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ON SOME SUBALGEBRAS
OF A YVON NEUMANN ALGEBRA CROSSED PRODUCT
BY
BARUCH SOLEL'

ABSTRACT. We study conditions for a nonselfadjoint subalgebra of a von Neumann
crossed product £ to be an algebra of analytic operators with respect to a flow on £.
We restrict ourselves to the case where £ is constructed from a finite von Neumann
algebra M with a trace preserving *-automorphism a that acts ergodically on the
center of M.

1. Introduction. In [9] we studied subalgebras of a von Neumann algebra £,
constructed as a crossed product of a finite von Neumann algebra M by a trace
preserving *-automorphism «, that contain the nonselfadjoint crossed product £, .
With the results of [9, §4] we can prove (see Corollary 3.5) that each such subalgebra
is an algebra of analytic operators with respect to some flow ; i.e. it has the form
£A[0, 00) (see [2]).

In this paper we study conditions on subalgebras ® of £ (weaker than the
condition % D £, ) that are sufficient to ensure % has the form £[0, oo) for some
flow 8 on £. We do this with the assumption that a acts ergodically on the center Z
of M.

We deal separately with the cases Z nonatomic and Z atomic (in the latter case we
add the assumption that a* is outer for each k € Z). The assumptions allow us to
use the results of [6].

In both cases we find (Theorem 3.4 and Corollary 3.5) sufficient conditions for the
algebra to be of the form £#[0, c0). Moreover, we show how the flow B is derived
from the algebra in question.

For the case where Z is atomic we also find that any subalgebra of £ containing a
subalgebra of the form £2[0, 00) (for a flow 8) has the form £?[0, o) (for some
other flow y) (Theorem 4.2).

2. Preliminaries and the definition of ¢. Let M be a finite von Neumann algebra
with a faithful and normal finite trace ¢. We assume M is in standard form and
identify it with the von Neumann algebra of left multiplications on L2(M, ¢) (see
[8]). The algebra M’ is its commutant on L?(M, ). Since M has a generating and
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separating vector, M’ is also finite. We write Z for M N M’ and identify it with
L*( X, ») for some locally compact Hausdorff space X with a probability measure »
such that

[far=9(r), [EL7(X.0).

We fix once and for all a normal, *-automorphism a of M which preserves ¢; i.c.,
¢ © a = ¢. The following proposition appears in [4].

PROPOSITION 2.1. Let L} = {f: Z — M; f(n) = O for all but finitely many n}. Then
with respect to pointwise addition, scalar multiplication and the operations defined by
equations (1)-(3), L} is a Hilbert algebra with identity  defined by ¥(0) = I,, and
Y(n) =0,n#0.

(1) (/xg)(n) :kzzf(k)ak(g(n—k)),
(2) (f*)(n) =[a"(f(-n))]*,
(3) (f.8)= kE (f(k), g(k)) L2m.9)-

Note that the Hilbert space completion L? of L} is

(72~ 200); S I an < o).

nez

For fin L§ we define operators L, and R, on L> by L ;g = fxg and R g = gxf,
g € L?. Both L, and R, are well-defined, bounded operators, and we set £ = {L;
fE LYY, R={R,: f€ L§)". Also, we define L™ to be the achieved Hilbert algebra
of all bounded elements in L2. For such an f, we write L, and R/ for the operators it
determines. It is known that the map f — L, [resp. f - R,] is a *-isomorphism [resp.
*-anti-isomorphism] from L* onto £ [resp. R ]. Moreover, £ and } are finite von
Neumann algebras with R’ = £. We call L™ the selfadjoint or von Neumann algebra
crossed product determined by M, ¢ and a, and refer to £ and R as the left and right
regular representations of it.

The original algebra M is identified with the subalgebra {xy: x € M} of L*, and
we write L, (and R,) for L , (and R,,). We have, for f € L?, (L, f)(n) = xf(n)
and (R, f)(n) = f(n)a"(x). We write (M) = {L,: x € M} and R(M) = {R:
x € M}.

