inequality (see [7, Theorem 6.35] or
[11,833)):

| D%uly < csn7?/ P uly + nlulr4s

where ¢, depends only on a8 and , with n = (4c, + 4)”', to obtain

(2.8) [ohvas <cs+ (5 + €(m, k))K,
where ¢, depends on the same quantities as ¢, and ¢’ is the same as in (2.7).
Hence [u,,],, .5 is bounded independent of m. For suppose not; then

(2.9) Kyltploias = Htelaias = 4y, g(m,k)<j

for some m and k. Hence [v],, .5 = 3K,. Therefore (2.8) implies that 3K, <c,
+ 1K, so that K, < 4c,, contradicting (2.9). Thus [4,,],. .5 is bounded independent
of m. Therefore u,, » u in C%(Q) so that (2.5) is valid.
To complete the proof, we note that

|8la + |¥]11a <c5 + e(m, k)Ks, |Bla<cs, [Bli+a <es(1+Ks)

where ¢5 depends on @, 8, K, K|, K,, K;, K,, A, A, and , ¢ depends on these
quantities as well as m and k, (2.6) holds, and K; = max{[u,,];4 4 [4x]2+a}- We
then conclude (as from (2.8)) that [u,,], ., is bounded independent of m. O
REMARKS. (1) Our proof is a modification of Fiorenza’s in [5].
(2) Under stronger hypotheses on € and a, Fiorenza showed that

[U]2+aa < Ce(l + K4)(| Oy + | fn = filas T 1O — 94 Il+a8)'
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Hence, if f, » f in C%Q) and ¢, - ¢ in C'*%8Q) then u, — u in C2**¥Q).
Although it is not noted there, it also follows that u,, — u in C2*%(Q).

From the proof of Lemma 2 we see that in fact a stronger result, which has not
been noted before, is valid.

COROLLARY 1. For each positive integer m, define
Q,.u = a)(x,u, Du)D,u + a,(x,u, Du),  N,u=b,(x,u, Du)

and suppose that @, a,,, b,, satisfy (2.2) with a, K, X\, A independent of m. Suppose
also that there are functions u,,, f,,, ®,, as in Lemma 2 such that

Onthy="f, inQ, Nou,=¢, ondQ

and (2.3b), (2.3c), (2.4) hold. Suppose finally thft &, a,, b, converge uniformly (on
Q(K)) to &, a, b, respectively. Then u € C2**(Q), and u satisfies (2.6) where Q and N
are given by (2.1).

PRrROOF. The same as Lemma 2 except that now e, g, and ¢ given by
@:@m’ gz(fm-fk)+(ak_am)+(a;;j_afr{)Dijuk’
¥ = (9 — o) + (b(x, uy, Du,) — b(x, u,,, Du,)) + 4, — ¥,

where ¢, = b, — b(x, u,,Du,) and &,, a,, b, are evaluated at (x, u,,, Du,,). A
straightforward calculation then shows that

I‘Pm IaB < C], ["I/m]l+a8 < cl(l + IDzum |0) + e(m)[um]2+a8,

Ill/m |a<c2’ [‘Pm]l+u<c2+el(m)[um]2+a,

where ¢, depends on a, §, K, K,, and @, ¢ depends on m and the same quantities as

¢,, ¢, depends on K, and the same quantities as ¢, ¢ depends on m and the same

quantities as ¢,, K is defined as in Lemma 2, and ¢, ¢’ tend toO as m > c0. O
Another convergence result for operators with smoother coefficients also follows.

COROLLARY 2. Define Q and N by (2.1) and suppose (2.2a) and
|@|l+a;K + |a|1+ax;K + |b|2+a;K< A

where a, K, A, A are positive constants with a < 1. Suppose that 0@ € C*** and that
for each positive integer m, there are functions u,, € C3*%(Q), f, € C'*%(Q), ¢, €
C**%(3Q) satisfying (2.3a), (2.3¢), (2.4) and |f,|1+a+ | Pmlrsa < K,. Then u €
C**%Q) and u is a solution of (2.5).

PROOF. By virtue of Lemma 2, u € C2>*%(Q), u is a solution of (2.5), and | U |24
is bounded independent of m.

