TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 278, Number 1, July 1983

BI-INTERPRETABLE GROUPS AND LATTICES
BY
M. JAMBU-GIRAUDET

ABSTRACT. A large class of 0-2 transitive lattice-ordered groups is finitely axiomatiz-
able as a class of groups and as a class of lattices. In each model, the group structure
and the lattice structure plus one parameter are bi-interpretable, sometimes up to
duality only. A characterization of lattice-automorphisms of the structures is also
given.

Introduction. Let T be a chain, and G a group of order-preserving permutations of
T; let (T, G) denote for the time being the two-sorted structure allowing us to speak
of the action of G on T (more formal details given below). The group G is partially
ordered in a coordinate way and in many cases is a lattice. The aim of this paper is
to interpret the two-sorted structure (T, G) into the one-sorted structures at hand: in
§1 we interpret under certain natural conditions (7, G) into the (abstract) group G,
in §2 we interpret under other conditions (7, G) into the lattice G. The interpreta-
tions use first-order formulas with at most two parameters and are of the kind
routinely used in Model Theory. Obviously, each of the abstract group G and of the
lattice G can be recovered from the two-sorted structure (7, G), so combining our
results yields under certain hypothesis bi-interpretability of the group structure and
of thelattice structure.

In §1, we consider a class of groups G previously examined in [8]. In [8] (which
had in some respects been anticipated by [9]) was obtained an (not first-order)
identification of the chain T with a set of subgroups of G. We first put to good use a
result of [8] to describe the action of G on T through the first-order properties of
G.This approach has many advantages and yields in particular a finite set of axioms
for the class of those of our groups which admit a structure of lattlce-ordered groups,
as well as criteria for their elementaryequivalence.

In §2, the “dual” result is obtained; it applies to a smaller class of groups which
however includes the full group of order-preserving permutations of any 2-homoge-
neous chains: the action of G on 7, and in particular the (abstract) group structure
of G, can be interpreted in the first-order theory of the lattice G, with one
parameter. Exactly as before, finite axiomatization and criteria of elementary
equivalence (for the involved lattices) will follow.

The program of recognizing algebraic (or topological) structures through the
first-order properties of their automorphisms groups has a long history. The case of
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chains is discussed in [3] where some of the results of our §1 are mentioned. Since
the results of [3] allow us to recognize several chains through the first-order theory of
the lattice-ordered group of all their order-preserving permutations, and, combined
with some results of our §1, let the recognition carry over to the theory of the
(abstract) group, we can now, with the results of our §3, let the recognition carry
over to the theory of the lattice. Typically, it follows from [3] and our §2:

THEOREM. If the lattice of all order-preserving permutations of a chain T is
elementary equivalent to the lattice of all order-preserving permutations of the real line
R (resp. of the rational line Q), then T is isomorphic to R (resp. to one of Q or R — Q).

In particular, the lattices of all order-preserving permutations of the real line and
of the rational line are not isomorphic. This settles an open question which was
brought to my attention by W. C. Holland and A. M. W. Glass and which motivated
§2 of this paper. I am grateful to them and to G. Sabbagh, my thesis advisor, for
providing me with the stimulus and encouragement without which this paper could
not have been written. I am especially indebted to A. M. W. Glass for checking my
proofs and for correcting my english. I would like to thank the referee whose report
convinced me to reshuffle the introduction.

0. Notation and preliminary remarks. If 7 is a dense chain, let T denote its
Dedekind completion. We may assume 7 (and T') have no greatest or least element
(removing the greatest or least element of a chain does not change its O-permutation
group).

Since T is a dense subset of T, any O-permutation of T will have a unique
extension to 7, and it will be convenient to identify such a 0-permutation with its
extension to T: a O-permutation of T is a O-permutation of T which preserves T.
With this notation, the support S, of a O-permutation fof T'is S, = {tr € T; f(1) # t).

If G is a group of 0-permutations of T, hence an ordered-permutation group or
0-p-group, we let GT denote G, e be the identity element of GT, and GT, = {f €
GT; f> e} and GT_ = { f € GT; f < e} be the (strictly) positive and negative cones
of GT. Examples of 0-p-groups, which moreover are lattice-ordered permutation
groups, or [-p-groups, are the following:

AT: the group of all 0-permutations of T.

LT: the group of all elements f of AT with S, <  (Left of ) for some rin T.

RT: the group of all elements f of AT with S, > ¢ (Right of ¢) for some 7in T.

BT = LT N RT.

A nontrivial 0-p-group GT is said to be 0-n-transitive for some positive integer n,
or, equivalently, G is said to act O-n-transitively on T, if, for any ¢, <, < --- <t
and 1] <t; < --- <t in T, f(¢;) = f(¢]), with i = 1,2,...,n, for some element f of
G. The chain T is said to be n-homogeneous if AT is 0-n-transitive, or; equivalently,
if some GT is 0-n-transitive. Clearly, any n-homogeneous chain, with n = 2, is dense
and without end-points. Any 0-p-group we shall consider in this paper will be
0-n-transitive for any integer n and will have an element of bounded support
(GT N BT # {e}). It should be kept in mind that, in order to be 0-n-transitive for
any integer n, it is enough for a 0-p-group to be 0-3-transitive, and it is enough for
an [-p-group to be 0-2-transitive (see [1]).
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0-1. Dense subsets and topology of T. An orbit of GT will mean an orbit of GT in T.
Under our assumptions all orbits of GT are dense in T. The following are unions of
orbits, hence dense subsets of T:

Ty, : the set of greatest lower bounds (g.1.b.’s or left ends) of supports of elements
of GT N BT — {e}.