If we let & be defined by 8(n) = 0if n # 1, 8(1) = I,,, then it is easy to check that
£ is the von Neumann algebra generated by £(M) and L; and, similarly, R is
generated by R (M) and Ry;.

The automorphism group {&,},cg of £ dual to a in the sense of Takesaki [10] is
implemented by the unitary representation of R, {W,},cg, defined by

(W f)(n) =e>"f(n),  fE€L
that is, &(L;) = W,L,Wr*. Similarly, &(R,) = W,R,W}. It is easy to see that
&(L;) =Ly, for fin L*, and similarly for R,. One can check that the spectral
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resolution of {W,},cy is given by

e o]
— 2mint
VV; - 2 € En’
n=-00

where E, is the projection on L? defined by

(B0 = [ A K=

We denote the restriction of E, to L by ¢, and writee,(L,) = L, ). We have
— fl -27winty d
g, =| e a,dt,
0

where the integral converges in the o-weak operator topology.

REMARK 2.1. If f lies in L™, then ¢(L;) = Lf(k)L’g (see [9, Remark preceding
Theorem 4.5]) for each k € Z. Hence,

e(LF)* = e( L )* = (Lpgoy L )* = ( Loy LE)*
= (LSLy 0 )* = Ly L3* = e (L))

Thus &,(L¥) = (e_,(L,)*.

Welet H2be {f € L* f(n) = 0,n <0}, and H® be { f € L*: f(n) = 0, n < 0}.

More details concerning these algebras can be found in [4 and 5].

We will define an £(Z)-trace following [1, Chapter III, §4]. First we let & be the
set of all nonnegative measurable functions, finite or not, on X, and Z’ the set of all
real valued (finite) measurable functions on X (we identify two functions in Z, or Z’,
if they are different only on a set of measure zero). We identify the bounded
functions in €’ with £(Z). Hence £(Z) C €’ and £(Z), C Z.

DEFINITION. An £(Z)-trace on £(M)/, (the positive cone of the commutant of
£(M))is a map ¢ defined on (M), , with values in Z and satisfying:

(WIfT,S€L(MY,,thend(S + T) = ¢(S) + &(T);

QRQIUSeR(MY, , TELZ), ,thenp(TS) = Top(S); and

B)IfSEeR(M),,and U € £(M) is a unitary operator, then ¢(USU*) = ¢(S).

¢ is semifinite if for every S # 0 in 2(M)’, , there is an operator T € (MY, ,
T # 0, such that T< S and ¢(T) € £(Z), . ¢ is faithful if ¢(T) =0 only when
T =0, and ¢ is normal if, for each increasing net {S,} C £(M)’, , Sup,¢(S,) =
$(Sup, S,)-

It is shown in [9] that there is a unique, faithful, normal semifinite £( Z)-trace that
maps E, into I. Henceforth, we let ¢ be this £(Z)-trace.

REMARK 2.2. Consider a as acting on Z. By a theorem of Mackey [3] there is a
measurable transformation 7 on X implementing a; i.e. a( f )(x) = f(7(x)). Using
this we can extend the action of a to both £ and Z’. We claim that ¢(L;TL}) =
a(¢(T)) for T € (M) with ¢(T) in Z. Indeed, let ¢, be defined on (M), by
¢,(T) = a”(¢(RELsTL*Ry)); then ¢, is a faithful, normal, semifinite £(Z)-trace
that maps E into I (because ¢ has these properties and RL;E,L¥Rs = E,). Since
¢ is unique with these properties, the claim follows.
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Finally, we recall that if {8,},cg is a group of *-automorphisms on £ such that
t - B(T) is o-weakly continuous for each T € £, then £”[0, c0) is the spectral
subspace associated with [0, 00) C R. Such a group B will be called a flow and
£A[0, ) is a a-weakly closed subalgebra of £ (see [2] for more details). We also refer
to £P[0, c0) as the algebra of analytic operators with respect to the flow 8.