We now extend y to all of  so that y € C**%(Q) and | v|=<1in Q. Noting that
the operator c™*D,, where ¢’* = §"* — y,y,, is a tangential operator on 9§, we have
that v = ¢"*D, u,, is a solution of

Lv=g inQ, Mv =4y ondQ.
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Here
Lv =a"p,v, Mv = B'D,v,
@:@(X’ um’ Dum)’ B=N,[um; P]’
g§= crk{Dkfm - Q'[um; xk] - Q'[um; Z]Dkum - Q,[um; pi]Dikum}
+2a"D,(c™)D,u,, + a’D,;(c™)Dyu,,,
¥ = D@, — N'[u,; x¥] — N'[u,; z]1Dsu,,} + B'D,(c"™*)Dyu,,,
and Q' and N’ are defined in §1. Hence Lemma 1 applies with all constants
independent of m and r. Therefore |v|,,, is bounded independent of m and r. It
therefore follws that |u,, |34, i bounded independent of m. The standard
Schauder estimates [7, Problem 6.2] then give a uniform bound on |u,, |5, which
then implies that u € C3*%(Q). O
For operators in divergence form (as in §§4, 5), the results of this section can be
obtained more readily by other means. To do so, we introduce the following
notation:
Ulr)={xeR"|x|<r,x">0}, V(r)={x€R"|x|<r,x"=0},
F(ry={xeR|x|<r,x"=0}, G(r)={x€R:|x|<r,x"=0}

where r is a positive number. We then have
LEMMA 1'. Let w € C(V(r)) satisfy the integral identity
(2.10) [ {a(x)Dw(x) + g'(x)} Dm(x) dx = 0
U(r)

for alln € C\(V(r)) with support in G(r). Suppose that
(2.11) B-Dw=1y onF(r).
If @, a, and B are as in Lemma 1, then
W isave < Cla, A, A, n, r)(|w lo;uery 18 lasuirny T 1 le Fry) -

ProoF. The estimate is essentially a special case of [1, Theorem 9.3]. It may also be
proved by a modification of the techniques in [7, Lemma 6.29]. O

From this result, we have a version of Lemma 2 with weaker regularity assump-
tions on b.

LEMMA 2'. Define
2.1y  Qu= div(A(x, u, Du)) + B(x,u, Du),  Nu=b(x, u, Du)
and suppose that (2.2a) holds with
a¥(x,z,p)= (BA‘/Bpj)(x, z, p).
Suppose also that
(2.2by [0i+aik T Atk T | Blasx <A
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where a, K, X, A are positive constants with a < 1. Let u € C**%(Q) be a solution of
(2.5) Qu=f inQ, Nu=¢ ondQ
such that |u|, < K, and let § € (0, 1). Then

Iul2+c(< C(a’S, F, K, A, A,U,@,Q)
where lefla’ U= [Du]89 o =|<p|l+a'

ProOF. (In this proof C denotes any constant depending only on
a,8, F, K, A\, A\,U,®,Q.)

It suffices to prove only that | u|,,,. 5 < C for some neighborhood N of 9. The
global result then follows from interior Schauder estimates, e.g., [7, Corollary 6.3]. By
a standard “straightening the boundary” argument we may assume that u is a
solution of Qu = fin U(1), Nu = ¢ on F(1) and that all hypotheses of this lemma
are still valid with Q replaced by U(1) and 9Q replaced by F(1). Then we need only
show that | |, 4,y /4y < C.

In this case, we have (2.10) being satisfied where w = D, u,

g' = Dud(x, u, Du) + A'«(x, u, Du) + 8*B(x, u, Du) — 8*f(x)
and 8% is the Kronecker 8. Also (2.11) holds with

B = bp(x’ u, Du)’ Y= —Dkubz(x> u, Du) - bx"(x’ u, Du) + Dk‘p’
provided k # n. A direct calculation shows that the hypotheses of Lemma 1’ hold
with r = 1, @ = a8, and all constants independent of k. Thus

|D,.ju|a8<C, i=1,...,n, j=1,...,n— 1.

Solving for D,,u in the equation Qu = f then yields | D*u 4., ,2 < C. Thus the
hypotheses of this lemma hold with § = 1. We then follow the above argument with

r = 1 to obtain the desired estimate. [
We then have

LEMMA 2. Define Q and N by (2.1), and suppose that (2.2a) and (2.2b)’ hold where
a, K, A\, A are positive constants with a < 1. Suppose also that, for each positive
integer m, there are u,, € C**%(Q), f,, € C%Q), and ¢,, € C'**(dQ) such that (2.3)
and (2.4) hold with constants K, and K , independent of M. Then u € C**%(Q) and u is
a solution of (2.5). O

Analogs of Corollaries 1 and 2 are also valid with (2.2) replaced by (2.2a) and
(2.2b) in Corollary 1.

