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THE SPECTRUM OF A RIEMANNIAN MANIFOLD

WITH A UNIT KILLING VECTOR FIELD

BY

DAVID D. BLEECKER

Abstract. Let (P, g) be a compact, connected, C°° Riemannian (n + l)-manifold

(n > 1) with a unit Killing vector field with dual 1-form tj. For t > 0, let g, = i~'g

+ (f" — f"')t)|8>r),a family of metrics of fixed volume element on P. Let X,(f) be

the first nonzero eigenvalue of the Laplace operator on C0O(/>) of the metric g,. We

prove that if dj\ is nowhere zero, then A|(/) -» oo as t -» oo. Using this construction,

we find that, for every dimension greater than two, there are infinitely many

topologically distinct compact manifolds for which X, is unbounded on the space of

fixed-volume metrics.

0. Introduction. Let F be a compact, oriented, connected C°°(« + l)-manifold

(« > 1) with Riemannian metric g. We suppose (P, g) has a nowhere zero Killing

vector field £. By replacing g by g(¿, £)~'g, we can (and do) assume g(£, ¿) = 1,

henceforth. Let rj be the 1-form dual to £; r/(-) = g(£, •). For / > 0, set g, = t'^g +

(t" — F1)?] ® 7), the coefficients being chosen so that the volume element is indepen-

dent of t. When (P, g) is also assumed to be homogeneous, Muto and Urakawa [6],

Tanno [7] and Urikawa [8] have proved (in certain cases) that the first eigenvalue

X,(/) of the Laplace operator A, of g, goes to oo as / -» oo, even though vol(g,) is

constant. In this way, the question posed by Berger [1], on whether X, is bounded for

metrics of fixed volume, is answered negatively. Here we drop the assumption

(among others) of homogeneity, and establish that X,(/) -* oo when t -» oo, under

the less restrictive condition that dr¡ is nowhere 0. In this setting, the proof that

X,(i) -» oo is quite different and does not require any facts about spherical represen-

tations, root systems of semisimple Lie algebras, etc.

Let Lé: CX(P) -» CX(P) denote Lie differentiation with respect to £, and let

L\ = Lç o Lt. In §2, we prove that if m G C°°(P) is an eigenfunction of the Laplace

operator A (for g), say Aw = Xu (X > 0), and L\u = -k2u (k > 0), then X - k2 > 0.

Equality occurs iff dv\ — 0 and each integral submanifold of £x= {X G TP\ g(£, X)

= 0} meets each integral curve of £ in equally spaced points of spacing an integral

multiple of 27r/c"'. In the case dr\ is nowhere zero (i.e., |í/tj|>0), we prove that

there is a constant O 0 (independent of À and k) such that X — k2 > Ck, and

X — k2 -* oo as X — oo, which is used in proving X,(i) -» oo as t -» oo.

In §3, we examine more closely the case where £ is the generator of a free U(\)

(circle) action. Then tt: P -> P/U(\) = M is a principal i/(l)-bundle and g is a
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410 D. D. BLEECKER

metric invariant under the action, as in Kaluza-Klein unified field theory; see [2].

Note that g determines a metric on M and a connection 1-form /tj on P, and vice

versa. Equality occurs in X — A2 > 0 iff the connection is flat and the holonomy

group is cyclic of order N for some N dividing k, necessarily an integer. When

N = 1, (F, g) is isometric to a Riemannian product of M with (7(1). We also prove

that the condition | di\ |> 0 is generic among i/(l)-invariant metrics g on F with

g(£, £) = L provided dim M > 4. Using this, we have that X, is unbounded on the

space of fixed volume metrics on any manifold of the form M X S ' where M is any

compact manifold with dim M > 4. Even in dimensions 3 and 4, we find infinitely

many topologically distinct, compact, connected manifolds with X, unbounded for

fixed volume.

In §4, we pose some open problems. The results of §3 have been generalized to the

case of principal bundles with arbitrary compact groups. Indeed, this is the subject

of the author's paper, Harmonic analysis on the space-time-charge continuum, to

appear in the International Journal of Physics. In a physical context, the results of

this paper suggest that in a generic universe, one cannot find charged particles of

arbitrarily small mass. The author thanks Bob Reilly and Joel Weiner for helpful

conversations in the development of the current paper.