3. Subalgebras of £ when £(Z) is nonatomic. In the section and the next we
frequently refer to the following four conditions, where 9 is a o-weakly closed
subalgebra of £.

(1) B + B* is o-weakly dense in £.

(i) B(M) C D.

(ili) For f € L™, flies in [B], (= the closure of the subspace {Ty: T € $}) if and
only if L, € B.

(iv) ¢(P — PLgPL}) and ¢(LgPL¥ — PLgPL¥) are finite a.e,, where P is the
projection on [%B],. (We shall refer to this condition only when it is known that P
and Ly PL§ commute.)

We write P(®) for the projection onto [$],.

Throughout this section we assume £(Z) is nonatomic and a acts ergodically on

R(2).
LEMMA 3.1. If DB satisfies conditions (1)—(iii) there is a sequence {e,}¥—-_. of
projections in £(Z) such that P(®) = 2¢__ e, E, and
B ={TER:¢(T) €e,L(M)L] for each k € Z}.

Moreover, for each k, n € Z, we have

(1) enan(ek) < €ntkr
) 1—a(e,) <e,,
(3) en(l - ak(en—k)) < €y

PROOF. Let P be P(9), then since £(M) C B, P € {E£(M),R(M)}'. Using [6,
Proposition 3.1] there is a sequence {e,}7-_, of projections in £(Z) such that
P=32___ e E,.(iiinowimplies® = (T € L: ¢(T) € e, L(M)L} foreachk € Z}
since (T) = L, where T = Lf,f € L™=,

Foreachk,n € Z, e, L} and e, L lie in ®; hence, e,a"(e,)Li** = e,Lie, Lt € B
and (1) follows. For (2) note that, since &(L*) = (e_,(L,;))* (see Remark 2.1),
e,(T*) € e,£(M)L§ for T € L if and only if
ei(T) € (e,£(M)LY)* = Li*e,£(M) = Ly*e, Li*E(M)Lj = a™*(e,)E(M)Lj.
Hence,

P*=(T:T* €D} = {TEL:(T*) €e,R(M)L;foreachk € Z}.
= (T e€L:g(T) €a*(e_)E(M)L;* foreach k € Z},
and

B+ B*C{TER:g(T) € (e Va(e,))E(M)L for each k € Z}.
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Since B + B* is o-weakly dense in £ and the set on the right-hand side is o-weakly
closed (as ¢, are o-weakly continuous), e, V a*(e_,) = 1 and (2) follows.
As a consequence we have, forn, k € Z,

en(l - ak(en—k)) = enan(l - ak_n(en—k)) < enan(en—k) < €

hence, (3) holds. O
Let flie in Z’ and let the sequence { £} __ of elements of £’ be defined by

n=-o00

n—1

2 o(f), n>0,

— ) k=0
I 0 n=20,

-a"(f,), n<O0.
Let U™ be the unitary operator in £( Z) defined by

U™ =exp(itf,), n€Z,teR.

Since E,E,, =0 for n# m and U'"E(L*) C E(L*), U =32 __ U™E, is a
unitary operator on L2 Moreover, t — U, is a strongly continuous representation of
R (since ¢t —» U™ is strongly continuous for each n € Z). We let {8,),cg be the
group of *-automorphisms on £ defined by

B(T) = UTU}, Tel.
We call {U,},cg the group of unitary operators and {f,},cp the group of *-automor-
phisms given rise to by f (in ).
A calculation similar to [4, p. 390] reveals

B(L)=L,, tERLEEL.

There is an obvious correspondence between projections in £(Z) and measurable
subsets of X (where the projection e that corresponds to é C X is of the form L,, and
h is the characteristic function of é viewed as an element of Z =~ L®( X, v)).