T x: the set of least upper bounds (L.u.b.’s or right ends) of supports of elements
of GT N BT — {e}.

The interval topology of T has as a basis the set of open intervals of 7, and
induces on any dense subset its interval topology.

Let g be any element of GT N BT — {e}, then:

(i) For any open interval I of T and any ¢ in T, there is some conjugate f of g in
GT witht € S, C I. .

(ii) For any conjugate f of g in GT and any ¢ € §;, there is some open interval /
of Twitht €1 C Sf.

Hence the set of supports of conjugates of g in GT is a basis for the interval
topology of 7, inducing a basis for the interval topology on any dense subset of T.

This also holds for the set of supports of any class of elements of GT intersecting
BT — {e} and closed by conjugacy, such as GT or any other class intersecting
BT — {e} and definable in the lattice ordered group language.

0-2. Full structures and dualities. Let S be a union of orbits of GT. Note that the
action of G on § is not l-transitive in general (except if S is one orbit of GT)
although itis on T.

The full structure GT U S has as a domain the set GT' U S and as predicates:

(i) a one-placed predicate discriminating GT from S,
(i) a two-placed predicate interpreted in S by the order induced on S from T,

(iii) a three-placed predicate interpreting the action of GT on S, i.e. satisfied by
those (f, t,, t,) of GT X S? such that f(¢,) = ¢,.

Clearly such a structure uniquely determines the order of T and the action of GT
on T, hence the ordered-group structure of GT is definable in it. Intersections of
supports of elements of GT with S and orbits of GT included in S are also definable,
now with a parameter.

For predicates (i) (order of S) and (ii) (action) we can define dual predicates in a
natural way. We shall further on be interested in (1) duality of (i), and (2) duality of
both (i) and (ii):

(1) The order-dual full structure (GT)* U S* has the same domain as GT U S and
the same interpretation for S, GT, and action of GT on S ((i) and (iii)), but predicate
(i1) is now interpreted by the dual order of S. In this structure, the same formulas
which defined the ordered group structure of GT now define the same group
structure with the dual order.

Hence (GT')* denotes the group GT with its dual order.

(2) The group-dual full structure G,T'U S* has the same domain as GT U S and
the same interpretation for S and GT (i) but:

—predicate (ii) is interpreted by the dual order of S,

—predicate (iii) is interpreted by the dual action of GT on S, i.e. by those ( f, ¢,, ;)
of GT X S$? such that: f(z,) = ¢, (or equivalently f ~\(¢,) = t,).
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In this structure, the formulas which defined the ordered-groupstructure of GT
now define the same order with the dual group structure, i.e.: the group structure
with product denoted by = and defined for any f and g in GT by

fre=g=("g")".

Hence G, T denotes the ordered set GT with its dual group structure.

0-3. The importance of parameters. Let M| be some model of a language L, and M,
a model of some language L,. Let C be a finite set of constants (parameters)
interpreted in M, and take formulas of L, U C denoted:

D(u), defining a subset of M, called the domain of interpretation of M,.

E(u, v), defining a relation of M, which is an equivalence on the domain of
interpretation of M, and is called the interpretation of the equality relation of M,.

F(uy, u,,...,u, ), for each predicate P, with arity n, in L,, called the interpretation
of P,

The formulas D, E, F, are said to interpret M, in M, if the quotient set D/E with
predicates induced by the F’s is isomorphic to M,. Note that an interpretation
without parameters (C = @) should stay unchanged through all automorphisms of
M,

Clearly if some full structure GT U § is interpreted in some other structure, so is
the lattice-ordered group GT. Our purpose being to interpret full structures in
groups and lattices, we must be aware of the following limitations.

REMARK 1. For any g in a lattice - ordered group G, the map gr>fg is a
lattice-automorphism and not (if g # e) a group-automorphism. So, when interpret-
ing with the language of lattices in G, we will always need a parameter to choose
among different copies of the group structure.

REMARK 2. The chain 7 may have an anti-order-automorphism I: this is the case
for any chain underlying a totally ordered field, where the inverse function reverses
order. (Such a chain is 2-homogeneous, hence of present interest. See also [S] for
other examples.) In such a case:

(a) The structures AT and BT have a group-automorphism: f > IfI !, which is an
anti-order-automorphism. So, when interpreting in the language of groups in AT and
BT, we will need a parameter to choose the order of AT and BT up to duality.

(b) The structures AT and BT have a lattice-automorphism: f - If =!I !, fixing e,
which is an “anti”-group-automorphism. When interpreting in the language of
lattices plus one parameter (see Remark 1) in AT and BT, we will need a second
parameter to choose the group structures of AT and BT up to duality.

However, in some other cases, the parameters described in (a) and (b) will not be
necessary (see Corollaries 1-3(2) and 2-2(2) in this paper and [6 or 7).

REMARK 3. If S is some orbit of GT in 7, it may happen that AT and AS are equal
(as sets of O-permutations of T). Moreover, there may be some 0-isomorphism
between S and T inducing, through conjugacy, the identity on AT = AS (see [4]). In
such a case, even when interpreting with the language of both groups and orders in
GT, we will need a parameter to choose T from other orbits.