1. Preliminaries. Recall that A is the Laplacian for functions on the (« + 1)-

manifold P with metric g for which £ is a unit Killing vector field with dual tj. let

0 = Xo<X,<X2<--- be the distinct eigenvalues of A with corresponding eigen-

spaces V(Xi). Since £ is Killing for g (and hence divergence-free), Lie differentiation

L4 is a skew-symmetric transformation of C°°(P) with respect to the L2 inner

product. Indeed, 0 = /L((uv¡ig) = ¡(L^vßg + f u(L(v)ng + J uvL((ng), and the

last integrand vanishes. Also, since £ is Killing, it commutes with A and so

-L\ j V(X¡) is a symmetric linear transformation of V(X/) with nonnegative eigenval-

ues. For k s* 0, let Ck = {« E CX(P) | — L2u = k2u). Then we have the orthogonal

decomposition V(X¡) = (Bk Ck n V(X¡), where all but finitely many summands are

0.

Lemma 1.1. As in the introduction, let g, = i~'g + (t" — t~l)rj ® 17 with Laplace

operator Ar Then A, = tA + (t — t~")L2 and the spectrum of A, is

{tX,-(t- rn)k2\Ck n V(X,)=£0,k, /s=0}.

Proof. Recall that a Killing vector field has a projection of constant length on

any geodesic. Since £ is Killing relative to g, (for all t > 0), a geodesic of g, which is

initially orthogonal to £ remains orthogonal. Since the distribution £-"-= {X G TP\

g,(X, £) = 0} is independent of t and g, = t~]g on £-*-, the curves tangent to £x

which locally minimize arclength relative to g with respect to variations in £± , do the

same relative to g,. Thus, the geodesies of g tangent to £± are also geodesies of gr

Also, since g,(£, £) is constant, any geodesic of g, initially tangent to £ remains

tangent (i.e., the integral curves of £ are geodesies of g;). Let p G P and suppose

ei,...,en, en+i = £p is o.n. frame relative to g at p. Then (yTe,,..., {ten,{t~"£) is
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an o.n. frame relative to gr For u G CX(P), we have (where exp is the exponential

map atp) at s = 0

-A,u(p) = ¿— w(exp(Wr"e,)) + ^ "( exp (^ ""£„))

= t 2 -1u(exp(se¡)) -(t-t~") — u(exp(sè))
!    ds ds

= -/Au(/>) -(i - rn)L\u(p).

For liEQn F(X,), we then have Atu = [iX, - (t - r")k2]u. The span of the

spaces Ck n V(X¡) as / and A vary is dense in C°°(P), since it includes each V(\t).

Hence, the various u G Ck D V(X¡) form a complete set of eigenfunctions, and the

spectrum of A t is as stated.    D

Remark. Let ki be the largest k such that Ck fl V(X,) ¥= 0. For t > 1, we have

i-r">0, and so X,(0 = min{iX, - (f - r")A,2 | z = 1,2,3,...}. Since iX,.-

(t - r")k2 = t(X¡ - kf) + r"k2, we have A,(i) -> oo as / - oo, if X,. - kf 3= e > 0

for some e independent of /' > 1. In what follows, we develop the machinery for the

proof in §2 that X, — A,2 > e > 0 (indeed, 0 < X, — kf -» oo) when ¿tj is nowhere 0.

For /? G F, let s h» p(s) be the integral curve of £ through p; p(0) = p, -œ < s <

oo. Let

Ck={aG Cx(P,C)\a{p(s)) = exp(-iks)a(p) for all/? GF}.

Note that «£Ct implies F^a = -ika and -F2a = k2a, whence Re(a) and Im(a) G

Ck. Also L^a — -ika implies, for p G P, that da(p(s))/ds = -ika(p(s)), whence

a(p(s)) = a(p(0))e-iks = e~'ksa(p) (i.e., a G Ck).

Lemma 1.2. For k > 0, the map Re: C^. -* Ck is an isomorphism with inverse

uy-*u + iv where v = k'xL^u. Moreover, for u + iv G Ck, v is the pullback of u

under the isometry p Hfp(tr/2k).