LEMMA 3.2. Ler f (in Z') give rise to a group of *-automorphisms {B,},cg- Then
t - B(T) is o-weakly continuous for each T € £ and the algebra £A[0, 00) of analytic
operators is the set {T € L: ¢,(T) € ¢,L(M)L{ for each k € 7}, where c, is the
projection in £(Z) corresponding to the set ¢, = {x € X: f(x) = 0}. Therefore
£A[0, 00) satisfies conditions (i)—(iii).

Proor. For T€ L, t - B(T) = UTU* is o-weakly continuous since ¢ — U, is
strongly continuous.

Let P (P,) be the spectral measure associated with the group {U,},cg ({U‘™},crs
n € Z) by Stone’s Theorem.

Since U, = 2% __ U(™E, and U'"E,(L?*) C E(L*)foralln € Z,t € R, we have

o]
P[s,0)= 3 P[s,o)E, foreachs€R.

n=-o00
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Since U'™ lies in £(Z), P,[s, 0) € £(Z) and, in fact, P,[s, o) is the projection, in
£(Z), corresponding to the subset &) = {x € X: f(x) =5} of X (since U™ =
exp(itf,)). Hence, P[0, o) = Zc,E,, where c, corresponds to ¢, = {x € X: f(x) =
0}.

We now wish to show that g, in L*®, lies in P[0, co)(L?) if and only if L, lies in
LA[0, 00).

Let L, be in £A[0, o). Then by [2, Theorem 2.9], L P[0, 00)(L?) C P[0, oo)(L?).
But ¢ € P[0, c0)(L?) (since Py[0,00) =1 and $(0) = I, y(n) =0, n #* 0) and
Ly = g; hence, g € P[0, 0)(L?).

For the converse note that, since L'(T') has an approximate identity consisting of
trigonometric polynomials, say {k,}>,, each T € £ is the o-weak limit of (finite)
linear combinations of {¢,(T)}¥-_,, (namely [, & (T )k, (t)dt). Hence, it suffices to
prove, for gin L® N P[0, co)(L?), that &(L,) lies in £A[0, o0) for each k € Z.

As previously noted (Remark 2.1), g,(L,) = L, « L5, hence, we now fix k and
prove that

L, L&P[s,00)(L?) C P[s,0)(L?) foralls €R.

g(k)
This will imply that ¢(L,) € £A[0,0) (by Theorem 2.9 of [2]). Since g €
P[0, 0)(L?), E,(g) € P[0, 0)(L?), and if we let p, be the projection in Z with
L, = P[0, 00), then g(k) = p,g(k) and L, = P,[0,00)L . FixsER and h

P
in P[s, o)(L?). Then for n € Z,

E(e(L,)h) = E Ly Lkh = Ly E,Lkh = Ly L¥E, _h
€ Lg(k)ngPn—k[s’ Oo)En—k( Lz) = Lg(k)ak(Pn—k[s’ OO))E"( Lz)
C P[0, c0)a*( P, [s.00))E,(L?).

But, from the definition of the functions { f,} in Z’, if f,(x) = 0 and «"( f,_, )(x) = s,
then f(x)=s. Hence, ¢ N a"(¢{2,) C & and P[0, c0)a*(P,_,[s, ©)) C
P,[ s, 00). It follows that, for each n € Z,

E,(e(L,)h) € P[0, 0)E,(L?) C P[s,0)(L?).

Therefore, &(L,)h € P[s, ) L?) and this completes the proof that L, e
£2[0, o). We conclude that

£A[0,0) = {Lg EL:ge P[O,oo)(Lz)}
= {Lg €r:E(g) €c,E,(L*) foreachn € Z}

={L,€R:¢,(L,) €c,L(M)L;foreachn € Z}.