This has, as trivial (but not unique) exceptions, groups G7T, where GT has one
orbit in 7, T being the real line or a long line for instance, and GT being one of AT,
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LT, RT, BT, the subgroup of almost everywhere differentiable functions of one of
those the subgroup of piecewise linear functions of one of those when T is the real
line, etc..... (See [5 or 6] for examples with more than one orbit.)

1. Interpreting in groups. The following lemma is a basic tool for our construction.
Its proof is implicit in [8].

LEMMA (McCLEARY). For any 0-3 transitive 0-p-group GT with a positive element of
bounded support, and any elements p, f and g of GT — {e}, the formula F( p, f, g) of
the group language

Fy(p, f.g) < Vu(fandupu'gup~'u~' commute)

is true in GT if and only if one of the following holds:
()pE€GT, and S;< S,
(2)pECT_and S, < S,.

Let f <, g denote the formula Fy( p, f, g) of the lemma.

What [8] actually states is that, for any p # e, the formula “Ju #*e3Jv #*e
(u <, v)” is equivalent to: “p € GT, UGT_” (and so, GT, UGT._ is definable with
the language of groups). But the reader will have no difficulty in seeing that the
lemma follows from the proof given there (see proof of Theorem 4,p. 507). More
explicit proofs can be found in [S and 1].

REMARK. From McCleary’s lemma it is clear that GT N BT is defined in GT by
the formula

JoIwdw' (S, <, S, N S, <,S,)

in the group language without any parameter.
In a similar way, GT N LT and GT N RT are definable in the group language plus
one parameter interpreted in GT, UGT..

THEOREM 1. Let GT be a 0-3 transitive 0-p-group with a positive element of bounded
support (and remember GT,_ UGT. is definable in the language of groups without
parameters).

There are formulas of the group language plus one parameter p which interpret in GT
one of the full structures:

(1) GT U Ty, , if parameter p is interpreted by some p in GT .

(2) (GT)* U TZy, if parameter p is interpreted by some p in GT..

The order dual of a full structure being obviously bi-interpretable with it, we have
COROLLARY 1-1. If GT is a 0-3 transitive 0-p-group with a positive element of

bounded support, the full structures GT U Ty, , and GT U T can be interpreted in GT
with the language of ordered groups.

Moreover, since GT, UGT. is definable in the language of groups, we deduce
from Theorem 1

COROLLARY 1-2. Let F be a formula of the language of full structures and GT a 0-3
transitive 0-p-group with a positive element of bounded support, then any of:
(1) F is satisfied in both GT U T, and (GT)* U T,
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(2) F is satisfied in one of GT U Ty;; or (GT)* U T,
is equivalent to the satisfaction of a formula of the language of groups in GT. This still
holds if F has parameters in GT.

COROLLARY 1-3. Let GT be a 0-3 transitive 0-p-group with a positive element of
bounded support. Then:

(1) The following conditions are equivalent:

(i) The order of GT is definable in the language of groups.

(ii) GT and (GT)* are not elementary equivalent ordered-groups.

(iii) The full structures GT U T, and (GT)* U T2y are not elementary equivalent.

(2) If GT is not a subset of RT (resp. LT), the order of GT N LT (resp. GT N RT)
is definable in the language of groups without a parameter.

COROLLARY 1-4. Let GT and HS be 0-3 transitive 0-p-groups with positive elements
of bounded support.

(1) The following conditions are equivalent:

(i) GT and HS are elementary equivalent as groups.

(ii) One of the ordered groups GT and (GT )* is elementary equivalent to the ordered
group HS.

(iii) One of the full structures GT U T, and (GT)* U T2y is elementary equivalent
to the full structure HS U Sy, .

(2) If GT is not a subset of BT (resp. LT, resp. RT), then GT and GT N BT (resp.
GT N LT, resp. GT N RT) are not elementary equivalent as groups.

Assuming Theorem 1 for the moment, let us deduce from it and from the
definability of GT', UGT_ in the group GT Corollaries 1-2 to 1-4.

First note that, if F is any formula of the full structures language and p any
element of GT, UGT_, we can, using Theorem 1, construct a formula F'( p) of the
group language plus parameter p such that:

GTUT;, E Fo F(p) wheneverp > e,
(GT)*U Tt = F - F(p) wheneverp <e.

We shall use this notation F’( p) throughout the proofs.

PROOFS OF COROLLARIES 1-2 TO 1-4. 1-2: (1) is equivalent to: Vu(u € GT, UGT.
- F'(u)), and (2) is equivalent to: Ju(u € GT, UGT_AF'(u)) which are both
formulas of the language of groups.

1-3(1): (i) - (ii) — (iii) is trivial. Assuming (iii), let F be a formula of the full
structure language which is satisfied in GT U T, and not in (GT )* U Tx. Then

GT U T, F F'(p) whenp>e,
(GT)*U Tt E ~F(p) whenp<e.

So, for any p in GT, UGT_, GT k F'(p)iffp > e, and “u € GT, UGT_NF'(u)”
defines GT . in GT with the group language.
1-3(2): If GT is not a subset of RT, the formula of the language of full structures

JuVo—(S, <S,)
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is satisfied in (GT N LT) U Ty, since GT N LT is not a subset of RT, but is not
satfsfied in (GT N LT)* U T}, where (GT N LT )* = (GT)* N R(T*). Hence (GT
N LT) satisfies (iii) of 1-3(1).

The rest of the proof is similar.