Proof. For u G Ck and v = k'xLtu, we have L((u + iv) = F£u + iL^v — kv —

iku = -ik(u + iv), whence u + iv G Ck. For u + iv G Ck, u(p(tr/2k)) =

Re[a(p(tr/2k))] = Re[exp(-iir/2)a(p)] = Re[-¿a(/>)] = v(p).    D

Every X G TpP has a unique decomposition X = XH + Xv corresponding to

TpP = R£ © £-L. Explicitly, Xv = t\(X)£ and X" = X - t/(X)i For any q-form «p

on F, we define the q-ioim <pH by <p"( Xx,..., Xq) = <p( Jff,..., A',"). Let < , ) be the

inner product induced by g on the space of R-valued forms on TpP. Note that ( , )

extends to C-valued forms via (ß, y)= <Re(/?), Re(y))+ <Im(¿8),Im(y)>. We

write | ß \2 = (ß, ß). For a C-valued 1-form <p, we have <p = <pH + <pK where

ml/(A') = <p(A"/) = (p(î)(A")£) = 7)(A")(p(£). Moreover, (<pH,<pv)=0, so that | <p |2

— I WH |2 + I *PK |2- Finally, we define Ck(X¿) (k > 0) to be the space of all a = u + iv

G Ck such that Au = X¡u (and hence Au = X¡v as well, since v is the pullback of u

by an isometry by Lemma 1.2).

Throughout the remainder of this paper, all integrals are over F with respect to the

volume element of g.
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Lemma 1.3. For a G Ck(X¡) with j | a |2 = 1, / | dav \2 = k2 and / | da" \2 = X,. -

A2.

Proof. If a = u + iv, then X, = X,/ | a \2 — X,/(w2 + v2) = ¡(uAu + vAv) —

/(| du |2 + | dv |2) = / | da |2 = / | da" \2 + / | day\2. Since dav = ¿«(£)tj = (Lta)ri

= -ikat], we have / | dav |2 = / | ika-q \2 = k2f \ a \2 = k2.    D

For any o-form <p on P, we introduce the notation Dcp — (d<p)".

Lemma 1.4. For a G Ck, we have D(Da) = ikadr¡, and Dr¡ = di\.

Proof. We have L^ = L¿g(£, ■)) = (Fíg)(£, •) + g(L¿, ■) = 0, and so 0 =

FjTj = J(t/J£) + (¿tj)J£ = ¿t)(£, •), whence dij = Dtj. Now Da = (da)" = da —

</o¡(£)tj — da — (F£a)rj = da + /Arm]. Thus, d(Da) = ikda A r/ + ikadi}. Since tj"

= 0 and (¿tj)" = ¿tj, Z>(Z>a) = zVtai/Tj.    D

2. Main results. If í/tj = 0, then the distribution £""" is integrable and any maximal

connected integral submanifold Q is a complete, totally geodesic, immersed sub-

manifold of F; the proof of Lemma 1.1 shows Q to be totally geodesic. The map/:

Q X R -> P given by f(q, s) = q(s) is a local isometry, where Q X R is given the

product metric (g\Q) X ds2. Since Q X R is complete with this metric,/is then a

Riemannian covering; see [5]. In particular, / is onto. If <p(s): P -> P is the map

p r-^/?(i), then q>(s)(Q) is an integral submanifold of £x, and since / is onto, all

integral submanifolds of £""" are of the form <p(s)(Q), s G R. The "holonomy group"

of tj is defined as //(tj) = {s G R\y(s)(Q) = Q), which is independent of the

choice of Q. Note that #(rj) ¥= 0, for otherwise / would be 1-1 and hence an

isometry, but Q X R is noncompact unlike F. There are examples where //(tj) is not

discrete; consider flat tori.

Recall that k¡ = max{A | Ck n V(X¡) ¥= 0} = max{A: | Cfc(X,) # 0}.

Theorem 2.1. For eac« / > 1, we have kf < X,. If kf = X,, i«e« d-q = 0 ü«J //(tj)

« discrete with generator being an integral multiple of 2-nkjx. Conversely, if di\ — 0

and H(i\) has generator 2trk~\ then N2k2 is an eigenvalue of A for any integer N > 0,

a«¿/CM(iV2A:2)^0.

Proof. Let «eC| (X,) with a z 0. Lemma 1.3 implies kf < X,. Assume A? = X,.