Now (M) C £P[0, ) since ¢, = I. Condition (i) is satisfied because of Theo-
rem 3.15 in [2]. Condition (iii) follows from the fact that £7[0, 00) is {L €L
g € P[0, 0)(L?)}, because [L#[0, 00)], C P[0, 0)(L?). O

LEMMA 3.3. Let B be a subalgebra of € satisfying (i)-(iv) and let P be P(%). For
k € Z let g, be (P — PLEPL;*) and g, be $( LiPL;* — PL{PL;*). Then:

(1) g, — 8, = fy» where f = ¢(P — PLyPL}) — ¢(LyPL§ — PL§) € Z7;

(2) 8,8, =0.
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ProoF. First note that P commutes with LXPL;* (k € Z) because P =
3®__e,E, LPL;* =32 a*(e,)E,,, and e, € £(Z) (Lemma 3.1).

We can extend the definition of ¢ to all operators T € £( M)’ that can be written
as T=T, — T,, where T\, T, € (MY, and ¢(T,), $(T,) € Z’, simply by ¢(T) =
o(T,) — ¢(T,). Since (iv) is satisfied,

f= (P — PL,PL}) — $(L,PLf — PL,PL}) = $(P — L,PL}).
Remark 2.2 can be seen to hold for ¢ in place of ¢, thus
«'(f) = (LyPLy" — Ly*'PL;" "),

and, for k > 0,

n—1

=2 a"(f) =¢(P— LEPLG),

k=0
while for k < 0,
fi=—a"(f4) = -a*(6(P — Lz*PL})) = (P — LEPL;).
Thus

fo=9¢(P— LEPL;*) = (P — PLEPL;*) — ¢(LEPL;* — PLEPL;*) =g, — g,.

For (2), note that P — L{PL;* = 3d,E,, where d, = e, (1 — a*(e,_,)) < e, (see
Lemma 3.1). Hence,

g = ¢(2d,E,) = 2¢(d,E,) = Zd, and g, =g,.
On the other hand, LPL;* — PL{PL;* = 3c,E,, where

Cn = ak(en—k)(l - en) = ak(en—k(l - a_k(en))) < ak(e—k) = 1
thus g, = g,(1 —¢,)and g,g, = 0. O

THEOREM 3.4. Let B be a o-weakly closed subalgebra of £ satisfying (i)~(iv). Then
B = LA[0, ) for some flow B on L. In fact B is the group introduced in the discussion
preceding Lemma 3.2 for

f=&(P — PLyPL}) — ¢(Ly,PL} — PLyPL}) € ¥’
(where P = P(%9)).

PrOOF. Keeping the notation of Lemmas 3.1 and 3.2, it suffices to show that
¢, = e, foreach k € Z.

e, < c,. Let e be the projection ¢, — e,c, € £(Z). Since e< 1 —¢,, f, <0 ae.
on é (the subset of X that corresponds to e). Using the notation of Lemma 3.3,
fu = —g,oné(since g,8, =0, f, =g, — g,). If e # 0, we have g,e # 0, but we saw,
in the proof of Lemma 3.3, that g2 g,(1 —e,), and from the definition of e,
e < e,. This is a contradiction and it proves that e, < ¢, for all k € Z.

¢, < e,. Let ¢ be the projection ¢,(1 — e,). Since ¢, <¢,, f, =0 a.e. on ¢ and
g,¢ = 0 (in the notations of Lemma 3.3). But g, = g,(1 —e,)and e < 1 — ¢,; hence
c=0andc,<e,. O



304 BARUCH SOLEL

COROLLARY 3.5. Let B be a o-weakly closed proper subalgebra of £ satisfying
())-(iii). If in addition, B contains LiC, for some n € Z, it satisfies (iv) and,
consequently, has the form £#[0, co) for some flow B on L.

PROOF. Let P be P(%B).