1-4(1): Clearly (iii) — (ii) — (i). Assume (iii) is false and let F, and F, be formulas
of the language of full structures such that GT U Ty, F F,, GT* U T¢; F F, and
HS U Sy, E —~F, A - F,.

Using only the group language we get from 1-2

GT EVu(u € GT,. UGT.— (F|(u) V F;(u)))
and
HS E Ju(u € HS, UHS_N—F|(u) N = F;(u))

where ¥ € GT, UGT. and u € HS, UHS_ are equivalent to the same group-
formula, so this contradicts (i).

1-4(2): If GT is not a subset of BT, then the formula of the full structures
language

JuVo (S, <S,)VIuvo~(S,<S,)

is satisfied in GT U T;; but not in (GT N BT)U T, and (GT N BT)* U T,
(where T;;; = T;p ; and dually). The conclusion follows from 1-4(1).

The rest of the proof is similar.

PROOF OF THEOREM 1. Let j be interpreted by some p € GT, and let D be the
group-formula defining GT N BT — {e} in GT without a parameter.

Let O(u, v) be the formula:

O(u,v) = V¥w(S,<S5,)(p) ~(S,<S5,)(p)

of the group language plus one parameter p.
Let E(u, v) be the formula:

E(u,v) o O(u,v) N O(v, u).

Clearly, for any f, g € GT N BT — {e}, O(f, g) is satisfied iff the Lu.b. of S;in T
is more than the Lu.b. of S,, and E( f, g) iff those Lu.b.’s are equal. The quotient set
D/E with predicate 0 is isomorphic to the chain Tj,, the natural isomorphism
between them being such that, for any s in Ty, I(s) is the set of all elements f of
GT N BT — {e} such that s is the Lu.b. of S;in T.

Now let A(u, v,w) be the formula A(u, v,w) & E(uvu~', w). This interprets the
action of GT on Ty, since, for any (f, t,s) € GT X §%, g € I(s), and h € I(t), we
have S, .- = f(S,), hence fgf ' € I(f(S)), and A(f, g, h) is satisfied in GT iff
fgf ' € I(1).

Clearly, if p is interpreted by p € GT_, these same formulas will interpret the full
structure GT* U T, where Ty is the set of all g.Lb.’s of elements of GT N BT in T.

Theorem 1 is proved.
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COROLLARY 1-5. If GT and HS are 0-3 transitive 0-p-groups with positive elements
of bounded support such that:
(i) Every element of T is a l.u.b. and a g.l.b. for supports of elements of GT, i.e.:

T=T; = Tsr ~
_ (ii) Every element of S is a l.u.b. and a g.1.b. for supports of elements of HS, i.e.
S =S;. = Sgr-

3 (iii) For some integer n, GT has at least n orbits in T and HS has less than n orbits in
S.
Then GT and HS are not elementary equivalent groups.

PROOF. It is clear from the proof of Theorem 1 that, under assumption (i), the full
structure GT U T can be interpreted in the group GT.

So, for any integer n, the satisfaction of the formula of the language of full
structures

“GT has n orbitsin T ”

is equivalent to the satisfaction of a formula F of the language of ordered groups in
GT.

Obviously F is satisfied in GT if and only if it is satisfied in (GT )*. It follows then
from Corollary 1-2 that F is a formula of the group language.

Now, under assumption (ii), F is satisfied in the group HS iff HS has n orbits in
S, and the conclusion follows from (iii).

The following result was proved in [8] using considerable knowledge of the
maximal subgroups of the structures. Qur construction yields a simpler proof.

COROLLARY 1-6 (MCCLEARY). Let GT and HS be 0-3 transitive 0-p-groups with
positive elements of bounded support; then any group isomorphism  from GT onto HS
is of the form

Y(f)=0f0"" foranyfin GT

where 8 is an order or an anti-order isomorphism from T onto some orbit of HS in S.

PROOF. Let ¢ be a group isomorphism between GT and HS as in Corollary 1-6
and let p be an element of GT, . Since GT, UGT_ and HS, UHS._ are defined by
the same formula of groups in GT and HS respectively, Y(p)isin HS, UHS_.

Formulas of the group language plus one parameter interpreted in GT by p
interpret T;; in GT (Theorem 1).

The same formulas plus one parameter interpreted in HS by y/( p) will interpret in
HS one of Sy, (if y(p)isin HS, ) and S§z (if Y(p)isin HS.).

Any element of those interpretations is a class of elements, and we let 7, , denote
it when g belongs to it and ¢ interprets the parameter in the corresponding
interpretation.

We can see from the interpretation of action in the proof of Theorem 1, that, if
f.gandgareallin GT or all in HS, f(¢, ,) = 17,1 ..

Now, for any ¢, , in the interpretation of Tj;, let 6 be the map such that

0(t;.,) = Syceru(o)
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6 induces an order isomorphism from T onto some orbit of HS in S, if y( p) is in
HS ., , from T onto some orbit of HS in S*, if Y( p)isin HS_.

It is therefore as described in Corollary 1-6.

Now, for any fin GT, and gin HS N BS — {e},

V() (Sg00) = Sunem e = Suu- @ e — 0(’f¢"<g>f".p)
= of(tu'z"(g).p) = 0f0-1(sg,¢"(P))

which completes the proof.