Then Lemma 1.3 implies Da = 0, and Lemma 1.4 gives 0 = D(Da) = ik¡adt]. Since

a is a (complex) eigenfunction of A and a z 0, the support of a is all of P; by unique

continuation a does not vanish on an open set; see [3]. Hence, adi\ — 0 implies

¿/tj = 0. Since da \ £x = 0, a is constant on any maximal connected integral sub-

manifold Q of £""■. For any s G R, note that a(<p(s)(Q)) = exp(-/&,i)a(C}). This not

only proves that \a\= const, but also that <p(s)(Q) — Q (i.e., i G //(tj)) implies

A,-j = 2irN for some integer N. Thus, //(tj) is discrete with generator being an

integer multiple of 2irk¡\

Conversely, if c/tj = 0 with //(tj) discrete with generator 2irk~\ let Q be a

maximal connected integral submanifold of £x and define a: P -> C by a(í/(í)) =

exp(-/'A\r) for q G Q. Note that a is well defined, since £/(s) = q'(s') implies

q' = q(s — s'); and so s — s' G //(tj), s — s' G 2-nk~xZ,, and exp(/7cí) = exp(iks').
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Note that a is constant on each of the totally geodesic submanifolds <p(s)(Q), and

the integral curves of £ are geodesies orthogonal to these. Thus, for any integer

N>0, A(aN) = -L¡(aN). Since L^aN = -iNkaN, we have A(aN) = N2k2aN and so

0 ¥• a" G CNk(N2k2).    □

Theorem 2.2. // ¿tj is nowhere zero, then there is a constant C > 0 such that for

i 3* 0, X, - kf 5= Ck¡ and X, - kf -» oo as i -> oo.

Proof. Since F is compact, min \dr¡\2 > 0. Let a G Ct(X(-) with / | a \2 = 1. Then

A2min | ¿tj |2 < / A2 | ¿tj |2 | a |2 = / | ikadi\ |2 = f(D(Da), ikadr¡) by Lemma 1.4.

Let 5: A9(F,C) ^ A? '(F,C) be the codifferential operator, adjoint to d, on

cr-forms; recall 8 = (-l)"i+n+i * ¿*, where * is the Hodge star operator relative

to g and n , and dim P — n + \. Dividing by k, we then obtain (since ¿tj =

(di\)") k min | ¿tj |2 < f(d(Da), iadr¡)= ¡(Da, i8(adi\)). Now S(a¿íj) =

(-1)" * ¿ * (adr¡) = (-1)" * (¿a A * dr\) + aSd-q. Since dr¡" = ¿tj, we have *¿tj =

ß A tj for some form /3, whence ¿a A * ¿rj = (Da — ikar\) A /? A tj = Da A /? A tj

= /)a A *¿tj. Since * ¿tj is real,

| Da A *¿tj |2 = | Re(Da) A * ¿tj |2 + | Im(/)a) A * ¿tj |2

<[|Re(Da)|2 + |Im( Da) |2]| * ¿tj |2 =| Da |21 ¿rj |2.

Thus

| (Da, /5(a¿rj)>|<| (Da, i * (Da A * ¿tj>| + | (Da, aS¿Tj>|

<| Da 11 Da A *¿tj | +\(Da,a(8d-q)H)\<\Da\2\d7]\ +\ Da \ \ a \ \ Ahtj | ,

where A^rj = [(5¿ + ¿S)(tj)]w = (8dt\)", since ôtj = -div tj = 0. Hence, we obtain

à: min | ¿tj |2 *s /"| Da |2|¿rj| + j\Da\\a\ AHr¡\

< max | ¿tj | i | Da \2 + max | A^rj

Thus, setting k = A, and using Lemma 1.3, we obtain

(*) A:, min | ¿tj |2 <max|¿Tj| (X, - Â:,2) + max| Ahtj | (X, - kf)U .

Now X, — kf -» oo as i -* oo, for otherwise a subsequence X( — kf would be

bounded and (*) would imply that k¡ is bounded, but X, -* oo and so X, — A:, -»

oo, a contradiction. For any e > 0, we can find A' such that for / > N, (X, — kf) > e'2,

and so (X, - Jt2)1/2 < e(X,. - kf). Then (*) yields

k-CE = A:, min | ¿tj |2[max | ¿tj | +emax | A^tj |]    < X, — kf

for i > N. Since ¿tj ¥= 0, Theorem 2.1 implies X, — kf > 0,... ,XN — kf, > 0, whence

0<C = min{Ce, A¡-'(X, - k2),... ,k~N\X N - k2N)} and Xi-kf^Cki for i > 0;

note X0 = k0 = 0.    Ü

Theorem 2.3. //£ is a unit Killing vector field on (P, g) with dual \-form tj, a«¿

X,(í) is the first nonzero eigenvalue of the Laplacian for t~]g + (t" — í"1)tj®tj, then

X,(i) > et for some e > 0 a«¿ / ï* 1 (e.g., X,(r) -> oo as t -» oo) provided dr\ is

nowhere zero.