To prove (iv), let {e,}¥-_, be the sequence of projections introduced in Lemma
3.1 If ¢(LsPL§ — LgPL§P) is not finite, then it is infinite everywhere on a subset é
of X with a corresponding projection e € £(Z). Since ¢(LsPL} — LyPL¥P) =
Za(e,_)(1 — e,), we have

Sa(e,_)(1 —e)e=o0 -e
and
Se, (1 —a'(e))a'(e) = 0 - a”'(e).
We first show that, for each k € Z, a”'(e) <e,. Suppose a”'(e) % ¢, for some
ko € Z. Then ¢ = a”'(e)(1 — ¢;,) # 0. Since L3, C D, e, =1 for each m = n,

and also
_ ko—m
- ekﬂ*ma ¢ (em) < ek‘,’ m=n.

e/\'(,—-m

Hence,c<1—¢, <1 —¢, __,m=n.Thus
ko ko—m

oC oC
w-c= X e (I—alle))e= 3 e y(l—al(e))e.
k=-oc k=ko=n+1
But, since 1 — a”'(e,) = 0 for k = n,
n—1
w- = X gyl —al(e))e< oo,

k=ko—n+1
This contradiction shows that a™'(e) < e, for each k € Z. Since B # £, there is
some m € Z with 1 —e, # 0. By ergodicity, a”'(e)a™*(1 —e, ) # 0 for some
k >n. Thusa *(1 — e, )e,,_, # O (sincea’'(e) <e,,_,), and
0 #:(1 - em)ak(em—k) = (1 - em)ekak(em—k) < (1 - em)em =0.
Therefore, ¢(LsPL§ — PLgPL¥) is finite a.e. on X.

We now prove that ¢(P — LgPL}) is finite a.e. on X. Assume the converse; i.e.
¢(P — LyPL})e = oo - e for some projection e € £(Z). As shown in the proof for
o(LgPLY — PLY), it will suffice to show that e <e, for each k € Z. We assume
e(l — e, )7 0 for some k, € Z and

w-e=¢(P—LsPLf)e= X el —ale,_,))e.
k=-oc
Hence,
o - e(l - ek‘)) = 2 ei(1 — a(ek—l))e(l - eko)
k=-0c

n

= k_z er(1—ale,_)))e(l —¢,,) < .

The contradiction proves that e < e, for each k € Z and completes the proof. O
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4. £(Z) is atomic. Suppose a acts ergodically on £(Z) and £(Z) is atomic. We
also assume, in this case, that a* is outer for each k € Z. Since M is finite there is a
family { p,}_, of mutually orthogonal minimal projectionsin £(Z) with 2_, p, = I;
a(p,) = pyr1-n<N;anda(py) = p,.

Let B be a o-weakly closed subalgebra of £ containing £(M ). Then P(%}) lies in
{(E(M),R(M)}.But {£(M),R(M)} = (R(Z),{E,)>-_,)" (by Proposition 4.2 of
[6]), hence there is a sequence {e,)¥-_,, of projections in £(Z) such that P(%) =
Se,E,.

Under these assumptions the results of the preceding section hold here. In this
case, however, we can say more about the algebras in question.

LEMMA 4.1. Let f be in <’ with [,fdv > 0. Then the algebra B = £P[0, ) of
Lemma 3.2 contains L§°C, for some integer n, = 0. Consequently, B satisfies condi-
tions (1)-(iv).

PROOF. Let ¢, € £(Z) be the projections introduced in Lemma 3.2. We can write
f=3N_\,p, where A, €R and Z}_ A\, >0; hence a*(f)=ZN_ A ,a(p,) for
each k € Z, and 3}_) o*(f) = (EN_,A,)I > 0. Let r be Z_, A,. Then, using the
notation introduced in the discussion preceding Lemma 3.2, f, = rl > 0; thus
cy = 1. Let Ay be min{A,: 1 <n < N}. Then for some my € Z, , N\, + rm, > 0.
Letn,bemyN.Thenforn =ny,n = m N + m,forsomem, = myand0 < m, < N;
we get

fo = o + @ f)) = myr + 2™,
= myr + a'"'N(fmz) = myr + NA,> 0.