Note that, if GT is a 0-2 transitive /-p-group with an element of bounded support
(and hence satisfies the hypothesis of Theorem 1), it is 0-2 transitive on any of its
orbits (see [1]). So, if we let:

P(u) denote the formula which defines (GT, UGT ) N BT in any GT,

(S(u, p), O(u, v, p)) be the formulas which interpret the ordered orbit of the
Lub. of S, in Tj;; when p € GT, and the ordered orbit of the g.l.b. of S, in T¢f
when p € GT, then, any group G which admits a structure of a 0-2 transitive
[-p-group with an element of bounded support satisfies a formula of the language of
groups which can be roughly described as follows.

“For some p satisfying P(u), the set defined by S(u, p) is totally ordered by the
formula O(u, v, p) and conjugacy defines a 0-2 transitive faithful action of G on the
chain (S(u, p), O(u, v, p)) such that the pointwise induced order on G is a lattice
order.”

Conversely, any group satisfying this formula will be a 0-2 transitive /-group of
O-permutations of the chain we shall be able to interpret in it, and will have an
element of bounded support.

So we have proved the following

COROLLARY 1-7. The class of groups which admit a structure of a 0-2 transitive
l-p-group with an element of bounded support is the class of models of one formula.

From Corollary 1-2, if F is any formula of the language of full structures, the two
classes of groups GT which admit a structure of a 0-2 transitive /-p-group with an
element of bounded support and are such that:

(1) Fis satisfied in both GT U T;;; and (GT)* U T2 or

(2) F is satisfied in one of GT U T;; or (GT)* U T,
are also classes of models of one formula.

2. Interpreting in lattices.

DEFINITION. An element f of an /-p-group GT is said to be an /-prime of GT, or an
l-prime, if GT contains no proper restriction of f, that is, a g € GT different from e
and f such that at each point of T g agrees with f or with e.

Remember a 0-2 transitive /-p-group with an element of bounded support satisfies
the hypothesis of Theorem 1. The fact that some element of bounded support should
be /-prime seems to be an even stronger condition.
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THEOREM 2. If GT is a 0-2 transitive I-p-group with an I-prime of bounded support,
we can find.:

Two subsets P, and P, of GT such that P = P, U P, is definable in the language of
lattices plus one parameter é. (P, and P, generally not definable.)

Formulas of the language of lattices plus two parameters € and p which, whatever the
interpretation of é, hence of P, is, interpret in GT one of the full structures:

(1) GT U Ty, if parameter p is interpreted in P,,

(2) G, T U T%, if parameter p is interpreted in P,.

This theorem, if we consider the lattice theory plus one parameter, is a dual result
to Theorem 1. If moreover we remember that all elements of GT have the same
one-type in the lattice theory, hence that every lattice formula with one parameter is
equivalent to a lattice formula without parameter, we get similar corollaries to those
of Theorem 1, with similar proofs. The proofs will be left to the reader.

COROLLARY 2-1 (SEE 1-2). Let F be a formula of the language of full structures and
GT a 0-2 transitive l-p-group with an l-prime element of bounded support. Then any of:
(1) F is satisfied in both GT U T;; and G, T U T,
(2) F is satisfied in one of GT U T;;; and G, T U T¢,
is equivalent to the satisfaction of a formula of the language of lattices in GT.

COROLLARY 2-2 (SEE 1-3). Let GT be a 0-2 transitive l-p-group with an l-prime
element of bounded support. Then:
(1) The following conditions are equivalent:
(i) The group structure of GT is definable in the language of lattices plus one
parameter.
(ii) The order of GT is definable in the language of groups.
(2) If GT is not a subset of RT (resp. LT), then GT N LT (resp. GT N RT) satisfy

@) of (D).

COROLLARY 2-3 (SEE 1-4). If GT and HS are 0-2 transitive I-p-groups with l-prime
elements of bounded support, the following are equivalent:

(1) One of GT and GT* is elementary equivalent to HS as a lattice.

(2) One of GT and G,T is elementary equivalent to HS as a group.

PROOF OF THEOREM 2. Let GT satisfy the hypothesis of Theorem 2.

L will denote the language of lattices including symbols V and A for supremum
and infimum, and, if necessary, symbols < , <, GT, and GT..

Let, for the moment, the parameter € be interpreted by the identity.

Fact 1. The set of I-primes of GT is definable with language L U {¢€]}.

PrOOF. For any f # e in GT and not in GT, UGT._, f V e is a proper restriction of
f. Hence every l-prime of GT must be in GT, UGT.. For symmetry reasons, it is
enough to define /-primes which are in GT, .

For any f and g in GT__, if g is a proper restriction of f, so is fg~'. Hence, “gis a
proper restriction of f ” is equivalent to

gFeNJuFe(ung=eAuVg=f)

and Fact 1 is clear (even for arbitrary /-p-groups).
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It will be useful to remember that, as a trivial consequence of Fact 1, every
conjugate of an /-prime is an /-prime.

DEFINITION. For any f # e in GT, let S_f denote the closure of S; for the interval
topology of T. B

Fact 2. For any f and g, both in GT, or both in GT_, S, C S, is a formula of
LU {é}.

PROOF. Let f and g be both in GT,. (the other case is dual).

Since open intervals and supports of positive elements are bases for the same
topology in T, S, C §g is equivalent to

Vu€GT,(S,NS,=2 ~S,NS=2)

and, for f and g both in GT_, this is equivalent to
Vu(uNhg=e-ulNf=e)

which is a formula of L U {€}.

Fact 3.1f f is an l-prime of GT and S, is bounded, then S} is a convex subset of T.

It is enough to prove Fact 3 when fis in GT . .