/|«2|/|D«|

1/2
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Proof. Since ¿tj ^ 0, we know X, — kf > 0 for i > 1, by Theorem 2.1. Since

I ¿tj |> 0, we have X, — kf -* oo as i -» oo. Thus, e = minfX, — kf \i> 1} exists

and e > 0. By the Remark following Lemma 1.1, for / 3» 1,

X,(0 = min{/(X, - A2) + t~"kf\i> l} > min{t(Xi - kf) \ i > l} = te.    □

3. Principal [/(l)-bundles. In this section, we assume that £ is the infinitesimal

generator of a free U(l) action (by isometries) of (F, g). Thus, it: P -> P/U(\) = M

is a principal i/(l)-bundle with /'tj being a %(l)-valued connection 1-form on F;

fyl(l) = {z'.s|sER}. Note that g induces a Riemannian metric gM on M. Recall that

a G Ck when a(/?(s)) = exp(-iks)a( p), but p(2tr) = /?, whence C¿ = 0 unless A is

an integer. In this setting, the holonomy group of /'tj, in the case /tj is flat (i.e.,

¿tj = 0), is taken to be exp(///(rj)) C U(\), where //(tj) was defined in §2. The

analogue of Theorem 2.1 is clearly

Theorem 3.1. For each i < I, we have kf < X,. If kf = X¡, then /'tj is flat with

holonomy group Zk = {exp(m2iTi/k) |m = 0,1,3,...,A — 1} /or so«ie integer k di-

viding k¡. Conversely, ///'tj /i/fa/ with holonomy group Zk, then N2k2 is an eigenvalue

of A for any integer N > 0, a«¿ CNk(N2k2) ¥= 0.

Corollary 3.2. Assume kf = X¡for some i > 1. F«en w: F -» M is a trivial bundle.

If the holonomy group of /'tj is trivial, then (P, g) is isometric to M X U(\) with the

product metric gM X ds2. The holonomy group is trivial if M is simply-connected, or if

kj = Xjfor some j > 1 with k¡ and kj relatively prime.

Proof. If kf = X,, then ¿tj = 0, so that the Chern class of m: P -» M is trivial. For

i/(l)-bundles, this implies tt: P -» M is trivial. If Q is a maximal connected integral

submanifold of £""", then tt \Q: (Q, g\Q) -» (M, gM) is a Riemannian A/-fold

covering where N is the order of the holonomy group. When N = 1, the map

q(s) H» (ir(q), e's) for q G Q defines an isometry from F to M X (7(1). By Theorem

3.1, N divides k¡ and kj, etc.    □

Theorem 3.3. // X,(i) is the first nonzero eigenvalue of the Laplacian for t~xg +

(t" - r')Tj ® Tj, then X,(Z) -» 0 as t -» 0. //|¿tj|> 0, /«e« X,(/) -» 00 £/j / -* 00.

Proof. If AM is the Laplacian for gM, then for/G C°°(Af), we have A(/° ir) =

(AMf) o m, since horizontal geodesies on P project to geodesies on M. Let ¡i be the

first nonzero eigenvalue of Aw and àMf — /x/where/z 0. Then/o -n G C0(/i) and

Lemma 1.1 implies X,(/) < /ft. Thus, X,(/) -» 0 as / -> 0. The last statement follows

from Theorem 2.3.    D

Let G(P) be the space of Riemannian metrics on P for which £ is a unit Killing

vector field, and let G0(P) = {g G G(P) 11 ¿tj |> 0, tj(-) = g(|, •)}• We endow

(7(F) with the topology of uniform convergence of each A-jet, k = 0,1,2,_

Theorem 3.4. //dim M s= 4, /«e« G0(F) z'j open and dense in G(P) ^ 0.