Hence, for n = n,, ¢, = I. This implies L3°€, C 9. Since f, >0, £, <0, and it
follows that ¢_, = 0, hence % # £. Thus we can use Corollary 3.5 to complete the
proof. O

THEOREM 4.2. Let f lie in ' and let B be a o-weakly closed subalgebra of £
containing £F[ 0, c0) (where B arises from f as in Lemma 3.2). Then % = £710, o0) for
some flow y on £. Moreover, if [yfdv = 0, then B is a nest subalgebra.

PROOF. Since B, = £#[0, o) contains £(M), and B, + B* is o-weakly dense in
£, % satisfies (i) and (ii).

We now distinguish between two cases.

Case 1. [yfdv #0. We can assume [,fdv >0 (the other possibility can be
handled similarly) and apply Lemma 4.1 to find that, for some n, € Z, LjC, C B,
C B. From this, using Corollary 3.5, it follows that f= ¢(P — LsPLP) —
¢(LyPL¥ — PLyPL¥) lies in 2’ where P = P(%,). By Lemma 3.2, f gives rise to a
flow 8 and an algebra B =LA0,00) = (T EL: e(T) € §L(M)LE for each k €
Z), where ¢, = {x € X: f(x) =0}. Let¢, be {x € X: f,(x) =0} and ¢, € R(Z)
the corresponding projections in £(Z) for k € Z. We now show that ¢, < ¢, and this
implies B C B, since B, = {T € L: ¢(T) € ¢,L(M)L, for each k € Z}. In fact,
let ¢ be the projection é,(1 — ¢,) and assume ¢ # 0. Since ¢ <¢,, f, =0 a.e. on c.
Lemma 3.3, applied to the algebra %B,, shows that for almost every x € X, if
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fi(x) =0 then ¢( Ly PL¥ — PLsPL¥)(x) = 0; hence,
(*) ¢(LgPL} — PLsPLY)c =0
From the proof of Lemma 3.3, applied to %, we see that
&(LgPLY — PLsPLY)(1 — ¢,) = ¢(LsyPLY — PLyPLY),
but since 0 # ¢ <1 — ¢, this contradicts (). This proves ¢, < ¢, and, hence,
B c B, C %. But % is a maximal subdiagonal algebra in £. Indeed,
f=#(P - L,PLP) — $(L,PL} — PL,PL})

[ee]

= 2 e (1 —ale,_))) — § a(e,—)(1 —e,)

k=-0c k=-00

and

where

=#{keZ: e(l—ale_,))p #0}

—#{k€Z: ale, )1 —e)p,#0} EZL.

Hence, B, = B,,,.,, for each k € Z, and the map & = [?"f,dt (where the integral
converges in the o-weak operator topology) defines a normal faithful expectation
form £ onto BB({O}) =% N B* satisfying - B, = # and making B a maximal
subdiagonal algebra. (See [2, Theorem 3.15].) Now we can use [7, Theorem 1] to
conclude that % satisfies (iii) (with the notation of that theorem £ is L®, % is H®,
and % is a o-weakly closed subspace of L® satisfying H*% C %). Thus we can
apply Corollary 3.5 to B to complete the proof in this case.

Case 2. [yfdv = 0. We have f = 2,, l)\ p,, where A\, € Rand ZV_, A, = 0. Let
d,beZj_ A forl <n<N;thend, =A, forn>1andd—d -Al.Let
d, in C(Z) be =N_.d,p, Then d — a(d) = Ed,,p,, 2d,a(p,) = ZN, p, = f and.
similarly, d — a*(d) = f, for each k € Z. Consequently,

B(L.LY) = (expitf,)L L% = expit(d — «*(d))L, L, x€E M, k€EL.
But
exp(-ita*(d))Ls = L§(exp(-itd));
hence,
B,(L,L§) = exp(itd) L L§exp(-itd);

i.e. B, is inner for each r € R.
By [2, Theorem 4.2.3], 9, is a nest subalgebra of £. We shall show that % is also.
As was seen in Lemma 3.2, %, is determined by the projections {c,} that
correspond to the sets ¢, = {x € X: fi(x) = O} Here,