3. Kirk and Caristi’s Theorem. Our starting point is the following theorem of
Caristi [2] (see also [4, Theorem 2] for a simple proof):

LEMMA 3. Let (V, d) be a complete metric space and let g: V — V be an arbitrary
mapping such that

d(v, g(v)) <9(v) — ¢(g(v)) forallveV
where : V — R™ is a lower semicontinuous function. Then g has a fixed point. O
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To apply this lemma, we first need a definition. Let X and Y be Banach spaces
and P: X —» Y a mapping such that

_ . P(x+ey) — P(x)
P(y) =lim .

exists for all x and ¥ in X. Then we say that P, is the Gateaux variation of P.

LEMMA 4. Let P: X - Y have a Gateaux variation and suppose that P(X) is closed
in Y. If, for all x € X, there is ¢ € X such that P () + Px =0, then 0 € P(X).

PRroOF. For each y € P(X), choose x € X and y € X such that y = Px, P (¢) +
Px = 0. By the definition of P,, there exists ¢ > 0 such that

I(P(x + ey) — Px) — eP (¢)ll /e < || Px]l /2
where || || is the norm in Y. Then
(3.1) (e/2)IPx|l = | P(x + ey) — (1 — e)(Px)Il.
The triangle inequality then implies that
I(P(x + ep) — (Px))Il < (3e/2)lI Px]l, (e/2NPxIl < I Px|l — 1P(x + &),

and hence that
I(P(x + ep) — Px)ll < 3(l Pxll — | P(x + &y)ll).

We now make the identifications ¥V = P(X), d(v,, v,) = llv, — 0,1l, ¢(v) = 3llvll
in Lemma 3 and define g(y) = P(x + &}). Since V is complete, g has a fixed point
which must be zero by (3.1). Therefore 0 = Px for some x € X. [0

A slight modification of the proof of Lemma 4 gives a result which we shall use in

§s.

LEMMA 4'. Let P: X — Y have a Gateaux variation and let Y, be a subset of Y.
Suppose that Y, N P(X) is closed. Suppose also that

(32a)0 € Y,

(3.2b) Y, N P(X) is nonempty,

(3.2¢) for all x € P7\(Yy) and ¢ € X such that P(y)+ Px =0, we have
P(X + ey) € Y, for all sufficiently small e.

If, for all x € P~\(Y,), there is ¢ € X such that P(y) + Px = 0, then 0 € P(X).
O

REMARKS. (1) Lemma 4 is implicit in the work of Kirk and Caristi (cf. [8]); the
above formulation and proof are from a personal communication from W. O. Ray.

(2) The quantity £/2 in (3.1) may be replaced by ge where g € (0, 1) is arbitrary
but independent of y.

(3) If (3.1) with ge can be proved without the assumption that P, exists, then it still
follows that 0 € P(X).

(4) When using Caccioppoli’s theorem, a similar circumstance arises (see [S, §7]).
In this case, the existence of the Fréchet derivative of P is used to invoke a theorem
of Hildebrandt and Graves (see [11, §41]).
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To apply Lemma 4, we define Q and N by (2.1) and suppose that for constant
a € (0,1) and all K > 0 the conditions (2.2a) and
(33) GRS C3+a’ |@|2+a;l( + |a |2+a;K + |bl3+a;K <A

are satisfied with A, A positive constants possibly depending on K. For each
B € (0, a) we define

(3.4a) P: C*E(Q) - C'MA(Q)
by

(3.4b) Pu = (Qu, Nu)

where, for any § > 0,

(3.4c) C¥(Q) = C¥(Q) X C'*(8Q).

Then the Gateaux variation of P exists and

P(¥) = (Qu¥), N(¥))

where
0.(¥) = a”(x,u, Du)D;;y + Q'[u; p | Dy + Q'[u; 2]9,
N(¥) = N'[u; P, ] D + N'[u; z]y.

We then have our main theorem.

THEOREM 1. Define Q and N be (2.1). Suppose that conditions (2.2a) and (3.3) are
satisfied and define P by (3.4). Suppose also that for all (f,¢) € C 1+8(Q) and
u € C3*B(Q) such that Pu = (f, ¢), the estimate

(3.5) |u|,+s <K(Q,N,F,®,Q) forsome8 € (0,1)

is valid with F = f|, ., Q=|9|r4p Suppose finally that
(3.6) for allu € C>*A(Q), there exists y € C*+B(Q) such that P(y) + Pu = 0.
Then the problem

(3.7) Qu=0 inQ  Nu=0 ondQ
has a solution u € C3*A(Q). O

REMARKS. (1) The space C'*A(Q) may be replaced by any subset Y, satisfying
(3.2).

(2) The problem (3.7) is still solvable with u € C2*# if @ and a are only
Holder-continuous provided (3.5) and (3.6) hold uniformly for an approximating
sequence of operators. Here we may assume F = ® = 0 in (3.5).