Proof. By averaging any metric on F with respect to the action of the compact

group U(\) and dividing by the length-squared of £, we can produce a member of

G(P). It is clear that G0(P) is open in C7(F), and we need only establish density.
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Let Jq(M) -> M be the bundle of o-jets of r-forms. For an r-form a, we let y (a):

M -» Jq(M) be the ¿/-jet extension of a. Exterior differentiation induces a bundle

map ¿(r, t/): Jqr(M) -* J^{(M). Select any g G (7(F) and let tj(-) = g(£, •)• There

is a unique closed 2-form F on M such that w*F = ¿tj, since (di\)" = ¿tj and ¿tj is

invariant under the U(\) action. For any x G M, let Wx= {a G J¡(M)X | ¿(1, l)(a)

= Fx} or equivalently, W^ =71(tj')(x) + ker¿(l, l)t where tj' = t*tj for some local

section t. U-> P with x G U. Note that U {Wx \xGM} = W ^ M is a smooth

subbundle of J¡(M) of codimension «(« — l)/2 (« = dim(M)) which is greater

than « for « 3= 4. By standard transversality theory, for « 3= 4, the space S of 1-forms

<p on M such thaty'i(m) is transverse to W (i.e., ¿<px ̂  Fx, Vx G A/) is open and

dense. For any 1-form <p on M, let g(<p) G G(P) be defined by g(<p) = 77*gw +

(tj — 7T*<p) ® (tj — 77-*<p). Since g((p)(£, ■) = tj(£)(tj — 77*<p)(-), the dual of £ relative

to g((p) is tj — w*<jp. If cp G S, then ¿(tj — 7r*<p) = w*(F — ¿m) 7t 0, whence g(<p) G

G0(P). Since the map <p i-> g(m) is continuous, the image of the dense set S must

meet every neighborhood of g = g(0). Since g G G(P) is arbitrary, we have G0(P) is

dense.    D

Corollary 3.5. Any compact C°° manifold P with dim P > 5 which admits a free

U(l) action has a family of metrics of fixed volume for which X, is unbounded. In

particular, P = M X S1 for any compact M with dim M > 4 will do.

Proof. By Theorem 3.4, we have some g G G0(P) (i.e., | ¿tj |> 0), and Theorem

3.3 applies.    D

An infinite collection of topologically distinct examples (where Theorem 3.3 can

be applied) of dimension 3 are obtained by taking F to be the o.n. frame bundle of

an oriented compact Riemannian 2-manifold M with curvature nowhere zero. In this

case, the metric g on F is that one determined by the metric on M and the

Levi-Civita connection on P; dr\ is then the pullback of the curvature form of M

(e.g., I ¿tj |> 0). As long as x(M) ^ 0, a metric on M can be chosen so that the

curvature is nowhere zero, whence F admits a family of metrics of fixed volume on

which X, is unbounded. If we give P X S' the product metric and extend the (7(1)

action to F X 5' by letting U(\) act trivially on Sl, then ¿tj is still nowhere zero, and

Theorem 3.3 applies to the various P X S[ of dimension 4.

4. Open problems. A. In the event that £ generates a free (7(1) action, (by Theorem

3.1) the Chern class c(P) of the i/(l)-bundle w: F -> P/U(\) vanishes when kf = X,

for some i > 1. Does c(P) =^0 imply X,• — kf 3= e > 0 for some e > 0 independent

of z; or do we at least have X,(/) -> 00 as / -> 00? Note that /<2 < X, is not enough to

obtain X,(/) -» 00. In fact, one can construct £ on some flat torus of dimension > 2

such that ¿tj = 0 and //(tj) is not discrete, whence kf < X, for all i> 1, by Theorem

3.1. However, Berger [1] has proved that X, is bounded on the space of flat metrics

of fixed volume on a torus, whence X,(/) is bounded.

B. The constant C in the proof of Theorem 2.2 is probably not the best. Joel

Weiner has shown in the case where £ generates a free U(\) action and àim[P/U(\)]

= 2, we can take C to be min | ¿tj | . What is the best possible C in terms of ¿tj,

c(P), etc?
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C. We have seen that in every dimension greater than 2, there are infinitely many

compact manifolds for which X, is unbounded on the space of metrics of fixed

volume. All our examples admit metrics with nonzero Killing fields, but we suspect

that this is irrelevant. That is, we conjecture that X, is unbounded for fixed-volume

metrics on any compact «-manifold, « 3= 3. For a compact surface of genus G, there

is the result X, < Stt(G + 1) (for metrics of volume 1) due to Yang and Yau [9] when

G > 0; the case G = 0 is the Hersch result [4].
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