Assume S, is bounded and .S-'} is not a convex subset of T. We can find
Hh<t<t,<tyy<t'inTwitht, <S,1E€S§,[t,,55]NS,= D and' ES,.

Let a € AT be the restriction of f to [#,, ¢,]. Since a(t) = f(t) # ¢, a is not e, and
since a(t’) = t' # f(¢'), a is not f.

We want to prove that « is an element of GT and, hence, that f is not /-prime.

Take t; <f(1)) = t;<t¢;in T, with¢] € S;and 13 > S,

Since GT is 0-3 transitive, we can find g in GT such that

g(r) =1, g(r;) =1, and g(;) =15
Since S, C [¢,, t,], we have, for any s in S,, a(s) = f(s) < f(z,) = ¢, and

gle™'(s) = gf g7 (1)) = gf(1]) = g(1) = 1,.

Hence a < gfg!. Besides,
Srngre =N g(Sf) c (1, [ Ults, 1) ng(2)), g(25)] =111, 15[
where S, N J¢,, 1, = S,. S0 §; 5 g5+ = S,. Since a is a restriction of f, we get
fAgfe =angf™
and we have proved above thata < gfg™'. Soa = f A gfg ! where f and g are in GT.

So a belongs to GT.

DEFINITION. For any f, g and & in GT — {e}, S, is between S; and S, if either
§<§,<S§,orS§,<S§,<S§,holds.

Fact 4. For f, g and h, all in GT, or all in GT_, “S, is between S, and S,,” is a
formula L U {é}.

PROOF. Let f, g and 4 be all in GT . (the other case is dual).
If S, is between S, and S, the formula of L U {&}

Vu(uisl-primeAuﬁf#eAuﬁh¢e+Sgg.§‘)

is satisfied, as a consequence of Facts 1,2 and 3.
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The converse follows from Fact 1:

Assume S, is not between S, and S, and take 1, € S, 1, € S, and t; € S, with
5 & [t 1 t3]-

Since GT is 0-3 transitive, we can find a conjugate u of an /-prime of bounded
support, hence u an l-prime (Fact 1) such that [¢,,#,] C S, and 7, & S,. Hence the
above formula is not satisfied.

Fact 5. GT N BT is definable with language L U {é}.

PrOOF. For any fin GT, , “f € GT N BT ” is equivalent to Ju3v (S, is between
S, and S,) which is a formula of L U {&} (Fact 4).

The dual faét holds for f € GT..

So, for any fin GT — {e}, “f € GT N BT " isequivalenttofV e € GT N BT N\ f
N e € GT N BT. -

" Fact 6. For any elements f and g and any /-prime elements a and b, all in
GT, NBTor allin GT_NBT,

“SH < Sb - Sf< Sg”

is a formulaof L U {€}. Welet S, <, , S, denote it.

PRrROOF. Take a and b in GT, NBT. Smce S and Sb are convex (Fact 3), “S, < S,
or S, <S,”isequivalenttoa N\ b = e.

Assume S, < S, and take f and g in GT, N BT.

If they satisfy the formula F(a, b, f, g) of L U {&}

F(a,b, f,g) < S,is between S, and S; A S, is between S, and S,

then we have S, < S,.
So, a, b, f, g being all elements of bounded support, S; < S, is equivalent to

Ju, v, l-prime elements of GT, NBT(F(a, b, u,v) N F(u,v, f,g) Nu/Nv=e),

which is a formula of L U {e}.

Clearly, if S, <,, the same formula is equivalent to S, < S,. The case when
a, b, f, gare all in GT_ is similar.

Notations. For any fin GT N BT — {e}, let /, be the g.1.b. (left end) of S, in 7 and
r, the Lu.b. (right end) of S;in T.

For any /-prime element fin GT N BT, let Sf be S without its end points /,and r.

Fact 7. (a) For any f, g, h I-primes in BT, “S, is betwecn S;and S, is a formula of
L U {e}.

(b) Let a, b, @, b’ be parameters interpreted by /-prime elements a and b in
GT,. NBT and a’ and b’ in GT_NBT.

There are formulas of L U (¢, &, b, @', b’} which interpret:

(1) the chain T, if S, < S,and S, < S,

(2) the chain Tz if S, < S,and S, < S,..

In each case, if s is an element of the interpretation of the chain and f an l-pnme
element of bounded support, “s € Sf” is equivalent to a formulaof L U {¢&, 4, §, b'},
once the chain and its interpretation are identified in a natural way.
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PrOOF. Take a and b l-primes in GT, N BT with S, < S,. We can interpret T;;; in
GT . with techniques similar to those of the proof of Theorem 1: Let D, , O, , E
be formulas of L U {é, 4, 5} such that:

D, defines GT, NBT (Fact 5).

O, (u,v,a,b) oVw>e(S,<,sS, S, <asS,) (Fact 6).

E.(u,v,a,b) = 0, (u,v,a,b) NO_(v,u,a,b).

The quotient set D, /E, with predicate O, is in a natural way identified with the
chain T, when, for any s in D, /E, and any g in GT, NBT, we let s =1, if g
belongs to s. For any f and gin GT, NBT, [, = I, is equivalent to E( f, &, a, b).

Let g be any element in GT, NBT — {e} and f be any /-prime in GT, NBT;
I, e S—}is equivalent to the formula

Ju(e<u<fAE, (ug ab)N-E, (f g a,b))

since if [, € §f, then fAg<fand —E, (f, g, a, b) is satisfied, so the formula is
satisfied.