(3) Since P, (y) + Pu=0 is a linear boundary value problem for , condition
(3.6) follows from the conditions

(3.6) 9a7/3z =0, da/3z<0, 3b/3z<0.

(See [7, Theorem 6.31] or [9, §3.3].)

(4) If the estimate (3.5) holds with F =|f|z, ® =|¢|,,, then a different version
of Theorem 1 can be proved (see Theorem 1’ below) without using Corollaries 1 and
2.
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THEOREM 1'. Define Q and N by (2.1). Suppose that for some a € (0,1) and all
K >0, conditions (2.2) are fulfilled with N and A depending on K. Define P:
C?*A(Q) - CA(Q) for B € (0, @) by (3.4) and suppose that (3.5) holds with F =|f|g,
® =| |, p- Suppose finally that

(3.6)" for all u € C**F(Q), there exists ¢ € C**F(Q) such that P(y) + Pu = 0.

Then problem (3.7) has a solution u € C 2*EQ). O

Theorem 1 and 1’ show that the crucial steps in solving (3.7) are establishing (3.5)
and (3.6) or (3.6)”. The following two sections discuss two examples for which these
conditions have been obtained.

4. Uniformly elliptic equations. We now consider the problem of uniformly elliptic
equations as in [9, §10.2]. Specifically
Qu = div( A(x, u, Du)) + B(x, u, Du),
Nu= A'(x,u, Du)y, + ¢(x, u).

(4.1)

We briefly list the results of Ladyzhenskaya and Ural’ceva from [9, §10.2].

LEMMA 5. Define Q and N by (4.1), and suppose that
(4.2a) (E)A'/apj)(x, z,p)§t, =0 forx €02 pER" orx€Q,p=0,
(4.2b) z[(34' /3x")(x, z,0) + B(x, 2,0) — f(x)] <0 forx €Q,
(4.2¢) 2[ Ai(x, 2,0)y, — @(x) + ¢¥(x, 2)] <O forx € 3Q
whenever | z|= R where X and R are positive constants. Then any solution u € c\(®
N C*(Q) of (2.5) is bounded by |u|, < R. O
PROOF. [9, Lemma 2.1, Chapter 10].

LEMMA 6. Define Q and N by (4.1) and let u € C 2(Q) be a solution of (2.5) with
| u|y < M, some positive constant. Suppose also that
(4.3a) (34'/8p,)(x, z, p)£:&; = »(1 + |p|)" 2| £
(4.3b) |A(x,z, p)| +|4.(x, 2, p)| +|A.(x, 2, p)|
+ (14 1P [4,(x, 2p) [< (1 + )",

(4.3¢) | B(x,z, p)|<p(1 +|p])"
for all (x, z, p) € @ X R X R" with | z|< M,where m, ., v are positive constants with
m > 1. Then

(4.4) | Duly < Ko(F,m, M, p,»,®,%,8)
where F =|fly, ® =|@|,, ¥ =|¢|,.p-
PROOF. [9, Theorem 2.1, Chapter 10 (see especially pp. 468—476)].

The hypotheses (4.3) are actually somewhat weaker than those in [9], but the same
proof is still valid in this case. (This observation is made in [10,§V.7].) O
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LEmMMA 7. Define Q and N by (4.1) and let u € C 2(Q) be a solution of (2.5) with
| u|, < K,. Suppose that
© |§|2 = (aAi/apj)(x’ Z, P)gigj = |£|2 for all (x’ 2, P) € Q(KO)’
|4k, | Blox, Tleh + | flo+ 1]k, <p
where u and v are positive constants. Then, for some positive constants § and K
depending only on K, p, v, @, we have the estimate |u|,, s < K.

(4.5)

PROOF. [9, Theorem 2.1, Chapter 10 (see especially pp. 467-468)]. O

LEMMA 8. Define Q and N by (4.1) and suppose that u € C**%(Q) is a solution of
(2.5) with |u|, <K, for some a € (0,1). Suppose also that (4.4) holds for all
(x, z, p) € Q(K,) where p, v are positive constants and that A € C“"(Q(KO)),
B € C'*"Y(Q(K,)), ¥ € C'*%(dQ(K,)). Suppose finally that

(4.6a) ¥,(x,2) <0,
(46b) Bz(x, z, P) + (IAz(x’ 2, P) |2 + 'Bp(x» z, P) IZ)/V <0
for all x €Q, z=u, p=Du. Then P;: C**F(Q) - CF(Q) is surjective for all
B € (0, a) where P and C are defined in (3.4).
PROOF. [9, Lemma 2.3, Chapter 10]. O

Combining these lemmata with Theorem 1’ yields an existence result (cf. [9, Theo-
rem 2.2, Chapter 10]).