= E d,p,— 2 d,a*(p,).

n=1 n=1
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Hence ¢, = Z,cf, p,, where F, = {n: d, > d, where a*(p,,) = p,)- Now, let b, be
the number of k’s such that d, <d,; then F, = {(n: b, = b, where a*(p,) =p,};
hence, we can replace d by b = b, p, and still get the same algebra %,. We denote
by B the new flow and we have g, ,,, = B, for each n € Z and 0 < < 1 (since b,
are integers). Thus the map £ defined by & = /2" §, dt (where the integral converges
in the o-weak operator topology) is a faithful normal expectation onto £#({0})
satisfying & - §, = & for all + € R. It makes %, a maximal subdiagonal algebra in £
(see [2, Theorem 3.15]). Since £ D B D B, and B, is a maximal subdiagonal algebra
in £, we can use [7, Theorem 1] to conclude that % satisfies (iii). Thus, there is a
sequence {e,)7-_,, of projections in £(Z) such that P(B) = Ze, E, (see Lemma
3.1).

Recall that %, is determined by {c,} where ¢, = {x € X: f,(x)=0}. Since
fv =0, ¢,y =1 for each k in Z. Since B D B, e, = 1 for each k € Z. Also, for
m, k € L.

Cmiin = €n@ Me, ) <e, = enaNe,) <e,n
hence, e,, = €,y n-
For each 1 < m < N, let g, be the projection Z}_a*( p,,)e,. We shall show that
(%) B=LNalg{g,: ]l <m<N};
hence, B is a nest suballgebra. Denote the right-hand side of (x) by %.
B C B. Take T in %, then, for each k € Z, | <m < N, T maps a*(p,,)e, E,(L?)
into g,,E,(L?). Since T € £, and Z7__, a"( p,,)E, is the projection R, in ® (= L),

T maps o*( p,,)e, E,(L?) into 22 __ a"( p,,)E,(L*). But
00 N—1 » 00
Gm 2 @"(p,)E, = 2 ed(p,) 2 o'(p,)E,
n=-00 Jj=0 n=-oo
o0 oc
= 2 a"(pm)enEn< E e"E":P(%).
n=-o0 n=-o00
Since

9] N oo
2 2 dp)eE, = X eE,=P(®),
k=-00 m=1 n=-oc
T maps P(B)L?*) = [B], into itself. In particular, Ty € [B], and, using condition
(iii), T lies in 9.
BCPH. Fix TED and 0<k<N— 1. Since T maps e E(L?) into
2% o ¢E/(L?), it maps a*(p,)e, E,(L?)into 37 _ e E(L*) for each 1 <m <N.

J=-0 ") J=-%o ")
It also maps it into 32°___ a"( p,,)E(L?) = R,( L?)since T € £. But
(S¢,E;)(Sa"(p,)E,) = Ze,a"(Pp)E, < 4y}
hence, T maps a*( p,,)e, E,(L?) into q,,(L?).
Forn € Z, aX(p,,)e, E, = Ry %a*(p,)e, E, and

TRg—kak(pm)ekEk(Lz) = Rg_kTak(pm)ekEk(Lz) g R:;_kqm( LZ) g qm( Lz)'
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Hence, T maps a*( p,,)e, E,(L?) into q,(L*) for each m, n € Z, 1 < m < N. Since
00 N—1
2 ak(pm)ekEn = ak(pm)ek and qm = 2 ak(pm)ek’
n=-00 k=0
T maps g,(L?) into ¢,(L?). Hence T € .
Hence, 9% = %, and 9 is a nest subalgebra. The fact that % is £7[0, co) for some
flow y on £ follows from [2, Theorem 4.23].
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