If the formula is satisfied, then for some u < f we have S, C S;, so r, </, <
with/, =/l and/,# I, hencer,< [, <l,and/, € Sf

Clearly, if a and b are l-primes in GT, NBT with §,<S,, D,/E, must be
identified with ¢ and the above formula is equivalent to r, € .S:f

Now take a’ and b’ [-primes in GT_N BT with a’ A b’ = e. In a similar way to
what was done above, we can find formulas D_, E_, O_of L U {¢, &, b’} interpret-
ing one of T, (if S, < S,,) or T (if S,y < S, ) and a formula equivalent to s, € Sf
for any s, = /, or r, in the interpretation and any /-prime fin GT_N BT.

If a,b,a’, b’ are any l-primes with ¢ and b in GT_ NBT and 4’ and b’ in
GT_NBT, let s, be any element of D, /E, and s, be any element of D_/E_. Clearly,
Sg =5, 18 equlvalent to the following formula E,_ of LU {¢,aq, b, d, b'y:

E, _(f gab,a, b) o Vu € BT withu V e and u A\ e l-primes (s, ESX - =S,
e‘S’/\e)

Hence:

(a) For any l-primes f and g, f in GT, NBT and g in GT.NBT, §,N S, # @ is
equivalent to the following formula of L U {é}: Ju, v, u’, v’ l-primes in BT with
uNv=eandu' Vv =e,3s,inD, /E, , 35, in

<1,

D JE. (E+_(w,w’, u,v,u’,v’)\s, € S: Ns, € .STI),

where for any /-primes f and g both in GT, N BT (or bothin GT_NBT) S_'f N S’; call
isequivalenttof A g#e(orfV g #e). .

So, for any /-primes f and g in GT N BT, S; N S # @ is equivalent to a formula
of L U {¢é}, and, for any /-primes f, g and 4 in GT N BT, “S, is between S; and S,,”
is equivalent to:

Vulprimein GT N BT (3,0 §,# @ A5, 5, # 8) -5,n5,+ o)

(compare with Fact 4), which achieves the proof of (a).
(b)If S,<S,and S, <S,,D,/E, and D_/E_ are two copies of T;; which can
be identified into one by the formula E, _. For any s in this new copy of T;, and
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any f I-prirpe in~GTﬂ BT, “s € S_‘f” is then clearly equivalent to a formula of
L U {¢,a, b, a’, b}, which achieves the proof of (b), case 1. Case 2 is dual.

Fact 8. We can find two subsets P, and P, of GT such that P=P, UP, is
definable with L U {é} (P, and P, generally not definable with L U {é}), and
formulas of L U {é, p} which interpret:

(1) the chain Ty, , if p is interpreted by any p € P,,

(2) the chain T, if p is interpreted by any p € P,.

In both cases, if s is an element of the interpretation of the chain and f an /-prime
element of bounded support, s € S_'f is a formula of L U {é, p}, once the chain and
its interpretation are identified in a natural way.

We shall prove Fact 8 together with the following remark, which we will use for
Corollary 2-5.

REMARK. The sets P, and P, of Fact 8 can be chosen such that P, = P!, where
Pi'= (" fEP).

ProoF. Using Fact 7, it will be enough to find a subset P of GT, definable in
L U {é}, such that P = P!, and formulas of L U {é, p} defining four /-primes
a, b, a’, b’ in GT, N BT, such that, for any p in P: either S, < §, < S, < S, when p
is interpreted by p and S, < S, < S, < S, when j is interpreted by p~' or con-
versely.

So, for any p in GT, let P( p) be the formula of L U {e} described below:

p Ju, v, u’, v’ l-primes in GT N BT suchthatu AN v=e,uMv=pVe,
(p) = u' Vv =e,u'\Nv=pA eandnoneof S, and S, is between S, and S,,..

P defines the set of elements of GT N BT which are a product of four /-primes of
pairwise disjoint supports, among which two are in GT,. and have supports both less
or both greater than the supports of the two others, which are in GT . Clearly
P=P

Forany pin P, let a, b, a’, b’ be defined with L U {é, p} where p is interpreted by
p as below:

a is a positive /-prime restriction of p and its support is not between the supports
of a positive and a negative restriction of p (where “u is a positive restriction of p” is
clearly equivalent to “Jv(uAv=e)AN(uNVNv=pVe)) and “u is a negative
restriction of p” dually).

b is the positive /-prime restriction of p which is not a.

a’ is a negative /-prime restriction of p and its support is between the supports of a
positive and a negative restriction of p.

b’ is the negative /-prime restriction of p which is not a’.

Now, for any p in P we have either S, < S, < S, < S,, when p is interpreted by p
and S, < S,. < S, < §, when j is interpreted by p~! or conversely.

Fact 9. Let S be the interpretation of one of T;, or T2, within L U {&, p} as in
Fact 8. We can find a formula of L U {é, p} which is satisfied by any f in GT and
any s and ¢ in S if and only if either f(s) = ¢ and S interprets T;; or f(t) = sand S
interprets Tx.
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PrOOF. Take s and ¢ in S such that the interpretation of s < ¢ is satisfied in GT.
The chain T satisfies s < ¢ if S is (identified with) T, and ¢ < if S is (identified
with) TZ.