THEOREM 2. Let Q and N be defined by (4.1) and suppose that conditions (4.2b) and
(4.2¢) hold for sufficiently large z and all p € R". Suppose that (4.3) holds for all
(x,z, p) € @ X R XR" with m > 1 a constant, p. an increasing function of |z|, v a
decreasing function of | z| , and v(t) > O for all t > 0. Suppose that (4.6) holds for all
(x, z, p) € 2 X R X R" and that
AECYH(QXRXR"), BeC™(QXRXR"),

¢ € C'%(32 X R)
for some a > 0. Then for any B € (0, a), there is a solution u € C**F(Q) of
(4.8) Qu=0 inQ, Nu=0 ondQ. 0O

REMARK. From Lemma V', it follows that this solution u is in C2*%(Q). Moreover

if all the hypotheses of Theorem 2 are satisfied except that 4 is only C'** and B is

only C', then an approximation argument can be used to show that there is a
solution u € C27%(Q) to (4.8).

(4.7)

5. The capillarity problem. We consider here the problem
(5.1) div(Tu) =xu inQ, Tu-y=g(x) onaQ
where Tu = Du/W, W = (1 + | Du|*)'/? and « is a positive constant. When n = 2,
a solution u of (5.1) describes the height of liquid in a capillary tube.

To write (5.1) in a form consistent with previous sections, we set

(5.2a) Qu=div(Tu) — ku=a"Djju+a, Nu=Tu-y—g,
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(52b) oV = (8YW? — Dubu)/W*;  a=—xu,
where 8/ is the Kronecker 8 and consider solutions of
(5.3) Qu=f inQ, Nu=g¢ onodQ.

Estimates for solutions of (5.3) are well known; we present them below.

LEMMA 9. If u € CX(Q) is a solution of (5.3) and
(5.49) sup|p +g|<1—d whered € (0,1) is constant,
0

then |u|, < Ky(d, F, k, Q) where F =|f]|,.
PROOF. The corollary on p. 208 of [3]. O

LEMMA 10. If u € CX(Q) is a solution of (5.3), and if (5.4) holds, then | Du|, <
Ky(d, F,x, M, ®,Q) where F=|f|,, ® =|¢|, and M =| u|,.

PRrOOF. [6, Theorem 1.1}, which is a modification of the proof in [14]. Another
proof under somewhat different hypotheses is given in [13]. O
From these lemmata and Remark (1) after Theorem 1, we can prove solvability of

(5.1).

THEOREM 3. If | 8losa <1—d and g € C'**(3Q), then there exists a solution
u € C**4Q) of (5.1).

PROOF. Suppose first that g € C2+%(3Q). We define X = C2*4Q), Y = C'T%(Q),
%= {(/,9) €€17(@): suplp +5]<1 - (4/2)].

From Remark (3) after Theorem 1, it follows that P, is surjective. Condition (3.2a) is
easily verified as is (3.2b). To check (3.2c), we note that if P,(y) + Pu =0 and ¢ is
sufficiently small, then, as in Lemma 4, we have

I1P(u+ ep) — (1 — e)Pull <ed/2.
The inequalities || f, @)Il = sup,q | @ | and the triangle inequality then give

s;lp|N(u +ey)tgl<e(l —d)+e(d/2) + (1 —e)(1—(d/2)) =1—(d)2)

provided u € P~'(Y;). Lemmata 7, 9, 10 and Theorem 1 imply that 0 € P(X) which
means that (5.1) has a solution in C3T%(&).

Now suppose that g € C'*%(9Q) and let (g,) be a sequence in C?*%(3Q)
converging uniformly to g and such that

(55) |gm|l+a<C|g|l+a for each m

where C is independent of m. By what we have already proved, there exists u,, in
.C3*%(Q) such that Qu;, = 0 in @, Tu,, - y = g,, on 3%. Inequality (5.5) in conjunc-
tion with Lemmata 7, 9, and 10 implies that, for some & € (0, 1), the norms | u,, |, 5
are bounded uniformly with respect to m. The Arzela-Ascoli theorem implies that
some subsequence of (u,,) converges uniformly to a function u. Applying Lemma 2
to this subsequence, we infer that u € C>*%(Q) and that u is a solution of (5.1). O
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REMARKS. (1) Theorem 3 is well known, but ours is the first proof that does not
rely on the existence of solutions to other nonlinear boundary-value problems (cf.
[6, 13, 14]).

(2) Theorem 3 can also be proved without using Remark (1) after Theorem 1 by
defining Nu = tanh™'(Tu - y) in (5.2).
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