Assume S is T, and let f be any element of GT, . We claim that f(s) <17 is
equivalent to the following formula F(f, s, t) of L U {é, p}:

F(f,s,t) © Yul-primein GT, NBT (sand: € §,)
- (30(S, C S, and ~(v <f))).

. Assume f(s) <t and let u be an /-prime of GT such that 5 and 1 € S; Since

S, N S is without end points, we can take s’ and ¢’ in S, N S such that s’ <s <t <t".

By 0-4 transitivity of GT on T, we can find an element v of GT such that
S, Cls’,t]C S_'“ and o(s) >t. Now v(s)=1¢> f(s) so v is not less than f and
F(f, s, t) is satisfied.

Conversely, assume f(s) > ¢ and let ¢’ be some element of S such that ¢ < f(¢') <
f(s).

We have ¢" <s <t <f(t') and so, by 0-4 transitivity of GT on T, we can pick
some /-prime u in GT, N BT such that s and ¢ are in S, and S, C [¢, f(?)].

Now, for any v such that S, C S_'u, we have S, C [¢/, f(¢)], and so, for any 5" in S,,,
v(s’) < f(t') < f(s") so v is less than fand F(f, s, t) is not satisfied.

It is now clear that if S is T, and fis any element of GT, , f(s) = ¢ is equivalent
to

F(f,s,t)AN\Vu €€ S(F(f,s,u) >t<uin§).

If S is TR, to see that this same formula is equivalent to f(¢) = s, fin GT , it is
enough to notice that F( f, s, t) and F(f, t, s) are equivalent.

The interpretation of the action of elements in GT_ on s and ¢ can be done in a
dual way. The interpretation of the action of any fin GT will then follow from the
interpretation of f V eand f N e.

Fact 10. Theorem 2 is proved.

PRrROOF. Facts 8 and 9 prove Theorem 2 when the parameter € is interpreted by e.
Since for any element f in GT the group-translation g i fg is a lattice isomorphism
with the image of e = f, the result is independent of the interpretation of parameter

e.

The following result, similar to Corollary 1-5, will have a similar proof, left to the
reader.

COROLLARY 2-4. If GT and HS are 0-2 transitive l-p-groups with l-prime elements of
bounded support such that:

® sz Tor = Tor,
(i) S = S;, = Sgg, and _
(iii) for some integer n, GT has at least n orbits in T and HS has less than n orbits in
S

then GT and HS are not elementary equivalent as lattices.
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The characterization of lattice isomorphisms will use Corollary 1-6 and Theorem
2.

COROLLARY 2-5. Let GT and HS be 0-2 transitive l-p-groups with I-prime elements
of bounded support, then any lattice isomorphism ® from GT onto HS is of one of the
forms:

(i) ®(f) = kfh™" for any f in GT where k and h are order isomorphisms from T
onto some orbit of HS in S.

(i) ®(f) =k’f'h’"! for any f in GT where k’ and h’ are anti-order isomorphisms

from T onto some orbit of HS in S.

PROOF. Let @ be a lattice isomorphism from GT onto HS as in the hypothesis of
Corollary 2-5.
Let e be the identity of GT, e, the identity of HS and ®’ the map such that

o(f)= (d)(ec))_IQ(f) for any fin GT.

Clearly @’ is a lattice isomorphism from GT onto HS such that ®'(e;) = ey.

Let p be an element satisfying formula P of Theorem 2 in GT, and choose
formulas of the lattice language, with parameters interpreted in GT by e; and p,
which interpret T;; in GT.

The same formulas with parameters interpreted in HS by ®(e;) = e, and ®( p)
will interpret in HS one of:

(1) the full structure HS U S, ,

(2) the full structure H,S U S¢;.

In case (1) @’ is a group and lattice isomorphism from GT onto HS. Hence, from
Corollary 1-6 and the fact that ®’ cannot reverse order, we have ®'( f) = hfh~' for
any f in GT where A is an order isomorphism from T onto some orbit of HS in S,
hence ®(f) = kfh~' for any f in GT where k = ®(e;)h and h are order isomor-
phisms from T onto some orbit of HS in S. This is case (i) of Corollary 2-5.

In case (2) @’ is an anti-group and a lattice isomorphism from GT onto HS. Let
®” be the map such that ®”(f) = (®'(f))! for any fin GT.

®” is a group and anti-lattice automorphism from GT onto HS. Hence, from
Corollary 1-6 and the fact that ®”( f) cannot preserve order, we get ®”( f) = h'fh’"!
for any fin GT where h is an anti-order isomorphism from T onto some orbit of HS
in S, and ®(f)=k’f "W for any f in GT where k' = ®(e;)h’ and h’ are
anti-order isomorphisms from T onto some orbit of HS in S. This is case (ii) of
Corollary 2-5.

We can also have a similar result to Corollary 1-7, with a similar proof, left to the
reader:

COROLLARY 2-6. The class of lattices which admit a structure of 0-2 transitive
l-p-group with an I-prime element of bounded support is the class of models of one
formula.

Note that, from Corollaries 1-7 and 1-2, the class of groups which admit a
structure of 0-2 transitive /-p-group with an /-prime element of bounded support is
also the class of models of one formula. From Corollaries 2-6 and 2-1, if F is any
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formula of the language of full structures, the two classes of lattices GT which admit
a structure of 0-2 transitive /-p-group with an /-prime element of bounded support
and are such that:

(1) Fis satisfied in both GT U T, and G, T U T}y, or

(2) F is satisfied in one of GT U T;; and G,T U T,
are also classes of models of one formula.
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